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Abstract

Interaction of an atomic beam with four traveling laser beams leads to
optically induced Ramsey fringes in the atomic beam. This experimental
setup has been used as an optical frequency standard as well as a matter-
wave interferometer. We calculate for 2-level atoms the shift of the fringes
due to the influence of fairly general external forces in lowest order of
a perturbation approach. A comparison with the phase shift found in a
corresponding WKB treatment of the interaction geometry is made. The
consequences of beam reversal and cooling of the atomic beam are stud-
ied. As application we treat the linear acceleration and rotation of the
interferometer and discuss the influence of spacetime curvature.
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1 Introduction

It has been pointed out by Bordé et al. [1] that the interaction of two level atoms or molecules or ions
passing successively two counterpropagating pairs of separated copropagating traveling laser waves
leads to optical Ramsey fringes in the atomic beam. The respective times of influence are shown in
fig.1. The laser beams influence the atoms only in the laser zones during the time 7. Between the
laser zones the atoms travel for the times T and T” in the dark zones. In the four laser zones there
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Figure 1: An atomic beam passing successively two counterpropagating pairs of copropagat-
ing traveling laser waves. The interaction time with the laser beam is 7. The flight time in
the dark zones are T and T".

is, because of absorption and emission processes, an exchange of energy and related with this an
exchange of momentum. Accordingly in each laser zone a matter wave is coherently split into two
components with discrete values of the momentum (comp. fig. 2). Denoting the internal energy
states by |a > and |b > and the states of external momentum by |7 >, the laser with wave vector
k = kéy splits in the first laser zone the atomic beam |7 > ®|¢ > entering the setup in the z,
direction into the two beams |7 > ®|a > and |[f+ k > ®|b >. As far as it proves to be important
in the following, the second zone and the rest of the interaction geometry can be read off from fig.
2, where |7+ nk > ®|a > is denoted by a, (or b, for the internal state |b >, respectively) and the
extensions of the laser zones are neglected. In this paper we will use natural units (h = ¢ = 1) if
not otherwise stated. After having passed the last laser zone, the population in the excited states, the
fluorescent decay of which is detected, oscillates with laser detuning and atomic beamn velocity. These
oscillations are registered and called the Ramsey fringes. They result from interference of matter waves
which have propagated along two different paths. For early experimental realizations of the setup see
Bordé et al. {2] and Helmcke et al. [3].

The case that the atoms propagate freely in the dark zones has theoretically been treated in detail
in ref. [1]. One finds after a final integration over the distribution of the initial velocity components
v;m in the direction x3, that in fact only the two interferometer geometries of fig. 3 contribute to
the Ramsey fringes. Each of these geometries corresponds thereby to one recoil component of the
Ramsey fringes. Apart from a background, the resulting Ramsey fringes can thereby be described by a
bilaterally damped cosine

cos[2(Aw £ 86)D /vy + Ay + ¢ (1)

Aw = w — wy is the detuning with the atomic transition frequency wy = E, — E, and the laser
frequency w. & = k?/(2M) denotes the recoil shift caused by the exchanged momentum & with M
being the mass of the atom. The sign of & refers to the two different interferometer geometries of fig.
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Figure 2: The interaction with the laser beams +£ lead to coherent splits of the beam of
two-level atoms ([u >, |b >). «, and b, denote energy and momentum of the atoms:
a, ~ p+nk>@le>, by, & [F+nk > Q>

3. D is the distance between the two copropagating laser beams, v; the atom velocity. The flight
time in the respective dark zone is T = D/v,. The phase alignment Ao = 4 — @3+ 2 — ¢y Is
the difference of the phases . in the four laser zones. In the result (1) the 2nd order Doppier effect
{~ ,)-2/ ¢?) has been neglected. If apart from the four laser beams acting in the four laser zones there
is strictly no influence on the atomic beam, the phase contribution o included in eqn. (1) vanishes.
It is the aim of the article to show in detail how the influence of external potentials leads to specific
nonvanishing phase shifts ¢.

If one may disregard the recoil splitting and assume perfect phase alignment (A = 0) as well
as absence of external disturbances (¢ = 0), the maximum of the damped cosine (1) is given by the
transition frequency wy. This demonstrates the first important application of this scheme of Ramsey
excitations: It represents a frequency standard operating in the optical range. For example, using the
intercombination transition 3P, — 'S, of 40Ca, the respective wavelength is A = 657.46nm. See
Morinaga et al. {4] for details and further literature on frequency stabilization by means of Ramsey
excitation. For this application, an additional phase shift o in (1) would represent unwanted errors.
It is important to know their theoretical structure in order to eliminate them.

