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o S 1 Introduction
Konstanz University o Theory Group .

( Gravity | Quantum Th Opti B e The idea of using lasers as beam splitters for atomic interferometers was developed
ty | Quantum Theory | Optics ) == by Bordé [1] in 1989. Due to momentum conservation atoms can gain or loose a
ERREREN n momentum of & if they absorb or emit a photon with wavevector k. This effect
l can be used to split and recombine an atomic beam. The interaction with a laser
. T beam which is tuned to be nearly in resonance with a certain atomic transition can
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be described within the two-level model of atoms. This was used to calculate the

complete fringe pattern in the Ramsey spectrometer which consists of two pairs of

5 W’ll b : counterpropagating laser waves {2]. The atomic fountain device [3] may be treated
e as an effective two level system.

TP There are extended efforts to study the influence of electromagnetic fields of laser

0y ; beams on moving atoms with the intention to design mirrors and beam splitters in

Atom interferom etry with arbitrary laser an atomic interferometer. In the following we study the complementary problem:

. . . . Using a black box approach for the laser zones we treat exactly the influence of a
Conﬁguratlons' Exact phase shift for pOtentlals class of perturbations acting on the atoms when these are moving through the dark

including inertia and gravitation ! zones between the lasers in the interferometer. Our intention thereby is to treat
the induced shift of a fringe pattern for a set up with an arbitrary number of laser
zones with standing or running waves. We restrict to two level atoms and strive for

Jurgen Audretsch ? and Karl-Peter Marzlin a result in terms of a recursion formula which allows us to work out the influences
of the different parts of the perturbation to any desired order of magnitude. This is

Fakultét fiir Physik der Universitit Konstanz of particular importance if these terms differ largely in magnitude. In this case one
Postfach 5560 M 674 must be able to control all the mixed terms which may occur in order to obtain the

D-78434 Konstanz, Germany phase shift for a particular experimental specification up to a given accuracy. In this

sense we generalize our calculations in Ref. [4].

There are at the moment two potential applications of our general scheme. The
perturbations may be unwanted, for example when the atomic interferometer is used
as a frequency standard. In this case one has to know the structure of their influence
in order to eliminate it. On the other hand, the perturbation may go back to the

Abstract influence of acceleration, rotation, and space-time curvature. In this connection

We study in a general treatment the influence of a class of perturbations acting the intention is to examine whet.her such an inertial_ or gravi.tat'ional influence on
on the atoms of an atomic interferometer. An exact expression for the resulting quantum matte.rr can be detected in the laboratory using atomic mt.er ferometry. In.
shift of the interference pattern is given for an arbitrary number of laser zones terferome'tr'y'thh neutr.ons [{;' 6], electrons [7], and atoms [8_' 3] is at present the
with travelling or standing waves. The assumption made is that the two-level oply posmp:hty to examine this effect. Its relevance for gravitational theory has been
model is appropriate for the description of atoms and that the perturbations discussed in [9]. For space-time curvature we have studied the measurability by a
can be neglected in the laser zones. As an important application we calculate Ramsey interferometer in Ref. [10]. For the influence of acceleration on the phase
the influence of acceleration, rotation, and space-time curvature on the Ramsey shift there is a difference between neutron and atomic interferometry. For neutrons
interferometer and the atomic fountain. The measurability of the respective phase the beam splitters are realized with a single crystal, and a series expansion of the
shifts is discussed. WKB phase is needed {11, 12, 13]. We will show below that for atom interferometers

where lasers are used as beam splitters the phase shift due to acceleration alone has
only one part: the first order contribution.
The paper is organized as follows. In Sec. 2 we will explain the general scheme for

v I Thys TG the algebraic calculation of the shift. The idealization of the laser beams is addressed
P ?;é?gén‘ Aziiretg C;félucfl)ilk onstanz.de in Sec. 3. The elaboration of the complete phase shift is contained in Sec. 4 and will
3e.mail: Peter. Marzlin@uni-konstanz.de be applied to the Ramsey interferometer and the atomic fountain in Sec. 5. On this
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basis the measurability of space-time curvature is studied in Sec. 6. A quick direct
calculation of the phase shift if only acceleration is present is given in Sec. 7. We will
use natural units (i = ¢ = 1) unless otherwise stated.

