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Abstract 

A new scheme for a constnactive axiomatics for the spac~time geometry 
is proposed. By treating quantum objects described by classical fields, 
as primitive objects it is shown that a determiuistic, linear rold local 
evolution leads to a system of partial differential equations. Founded 
on basic quroltum mechanical experiences. the conformal structure and 
the paths of the classical limit are determined leading to a Riemannian 
space-time. A Spill motion enables the introduction of space-time torsion. 
Therefore. if spacetime is the entity which prescribes the behavior of 
chamcteristics, free matter waves, and spin states, then space-time is a 
Riemann-Cartan space-time with axial torsion. 

To appear ill: U. Majer and H.-J. Schmidt (eelts.): Proceedings of the Bielefeld symposium 
on "Semantic Aspects of Space-Time Theories" held ill August 1991. 
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1 The physical and conceptual frame 

1.1 Gravitation, geometry of space-time and the quantum domain 

The (pseudo )-Riemannian manifold of General Ralativity is today generally accepted as the best 

mathematical framework for the description of space-time geometl'y, geometrised gravitation, 

and the influence of inertia. Space-time torsion and other fields can be introduced in addition 

and different types of field equations for geometrical quantities may describe different theories 

of gravity. The objects of classical physics like fluids, electromagnetic fields, and so on are 

influenced by the gravi-inertial interaction and can act as their SOUl·ce. The same is the case 

for quantum objects like elementary particles. Today a large part of the studies in General 

Relativity is devoted to the role of the unquantised geometrised gravito-inertial interaction 

in the quantum domain, whereby the quantum objects are treated either on the level of first 

quantisation or with reference to the field quantisation of matter (quantum field theory in 

curved space-time). 

It is an important new development that these theoretical studies are now complemented 

by increasing efforts concerning the empirical foundation of the interaction between quantum 

objects and gravity. Today, matter wave interferometry with electrons, neutrons, and atoms 

provides an ever increasing number of experiments in which the inftuence of classical gravity 

and inertia on quantum objects can be studied ill the laboratory in a very direct and precise 

way (I). On cosmological scales, on the other hand, the effects originating from the influence 

of unquantised space-time curvature on processes of high energy physics, i.e. on quantum field 

theoretically described matter, dominate the physics of the extreme hot very early universe and 

have observable consequences today. To sum up, one may say that. 'gravity has invaded the 

quantum domain'. By quantum domain we mean all those physical effects which reftect the fact 

that matter (and not gravitation or geometry) must be quanti sed. The respective 'particles' 

like neutrons, electrons, etc., are called quantum objects. 

To investigate the role of geometrised classical gravity and inertia in quantum effects we 

usually assume a particular structure of space-time in the quantum domain. It is common 

practice to essentially rely for this on the postulate "Space-time in the quantum domain obeys 

a Riemann geometry". On the other hand for the domain of classical physics it has convincingly 

been disputed that it is reasonable to put such type of axiom on top of a theory of space-time. 

Why should therefore the Riemann geometry be adequate for the quantum domain? 

It has successfully been demonstrated for classical physics that a physical axiomatics of 

space-time can be build up which does not postulate the particular geometrical structure from 

the beginning, but makes it a derived concept (see below). For the quantum domain such a 

constructive approach must be based on some typical quantum mechanical experiences which 

are regarded to be fundamental. The aim of this article is to sketch a succession of physical 

arguments and their mathematical formulation, which may be fUl'ther elaborated to build a 

constructive axiomatics of space-time for the quantum domain. The space-time geometry of 
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classical physics will be t.hercby contaiucd iu a limiting (:asc. Bcfom t.nmiug t.o t.his approach. 

we will make in thc rest of this chaptcr some general rcmarks conccrning the different types of 

axiomatic schemes. 

1.2 	 Different approaches to space-time geometry 

As mentioned above, there is a very simple way to iut.l"OclllCC t.bc gcomct.rical structure of space­

time. It is sufficient to postui<\te that t.lle lllatbeumtical model for t.ilC physical space-time is 

a Riemannian manifold. Charactel'istic for such a ded'/Lctitle approach is that it starts from 

a mathematical axiom which contains an abst.act structural cOllst.raillt. It can be physically 

intcrpretcd only aftcr considerable elaboration of thc schcmc and will t.hcu be related to complex 

and involved laws. The physical and epimistological basis. t.he hcurist.ic mot.ivation. and the 

possibility of empirically testiug such all axiom rcnmiu hiddcll. It. is unclcar why it. should be 

physically plausible to assume this mathematical struct.1U'e from Ute out.set. 

In contrast to this t.hc altcrnative chronogeomet1-i.c axiomtdic app1'OfLch of Synge {2J is based 

on particlcs and standard clocks as basic tools. Onc of t.hc nmiu ohjcctio1ls agaiust this approach 

(comp. (3J) is that the real clocks of physicist.s and ast.rOll0IllCI·S arc at.Olll clocks. These are 

physically highly complicated systcms which can ouly he uudcrst.ood 011 thc basis of quantum 

mechanics. Because one can iu principle construct i<im\l docks based Oil light. rays l\Dd freely 

falling particles 14, 5]. the chrollogcomctric axiom eithcr appears t.o he rcduudmlt or should 

be reduccd fl'om a. theory of t.hc gravit.at.ional infhwn(~e on quant.ulll mat.t.er and confirmed 

experimentally. Following [6J we add /ulOthcr m·guUlent.: Witbill t.lw domain of da.'1sic.\1 physics 

nearly ,\II t.ests of Gcneral Relativity rcfer to l\8trophysinll sittmt.iolls. Thc '\PPl'Opriatc objects 

which rcvcal t.he st.ructurc of spacc-timc 11car a binary pulsar for iust.ance are freely falling 

umsses 1Ul<llight rays. Clocks. not. to spea.k about. rigid rulers. arc ill t.his (~ont.cxt. of 110 use. W(! 

comc back to this fuud/uncntal demmld t.hat one sholiid choose t.hc objcds which shall indica.te 

by their beha.viour t.he geomet.ry of space-timc, to be ;\(lequat.c t.o t.he part of physicall'eality 

t.o which this geometry is going to be attribut.cd. 

An indcpcndcnt. approach to spacc-t.iUlC gcolUct.ry which is locat.ml sOlllcwhcrc bctwecn the 

purcly dedudive schemes aud t.he cOllSC<luclltly (:Qllst.mdive 1LXioUlat.ic SdleUl(!s. which will be 

described bclow. is thc gauge approach t.o gravity. It. t.ak(!s t.he l()(~al validit.y of Millkowski space 

wit.h all its l1liLthcllmtical st.l'lldlll'C as starting point.. Following Einst.dn. t.he st.mct.nre and form 

of the gravit.ational pot.cutials m'e read off in fla.t. spa(~e.t.inte froUl t.he inertial forccs m'ising ill 

nOll-inertial frames. Following Cart.all. in a s(!(;ond st.(!p. l~rhit.mI'Y llOll-inert.ial n:fercuce fnulles 

are idcut.ificd wit.h a field of ort.hollonual (Imholon011lic) t.ct.nuk III discussing t.ilc Dirac field 

it can be <lenlOllstrat.cd t.hat. one ouly necd t.o know thc bebaviOlll' (If t.hc Lagrmlgiml in a 

nOli-inertial refcrencc fmUlc. to <let.crmine the coupling to gravit.y, Torsion COUlCS out as a 

natural cOllseql1ellCe and spacc-t.illlC has a RiemallU-Cal'tl\u gcollwt.ry. Not.e t.hat. t.lIc refel'ellce 

to quant.um Ulcdmnk,\I matt.()!' fields and accordingly t.o llll\t.t.cr wav(! experiment.s is celltn\l. 