Since the first atomic interferometer has been built by Carnal and Mlynek [5], several alternative
setups have been developed {6, 7, 8]. In this context a second important domain of application of the
experimental setup described above is found. As has been pointed out by Bordé [9], the two closed
arrays of coherent matter beams (comp. fig. 3) can be considered as two atomic beam interferometers.
The laser zones represent beam splitters which provide coherent beam splits and reflections. Together
with changes in the internal degrees of freedom they are able to separate the beams not only in
momentum space but also in the physical space of the atoms. These beam splitters are based on
the physically rather ‘pure’ effect of the atomic recoil in a traveling laser beam. This fact has the
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Figure 3: The interaction geometry represents two matter wave interferometers

big advantage that the respective dynamics in the beam splitter is well defined in detail and can be
treated theoretically in a transparent way (comp. chapt. 3 below). Influences of external potentials
on the two atomic beams of the interferometer lead in general to a nonvanishing additional phase
¢ in (1) and accordingly to a shift of the Ramsey fringes, by which the interaction of the respective
forces with matter waves may be detected. An example is the Sagnac effect for matter waves, caused
by the rotation of the reference system, which has been measured in this way by Riehle et al. [6].
Among other reasons, atomic beam interferometry is of importance because it offers new possibilities
for the experimental verification of the influence of gravity and inertia on quantum matter. This is
fundamental for general relativity (comp. Audretsch et al. [10], {11}]).

The description of the experimental setup given above shows that the investigation of disturbing
influences causing an unwanted shift in the frequency standard on one hand and the study of induced
phase shifts in matter wave interferometry on the other represent only two aspects of the same
physical problem: Study of the shift ¢ # 0 of the Ramsey fringes caused by the influence of external
potentials. Both aspects can be treated in the same calculation. it is the aim of this article to do this
for a fairly general type of external forces. The results for linearly accelerated frames (or equivalently
homogeneous gravitational fields) and for rotating frames have already been obtained by Bordé {12},
compare also ref. {9].

The article is organized as follows: As starting point the general dynamics of the matter beams is
described in chapt. 2. The discussion of the influence of external potentials is based on a perturbation
scheme. Details of the scheme including an idealization of the beam splitters are given in chapt. 3.
The resulting shifts ¢'!) of the Ramsey fringes are worked out in chapt. 4. In chapt. 5 a comparison
with a WKB approach to matter wave interferometers is made. Finally, applications are discussed in
chapt. 6.




2 Dynamics of the matter field

We follow ref. [1] and model the atomic beam by 2-level atoms with internal energy states la > and
{b > whereby E, < Ej. The dynamic is specified by the Hamiltonian

v,

2 .
H=HO 4 g =§%+H213.-+("§—%F+H(n~ (2)

P Is the momentum operator acting on the cms coordinates of the atom. Hy,, describes the internal
degrees of freedom, i.e. Hayele >= EJa >, Hy b >= Efb >. The couphng to the electro-
magnetic field in dipole approximation in the laser zones is given by d- E, dis the (internal) dipole
operator with < adja >=< bd]b >= 0 #< aldjb >=< bjdja >. T describes the decay of the
states: la >= y,la >, T|b >= 7,]b >. We take for the electric fields laser beams running along
the 3 direction with polarization such that < a}d“ E [b >= 29, cos(wt F k{xs + vgmt) + 9.)
where {0, is the Rabl frequency and w is the laser frequency. ¢, are the phases of the laser beams.
The term proportional to v( ! makes sense only in a frame of reference where the atom is at rest with
respect to the x3 direction. In such a frame it produces the first order Doppler shift of the laser fields
as seen by the atoms. Throughout the paper we neglect all special relativistic effects.

Theadditional term H'!) in the Hamiltonian of eqn. (2) represents either the external disturbances
of the frequency standard or the external potentials to be registered by matter wave interferometry.
In the following we will study in a perturbation approach Influences of the fairly general type

HY = H(P) (2)Y (0) ¥ (23)™ (3)

with integer /V;. The atomic dipole moment dand the energy levels are thereby assumed to remain
unchanged. The laser field E is regarded to be fixed. The Hamiltonian H'") of eqn. (3) has the
following property: It does not affect the internal degrees of freedom of the atoms, for example it can
not cause transitions (< «|H'"'}b >= 0). Note that it is not excluded that for charged matter like ion
beams H'!'! may depend on electromagnetic fields including the laser beams influencing the center of
mass motion only. Since we will use first order perturbation theory with regard to H'", our method
holds also for linear combinations of different perturbations of the type (3).