2 General scheme

In the two-level model the Hamiltonian of the atoms in the atomic interferometer is
given by

Higt = Hom + Hupom — - E(T,1) 8))
with
Ho = 2 48, )
PIYIN
Hyon = Hy=30 3)

where Z, 7, and M are the center of mass position and momentum, and the mass
of the atom, respectively. H, = E,ja)(a| + E[b)(b] is the internal energy operator
restricted to the two atomic energy eigenstates |«) and |0) of interest. We will assume
E, < E,. T = vala){a| + ~|b)(b} contains the decay factors -, of the two states.
The coupling of the atoms to the laser field in the laser zones is given in the dipole
approximation by —d - E(#), where E is the electric field of the laser and d is the
dipole moment of the atom. In a two level model one can set (a|d|a) = (b|d]b) = 0,
and (a|dJb) = (bldla) = da.

H, in Eq. (1) represents the influence of external potentials on the propagating
matter states. Depending upon circumstances these potentials may either be regarded
as external disturbances, the influence of which has to be known in order to be able to
eliminate them in an experimental setup, or as the external potentials to be measured
by matter wave interferometry. We assume H, to be of the form

{
HP =Ma T+ %Rﬂlmu-vl-rm —d- (r X ﬁ) . (4)

Here and in the remainder we use the convention that any index of Ry, which
appears a second time in the same formula has to be summed from 1 to 3. The
first two terms may be regarded as the first terms of a Taylor expansion of some
scalar potential. The third term represents an angular momentum coupling. In the
applications discussed below H, will represent the influence of gravitation and of
the rotation of the reference system. In this case @ = const. is the acceleration, & =
const. the angular velocity, and Ry, = const. are the components of the Riemann
tensor with respect to the Fermi coordinates of the observer [10]. It is the aim of this
paper to give a general treatment of the resulting shift of the interference pattern if
H, is switched on.

The general arrangement for an atom interferometer using lasers as beam splitters
consists of an atom beam passing a sequence of ' lasers with standing or travelling
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Figure 1: All partial beams of an atomic beam passing the Ramsey device as
they are predicted in the rotating wave approximation. The vertical arrows
denote the running laser waves and their direction. Dashed lines correspond
to excited atoms. The atoms are initially deexcited and travel freely for times
T; between the lasers. Beam I and II are able to interfere.

waves and moving free of laser influences in the dark zones between the lasers for
time intervals T.. The free evolution is governed by the Hamiltonian H = H.m + Hatom
of Eq. (1). Because H is time independent the corresponding time evolution operator
is simply exp[—iHT;] in the ith interval of free evolution. Denoting the evolution
operator which describes the result of the interaction with the ith laser by U.(:) the
complete evolution of the state of the atoms is given by

[(t))) = UL(N) expl=i HTw_ 1)UL (N — 1)--- Up(2) exp[~iHT U, (1) exp[—iHTol{v) ()

where |¢) is the initial state of the atoms and ¢, is the final time.

During its evolution the ingoing atomic beam is split into many partial beams
with different momenta and different internal states which can interfere under cer-
tain conditions. As an example Fig. 1 shows the partial beams for the Ramsey
interferometer. Note that the word partial beam is introduced for simplicity rea-
sons to denote in a suggestive way parts of the splitted wave function with certain
momenta. A partial beam characterizes a particular history of excitations and deex-
citations. Eq. (5) shows clearly that there is no concept of a path in configuration
space in the quantum evolution. In the following we single out two partial beams
I and I resulting at the final time ¢; in {¢;) and |¢;) and study the corresponding
interference pattern.

A formal description of the partial beams can be made if we decompose the state
vector into its deexcited part and its excited part. The Hilbert space of our problem is
the direct product of the two dimensional internal Hilbert space and the one of the
center of mass motion. We can therefore write

lv) = ( }:'g ) ©

4




with |¢,) = la){e|y) and similar for [). Independent of the details of the atom’s
interaction with the lasers in the laser zones the transition from the ingoing matter
state to the outgoing one can be described phenomenologically by

vitiy = (% ) @

I 6:
where ¢ = 1,---, N denotes the number of the laser zone. The components of this
matrix are in general operators containing ¥ and 7. A more specific form will be
given for idealized laser zones in the next section. The physical meaning of the
components is clear: a; occurs if an excited atom remains excited, ¢; if it continues
to be in the state |a). If §; arises we know that the ith laser has the atom excited,
and ~; describes the process of deexcitation. For a particular partial beam passing a
splitter i only one of the components of U, (i) will become effective. It is therefore
obvious that each total partial beam is specified if we write down the corresponding
sequence of components. Consider for instance the two interfering beams I and II
of Fig. 1. Beam I corresponds to the sequence j3,7,/304 and beam II is described by
8162030,.