For dctails and tIl(! lit.cl'atlll'(: sce II}. 
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We now turn t.o ab initio approachcs and bt!gill with t.iIC !les(~ript.ioll of t.llc characteristic 

structures of construct.ive space-time axiOlnatics. 

1.3 	 Characteristic structures of constructive axiomatic 

schemes for space-time geometry 


The constructi'lJe (l.Xiomatic apprm,ch is opposed t.o dcdl1dive schcmes. Iu t.his approach. which 

is in the tradition of Helmholtz. one t.akcs serious t.he st.at.emcnt of Reichenbacb 17J that in 

physics the observable facts are at the bcginning and t.he abst.ract. concepts are at the end. 

Axioms should therefore directly be relat.cd to experiallent.s which elUl be performed without 

refering to the theory which is to be constructed (Rcichcnbach 18]). A limitcd number of directly 

observable phenomena which are regarded as fundamental. is t.akell as basic experiences and 

st.ated as prepositions which are idealisations mHI mat.ilcnmt.ic,\I formulat.ions of empirical facts. 

Accordingly the respectivc axioms may be dil'ect.iy cOl1frout.ed with pnrt.icnlar experiments and 

t.ested separately. In this way t.he physical basis of t.hc different. mathematically formulated 

physicalstructUl'es of an axiomatic schemc becomcs evidcnt .. Thc pbysical entitics with which 

the basic experiences can be made, lU'e called pnmiti'IJe objects. They m'e implicitely defined 

by the axioms. 

A cOllStructive axiomatics for the space-t.imc geomct.ry is t.hereforc based on the following 

schemel: Discover and describe by means of thc behaviour of sclcctcd primitive objects in 

particular basic expel'iences thc geolllct.rical st.rudnrcs of spacc-t.imc. Thcreby it must be 

possible to formulate the axioms and t.o perform t.he uudedyillg expcriment.s without making 

refcrence t.o gcometry. Space-t.imc gC()1lldl'Y is t.heu obt.ained i\8 a derived concept. The EPS 

scheme sket.ched below is 1m example. It. is Im.'wd 011 t.he behaviour of frcc point part.ides and 

light rays. In cont.fast. to this. thc altel'1lat.ive axiollmt.ie SdIClllC which wc l:!.1·e going to describe 

in more dctails is based on frce quantum objcds and basi(~ cxpcricllces demonstrating their 

behaviour as matter waves. 

The procedure always is t.o revcal the st.ructu!'c of spac()-t.imc. It is discovered through the 

bchaviour of the primitive objects in thc basic cxpcric11<~cs. Acconlillg1y. these experiences are 

t.i~kell as indicatiolls for the cxistenee of a geomdrkal st.mdurc wbich is rcsponsible for certain 

physical cffects. ,\5 well as we t.akc ot.hcr expericnccs for (!xample with chargcd particlcs as 

indi<:at.ions for the existence and part.kular nat.ure of 1\ fidd ('ancd thc clectromagnctic field. It 

is t.ypical for this procedure t.bat. at. t.he samc t.imc we ouly fix or dcfinc what we are going to 

mca1l by t.he concept. spacc-t.imc geomet.ry. What we finally will obt.ain is t.hcrefore a theorem 

of t.he type: "If space-t.ime geomet.ry is what. presnibcs t.o t.hc part.icular primif.ivc objects their 

t.ypical behaviour as seen ill thc basic cxpcriclwcs. t.hCll space-t.ime geomct.ry is mathematically 

described by ... (maybe a Ricmann-Cal'tall space)". 

I For a Ulore detailed discussioll of such a type of axiomaties s('(' Colclllau aud I\ol'le [9, 101. This approach is 

also discussed together with related cl'istclllologi('nl awl I'hrsi('lIll'wl.lclIIs H'ganlillg the stl'Uctllrt" of space-time 

iu contributiolls to th", hook of Audrelsch aud Mllill:wl' 1111. 
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It is evident that the choice of the primitive objects and the ba.sic experiences will reflect 

the physical ideas and conceptions which are tradit.ionally related t.o space-time geometry. 

Typically. effects which remain after all int.eractions and influences which can be shielded have 

indeed bcen shielded, are attributed to geometry. Geometry is what remains and accordingly 

it influences the description of 'free' objects2• 'Free' is thereby implicitely fixed (in the sense of 

Hilbert) by the axiom itself. Important is t.hat onc can find repl'esentatiolls of the respective 

primitive objects in nature. The proccdure 'shiclding' itself is thereby not part of the scheme. 

It may only be taken as a hint when actually performing all t.he opcrational procedures to carry 

out the basic experiments. 

In order to avoid misunderstandings it is necessru'y to makc a final remru'k: The constructive 

procedure is to detect the geometry and accordingly to 'fill up' or 'c1l1'ich' the manifold step by 

step with mathematical structure. AccOl'dingly, the fact t.hat t.he geomctrical structures which 

are revealed by free point particles and light rays, l'eprcsent a Wcyl space without torsion. does 

not mean that space-time geometry may not contain torsion. It can simply not be detected 

this way. Other primitive objects may well be scnsitive t.o t.orsion. Dut, as pointed out above, 

it is a matter of convention, whether certain object.s should be t.akcn as basis for the scheme or 

not. 

1.4 	 The EPS scheme as an example 

Already in 1921 Weyl distinguished between two pl'illlit.ivc substructures of the space-time 

structure of General Relativity [13]. Hc rejcctcd thc rcliancc on clocks and rigid rods. The 

ideas of Weyl have been givcn a detailed, precisc. and axiolllat.ic fOl'lll by Eblcrs, Pi rani and 

Schild (EPS) in 1972 (3]3. This schcme is a paradigm for 1\ cOllst.rudive space-t.imc axiomatics. 

EPS adopt as primit.ive elemcnts thc notions of event., light ray. particlc and freely falling 

particle. The introduction of local radar coordinates by 1llC<\lUl of part.icles and light rays lcads 

to a diffcrcntiable structure. Furthcr basic cxperiCllC()S arc the eausal pl'opagatioll of light 

which introduccs a conformal structurc. Thc universalit.y of frce fall and the fact that the 

law of inertia holds infinitesimally reveals a projcct.ive struct.urc. The rclat.ion between these 

structures is establishcd llsing the basic cxpcricnce that a freely falling particlc is always slower 

than a photon, but can be made to chasc a phot.on ru'bitml'Y dose. This compatibility demand 

leads finally to a Weyl geometry, in which thc t.ransport. of t.imc intervals will in general be 

path dependent. Sp;we-timc torsion caullot. bc illt.rodu(:ed 01' det.ed-ed t.his way. 

