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Abstract 

We apply Bohm's quanium potential interpretation to a third-quantized uni­

verse theory. Using this interpretation, we obtain trajectories of the universe 

field in a third-quantized de Siuer minisuperspace model. 
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I. INTRODUCTION 
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The wave function of the universe is defined on the superspa.ce (the space of all three­

metrics and matter-field configurations). The wave function 'Ij! is a solution to the Wheeler­

DeWitt (WDW) equation (second quantization of gravity) , H'Ij! = 0 [lJ. The WDW equation 

has a serious difficulty in its probabilistic interpretation. Because the WDW equation is, 

in general, a hyperbolic second-order differential equation, there is no conserved positive 

definite probability density as in the case of the Klein-Gordon equation. It is usually thought 

that this difficulty makes it more appropriate to regard 'Ij! as a quantum field rather than 

a state amplitude. This procedure is so-called third quantization [2J. In this formalism, 

negative probability does not arise formally. However, if we try to apply the "Copenhagen" 

interpretation to third-quantized universe theory, we encounter the following difficulties. 

Firstly, the conventional "Copenhagen" formalism postulates a radical dualism between 

an observer and a system, and assumes a possible division of the world into "observer" 

and "observed". However, in quantum theory of the universe, there can be no fundamental 

division into observer and observed. Also, measurement and observer can not be fundamental 

at early universes, since both can not exist at the early stage of the evolution of the universe. 

Secondly, in the "Copenhagen" scenarios, measurements are made at a fixed time, and the 

"collapse" of a wave function (state vector) requires a description involving time evolution. 

It is usually not easy to introduce "time" to the WDW equa.tion, since the WDW equation 

is a "timeless" equation. It is difficult to see how the collapse of a state vector can be 

....:.-. 

o consistent with the WDW equa.tion. Thus we think that the conventional "Copenhagen" 
u:' 

interpretation is inapplicable to third quantization (or quantum cosmology) 1. 

:0-; - In 1952 Bohm proposed an alternative interpretation of quant urn theory which is 

based on the notion of a particle acted on not only by classical potential, but also by "quan­

1For discussion about an interpretational problem about the wave function of the universe, see, 

for example, Ref. [3] 
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tum potential". The quantum potential is determined'by a solution to SchrOdinger equation 

(see eq.(4)). In this quantum potential interpretation of quantum theory, for example, an 

electron is constituted of a particle following continuous and well-defined trajectories and 

a wave satisfying SchrOdinger equation. Both particle and wave are assumed to be objec­

tively real wether they are observed or not. In quantum potential interpretation, it was 

explained that all sorts of quantum processes, such as transition between states, quantum 

interference in the two-slit experiment are able to take place, in principle, without the need 

for a observer and also for collapse of a wave function [5]. Therefore, we think that Bohm's 

quantum potential interpretation is very suitable for quantum theory of the universe. This 

interpretation was applied to the wnw equation (second quantization of gravity) 

In this paper, we apply quantum potential interpretation to third-quantized universe 

theory. We study quantum potential interpretation of the third-quantized de Sitter rninisu­

perspace model by using a SchrOdinger picture in the field representation. Comparison with 

other interpretations will not be discussed in this paper. 

The paper is organized as follows. In Sec.II we give a brief review of Bohm's quantum 

potential interpretation. In Sec.III we apply quantum potential interpretation to third­

quantized de Sitter rninisuperspace modeL In Sec.IV we show that there is an interesting 

relation between the universe field and the quantum potential. We summarize and conclude 

in Sec.V. 

II. BOHM'S QUANTUM POTENTIAL INTERPRETATION 

First we review some main features of Bohm's quantum potential interpretation. The 

SchrOdinger equation for a single particle is 

.a1ll _ -~V2111 + V(x)1II, (Ii = 1), (1)'lit - 2m 

where m is the inertial mass and V(x) is the potential energy due to an external classical 

potential. We write the wave function in the form 111 = Rexp(iS) , where R and S are real. 

Then SchrOdinger equation reduces to the following two equations for the fields Rand S: 
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as (vs)2
lit + ~+ v + Q = 0, (2) 

aP VS .lit + v . (P-;;-) = 0, WIth P = R2, (3) 

-1 V'JR 
(4)Q=2mR' 

These two equations come from the real and the imaginary part of eq.(l), respectively. 