To concentrate in the calculation on the relevant terms the general scheme in this
paper will be the following: for some configuration of lasers and two given particular
partial beams I and Il resulting in }4;) and |v,, ) there is already an interference pattern
if the external potentials vanish (H, = 0). This pattern is assumed to be known.
We do not address the question which pairs of partial beams lead to a detectable
pattern. They may for instance be specified as those with the smallest washing out
by Doppler broadening. If we now switch on the disturbance H, these fringe patterns
are shifted. The corresponding terms in the calculation depend on &, &, or Rggm. We
are only interested in this phase shift. In |¢,) and |y} the contributions which
are already there in the undisturbed case can be isolated as complex factors. If not
otherwise stated our convention when working out |} and |¢,) will therefore be to
omit contributions to these factors whenever possible. Thereby we must keep certain
contributions in order not to loose terms of H,. Finally the resulting phase shift
caused by switching on H, is obtained in restricting in (¢;]«/,) to those parts which
contain the constituents of H,.

This convention has consequences. Because H,,,, commutes with H,,, it contri-
butes only to the omitted complex factor. Therefore |v) and |¢,;) go solely back
to the action of H., in the dark zones and to the respective components of U (i) of
Eq. (7).

For example, for the two beams in the Ramsey device of Fig. 1 we find

[91) = agemHem T gyemillenTag omillonlig o=illenTo )
[y = BaeemTsgyemitlon’s §omHenTiy omtento] gy (8)
In this case both partial beams are excited after the passage of the fourth laser. In
P! passag
many devices such as the Ramsey interferometer the number of excited atoms after

the evolution is measured. The observed quantity is therefore {¢,}v;,) and it contains
beside other contributions an interference term of the form 2 Re (y,|y,;). In the

N

Ramsey device almost all the other interference terms, i.e. those between other
partial beams, are washed out due to the Doppler effect [2]. This entails that the
signal consists of some background and some sinusodial variation coming from the
interference term. The phase of this variation can be calculated by evaluating (v, ¢,).
The phase shift originating from H, of Eq. (1) can be read off directly. This is the
general scheme of the paper.

Our aim is to give a general expression for (¢, ]y, ) for any two given partial beams
for an arbitrary laser configuration provided the lasers can be idealized as follows.

3 Idealization of the laser beams

We need the knowledge of the evolution operators U, (i) which refer to laser zones
with travelling or standing laser waves serving as beam splitters. If the complete Ha-
miltonian H,,, of Eq. (1) including H,, is taken into account the related microstructure
of the time evolution will lead to U.(i) which are in the exact version complicated
functions of the operators of position and momentum, of the ingoing matter state,
and of the duration 7 of the laser influence. Because we follow two given partial
beams I and I we have in fact U/(i) and U}!(i). Our main idealization is then that
the influence of the perturbing Hamiltonian H, over the interaction time r in the
laser zone is so small that it may be neglected when elaborating the final interference
pattern. This is to be expected if 7 is very short compared with the times of flight T;
between the lasers. We assume it therefore to be justified to describe the influence of
the travelling or standing laser waves in |¢,) as a momentum transfer at one instant
of time of the form

1

of = explin!k; - 7) 9)

where E; is the wave vector of the respective laser wave and »! = 0,%1,42,.... The
position operator is the only g-number which appears here. We have corresponding
expressions for 8/, v/, &/, and for the beam 1. According to our convention any
amplitude is omitted because it does not contribute to the phase shift which goes
back to H,. The same is the case for the laser phase omitted in Eq. (9). The restriction
of the laser influence to the momentum transfer which will be justified theoretically
below is reasonable. It is this feature which is used for the construction of optical
beam splitters as proposed, for instance, by Pfau, Adams, and Mlynek [14] in the
context of a three-level atom in a constant magnetic field,
The time evolution of a partial beam is now given by

fr) = eNEN T il Ty || pmillen Ty indks Fomitlonto] gy (10)

and similarly for |y,;) with H.., of Eq. (2). For |¢,} in Fig. 1 we have, for example,
al=1,nl=-L,nl=1,ni=0andk = Ry = —ky = —iy.

The approximation made above which leads to the idealization of the laser zones
by beam splitters acting instantaneously can formally be obtained by taking the
limit to very small r and very large Rabi's frequency ., = E, - d,, in such a way that
x := 7{ remains fixed characterizing the respective experimental set up. To justify
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the structure (9) assumed above we give an exact calculation of the output of a laser
zone for the extreme limit 7 — 0 (y = const.). The electric field £ may thereby be
given by Ej coslwt — k -  + ] (running wave) or £, coswt] cos| — k - 7] (standing wave).
¢ is some constant phase. For 7 < 1/|%| there is one common result for running and
standing waves. The Schrédinger equation with the full Hamiltonian given by Eq.
(1) has the formal solution

o(r)) = g(—i)" Jato [ e - o) 1)

whereby the simplifying convention of Sec. 2 has not been used. We now repa-
rametrize the variables of integration by t; = A\;7 and perform the described limit.
Exploiting

lim TH(t = 72) = =\ coslp — K - 7] ( . ! ) (12)

which is valid for both running and standing waves it is easy to perform the sum in
Eq. (11). Remembering that the square of the Pauli matrix o, occurring in Eq. (12)
is the identity matrix we arrive at