The la.st step t.o t.he furthcr restricted Riemalln gcomet.ry needs 1\11 addit.ional Ricmannian 

axiom t.o exclude thc second clock cffcd. It csscntially alUouut.s t.o t.he dcmand t.hat gravi­

tational time given by t.he Wcyl arc lcngt.h agrees wit.h at.omk timc !3. 4], since t.be latter is 

~Tbe concept 'rree' mnst not necessarily appear ill the sch(,"lIIc. Colemall alld Korte 112) have shown tltat 

there are pOSllibilities to isolate aud to characterise the illftllellC(," of gcomctry 011 t he path of poiut particles even 

ir otber interactions are pre5ent. 

3For elaborated discuSlIions or tbe scheme sec 14. 14. 15. 16). 

integrably transported because of the indistinguishabilit.y of quantum objects of a particular 

kind. The authors themselves question that t.he time-equality postulate is compelling and re­

gard it as an extraneous element of their scheme. Thc argumcnt that axiomatics should not 

rely on so complex structures as atomic clocks. which abovc has been llSed against Synge's 

scheme, could be repeated. To demand alternatively that the gravitational clock constructed 

out of light rays and freely falling particles would lead to a path-indcpendcnt transport of the 

time unit would imply the introduction of an experiencc which is not technically realisable. 

It is a deficiency of the EPS approach that the Ricmannian axiom breaks the internal 

coherence of the scheme. It has been demonstrated by Audret.sch [17] that the final step 

from a Weyl geometry to a Riemann geometry can be done by adding rudiment.s of quantum 

mechanics to the scheme. The reason for this is that quantum mcchanics must include the 

classical mechanics of freely falling point particles as a limiting cuse. The self-consistency 

requirement that this limiting case should agree with the behavioUl' of classical particles as 

postulated in the EPS-scheme reduces Weyl space to a Riemann space"",). 

To close the EPS scheme it was necessary to refer to some (IUantum mechanical arguments. 

This leads legitimately to the question if it is possible to ba.se an axiolllat.ics of the Riemann 

or Riemann-Cartan geometry of space-time solely on expcrienccs with quantum matter. That 

this can be done will be scetched in the following chaptcrs. Deforc doing so we want to point 

out that an approach of this type is reasonable as well a.s important for several reasons. 

1.5 	 Motivation for a constructive axiomatics founded on basic quantum me­
chanical experiences 

On the background of the worked out EPS scheme and the argumcnts used above to reject 

earlier axiomatics, several motives for the alternativc schcmc bccome evidcnt (comp. 

There is a hierarchy within t.be theories of mat.t.cl'. Quant.l1lll physics is more fuudamental 

·That it should be possible to obtain this reductioll ill dillCulIsing (Illallttllll mechanical wave e<llIations lias 

already been conjectured by Ehlers (4). In connection with the Ilaper mcntioncd above it bas been streslled by 

[(asper (19) and Eblers (16) that it is the appearance or a mas ... runctiolJ ill thc '1IUlIIttUlJ mechanical rramework 

in Weyl space that makes it possible to introduce a Riemannian strltcture. 
5Various attempts have been made to improve and to SIlPI,Iclllcllt th('" EPS "dl<'lII(,". Woodhollsf> 120) gave a 

rigorolls derivation or tlle dift'ereutialaad causal structure based 011 milch tlte !lltIllC primitive elements. Schroter 

et 4/. [21.22, 23) studied the basic experiences which lead to the descriIltion or space-time as a rour-dimensional 

differentiable manirold and a rerormulation or the EPS scheme. A chal'acteri!latiou or rree rall path by a Desargues 

property bas been given by Heilig and Pfister (24). The rree rallstrtlctllre has alt<-rnatively been characterised by 

admitting maximal local isotropy hy Ehlers and Kohler (25) and COIf'lIIml and Korte (9, 10.26). Tile compatihilty 

demand bas been rediscussed by Colemaa and Korte (27). An axiomatics or the Newton-CartlUl geometry has 

been treated by Ewen and Scllmidt (28). Tile EPS scheme can bc elllarge<1 by illchuling additional experiences. 1£ 

the particle carries in addition a polarisation direction. it ha.'I been dcmollstrated hy Alldretscb and Liimmerzahl 

(28) tbat the space-time metric caa be endowed with a totally alltisYlllmetric torsion. A first attempt to study 

the possibility to obtain a Riemannian space-time ir in the EPS-schcllle all axiolllS referring to rreely falling 

particles are replaced by axioms related to free IDatter waves. has hecll made by Audretsch IUld Liianmerzahl 
(29). 
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than classical physics. The latter is contained in the former as a limiting case. Classically 

described matter, such as satellites, stones, and ot.her c;Uldidat.cs for point particles, is composed 

of quarks, leptons, and their gauge bosons. The gravit.ational and inertial behaviour of the 

complex objects should be a consequence of the behavior of thc more elementary objects. It 

is therefore reasonable, if not compelling, to relate a thcory of the structure of space-time to 

the more fundamental theorctical framework of quantulll mechanics. This means, by the same 

t.oken, to base it on the physically more primitive objects, namely on the elementary particles, 

and on basic experiences which are typical for the quantum domain and which can be made in 

a theory-free (especially geometry-free) way. In doing so. we may have to put up with the fact, 

that the physically more primitive objects may be less 'primitive' with regards to the technical 

details of the operational handling as compared with point particles. 

The Weylian geometry governs the behaviour of point. part.iclcs and light. rays. To infer from 

this that it is also the appropriate geometry for t.he description of quant.um objects would be a 

deductive extrapolat.ion, all approach which has been rcject.cd above. From t.he motion of point 

particles and light rays it is impossible to read off any physical indication suggest.ing that the 

space-time geometry underlying the quantum domain is a Weyl geomct.ry. Point particles and 

light rays are typically realised by satellites and radar signals. It is evidcnt that, for instance, 

the geometry in the interior of all hydrogen at.om cmmot. be revealed with their help. 

This leads to the important conclusion that constl'llct.ive axiomat.ic schemes have natural 

domains of application to which t.hey are adjusted. Thcsc domains, as parts of physical reality, 

are characterised by the fact that their geometry can be explored by t.he typical operational 

realisations of the respective primitive objects. The basic expericnccs refer to this domain. 

Obviously the domain of application of the EPS-schemc is restrict.cd t.o classical physics. We 

t.herefore need an alternative scheme which includes t.hc quant.um domain, and we have to base 

it 011 quantum objects as primitive objects. 

There is a third motivation: Quantum objects, as comparcd t.o classical point particles 

and light rays, are the deeper sem'ching probes. The maU.er wave int.erference experiments 

demonstrate that massive fields with spin couple t.o gravit.o-inert.ial fields in accordance with 

t.he strong equivalence principle. The rcspcct.ive expcrimcnt.al result.s depend on t.he pm'ameters 

mass and Spill. Based on this richer stl'llct.ure of the new primit.ive object.s. additional physical 

structures call be geometrized yielding more specific stat.(!ments on spacc-timc geometry. Ac­

cordingly geometry ClUl be further specified. This heL,! t.wo consequcnccs: The axiomatic scheme 

will not end with the Weyl geomctry but willicad to Ricmann gcometry dircctly. Secondly, the 

torsion of space-time can be 'sensed' if space-time is cxplored by (Illant.um object.s with spin. 