To obtain the exact Schriodinger equation in momentum space, we decompose the matter state
with regard to momentum eigenstates |7 >.

v >= / & {azg (O > Bla > +bp (1))’ > BJb >) (4)

Assuming the detuning A = w — wj to be small compared with wy = E), — E,, we get after projecting
with < a.p] and < b, p] for the Schrddinger equation in the momentum representation

.
20 T 2
_i/!l:’p'n,;. <a.plHMF' a>

S . P Ja . it ket Pre
ag = {—1E, ~i S = Qe T

) ~2
bi = {—1Eh B I%’:“i - :Zé':}bf;_ ’.Qub(’_'(‘d'x"v(‘nv,+w)al"‘¥fz
—i / Py b < b FAHVF b > (5)
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whereby we have made a rotating wave approximation in neglecting terms containing exp{+i(2w +
A)t) as compared to those containing exp(iAt). As can be seen in figs. 2 and 3, we assume that
the matter beamn enters the experimental set up traveling in the :r| direction (') = p(""f?l) 5o that

initially only the a.) is different from zero.

3 Perturbation scheme
To solve the Schrédinger equation, we assume H'!) to be small and use a perturbation scheme:

il >=(HO+ HV)y >, v >= ¢ >+ > (6)
where |#/(1) > is of the same orderas H'"). In momentum space we decompose a5 = a‘f’ Y4 a(“ nd
correspondingly b;. The dynamics is then given up to first order by

ia'!w(l)) >= H(mw,«o) > (7)

i) >= HOW > +HO O > (8)

The Ramsey fringes of zeroth order go back to |¥'”' >. They have completely be determined by
Bordé et al. {1} in the form described in chapt. 1 above. We refer to these results in a twofold way:
Mathematically H!"[y'®) > enters as an inhomogeneity in the otherwise unperturbed Schrodinger
equation (8) for [¢!!) >. Physically our intention is to determine according to (1) the shift ¢!} # 0
modifying the zeroth order Ramsey fringes (¢ = 0).

Returning to the momentum representation (5) of the Schrddinger equation, we apply the unitary
transformation

(P M) t+ 2wt +i(py —p§™) (D’t} a5
b,z

ek = exl){ Z(Eﬂ + Ey + P.L) ) - "“"' +ilps — p(;") * I".)U-S’D)f} i)ﬁ:tf 9

a,;:exp{ - —-(E + £, +

(F = P + p3f3) to obtain a dynamical equation with constant coefficients {2,,:

A1 : N
B\ s o Vo Ju(t)
(«‘fpi:‘?)”g(ﬂooom'”’( ) )+(fa (0 "
whereby
1 ) in i
Q = “m((m)l (s 2R = (2(ps = p"") £ B)S” +iva
U = ~2Mwpcosy Q= -Aysing
1 p ]
Q1= N = (e 2 8) = (p3)) F hoh” i = 70)/2 .

(Yab = (Ya + 7)/2) and

(7L)}
M

flt) = —iexp{ )f+—wf—'(1);-11'3"":“}!’.%”“}
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./d3p'b‘9,’ <bFERHYF b >
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AI) - ;zwt —i{py — pf, ! f,mt}

/ l“'p'am’ <a,plHYF o> . (12)

flt) == —iexp{ (B« + Ep +

o; are the Pauli matrices, 0y = lax2. Set f,5 = 0 for the respective zeroth order equations for a(®
and b%). To obtain (12), we have made use of the fact, that the operator H'!) does not act on the
internal states J¢ > and |b >. ) and £, vanish in the dark zones outside the beam splitters.

As can be read off from (10), the first order solution n = (5:;1)5 R a“” ) is given by

wt) = [7 Gl - )(¢)ar (13)

with f = (f, , f.) where G is the (retarded) Green function:
Git-t)= e.'n.,u-r)/zeiﬂ-au-:')/2009(1 -t). (14)
In the following we simplify the index notation according to @,, := i:.,,.,,, +niand I;,, correspondingly.

In principle the mathematical procedure would now be to calculate the time development of the
matter waves in first and second order from zonetozone (0 < ¢t < 7,7 <t < 7+ T and soon,
comp. fig. 1) in order to obtain the probability for the excited states att = 47 + 27"+ T". In practice,
if there is an external influence H'") on the experimental setup, this program turns out to be very
cumbersome due to the complicated dependence of the zeroth order solution on the momentum in
the four laser zones. The reason is the following: It can be seen from the zeroth order dynamical
equation, which is obtained from eqn.(10) by setting f,, = 0 and writing &) and b{®) instead of
&) and b{1", that the contribution of a laser zone to the evolution of the matter wave results for each
laser zone in a 2 X 2 transformation matrix

& Mor/2 T2 _ e‘“"'“[c os(Q7/2) + iﬁ;}Q

g o = Jer2 [ A Be™¥
sin(Q7/2)] =: ¢ Pr/ ( Ce¢ D ) (15)
acting on the states (b, @) entering the respective laser zone, whereby ( and 2 = \/Y:l; refer to (11).
The second equation in (15) is the definition of the quantities 4 to D. The quantities in (15) differ
from laser zone to laser zone. We have omitted the index + which denotes this. The expression (15)
depends on the momenta in a complicated way.