[(04)) = {( 1 ] ) cos|x cos(p — k- T +1i ( ] ! )s'm[,\ cos(yp — K - i’)}} [@(0}) . (13)

This form of the evolution operator is not very illuminating (what is the sine of
the cosine of the position operator?) but it can be written in a more appropriate form
if one represents cos[p — k - 7)] as (explig — ik - #] + exp[~iy + ik - £]) /2 and writes down
the Taylor series of the remaining sine and cosine. In this way we find, e.g.,

a o (_l)m l 2m m
cos{x cos(p — k - 7)] -n'"Z::o )] (2) 4=Z_,..

A resummation of the r.h.s. leads us to

(l i”:n) expl2il(k - £ — )] . 14

o0

cos{ccos(p ~ F- )] = 3 expl2ir(F - F = 2)|(~1)" P (1) (15)
e Ja(X) = (x)’""i(«-lr(;\/z)” 16
w0 =\3) L5 16

are Bessel’s functions. A similar calculation can be done for the sine in Eq. (13). The
time evolution in its final form is then given by

[$(04)) = {(1 l) Yy exp[?in(ﬁ-.i"—p)}(—l)"szq(\)*’ 17)

n=—00

1( ) 1 ) Z [ei(2n+l)[E‘F—¢J + (,-‘i(2n+l){l::—f~gj] ("1)“‘]'2"-#](,\)} W’(O)} .
n=0

This expression makes the physical effect of the laser waves rather obvious. Since
exp(ink - &) corresponds to a change of nk in the momentum of the atoms the atomic
beam is split into many partial beams which are weighted with Bessel functions.
For even n there is a momentum transfer without excitation and deexcitation. It
depends on the apparatus parameter x which Bessel function and accordingly which
momentum transfer n is predominant in Eq. (17). Note that in the extreme limit of
Eq. (17) also for running waves excitation with n < 0 and deexcitation with n > 0 is
possible. Such processes are explicitly removed in the rotating wave approximation
because they are far from resonance with the atomic transition. In the limit of very
short interaction time between lasers and atoms the resonance condition has not to
be fulfilled. Seen in this way the result (17) makes it plausible that for very short
(running) laser pulses atoms could get the "wrong" momentum transfer.

Having justified the structure of Eq. (9) we stress that the calculation should not
be misunderstood as an adequate treatment of the influence of extremely short laser
pulses on atoms. This is due to the fact that for short laser pulses the contribution of
non-resonant electromagnetic waves cannot be neglected. An important implication
is that for too short pulses also atomic states which are not described in the two-level
approach can be excited by the laser waves. Since a very short pulse may not extend
over one wavelength also the shape of the pulse becomes important. Nevertheless
the result (17) is a good approximation if the pulses are not too short and if the flight
times 7; in the dark zones are much longer than the interaction times r; between
the atoms and the lasers. Its range of validity may be constrained to situations
where the rotating wave approximation and of course the two-level approximation
are applicable.

4 Phase shift for arbitrary interferometer configurati-
ons

In this section we will be concerned with the calculation of the phase shift between
two partial beams I and II caused by H, of Eq. (4) in an atomic interferometer with an
arbitrary number of laser beams serving as beam splitters. In a first step the expression
(10) can be brought into a more convenient form if we insert the identity operator
in the form exp(—iH,,t) exp(iH.nt) for certain times ¢t and make use of the equality

exp(—B) exp(4) exp(B) = exple™ 4e”] (18)

which is valid for any operators A and B provided the exponentials make sense. We
get

'¢'l) - c,-il[‘v,,,t!\f{,in"\,v',y L {3i"{” iﬂ‘u) (19)
where t; := ¥/24 T}, and the operators r; are defined by
rii= ellenbi |y L Fomillenti (20)
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This approach is similar to the one used by Bordé [15] for the calculation of acce-
leration and rotation induced shifts in the Ramsey device and for a Mach-Zehnder
interferometer.
The essential step in the derivation of the phase shift is now the calculation of
these operators by means of the well known formula
. = . = (it)
explit Homk - Texpl—itHou) =Y ;

s=0

1)

with K, = k - # and Kopi = [Hem, K] 1t is not dnfﬁcult to prove by induction that
each K, can be written in the form

K, =#{U,- “”TV FH+ W, a) (22)

where U,,V,, and W, are c-numbers and do not depend on the acceleration a. This will
turn out to be the reason for the independence of the accelerational phase shift of
the initial state of the atoms. The c-number vectors obey the recursion law

.