On the one hand, quautum physics contains classieal physics as a limit.ing case. The EPS­

scheme will therefore as well be contained in a limiting case. Thcreforc it. will not be refuted but 

instead confirmed. On the other hand. quant.um mechanical expcrimcnts rely on macrophysical 

objects. It must be st.ressed that the basic cxpericnces refcring t.o t.hc qucUlt.um domain must be 

chosen in snch a way that macro-objects are only mmlipuh\t.ed in a geometry-free way or with 
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reference to the geometry which has already been introduccd at thc previous steps ofthc scheme. 

A double slit and the registration of an interference pat.t.ern are typical examples. It is evident 

that therfore only some rudiments of quantum mechanics can be related to basic experiences, 

because the interpretation of the majority of quantum experiments m'e theoryloaden and cannot 

be operationalised in a geometry-freee way. Accordingly we will have to base the scheme on 

quantum objects and on experiences out of the quantum domain whieh are fundamental and 

prior to a specific theoretical elaboration of quantum t.heory. 

We will now turn to the details of the scheme and sket.ch in t.he following our results of 

[30, 31, 32, 33). For doing so we introduce classical fields as oUl' primitive objects representing 

the quantum objects we are dealing with. The basic expericnces are then described in the 

postulates 1 - 8. 

2 Derivation of the field equations 

2.1 Deterministic evolution 

It is difficult to specify particular field equations (L.<;. for cxample. the Dirac equat.ion, op­

erationally from basic experiences. Therefore we establish t.he dynamical behaviour of the 

considered fields. Thereby we start from the basic experience that. the fields show a deter­

ministic evolution. For this a 4-dimensional differentiablc manifold is assumcd6. We consider 

classical fields (no second quantisation) and allow them t.o be vector valued complex functions: 

"': M - C' : x t-+ ",(x). 

The dynamical behaviour of the fields can be formulated by considering the physical 

phenomena with respect to some (3+I)-slicing e of the manifold M which consists in a 3­

dimensional differentiable manifold E and a class of cmbeddings e, : E - M, tEl = [To, T) C 

R. so that e : I x E - M : (t,x) t-+ x = e(t,x) = e,(x). We call define the fields CPt := e~", 

as the field", pulled back from E, := e,(E) t.o E. The ficlds cP, t.hcn give rise to the function 

space V(E, C') of vector valued distributions on E. 

To introduce a deterministic evolution there should exist. at. lcast. one (3+1 )-slicing with 

a corresponding class of 3-dimensional non-intersecting hypersurfaccs E, whieh are labeled by 

a monotonically increasing pm'allleter t which lllay be called a ·t.ime '-likc paramcter. With 

reference to this parameter the evolution of the field. i.e. the progression of t.hc field from E t 
to Et+6t and so on, takes place in a unique way7. 

Postulate 1: (Deterministic evolution) 
d'­

3 (3 + I)-slicing e so that for a set of gi'ven data eli) := -1""I ' i = 0, 1, ... , R the field CPt 
t t' 10 

is uniquely determined for all t > to. 

lit would be desireable to get also the differential structure of thc manifold a.~ a dcrin!d conccpt as has been 

dolie on the classical level ill [3. 20, 22). One may imagiue that ill the field theorctical context this could be 

achieved by considerillg the differentiable structure of solutions. 

7We do not consider fields with constraints. 
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By unique determination we mean that thcre is a uniquc correlation. a unique map­

ping between the state at to and t.he state at t 8. This illtrodnces a dynamical operator 

U : (t, to, a) ..... ip, = U(t, to, a). We need more experiences for specifying t.his dynamical 

operator U, 
We can now introduce the concept of a type of a ficld: We are dealing with a certain field 

type or quantum objects of a particular type if for all initial data the dynamical evolution does 

not decouple. that is. if there is no invariant subspace9 of V( E. C~) wi th respect to U, 

2.2 Superposition principle 

Source free fields of quantum matter obey the supcrposition principlc. For this can directly be 

demonstrated by interference expcriments, see e.g, [35]. Ot.hel' est.imates [38] give even stronger 

limits on nonlinearities. 

We will formalise this experience in demanding t.hat. t.he lIupe11HJsition alP +11"" of two fields 

V' and"" which evolvc according to U is a field which obey!! wit.h l'cspcd t.o thc same slicing e 

t.he same dynamics for all a,13 e C. Formulat.ing t.bis dcmand with rcfCl'cnce to t.he preparation 

procedure. it means that the linear combination of illit.ial <lata rcsult.s in Ute lineal' combination 

of the fields too. We tbel'eforc requirc for sourcc frcc ficlds 

Postulate 2: (Superposition) 
_ _ <p,=U(t,to,SI} _ - -­

V8.\J!.Va.l3eC: .7. -U( J. => aV',+I'N'/ U(t.to.a8+IJIJi). 
o/t - t. to. '11! ) 

From this we can conclude that thcre arc liucar operators F(i)(t, tol which ad separately 

on the initial data: 

R It 
<p, = UCt, to,S) = U(t, to, L e(i~) =: L F(i'(t. to)Si (1) 

;=0 i=O 

Differentiation with rcspcct t.o t leads to all ab!!t.rad Cauchy problem of higher order: 

dR+1 - It __V'.t " . li-
dt /HI = L-. G~'):J:.! (2) 

;=0 tit' 

i 1 (R+I . )whereby t.he G~) := l~l IIHI 2: (_1)1 (Htl) F(I'(t + (R + 1 -1)1£, tl are t.imc-dcpendent 
/1 0 , 1=0 

operat.ors. 

8Tbis usually i.'i called Hadamard's principle of "cientijic dctcnniniml [341. 
!lV(E. C·) admits an invariant ~l1bspHce. if B C C' is a IilleRI' suhspacc Ril<l l: VI!:. B) - VI!:. B), tllat is. 

initially prepared data ill VIE. B) "'ilI remain ill this suhspaec during thei .. c,·olutioll. 

2.3 Locality 

In the next step we specify a certain time-dependencc of t.he ficlds during t.he evolution from 

the inital data, We demand that at points x e E where all the data vanish. the field increases 

so slowly that at these points at least thc (R+ l)th time derivative of the field ip, vanishes too. 

This means that at these points t.he field should grows 11101'e slowly t.han given by the order of 

the abstract Cauchy problem. In this sense we demand 

Postulate 3: (Locality) 

dR+l- ) R (di-) 
supp ( dtR:'t'to C i!dsuPP d~tlto . 