1t is therefore convenient to use an additional approximation in idealizing the laser zones of duration
7 mathematically by beam splitters which act pointlike in time (comp. fig. 2). They can formally
be obtained by taking the limit 7 — 0. 4 — 00 in such a way that \ := T{), remains finite,
characterizing the respective experimental setup. In this case the influence of the laser field on the
atoms in a laser zone resuits in the simple matrix

A Be¥\ _ cos\  —isin\e™¥ (16)
Ce¥ D T\ —isinye¥ €OS \

which models the beam splitters completely. We will use these idealized beam splitters also for the
first order calculation. Their use is physically justified under the condition that the influence of the

7

perturbing Hamiltonian H'!) over the time 7 in the laser zones is so small that it may be neglected
for the first step of the perturbation scheme. But, if the perturbation H'!) itself depends on the
laser electric field too, the limit €, — oo may imply H'*) — oc so that the procedure above is
unreasonable. Cases like this need a particular treatment. An example is given below.

Note that the experimental setup used here allows us to model simple perfect beam splitters. This
is an advantage over the case of neutron interferometry, where the complicated physical processes in
the splitters can only be handled with some ad hoc assumptions.

4 Influence of the perturbation

The perturbation scheme is based on the zeroth order result (H'") = 0) which we have stated first.
Idealizing the four beam splitters as described above, we obtain

!3(10)(t) _ Bie~v expli(Q + Q3)/2] )
( V() ) - ( Dy expli(Qp — 23)t/2] fort <T

( b(o)(t)
a5’ (t)

Qa1 iy S T/2 iy i T2
) _ eiﬂel/'l( it T)/?[BIA_Ze 1 ifls /)+DlBge rrehh /l) fort <T+T

(0) ~ip3 il Slo+ S W=T=T")/2
(” (t ) = '(0’(T+T’)(B3e it ' ) fort >T+ T

e~ MBU=TI2[ B, Chellvi=1)gMT/2 4 D) Dyc=iMT12

"0’(1 Dye!fo=a)t~T~T"/2
(B00) = 8o em( M arron ) fort > T+T a7
with

QQ = 21\[(2(1)3 +2pak + k%) = koi®) + i

Q = A- m(zp,x + k) = kel + i — a)/2

Q = 2A1(2(1)3)2 2pgk + ) + ko + v

QG = A~ ——-—(-'2P3k + k) + koy® 4 i~ 7a)/2

Q = 2;1( (p3)? + Gpsk + 5k?) = 3kvi”! + i

Q; = A+ m(21)3k+3k’)+kv‘o'+i( b= Ya)/2 (18)

where the last two matrix equations in (17) refer to the two different interference geometries of fig. 2,
respectively. The amplitudes after the atoms have passed the fourth laser beam are

BT +T') = &(T + T')[ByAge 02+ MIT/2 1. Py eivneo=®IT/2)  (19)

and o 7 o
BPU2T + T') = BT + T')[ Ay Age T4 BII2 4 Oy B eftrevnle o=/ (20)
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Moduli squared of these amplitudes give the fringe signals of the Ramsey interference. The resulting
expressions can be read off from equations (27) and (30) below in putting all . '“] Ym and Z(”
equal to zero. The result agrees with equations (16) and (17) of ref. [1] apart from the fact that in our
case A, B, C, D refer to the idealized beam splitters and do therefore not depend on the detuning
A. Only terms in square brackets in (27) and (30) cause the Ramsey fringes which are of the type (1)
with ¢ = 0and T = d/v,.