(Opide = aelTul@)e + Roan( V)

—

sa = aclVh(@e — (T

—

(Wa-ﬂ)a = (Vs)a (23)

with the initial condition U, = ¥ and V, = ¥, = 0. In general the solution of this
scheme cannot be given in a closed form, but it is possible to calculate the operators
r; to any wanted accuracy. When this has been done the operators »; of Eq. (20) are
given by

-

with well defined f;, 7, and j;. This is the first step in the evaluation of Eq. (20). The
specification of j;, 7, and j; follows in Egs. (27), (28), and (30).

The rest of the calculation is only a repeated utilization of the famous Baker-
Campbell-Haussdorf formula which gives again exact results because the operators r;
have the simple form (24). In a first step one can prove by induction that

emNTN L ginirt e\p[z nr; wp[ Z S w5 =7 i) (25)

i=1 i=l j>i

holds. This can be used to rewrite the expression (19) in a more convenient form.
After the same is done for |y;,) the interference term (y;[v;) is quickly calculated to
be

N
(rlvnr) = Cxp{ Z ' ahys, - n}x

exp{ Zz m ” —nln! T 5 = ;- iy)

i=l j>i

ih

N
+? Z it - D n n; +n”n” 211“ ')} X

ij=1

N N
exp{ Z '~ - .“'} oxp{iZ( 1~y }

=1 i=]

<'+"0

where we have reintroduced % and ¢ for convenience. In realistic situations we will
have || ~ E, — E,. Doppler shift and recoil are still contained. To read off the
phase shift induced by H, of Eq. (4) one has to work out 7, #, and j; explicitly for
the interferometer situation in question and to substract from the phase given in
Eq. (26) the corresponding expression for @ = 0, & = 0, and Ry, = 0. Eq. (26) is
the main result of this paper. It may look somewhat complicated but this is only
due to its great generality. In particular, this form is well suited for the application
of algebraic computer programs. After specification of the magnitudes of &, &, and
Roiom in H, it is now in the expression (26) where one has to make shure that the
iteration (23) above has led to the respective contributions of the desired order. An
example will be given in the next section.

We remark that in two physically important special cases closed expressions for r;
can be given from which the respective f7;, 7, and 7; can be read off. If the rotation
vanishes we find

zzvu> 26)

= (i”:i) (COS{ N])lm-l-m + 7("‘.) (]Vwl Sill[f,’l\y])i,,,p,,, + (;:,‘)/(.\"‘2(("()5[“1\”] - 1))lm'am (27)

where the matrix N is defined by (N?),,,, := Ryp.. Surely this is a formal expression
defined solely via its expansion which contains only even powers of N. In this sense
we need not to care for the existence of N.

In absence of curvature the result for the operators is

o= (Ei)((exp[tiO])lmxm + ;\%(Ei)l(mq)[ti()])lmpm + I(O ('\P[t O] - 1 lmam

—-—(E;)((O-l exp[tiol )lm amt; (28)

where the matrix O is defined by Oy, = iy,

A short discussion of our result (26) will close this section. First, it is obvious that
the accelerational induced phase shift is completely independent of the initial state
[4o) since the acceleration @ occurs only in the first row of Eq. (26). The independence
of this shift from the initial momentum of the atoms for the atomic fountain was also
noted by Kasevich and Chu [3]. Second, there are state dependent shifts as the last
row indicates. In order to get an impression of their form we assume that the initial
state is [a) ® |G) where |G) denotes a Gaussian wavepacket (in momentum space) with
mean momentum () and half width ¢ in all directions. Setting A := ¥;(n!’ — n!)j;
and B := ¥;(n!’ — n!)5; we quickly find that the state dependent part of Eq. (26)
contains a phase factor and a factor modifying the amplitude:

at 3

exp{iB - (7) - d i B) L\p{~?B" - A%y (29)
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We will see in the next section that for the Ramsey interferometer only the term
B - (p) contributes to the phase shift to the desired order in our applications since the
term A - B will be entirely of higher order.