By use of the abstract Cauchy problem and by chosing arbit.rary init.ial data postulate 3 

implies that all G~i} are local operatorslO• By means of a t.heorem by Peetre [39] (see also 

[40]) each linear operator P : Goon:, C') - GOO(E, C') which is local. is a differential operator 

with Goo-coefficicnts. Therefore thc operators G~i) a:re differential opemtors lcading t.o the field 

equation in R x E 

dR+l<p, ~~ 1111 ... 111 ; diipt

dtR+l = !---L-.gU).t Q"'I,,·Q"'idti. (3) 


1=0)=0 

Transscribillg t.bis result t.o t.he 4-dimensional manifold we finally gct as fieltl equation for 

quantulD objects 
r 

0= LY"'''I',(x) (QI'I" 'QI"V')(x) (4) 
;=0 

with r:= max {R + 1. Nd and whercthe-yl"'''I',Cx) are (:omplex .<;x .'J-umt.l'ices in GR(M.C~l).
O<i<1t 

Thesc entitie~ are related t.o cxtel'llal ficlds which ma.y be t.be mct.ric. t.hc connectioll or, for 

instance. the electromagnetic potential. 

All coefficients "(1'1,,,1', but. the one of heighest order t.ransform iuhomogcneously under 

coordinate transformations x ..... x' = / (x) and undcr t.ransfol'luat.iolls of t.he basis of the vector 

space C~: IP 1-+ 1P' = SV' for S E Gl(C, s), The "'f1'''P, wit.h i < r play t.he role of covariantising 

coefficients. 

To sum up: Fields showing a determini.dic evolution Ulhich is linc(,r (md loc(d. m1&st obey a 

linear system 0/ partial differential equations (POE). Thc 10CI\lit.y postulat.c can be replaccd by 

'OMathcmaticallyan operator Pis caUed local if SIII)P(PO) c suppo VdJ E eXI!:. C'). 
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a postulate demanding finite propagation speed of solut.iolls II. 

deterministic evolution } 
superposition principle ===* weak hyperbolic system of PDE 

locality / finite propagation speed 

3 The null cone structure 

3.1 The singularities 

As soon as a system of partial diffcrential e(luations is given, we CiUl iUlalyse it by means of 

characteristic propertics of solutions, as, for example, possible singularities in the solutions. 

Singularities are discontinuities in the solutions 01' in onc of tbcir dcrivat.ivcs whicb can occur 

only 011 certain subsets of M called characteristics. 111 Gcnen\1 Relativity tbey are related 

to the notion of the light cone because for all physical thcories of matter the characteristics 

are identical with the usual light cones describing also the (:ausal bchaviour of the fields. 

In our axiomatic reconstructioll we base the introduction of the cOllfol'lllal structurc on the 

characteristics of the field equation (4). Mathcmatically singularitics i\rC most appropriately 

described by the notion of wave front sets in the case of sCallU' ficld cqlU\tions (Hormander 

01' by polarisatiousets in the case of systems of partial diffcrcntial cquat.ions (Deneker [421). 
Briefiy, tbe polarisation set {(x, kl" A) I ",{"I'''''' (x)k"1 ... k", A O} is a subset of a vector 

bundle over M which describes at which points x, in which dircctioll k". aud thc components A 

in whieh tbe solution can be singular. A describes t.hc jumps of lowest. order of the solution along 

the hyper8urface <fI(x) = const., called charactcristic I>Uliacc, which is defincd by k", = {)p<fl. 

The solvability condition of "'{"1"'P' (X)k"'l .•. kf'ra 0 rcads 

Hc(x,k):= detb"l"""k"l ···kp ,) =: y' ..... f'ro~:I..... k,." = 0 (5) 

meaning that ko is a fUllction of k/.... iJ = 1,2,3. (5) is thc dmmct.crist.ic C(luat.ioll which has 

t.llc form of a Hamilton-Jacobi equation. Thercfore it can he t1nillllcly solvcd for thc function 

«II. At a point x the solutions of (5) form t.hc null cone.Ii. 

11 Assume tbat illitialdata with COllll>act support e are pONC!d and (locally) a COU{' I\ := {(t,x) It;:: (:1£1,( > O} 
i5 given. Theil one can defille in the lIeighbourhood of the initilll hn)cl'Sllrfan' 1\ r('gioll R hy attaching to each 

l)oiut of e tbe above {'OIle and taking the llllioll of all thes .. (:Olles. Theil th{' iUI(~I'!>CCli()1l of 1\ later h,·perpla.lle 

~. for t > to with this regioll again is compact. Now we call fOrlllUlat(' the nltcmath'('I)Ostulate: 

Postulate 3b: (Finite l)rOl>agatiollsl>eed) Thef'l~ it a .solution which n:main" 17I R. 

Dy lneans of this conditioll \\'e can show that (2) redllces 1o a Iillear s~·sl(,1Il of partial {lifferelltial ("<iuations 

IUld that the bypersurfaces of the (3+1)·slicing are 1l01l-chal·acI(·ri~lic. Partial (liif{'reutial equatiolls with this 

property Me called weakly hyperbolic. Therefore postulate 31> is strollger dum tlu' 10(:l\lity postulate. 

11 

.... 

For the introduction of the conformal structure it is sufficicnt to restrict oneself to a first 

order system of a certain field type [33). Other fields will be treated separately in ch.4.4. 

o= i-yl'{)",cp - M cpo (6) 

Such first order system exists in nature and can thercfore be t.akcn as some realisation of our 

axiomatic scheme (33). The polarisation set then is defined by "Y"'k"a =0 which call be read as 

an equation for the eigenvalue ko. It leads to thecharacterist.ic equation Hc(x, k) = dct("'("'k",) 

O. 

3.2 A probability current 

For being able to establisb a physical int.crpretation of our classical field theory described by a 

first order system, and therefore to use it to describe mcasuring results of quantum mechanical 

phenomena, we have to introduce a real vector to represent a probability current jf'. This 

has to be done with the elements alrcady (:ont.aincd in our t.heory. The only vect.or a.vailable 

in our theory is the matrix "Yf'. In addition, the probability should be bilinear in the fields 

cpo Tberefore j'" must equal cp+fhf'cp with some still open mat.rix /J. The subject of the next 

postulate is to demand its reality: 

Postulate 4: (probability current) 

For the first order system there is a matrix /J so that jI' = cp+p-yf'cp E R Vcp. 

Since jP sbould be real for all cp we infer (P"YIJ)+ =/J-y". 

3.3 The conformal structure 

III the following we make statements about the st.ructllrc of t.he dlaractcristics and about the 

jumps A wbich are solutions of "Yf'kIJA =O. Different l>olutiollS A of -y"k",A = 0 which belong 

to the same k solving Hc(x, k) =0 are callcd lLelicity amplitudes. 

To motivate our next postulate we l'ccaU t.lmt in uatnrc morc t.han t.WO lIull concs (one future 

and one past cone) have neVer been observed in ·cmpt.y spa.cc'. This can bc dcmonstrated with 

mattcr wavc intcrferometry [43J. In a.ddition. for our first ordcr field equation. t.here should be 

no more than two helicity anlplitudcs: 

Postulate 5: (conformal structure) 

1. TheT'e are two 1LUli cones only, that is. for each kjJ :f: 0 there are two diffe1't:nt ko solt1ing 

(5) which are non-vanishing and have different S1.Y1£12. 