Turning now to the first order perturbation, we firstly note that after the unitary transformation
the a'® and b'® do not depend on ji;. To work out the integrals in (12) which contribute to the
inhomogeneities in (10) we make use of the following central lemma

el tar’) = (¢ 4 (7 (o + 2p) ]{Z(w "-’( )(a +20p)" P e (21)

=0
with
Jy := integer part of N'y/2 (22)
GE=0x(-1)")/2 (23)
Sy
Py, = [I (m=-(-1)"/2) (24)
m={41

which can be proven by induction. P, is set to one whenever [ + 1 exceeds J;. With the help of
this lemma we then find

o™ ,
flt) = —iH(FER)Te (a ‘“’) & Pol - o671
( )I)“ N|2J|+J1—h( '/“! I|+Iq+l|l ’l|tl|+/'-+l| (25)
=0

with
Ne =N+ N+ N (26)

To obtain f,(t) we have to replace z)‘jj,* and f!(}')':t E) in (25) by ﬁ{,m and H(j}or &520) and fl(i)‘+ 21'5).

respectively. From now on we denote ™’ by f.

The rest of the calculation is straightforward but long. To obtain the outgoing amplitudes up to
first order b_, = b(f,’ + b“l) and b; at the time 2T + T”, one essentially uses the zeroth order solution
{17) and applies eqn. (13) in each of the three dark zones of fig. 2 in which the disturbance H'!)
influences the atom beams. The calculation is done zone after zone whereby the initial conditions for
each zone are given by the field at the end of the preceding zone multiplied by the respective constant
laser matrix (16). For details of the calculation see ref. [13].

For the first interferometer geometry we find for the output

b_1(2T + T")? = e 2o~ T 2 {| B, Cy By Aq P07 (1 + X{V) + | BIGD3Ba*(1 + X3
+|Dy Dy D3 Byf?e! 7T (1 + .\':‘;”) +|D\ Dy By A4X(1 + X.i”)
+[B\CaByAy(Dy Dy DaBy)" e A=5T+85(1 +iZ{V) 4 c.c) + O(e™”'T)}
(27)

(6 = k?/(2M), T = d/v,). Because Z{”, which will be given beiow, Is of first order, the phase term
in square brackets takes with exp ic & 1 + ic the form exp i{2(A — 8)T + Ap + ¢(,”] with

8" = Re(Z}") (28)

At the end we have set § = p; €] so that we are essentially in the frame of reference used in {1] and can
apply their result that after integrating over v3 o (Doppler broadening) the term in square brackets is
the only one which contributes to the fringes. As in the zeroth approximation it turns out that the
integrals of the terms in factor of exp (- - -) give the fringe envelop, the remaining additive terms
give the background and the Ramsey fringes have again the form of a bilaterally damped cosine of
the structure (1). For [b_;|? we have a recoil shift —& and find an additive phase shift ¢\"’ given by
(28) which depends only on Z| {”. The complicated real expressions _,\'}“ do not contribute to the
fringe shift and will therefore not be written down. For the general perturbation (3) the quantity Z {”
is thereby given by

Jy
Z(l) - —C;PO N; Z Z ( ) ( )Pﬁ " PI; Nazl(:-l,—h(___] pnpﬂlkll;

y=013=0
- G TG +R¢GCG) TPk G
[H(’““k’ T"“{%ﬁ' (7 Ry e

+HP) T [ - G 4T {T—[—lj——.c L (T + Tyt et

((T + T!)J'G +h=lh+2 _ TJc+f1":+2)

_ ¢
Mg+l -3 +2)

+H(F-F) 3 2’”' ek
p-k Z( -™ @T+17){ (29)
K.'s__~ l,f;(iTltI;qu /A!] ((2T+ Tr);‘+l-m —- (T + Ti)u«H-m)

GGk — i pl¢F — k(2T + T')¢5 /M| P\p 2= I\n+2=m
+ M T2=m) L (2T + Ty = (T + Ty

M (e;t,\i 135-3 vy ((2T + Tr),.+3-m - (T + 7T )p+3»m)}

ptl N +2
—H ()06 (-1)"+”G{<f‘ CLATI 4 i@y }]

For notational convenience we have introduced J; ;= J; + Jo+ Jsand p := Jo + 1) + 5.
Before discussing this resuit, we turn to the output of the second interferometer geometry. The
lengthy calculation leads to

[B1(2T + T')|? = e~ 2T {| By Ap Ay A2 =T (1 4 1{") 4 | By AsCyBa2(1 + 15")
+|Dy BoC3 By |26t~ IT(1 + Y3 ') 4 | D, BaAz Aq2(1 + Y!V)
[31-42.43A4(D]BQC3BA) z:(A+é)T+Aw(l +iZ.$l’)+C.C-] +O(eik,,;011‘)}

Based on the same arguments as above, we obtain a shift
8y’ = Re(23") (31)
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of the Ramsey fringes which in this case show a recoil shift +6. The responsible quantity Zé !
thereby