5 Application to the Ramsey interferometer and to the
atomic fountain

It is now straightforward to apply Eq. (26) to two special devices, the Ramsey inter-
ferometer and the atomic fountain. As specification of the experimental set up we
may assume flight times T of about one second. The order of the initial velocity v
, the laser wave vector £, and the atomic mass A are about v ~ 1 m 57!, |k ~ 107

-1, and M ~ 107% kg, respectively. If one applies such an atomic interferometer for
the measurement of the influence of the earth’s acceleration &, the earth’s rotation
&, and space-time curvature Ry, of the earth or of some lead block we have the
magnitudes a ~ 10 m s}, w ~ 7-107% 57!, and Ryym ~ 5- 1072 m~2, respectively.
These specifications make it reasonable to work out ji;, 7, and j; of Eq. (24) by means
of the recursion law (23) up to second order in the rotation and first order in the
curvature. In the exponents of Eq. (26) we will take into account only phase shifts
which are at least of the order of 0.1 rad. In detail we obtain

. P 1, ~ 1. -
(fie)r = (hy—tilk; x &)+ =t2((ki x T) x J); — -2-? A Rotgun (Ki Y

2
) 1, - B D T )
() = A_J‘{ti(ki)l — 3k x O) + 5*}}((’6 X &) x &) - Ef}’cznomm(ki)m}
" 1, .~ Tage o0 1, = 1 "
(Fih = “Etf(ki)i + §t?(ki X &) — ’é’t?(("'i X &) X @) + ﬂt,c ?Rotom(ki)m - (30)

The first apparatus we will consider is the Ramsey interferometer which is described
in some detail in Ref. [2]. For our purpose the following facts are sufficient. First,
in the Ramsey interferometer essentially only two atomic states are involved and
the laser frequency is close to the transition frequency between these states. It is
therefore allowed to use the two level model for atoms as we have done in the
preceding sections. Four lasers serve as beam splitters, and their wave vectors are
given by k := k; = £, = —k3 = —F,. The times of flight as they appear in Eq. (10)
are givenby T, = 0, T} = T3 =: T, and T := T,. We introduced T and T" just
to be in concordance with the usual notation in the literature. We will examine
the phase shift between the partial beams I and II of Fig. 1 as it is induced by H,.
According to Sec. 2 these beams are characterized by the sequences 3;7y./3;a4 and
81626304, respectively. From this we can infer to the sequences {«!} = {1,~1,1,0} and
{n!'} = {0,0,0,1}. Inserting these values in Eq. (26) and use of Eq. (30) leads after
some algebra to the expression

Wilvnr) = exp{i[E.aT(T+T')—ﬁa(ExJ)T(T+7")(2T+T')

+ 537 (c’RommA,k,,. +3(F x @)?) T*(2T + 3T")

11

(Fx @) xa)-a— %Ro,o,,,k,(,,,.)T(T +T)(IT? + 7TT + 2T'2)]}
x <¢0 exp {z’[e’R,,,o,,,x,km —((Fxa) x3)- AT(T + T’)}

exp {537 (¢Roombiom = 3((E x 3) x @) - ) T(T + T)2T +T)
) 31)

which contains only the phase shift due to H, # 0. Again we have reintroduced £
and c. The first order contribution due to rotation was measured with the Ramsey
interferometer by Riehle et. al. [8]. For the measurement of space-time curvature the
device of Sterr et. al. [16] may be better suited because of the longer lifetime of the
respective excited state in magnesium. As announced the product of the two vectors
A and B entering Eq. (29) is of higher order in this case. A discussion of the leading
terms of the phase shift was given elsewhere [10]. The order of magnitude, however,
is the same as for the atomic fountain which will be estimated below.

Next we turn to the atomic fountain as it was developed by Kasevich and Chu [3].
In this case 3 atomic levels are involved, two hyperfine levels and one excited level.
The atomic beam is split and recombined by three laser pulses. Each pulse includes
two counterpropagating laser beams (here denoted by a and b) with frequencies v,
and 1. They are tuned in a way that their frequencies are slightly smaller than
the transition frequency between the two hyperfine levels and the excited level so
that a two photon process induces transitions between the hyperfine levels. The
momentum transfer for such a process is &, — &,. The splitting of the atomic beam is
given in Fig. 2.

It now seems that our scheme is not applicable to this experiment since it is only
valid for two level atoms. However, as pointed out in Ref. {3] the particular tuning
of the laser pulses makes it possible to treat the hyperfine states as an effective two
level system with an effective momentum transfer of k, — k. This observation allows
us to use the results of this paper for the calculation of the phase shift in the atomic
fountain apparatus.