2. For the first order system (6) there are :& helicity amplitudes. 

I:lThe non-vanishing of ko Illeans that tbe hypersurfaces ~ are lloll·cbllracterilltic. (Therefore, the ScbrOdinger 

equation is excluded at this point.) 011 the other baud, I)Ostulate 3b (fillite pl'opagatioll speed) ifllplie.s that 

the ~·s are non-cbaracteristic. Accordingly if we had stated postulate 31> illstead of tbe locality postulate 3. we 

would not have had to demand this pal·t of the a.'"iolll. 

12 

http:thecharacterist.ic
http:dmmct.crist.ic


'Because there are two helicity amplitudes on t.he mdl cone and the matrix AT'klJ is her­

mitean. we know that the multiplicity of the zeros of the characteristic polynomial is two, so 

that the characteristic polynomial is the square of another one: Hc(x, k) = (Ho(x, k»2. In 

addition, because there are two solutions ko only. t.he polynomial Ho(x. k) must be of order 

two: Ho(x.k) =9""(x)klJk". Because the characteristic polynomial now is of order four, we 

have 8 = 4 and the 1'8 and the M are complex-valued 4 x 4-matl'ices. 

Therefore the subsets of M where singularities in solut.ions can occur are characterised by 

the equivalenceclassl9'lII(x)] := {g'IJ"(x) Ig'IJ,,(x) = A~I"(X), A e R} which is defined by the klJ 

via glJ" klJk" = 0 and which is called conformal st",ctUTe. Chosing another representant of the 

conformal structure results in a rescaling of the metric which is called conformal transformation. 

In virtue of the above postulates all metrical t.ensors al'e nOIl-singulal' and have (according 

to convention) the signature +2 or -2. Therefore there is all inverse met.ric glJ'" 

The bi-characteristics vlJ = glJ"k" fulfill the geodesk equatiou tl" D"vlJ = av for some lJ 

function a, D"vlJ = /)"v lJ + {tIT} vIT is the covariallt derivative with t.he Christoffel symbol 

{tIT} := !9"P(/)"gITP + /)ITg"P -lJpg"IT)' 

By meallS of the conformal struct.ure we Call introduce t.he notiou of LOl'ent.z t.ransforma­

tions: We choose one metric glJ" from the equivalence class alld define t:onespolldillg tetrads 

~~ by glJ" = 'Ia6~~~r with 'I = diag(+ - --). All tl'allsforlllat.iolls ~~ 1-+ ~!:, = L/'~~ leaving 

the defining relation invariant are Lorentz-trrmsformatiofl.'1. These t.rallsfol'1nations are charac­

terised by 'Ia6LcGLd6 ='lcd, 

4 The Riemannian structure 

4.1 The classical limit 

In the following we base our axiomatic scheme [32] 011 basic experiment.s which can be made 

in the classical limit of wave mechallics. By clas.'1ict&1 limit we denot.e the physics of locally 

approximately plane wave solutions of (4). Such a solution can be decomposed approximately 

according to I() = aei's into a 'slowly varying' alllplihicie (l and a plla.'Ie S. so t.hat all terms 

containing at least. one derivative of the alllplitude or at least. t.he second derivat.ive of the phase 

can be neglected13• Formally t.his means t.hat a solut.ion I(J of (4) is 1\ locnlly (lPproximateiy 

pl(me matter wave ill x e M - briefly called plmu! m(llte1' 'Ula1le - if wit.hin an appropriate 

neighbol1rhood of x t.here is a field of C~-bases and 1\ (~oordilll\t.e lIyst.Clll as well as fUllctions 

S e C r (M. R) and a e c,.(M. C 8
) so that. it can be l'cpl'ellcut.eci (\,'1 

I()(x) = (l(x)ei.~(rl (7) 

13 A more precise way to arrive at thili kind of approximate solntion iii "ia Fourier Integral operators, see e.g. 

140.441· 
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with 

11'Y""lJn(fr'S) oPal!« 110.11 if at least one lail~2 01' IPI~1 (8) 
i 

110.11 is some norm in C'l. Equations which are valid only in t.bis special ba.<le and coordinate 

systems are marked by an •. 

Our classical limit in contrast to the WKB scheme is not. an expansion with respect to the 

Planck constant Ii. because the field equation (4) does not. contain such quantity. 

4.2 Approximate plane wave solutions 

Inserting (7) into the field equation (4) we get in the system * using (8) 

,. 
'" IJI ... IJ)( )
£.....1(01 X PIJI" 'PlJja -= 0 (9) 
j=O 

where PIJ := -IJIJS is called the momentum of the plane wave. The coefficients 1i~,"'lJj(x) are 

defined to be equal t.o the coefficients T'I ...IJJ(X) of t.he field e(luatioll (4) in the special base 

and coordinate system *. 
The transformation properties of t.lle coefficient.s 1:~)"1~1 (x) Call be derived by means of 

the requirement. that after a base alld coordinate transfol'luat.ion the t.ransformed equa.tion (9) 

must have the transfonned amplitude a' as solution. It turns out t.hat t.he coefficients 1i~,...lJj (x) 

transform homogeneously. 

In regions where there is a classical limit, the alnplit.llde a cannot vanish, so that the 

solvability condition 

H(x,p):= det(t 1i~) ..lJj(x)P"'I·· 'PI'I) =0 (10) 
j=O 

must be fulfilled. This equation. t.he Hamilton-Jacobi-eqll(dion. is a polynomial of order rs in 

the momentum Pw (10) cOI'l'esponds to the eikonal equation of geolllet.rical opt.ics. For given 

P11, jJ. = 1,2.3, equation (10) can be (not necessarily uniquely) solved for 110 = f(x,I';:')' (10) 

is a complex equation alld is inval'iant against coordinate transformat.iolls and tl'anSfornlat.ions 

of the C~ -bases, 

4.3 Local Lorentz-isotropy 

By means of the orthotetrads ~~ it is possible to fonuulat.e the HaUliltoll-.lacohi-equation in 

terms of the Pa := ~~PIJ' that is H(x,PI') = H(x'~~l'") =: H(X.1',,), This equat.ion can be 

solved for P(OI := [(x,P;.). 

Having already established a conformal st.l'llchu·eI4 on t.lle manifold aud the relat.ed equiv­

alence class of metrics [glJ"(x)J, some elementary measnrCtllCllt.s are operat.ionally possible. For 

141n (32) we took over the conformal structure of EPS (3J. Note that hecaltsI" of clt.3 tbis iii not nf"Ce!lsary in 

the complete scheme here. 

14 

http:relat.ed


two different plane matter waves I{) and I{)' the ratio of the related Lorentz components l!!f 
Pa 

has an invariant meaning and represents a measuring qUlUltity related in the usual way to the 

pbase function Sex) and the succession of hyperplanes of constant phase. For index a = 0 it 

corresponds to a ratio of frequencies, for a ait corresponds to a ratio of wavelenghts and a 

propagation direction relative to the orthotetrad. 