F )
25" = —¢f Py ™ Z Y ( )( )P,“MPILN’Z"G h—la( ypih s

=0 ly=0
1?(17'4"?) {ﬁ'_;"[(?T-ﬁT’)““ ()I<j\1§(:'i’:‘zc+ )(2T+Tl)u+2

BT+ T')M} — B(P) o ~1p e { e

. - 213
tpiC 2l _ freia g DY (1 wtNa m m
-t } B+ By (-1 3 1)( )T
]S{ — kT /A |
{C:r n-if T—Cm ! ((T+T')“+1~M_Tu+l‘m)

1C1 Gk+ 'ixﬂl’i{g;_ ni;J'(c /Ml( T+ T:)m»'z-m _ T.‘l+2—m) (32)

—_ ElkCl 5.3 t\pi+3=-m __ Putdem
MYp+3-m ((T+T)' T’ )

. - ) 213 21
—He (5 + 2k) (-1)+e Z ( )22‘1 "(2T + T')"'{c"
(G = k2T + TG /M] ¢

( (2T + T p+1=m - (T 4 Tyt

p+l~-m
21(1 GG R+ 212%1; ﬂ»(ﬂ?}'{ +T')5 /’ll]( 9T 4 Tyt
4 2-m }“ 3 VTS X ] ~-m
~(T +T'p*™) — —Wz%;%%-m—)((ﬂ‘%-T yrrd=m (T 4 Tyt )}]

Because of the generality of the external influence given by (3), the expressions Zf” and Zé“ seem
to be clumsy. This is in fact not the case, because they reduce for all practical applications to only a
very few terms. Examples will be given below. Before doing so we read off some general properties of
our result (28) and (31): i

1t is easy to check that ¢'!) vanishes if H') = H( Py, Py)(x)" (.r5)"2. This is physically evident,
because in this case the two interferometer paths are disturbed in the same way.

In case the Ramsey fringes discussed above are used as basis of an optical frequency standard, it is
essential that phase errors leading to a Ay # 0 in egn. (1) of the excitation can be compensated by
laser beam reversal. For a discussion see ref. {4]. Above we have treated the influence of disturbances
with potentials of the type (3). This leads to the corresponding question if the disturbances too leading
to ¢! # 0 in egn. (1) can be compensated by reversal of laser or matter beams. Due to the symmetry
of the experimental setup the effect of this procedure in the disturbed case can easily be deduced
from (29) and (32) by inverting the sign of p; or & for atom beam reversal or laser beam reversal,
respectively. For matter beam reversal it results in Zf” in a factor (—1)" and the replacement
ff(ﬁ'+ nfc') — H(—17+ nE)‘ For the special case of constant H only the factor (—1)™ in ¢»§”
remains, so that for odd V) beam reversal allows an elimination of the disturbance ¢§” while this is
not possible for even Ny For laser beam reversal on the other hand Z! b pics up a factor (~1)"s and
H (7+ nk:) has to be replaced by H (p— nk ). For constant H only the factor {—1 )% for (pf-” remains.

it

The disturbances d)f»“ can accordingly be eliminated for V3 odd and not be eliminated for N3 even.
This shows that if both /N| and N3 are even and H is constant, the shifts ¢f-” do not alter sign if the
laser or matter beam directions are changed so that there is no way to eliminate these unwanted shifts
by any type of beam reversal.

In the context of matter wave interferometry a well known strategy to obtain optimal experimental
results is to use as low atomic velocities as possible. This is also favourable in the context of frequency
standards, because the uncertainty to realize the line center of the fringes decreases with decreasing
atomic velocity vy (comp. eqn. (1)). It is therefore important to discuss how the additional shift ¢'!)
depends on the atomic velocity. )

For a general perturbation (3) one cannot say much because of the arbitrary dependence of H on

P, but if we assume that H is independent of p; one can read off in setting p; = Muv, that the terms

L+
in Z\Y are proportional to v /"85 14 varying I; and I3 one sees that the lowest possible

value of the exponent is —(Jl + J2+ N3 + 1) and the highest possible value is —(Jo + J3 + 1+ (5).
Both are smaller than zero so that the phase shifts (28) and (31) are increasing with decreasing velocity
vy. By explicit calculation we have checked the special case of rotation (see below), where H does
depend on P, and have found the corresponding dependence ¢f” ~ 1/v;. These results regarding
the velocity dependence of the shifts ¢(,»” have two different consequences: Cooling to low atomic
velocity is favourable in case the experimental setup serves as an atomic beam interferometer by
which very particular physical influences on matter waves are detected. But cooling needs particular
attention if the arrangement serves as a frequency standard and the ¢ (” represent unintended phase
errors which are to be avoided experimentally.