We will model the situation by three copropagating running laser beams with
wave vector equal to the effective momentum transfer k¥ = k, — k;. From Fig. 2 we
can read off the defining sequences of operators for the interfering beams. For beam
Lit is 8,623 and {n!} = {0,1,0}. Beam II is described by /3,72/%; and {n!'} = {1,-1,1}.
Setting T} = T, = T and T; = 0 the application of Eq. (26) leads us to the phase shift

+45- (F x O)T(T + T)]}

-

(Wilvn) = exp{i[ - F-a1? 433 Ex )7 - 32 lRowu.MmT 32)
—i’ (((i: X ‘3) X "‘7) " [;' - %R(J/Um;"l”m) 7‘4]}

exp {z' [~2¢2 Rtk + (F x 3) x @) - 7] T?}

X<¢u

-

exp {% [(3((F x @) x @) - 7= e Rotowkipun ) T* = 25 (F x &)T?] }Iw)
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Figure 2:_ The interfering beams in the atomic fountain device understood as
an effective two level system with running laser pulses. The horizontal lines
represent the three laser pulses. The atoms are initially in the lower hyperfine

level. The higher hyperfine level is denoted by dashed lines. T is the flight
time between the laser pulses.

’I:he state-independent part of the phase shift can be directly read off from this expres-
sion. Assuming that the center of mass state of the atoms is a Gaussian wavepacket
we can apply Eq. (29) to calculate the state-dependent phase factor. For the atomic
fountain itis simply given by the exponential in the last line of Eq. (32) if one replaces
the operator j by the initial mean momentum (7 of the wavepacket.

In the case of pure acceleration {i.e., Rowm = wy = 0) the complete shift reduces to
the ﬁfst term in Eq. (32) and agrees with the result of Ref. [3]. The last term in Eq. (32)
describes the well known Sagnac phase shift. Because the earth’s acceleration alters
the motion of the atoms substantially it is modified by the second term in Eq. (32).
The structure of this modification is easily understood if one considers a classical
free particle with initial momentum Po- In an accelerated frame of reference its
‘mgr‘nentum is changed according to j(t) = j, — Mat. The replacement of the mean
initial momentum () in the Sagnac phase shift by AMaT reflects this fact by leading to
the correct structure of the modifying term. Corrections to the Sagnac phase which
are of higher order in the earth’s angular velocity are the first term in the last line and
the first term in the second line. The latter can be understood in the same way as the
modification to the first order Sagnac phase as a consequence of the modified atomic
motion an the accelerated reference frame. The influence of space-time curvature
on‘atoms, i.e., of the variation of the acceleration over the interferometer, can be
splitted into two parts. The last term in the second line and the second term in the
!ast line of Eq. (32) are connected to the motion of the atoms whereas the last term
in the first line is only due to the non-vanishing relative acceleration experienced by
two partial beams which are separated along the direction of the laser beams. Note
again that the third line does not contribute to the phase shift to the order under
consideration if the atomic wavepacket is sufficiently localized in momentum space.
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6 Measurability of the influence of space-time curva-
ture on quantum systems

A detailed discussion of the measurability of curvature effects with the Ramsey device
was given in Ref. [10]. It is necessary to restate here some remarks on the physi-
cal value of the measurement of the curvature-dependent phase shift. In general
relativity the acceleration d is tied to the particular observer who is accelerated with
@. Loosely speaking everything seems to be accelerated with acceleration —& in his
frame of reference. This implies that in the frame of a freely falling observer there is
no acceleration at all. Acceleration is a non-inertial effect, tied to the observer, and is
not connected with the structure of space-time. The latter is described by space-time
curvature which is present in any frame of reference. A curved space-time implies a
relative acceleration between nearby observers, i.e. the distance between two freely
falling observers changes and the acceleration of two nearby observers which are
held in a fixed distance is different.

It was suggested that one can use the atomic fountain as a gravimeter [3]. This
is true in a twofold sense. If one varies the position of the whole device in order
to detect the acceleration of the earth at two different points this is indirectly also a
detection of space-time curvature since the variation of the acceleration over space
is measured. This is, however, by no means the demonstration of how space-time
curvature acts on atoms. Rather, the classical apparatus rests in two different frames of
reference with two different accelerations. In both frames it is only the acceleration
which causes the effect. On the other hand, a demonstration of the influence of
space-time curvature on quantum mechanical systems requires the measurement of
the curvature-induced phase shift in one particular frame of reference. This is the
second and more fundamental sense in which the atomic fountain may be used
as a gravimeter. While the influence of acceleration on quantum systems is a well
established fact, the demonstration of the influence of space-time curvature is still
lacking.