On the basis of this, it is possible to fOlnmlate two additional ba.c;ic experiences made with 

a subclass of all fields containing the plane matter waves which lU'e free. The first one is the 

following: In an event and its neighborhood it is possible to find a plane matter wave and to 

arrange the experimental setup in such a way, that active Lorentz transformations transport 

the whole arrangement including the plane wave into lUI equally possible arrangement. As 

ill corresponding experiments with free point paJ:tides (as opposed to interacting particles), 

this may ill practice need some shielding. Loosely speaking one could say that the following is 

delIllUlded: If all the direction dependent external influences which call be eliminated are indeed 

eliminated, then that what rema.ins as stmcture allows t.Imt lUI act.ive Lorentz transformation 

of the experimental setup leads to one which can also physically be realised. This chat'acterises 

the 'remaining structure' which is related to the geometry of space-t.irue. 

Postulate 6: (isotropy) 


Gi'uen an e'uent and a free plane matter wave with momenbml 1'", t/,en the momentum Pa' in 


this event obtained by an active Lorentz transformation I'll ...... 1'11' := L~Pb belongs to an equally 


possible free plane matter wa'ue: 


ii(x, L!Pb) =0 VL! I"'filling L~L~rlbd = TIlle, VI)/' fulfilling ii(X.l)b) =o. 

Therefore ii(X.l)) = 0 .0:> ii(x, Lp) O. For free pla.ne lllatt.er wavelJ t.he respective Hamil­

tOil functions must be illvariatlt uuder Lorentz transformations. ThilJ ha.s Ule importatlt conse­

quence that according to the fundatnelltal theorem of vector iuva.riants of tlte Lorentz group, 

H(x,p) can only be a function of gI'V(x)p/IPv. In this nl.'le the polyuollli<LI Hmuilt.ou-Jacobi­

eqm~tion (10) must have the structure 

nH(x,p) = (!liV(X)P/Il'1I Vik)(X») (11) 
k=! 

wit.h some complex sca.llU· fuuctions V;(x) which do not. depend on I" Chosing another rep­

resentaut of [gllll], that is making a rescaling of .q/IV, result.s iu a rescaling of Vii) also. These 

fuuctions depend ill a <:omplex way on the 1'/'I ..·I.I,(X) of (9). We call t.he Vik)(X) scaltlr mass 

potentials of the field I{)(x). Whenever locally approximat.ely platle wave solutions of (4) are 

possible which are in addition free, they must fulfill (11) and these lllass pot.entials must exist. 

Together with the class [g/IV(X)) of metl'ics they determine the pitas() fUIld-ions S(x) as solutions 

of (10). The funct.iOlIl> IgI'V(x)) IUld Vik)(X) t.ogether dllu'lIderise the geomet.ry of t.he dassical 

limit of (4). 
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By grouping together identical factors in (11), we Catl write 

• ( )0(.)
H(x,p) H(i)(X.l) (12)n

r 

i=l 

H(i)(x,p) : gl.lll(X)])/.l)v - Vii)(x) =0 (13) 

whereby the powers have to fulfill O'(i) = Since and IJI' are real, Vii) (x) must 

be real too. 

4.4 The conformal structure for the other field equations 

Before proceeding in our axiomatics we derive the conformal st.ructure of the general field 

equatiollS (4) which are not of first order. 

Firstly we observe that the heigh energy limit of the Hamilton-Jacobi equation (11) is 

H(x,p) TIi(gI.lVPI.IPv)Oli l • On the other hand, the heigh energy limit of the Hamilton-Jacobi 

equation is proportional to the characteristic polynomial. Therefore He (X, k) =PTI, (gl.lVPI.IPII )O( iJ 

for some proportionality factor p. Therefore the cbaract.eristics of the general field equations 

(4) agree with those of the first order system of ch.3. All field equatiolls (4) define the same 

conformal structure. Note that if we had chosen another field equation to establish the confor­

mal structure, we would have obtained the lJame conformal structure. Postulate 6 guaratltees 

the self-consistency of our scheme. 

4.5 Constancy of the ratios of mass potentials and Riemann space. 

Postulate 6 is not sufficient to single out 'free' waves, becalll>e ouly direction dependent influ­

ences at'e excluded. The potentials Vii)(X) may still coutain ill addition to lUass pat'ameters the 

contribut.ions from ilJotropic external fields. To complet.e t.he du~mcterisation 'free', we must 

describe the physics obtained after a successful 'shielding' of thelJe direct.ional independent in­

fluences too. The influence which is commonly called the gravitat.ional oue, cannot be shielded 

and is therefore contained in the geomet.ry of free plane matter waves. 

It is well known and has been demonstrated in the COW t.ype experiments (for a review see 

e.g. 11]), that interference of plane matter waves in gravitational fields lead to mass dependent 

results. This is in contrast to the behaviour of free t.est. pat·t.ides on which, according to the 

equivalence principle, mass has no influence (which docs uot 111can that there is no equivalence 

principle in the quantum domain, see (1l>. This sensiti'uity 'with regard to mass makes matter 

wa'ues superior to test particles as primitive object.y iu a space-time tlxiomtdics. Rcturning to 

our axiomatic scheme this means that additional iuformation ClUl be extracted from interference 

phenomena. 

Each type of quantum object I{) (labeled by A) chat·act.erised by a respective field equation 

(4) may lead to different. scalar mass potentials V;~~), A, i 1. 2.. ... Babed 011 matter wave 
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5 

interferometry we take as basic experiences with free plane waves that for the same physical 

set-up (the same interferometer apparatus under identical conditions) t.he pattern of interfer­

ence fringes. upp to a constant rescaling, are identical. This means that for all A. A', i, i' the 

ratio "(~~)(X)/V(~~;)(x) of these potentials turns out to be the same in every space-time event. 

Accordingly we demand the universality of the mass function: 

Postulate '7: For free plane matter waves the ratio of (my two scalar mass potentials proves 

to be constant. 

F01' It(i)(x) = 0 equation (13) describes null rays. Ficlds with at lealit. one V(i)(X) .p. 0 will 

be called massive. Because of postulate 7 one can take one of thc non-vauishing potentials as 

universal function It(O)(x) and write for the other pot.ent.ials 

lV(ij(X)1 =mf.) Ilt(o) (:r.)1 	 (14) 

wit.h real positive constants fll(i)' It is t.he univcrsality of (14) whkh guarantees the absence 

of external (in the sense of non-gravitational) influcnces. Note t.hat negative V(O(x) indicating 

tachyonic behaviour are not. excluded. The constants 111(i) are called masses. One field equation 

(4) can lcad to several masses. 

We can therefore conclude from the postulates U1C rcsult: Thc spacc-timc manifold M is 

endowed with a class of metdcs [YlliI(X)j and a univcl'salmass fundioll It(O)(x). Therefore we 

can define a unique conformally invariant metric 

1 c 	 (15)gjJ,,(x) := -v,( )9Ili1 (X)
(0) x 

and the manifold M becomcs a Riemann space!!>. This result. does uot. mean that other 

geomctrical fields like torsion are vanishing, t.llCY have simply not yet. becn established. 

Establishing space-time torsion 

In the following we restrict ourselves t.o massive first order syst.c1l1s fr0111 which the conformal 

structure has been dcrived. From these fields the propngat.ion of t.lIe spin elm be derived which 

in turn is used to introduce anothcr gcometric cntit.y, namcly a spncc-t.imc t.orsion (comp. [30]). 