S Comparison with a WKB phase shift

The disturbing Hamiltonian H'"’ of (3) is characterized by not affecting the internal degrees of
freedom of the atoms. In our approximation it is in addition assumed that there is no influence of
the disturbance in the interaction zones of the matter beams with the laser fields (i.e. ‘inside’ the
beam splitters). This leads to the conjecture that the resulting phase shifts ¢f»” obtained above should
somehow show similarities with the phase shifts obtained in matter wave interferometers with the
same interaction geometry as in fig. 3, where the beam splitters described above have been replaced by
purely ‘optical’ mirrors and splitters. By ‘optical’ we indicate that the internal states of the quantum
objects in the matter wave are not involved in the respective scattering process. Essentially only the
momentum of the matter beam is changed, compare for example neutron interferometry. Note that
this is physically a different interferometer type. It is therefore not to be expected that the phase shifts
(28) and (31) or even the complete interference pattern as described by (27) and (30) will agree with the
respective WKB result exactly. The results above have been obtained in first order in the perturbation
H" and in arbitrary order in h. 1t is nevertheless useful to ask if for particular disturbances H'!!
and in certain limits the shifts qt)f” of the Ramsey fringes agree with the phase shifts obtained in a
WKB approach for the corresponding interferometers with ‘optical’ beam splitters. Because the WKB
calculation is mathematically simple, this will then for all practical purposes allow a quick insight
into the physical structure of the phase shifts ¢£—” to be expected for certain physical influences H'1),
The outcome of the different types of atomic interferometers can easily be compared. For neutron
interferometry a specific correction of the WKB phase is caused by spin terms, see Audretsch and
Lammerzahl [14].
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To obtain this WKB phase shift in question we use the steepest descent approximation of path
integral formalism. It is equivalent to the usual WKB method and leads to the result that the phase
shift is given by § L dt, where L is the Lagrangian and the integration is done over a classical path. If
(OL/at) = 0 the energy E is conserved andwe get § Ldt = §(—E + - i F)dt = § - dE. Here Fis
the canonical momentum. A Hamiltonian of the form

o
=F .y m Nag. \Na
H— 2A4 +H N H H(f) 'Ll ) (1‘3) (33)
with H'!? smail can be deduced, in first order in H!!, from the Lagrangian
Lo mones N N Ny
-2-M.r = H(MZ) (2,)™ (22)" (23) (34)

Working out the WKB phase shifts for the two corresponding interferometer geometries shown in fig.
3, we obtain for the lower paths related to the output {b_,|?

ke, =fﬁ"lf=%5~g,o{ Hp+E) Vu%‘:-‘-f H(mN—T
N1 +1 Nr+1 Tin_ L & Ny—m (2T+r) Ny
((T+T) ! -Th )—H(I)—L)Z(——l)‘ m—;—r———( ) (35)
( T+T')N:+|}
T

m=0

[(2T+7"')M+Na+!—-m (T+Tr)N1+:\3+I m] + H )..) 6\'30

(1)

This is to be compared with ¢}’ of (28). For the upper paths corresponding to |b;]? we find

N Vs - OT 4 T )V +N+l . Nr+1 PR
ke, = f}w.—av,-am.u{ - A+ B B D+ B oy + B+ F

N m n
i N+ N Fiom S () [T+ TyYetssiom _piesstion] 4 (5 4 26)

Z I +‘(?’7;+ T)" /:;1)21\’1 vrv{(2T+Tv),V,+\’;+l m (T+TI)N,+N;+l—m]}

(36)
and compare it with zp‘zn of (31). The results depend on the different powers [V; of the coordinates x;
in the Hamiltonian H'V (comp. (3)):

(i) If N2 # 0, a comparison with the WKB scheme is impossible, because the respective WKB paths
are restricted to the plane r; = 0 where H!) = (). Accordingly we have oigkg = 0.

(i) If H'! does not depend on x; (i.e. (N, = 0) we find, regardless if H'!) depends on p; or
not, that the terms in the sums in Z,m with Iy = J; and [y = .J; lead exactly to d;{:,'m. The other
terms are of higher order in / as can be seen by reintroducing /i in Z!" in replacing each T.T’ by
T/h, T'/h. Accordingly we have for .\ = 0 always at least an agreement to lowest order in h.

Ny =0 = o}"(to lowest order in i) = ¢’\um (37)

(iii) The agreement between ¢, “) and ow,\,, is even exact for particular combinations and if the
exponents Ny, Ny, N3 in H'Y are smail. This is the case for Ny + No + N3 < 3 and also for
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(N1, Nay, N3) € {(1,2,1), (3,0,1), (1,0,3)} for arbitrary H due to the fact that all corrections in
Zf” are then purely imaginary. The phase shifts agree also exactly for Ny + N, + N3 < 4 if H does
not depend on p3.