In Ref. [10] it was shown that the Ramsey device seems not to be able to detect the
influence of the earth’s curvature on atoms. This is due to the great difficulties with
the separation of the influence of the earth’s curvature from the phase shift caused
by the earth’s acceleration and rotation which are much larger. As was suggested
by Clauser [17] it may be that one can exploit special interferometer geometries to
get rid of the disturbing shifts. On the other hand, provided the flight times in the
Ramsey device can be enlarged to be of the order of one second, it should be possible
to detect the curvature of two lead blocks which is of the same order of magnitude as
the curvature of the earth and for which the problem of separation is trivially solved
by removing the blocks.

For the atomic fountain these statements remain essentially the same. But since
the flight times are already in the desired order of magnitude for the existing expe-
rimental set up {3] it should be no problem to measure with it the curvature of the
lead blocks. For the existing atomic fountain the relevant datas are the following.
The experiment is done with sodium atoms (A/ = 3.8 - 10~* kg) which have an in-
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Figure 3: A scheme of the proposed experiment to measure the influence of
the space-time curvature caused by two lead blocks on the atomic fountain.
The big arrows represent the three Raman laser pulses performed with two
counterpropagating laser beams with frequencies w, and w;. The point O
denotes the origin of the coordinate system.

itial velocity of 2.5 m/s pointing upwards (see Fig. 3). The effective wave vector £
used in the previous section is about 2- 10" m™! and is assumed to be parallel to the
earth’s surface. For our estimations we will insert for the flight times the value of
T, =T, = T = 0.25 5. With these data the purely acceleration-induced phase shift is
of the order of 107 rad and the Sagnac phase is about 450 rad.

In Ref. [10] we have calculated the curvature components of two identical lead
blocks with a volume of 1.4 x 1.4 x 0.8 m* = 1.57 m* which corresponds to a mass
of about 17 tons for each block. They are separated by a distance of 1 m, and the
symmetry axis is tilted by an angle of 45 degrees with respect to the earth’s surface,
For this configuration the relevant components of the curvature tensor in the middle
between the two blocks take the values Ruos = 2.4 1072 m~2 and Ryyg3 & 8.5- 10~
m~? if the atoms move initially in the 2'-direction and the lasers propagte in the
z3-direction (for all details we refer to Ref. [10]).

Bearing in mind that the acceleration & is that of an observer resting on earth and
thus is the negative of the earth’s acceleration one obtains for the total curvature-
dependend part of the phase shift in Eq. 32) the value of —0.8. It is therefore
reasonable that the influence of space-time curvature on atoms should be measurable
with the contemporary technology.
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7 Acceleration induced phase shift and the equiva-
lence principle

Eq. (26) shows that the phase shift induced by the term AMd - in H, qf Eq. (4) is
linear in @ and independent of the initial state |y») of the atoms. To provxfie a bettgr
and deeper understanding of this fact we present a quick dirfct calculation of this
phase shift for the case & = 0 and Ry, = 0. The term Afd - & represent‘s either the
influence of the motion of the interferometer with acceleration @ or the 1qﬂuence of
some linear potential for an interferometer at rest with respect to an i.nert-xal sy;tem.
It is the content of the equivalence principle that the latter case, which is t_ypxcsfny
realized in a homogeneous gravitational field, is physically equivalent to the situation
with acceleration. We may therefore restrict to this.

For an accelerated interferometer the atoms move in the dark zones freely (con-
stant velocity with regard to the inertial reference frame) whereas the lasers and
their electromagnetic waves are dragged along with the interferonleter. Tlle cgrgxste-
quence of the acceleration is that the atoms meet the lasers not at # but at & — at*/2.
Equivalently, the Hamiltonian H,,, has the form

-2 . .
Hio = él;\_l 4 Hotom — 4+ E(F — @2 [2,1) . (33)

In consequence of Eq. (33) the idealized pointlike action of the lasers becomes
now instead of Eq. (9)

af = explin!k; - f exp[—in!F; - at?/2] (34)

and correspondingly for 8/, 7/, and é!. The modification amounts to a multiplication
with a c-number which results in Eq. (10) in an additional d-dependent phase factgr.
Because H., of Eq. (33) does not contain @ furthermore, and becaus'e we restrict
according to the convention of Sec. 2 in (y;|¢;;) only to those terms which represent
the shift of the interference pattern when @ is switched on, we have

4 ’\Y -
(aln) = exp[=3 3 (n!" = nl)F; - ] 35)
i=1

with the phase giving the shift. This simple expression is exactly the result which can
also be read off from the @-dependent term in Eq. (26) in putting& =0 an'd Roiom =0
in §; of Eq. (30). For an experimental discrimination between altematl.ve ggneral
relativistic theories of gravitation it may be interesting to test small corrections in the
acceleration [18]. Eq. (35) gives the term which contains @ for all laser configurations
in arbitrary order of the corrections.
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