15ln all different approach postulate i can he re)laced hy one IIsing th!' notion of paths of wave packets and 

their group velocity defined by v" ..... oH(x.p)/o"", and rC()lIil'illg: All wave J>llCkets ont of lIIassive free plane 

matter waves follow the saIDe patbs. This again results ill a Riemann "pacc. Therefore we can altematively 

statt': The geometry of bi·chatTlcteri.dic.5 and walle packet..< i.• a Riemannian .•,mcc.tame. More details can be 

found ill /321. 
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5.1 	 The spin states 

If we insert cp(x) of (7) into the first order system (6) we get thc following two equations for 

approximately plane matter waves: 

o 	 ('''';Pi - M(O)a, (16) 

Mil)a,i,·laiu 	 (17) 

for some 4 x 4-matrices MIO) and Mil) where MIO) transforms homogcncously. The solvability 

condition of the first equation gives a polynomial of fourth ordcr in 1', namely the Hamilton­

Jacobi equation H(x,p) = (gjJll pjJp" +mrll)(gjJ"pjJP" +mr2) with real mO) and fll(2). The spin 

states U which will now become important are solutions of (16) corresponding to a particular 

solution p of the Hamilton-Jacobi equation. 

With the help of the next postulate it is possible to derive thc Clifford algebra and related 

notions: 

Postulate 8: (spin states) 

For each momentum there are two .~pin states. 

This requirement implies that H(x,p) should be thc square of Ilnothcr polynomial leading 

to mO) =m(2) =: m =const .p. O. therefore 

H(x,p) = (gjJ"PjJP" - m 2 fl . 	 (18) 

For convenience, in the following we chose m = 1. 

5.2 	 The Clifford algebra 

The right hand sidc of (18) is the detcrminant of -y/JPII - M(O). Given SOUle matrix, its deter­

minant is given by multiplication of this matrix with its minor (sec e.g. [45]). Therefore, there 

is a minor ii, so that jj ("'(jJPjJ - M(O)) = (9jJ"PjJ1J" - 1)2. In addition. one can show that. if 

the determinant has multiple zeros of a certain degrec d. then the minor is proportional to the 

(d - l)st power of this zero. In our case thcre is anothcr matrix D, polynomial in PI" with 

jj = (gjJ"PjJP" - 1) B. Thereforc we get. 

B("'(I' PI' - MIO) = g,tll l'jJ1'" - 1. 	 (19) 

Since the right hand side is a polynomial of order 2 ill1JjJ' D must be II. polynomial of order 1: 

B = B(x,p) = BjJ(x)PIA + dl(x). Inserting this B into (19) and c(luat.ing the coefficicnts oCthe 

respective powers of PI' gives BO = (M(O))-l, BjJ =dl",("Do !\Ild t.herefore the Clifford algebra: 

! (Y':.y" + :.y":.yll) = 91''' 	 (20)
2 
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with 91' := B°;yl'. By this the 91' became the usual Dirac matrices. The complete set of 

matrices 1, '15.11', 1.'}-yP, Hr', lV] (omitting the hat) is called Dirac algebra. In addition, we 

get B = -yPpl' +1 and the matrix fJ from postulate 4 can be chosen to be 1(0) := e~O)ll' whereby 

e:e!gI'V = flub. 

5.3 The propagation of the spin states 

From (17) it is possible to derive a propagation law for t.he spin states a of the form vl'0l'a = 
vI' fl'(x)a where vI' is the group velocity of the wave packet, compo foot.note 15. For doing so 

we introduce a spin-connection r I' by the relation 

0= Dv-yP := ov-yP + { :11' hl1' + (r1I'-yP] (21) 

and a covariant derivative D"a := 0l'a + r I'a. (17) call then be rewritten as 

ill'Dl'a = (M(l) - il"'r,,)(L. (22) 

Multiplication with B gives the propagation law fOl' t.he spin st.ates 

1 
vl'Dl'a = 2g1lv Dl'lJva + (llllJv + l)Ka (23) 

where K:= i(M(l) - ill'rl') is some 4 x 4 mi\trix which Call be expanded with respect to the 

Dirac algebra: K = kOl + ki15 + Kl'll' + Kl'l!j-yP + K'1I!2iGIII!. D" act.iug on vectors denotes 

the usual covariant derivative in lliemallll space based ill the Christoffel symbols. 

5.4 The propagation of the spin 

We define the bilineru' forms 

p:= aa. P:= ai15a, j1':= al"(l, SI':= a151"'a. S'II!:= aill"lllia (24) 

with a:= a+fJ. alld get. frolll (16) as independent. equat.ions 

p=o, ~.J'_ -I' S,ll! = f'II!()l1'll,)~,I'U - J • (25) 

Therefore SI'V call be derived frolll P and SI1'. We Call show especially t.hat p # 0 for approxi~ 

Illately plane waves. 
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Because of (25) the only idependent entities are the group velocity vi" and the normalised 

spin-vector 51' := SI' Ip. With (23) we get as propagation equation for t.he goup velocity a 

geodesic equation and for the normalised spin vector 

vVDvSI' = vVflltl1' KI1'SP - (gIllI - vl'vll ) Klvl1'/SI1'. (26) 

This shows that the dynamics of the spin vector is influenced by. and therefore sensitive to, KIA 

and K !J.tvJ only. 
The first term on the right hand side can be identified wit.h an axial torsion l6• The second 

tenn is an external torque which cannot be reformaulated as part of any connection bacause a 

connection term must be linear in the group velocity and the spin vector. 

Because of the last equation we call state the following result: A first order system charac~ 

terised by means of the axioms 1 to 8, defines a RiemamL-Cartan geometry with axial torsion. 

In other words: I[ spacetime is the entity which prescribes the beha-vior o[ the characteristics, 

of the free matter waves, and o[ the spin states in the 'way specified above, then spacetime is a 

Riemann-Cartan space-time with axial torsion. 

6 Concluding remarks 

We have shown that it is possible to build up a constructive axiomatic scheme for the space-time 

geometry in the domain of quantum and of classical physics using quantum objects as primitive 

objects and formalising some fundamental quantum experiences. We have reconstructed in this 

way the lliemann-Cartan space-time which is generally regarded as the appropriate geometry. 

Concerning the experiences we refered to the WKB limit of quantum mechanics which is to­

day being explored in an increasing number of matter wave experiments. Accordingly these 

experiments are so rudimentary and general that they would be compatible with different the­

oretical elaborations of quantum mechanics. The details of the procedure above show that the 

lasting influence of mass and spin in this limit make the quantum object.s the more sensitive 

probes for exploring space-time geometry as compared to point particles and light rays. This 

advantage is structurally correlated with the disadva.ntage that qua.ntum objects are less simple 

from the operational point of view. and that fields as primitive objects are based 011 something 

spread out which can locally uot be 'touched' 01' ·seen'. Experiences al'e ill this case directly 

related only to concepts derived from fields, It is on the other halld very satisfying that space­

time axiomatics can be based on quantum objects. which are today the most fuudaluelltal and 

elementary entities from the physical point of view. 

U1For theories with tonion see e.g. (I) and the article of F.-W. Held ill this volume. 
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