(iv) On the other hand, if the conditions above are not fulfilled, there may in general be large
differences between the full ¢,'' and qﬁw,\-ai. Forexample N; = Ny = 0, N3 = 50r6 and H constant
is such a case.

6 Applications

Examples for an application of our results are acceleration or rotation of the Ramsey geometry and
the influence of spacetime curvature. We have for acceleration @

HY =Mi -7 (38)
and for rotation W, of the reference frame
HY = =Gy - (£ x (7 = qA)) (39)

In a rotating frame a nonvanishing vector potential A of an external field leads to an additional term
in H'V if the quantum obijects In the matter beam have a charge ¢, as would be the case for ions.
For the spacetime curvature given by the Riemann tensor R*“** we find

H(l) — Z R(m)m m (40)

tm=1

We have used here the conventions of ref. [16]. The components of the curvature tensor are taken
on the worldline of the observer with respect to his Fermi-tetrad, for details see [17] and references
therein.

The fact that for ¢ # 0 a rotation gives an additional coupling between ions and the laser fields in
the beam splitters needs particular considerations. Taking for example A=E, sin{wt & kg + 9)/w,
we have to investigate how the inhomogeneities (12) are affected. Evaluating f;, we get

J &% b7 < b5+ EIHONE b >= iGro - (5 x V)b

+8(Bpr x Eo) - [,je;(mw)ﬁﬁfb:;’é - ie-;(u:ww'z'ﬁgb:i’;g] (41)
Since the second part is proportional to the laser field and therefore proportional to the Rabi frequency,
it tends to infinity if we would formally take (,, — 00 as we have done in chapt. 3 to approximate
the beam splitters. Nevertheless the procedure above remains justified also for charged matter beams:
Due to the fact that only b are not zero to lowest order, the coupling between the modes in (41)
causes nonvanishing corrections only for b{,” and b:.z. As the relevant quantity is the output of the
interferometer which is proportional to

f<by > = Z [6af? 2 3~ B + (OO 4 c.c) (42)

we see that these corrections do not contribute to first order in H'!). The same argument holds for
the a-modes so that the additional fringe shift for ¢ # 0 is entirely of higher order in H'"),
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By inserting these Hamiltonians into (29) and (32) we find with (28) and (31) the phase shifts
&V =6 = ~ka T(T+T) (43)
for acceleration (@ = aé3) and
A = = Tk (T +T) (44)

for rotation (W = wror€2) and vanishing charge ¢. For curvature one has a different phase shift for
the two interferometer geometries:

ol = _5-}\71{0‘03 kpiT(2T? + 3TT + (T')?) - 6_11\7R0303 KT 2T +3T) (45)

and

& = ~§1ﬁR‘"°3 kp T(2T? + 3TT' + (T)?) - E;leRom K2T(4T2 + 6TT + 3(T')?) (46)

ie. ¢y is more than twice as big as ¢!’ for R # 0 = RYIYS, An experimental method to
detect for example q;é” only has been described by Sterr et al. {15]. The two shifts (43) and (44) are
in agreement with the results in ref. {12} and with the usual terms found by a WKB approximation
(comp. ref. [10)) if one sets T = D/v , T = d/uv where D is the spatial distances between the 1st
and 2nd laser beams, d the distance between the 2nd and 3rd beam, and v is the mean velocity of the
atom bearn. A more detailed discussion which will be given in ref. [17] shows that, while rotation
and acceleration phase shifts have already been experimentally verified [6, 8, 18], the influence of
spacetime curvature on the shift of the Ramsey fringes should be big enough to be measured in future
experiments.

7 Conclusions

We have calculated the shift of the Ramsey fringes caused by a perturbational Hamiltonian H'') which
does not affect the internal degrees of freedom of the matter field to first order in H"). The resuit is
compared with the phase shift calculated in a WKB approach and agrees with it, if the dependence
of H'!) on the position operators, which is assumed to be polynomial, is not too strong, i.e. if the
degree of the polynomial does not exceed 3. There are counterexamples for general agreement.

Several applications of the experimental setup are discussed. In connection with frequency stan-
dards based on the Ramsey fringes our result allows to decide which classes of unwanted disturbances
can be eliminated by laser or atomic beam reversal. In the case the setup is used as an atom interfer-
ometer we have discussed the general behaviour of fringe shifts for cooling of the atoms. We have
applied our result to rotation, acceleration and §paceti me curvature.
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