We note that the quantum potential Q is not changed when we multiply the field 111 by an 

arbitrary constant. Quantum potential interpretation of the quantum theory is based on the 

following assumptions [4]. (i) The 1II-field satisfies SchrOdinger equation. (ii) A quantum­

mechanical system, such as an electron, consists of a particle with a definite coordinate, 

which is a well defined continuous function of the time. Its velocity is assumed to be given 

by v(x, t) = (iii) P R2 is assumed to represent the probability distribution of particles 

in a statistical ensemble of well-defined trajectories. This probability density P satisfies a 

continuity equation ~+V· (Pv) = 0, which is obtained from eq.(3). The trajectories of the 

particle are orthogonal to the surfaces S = constant and may be calculated by integrating 

the differential equation x ~Ix=x(t). Eq.(2) resembles the Hamilton-Jacobi equation 

except for an additional term Q. This suggests that we may regard the electron as a particle 

acted on, not only by the classical potential V, but also by the quantum potential Q. The 

equation of motion of the particle acted on by classical potential and quantum potential is 

given by [4] 

~(mx) -V(V +Q)lx=x(t).dt 

This equation can be obtained by applying the operator V to eq.(2) and by using 

d a
dt '&t+ x,V, (6) 

Usually, in quantum potential interpretation, trajectories of the particle are obtained by 

solving the differential equation:ic ';;Ix:x(t), rather than by solving eq.(5) r61. We will 

follow this idea. 

4 



III. APPLICATION TO THIRD-QUANTIZED DE SITTER MINISUPERSPACE 

MODEL 

We apply the quantum potential interpretation to third-quantized universe theory. The 

Einstein action with a cosmological constant is 

s = ~G f ti'xA(Ir"') - 2A) +boundary terms, (7)
1611" 

where It-"') is a scalar curvature, G is the gravitational constant, and A is a cosmological con­

stant. In inflationary scenario [8], it is usually believed that our universe passed through a de 

Sitter phase of exponential expansion. So, the investigation of the de Sitter minisuperspace 

model would be of importance physically (9) [11] The de Sitter minisuperspace 

model is described by the closed Robertson-Walker metric 

ds2 = 2G[_N2dt2+a(t)2dn;], (8)
311" 

where a(t) is the scale factor and dn~ is the metric on the unit three-sphere. The Einstein 

action with (rescaled) cosmological constant for this metric is 

2 
1 f aaS = 2 dtN[- N2 + a - Aa3 

]. (9) 

By varying the action S with respect to the lapse function N, we obtain the Hamiltonian 

constraint 

H = !(_fi - a + Aa3 ) :::::: 0 (10)
2 . a ' 

where PI> is a conjugate momentum to a. In the conventional quantization prescription, this 

constraint is replaced by an equation for the quantum state: 

02 P 0 2 2{Oa2 + -;;Oa a [1- a A)}¢(a) = 0, (11) 

where the parameter P represents the factor-ordering ambiguity. Eq.(l1) is the WDW equa­

tion. This equation is also expressed, for the new variable 0" = a2, as 
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rP 
[dcr2 +U(cr)]¢(cr) = 0, (12) 

1 
U(cr) = -4"(1 - Acr), (13) 

where we have chosen P = -1. In third quantization, ¢(cr) is regarded as a quantum field 

in the minisuperspace. The third-quantized action to yield the WDW eq.(12) is 

s = '!'fdcr[(0¢)2- (14)
2 Ocr 

f dcrL(cr). 

The canonical momentum is given by 

OL 
1I"(cr) = O(~) 

O¢ 
Ocr (15) 

The Hamiltonian is constructed as 

1
H = 2[11"2(0") +U(cr)¢2]. (16) 

To quantize this system (16), we impose the equal "time" commutation relations 

i(O")] =i. (17) 

We work in the SchrOdinger picture with the substitution ¢(O") -+ ¢e, i(cr) -+ -id~<' where 

¢c is a real c-number. Thus we obtain the SchrOdinger equation 

o . 
i 00" 111(0", ¢,,) = H1II(cr, ¢,,), (18) 

02 
. 1[-+ (19)H 2- O¢~ 

111(0", ¢c) is a quantum mechanical state in third quantization. The inner product of two 

functionals 1111(0", (3) and 1112 (0",(3) is defined by 

< 111111112 >",= f d¢c 111 1(0", ¢c)1II;(0", ¢,,). (20) 
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To arrive at quantum potential interpretation of the third-quantized-universe field system, 

we write Win a polar decomposition as w(u, tP,J = R(u, tPc)exp{ is(u, tPc)}, in terms of which 

eq.(18) can be rewritten as 

oS 1 oS 1 

au + Z(OtP)2 + ZU(u)tP~ + Q3G = 0, (21) 


op a oS 

au + otPc (P otP) = 0, with P R2. (22) 


These two equations come from the real and the imaginary part of eq.(18), respectively, and 

the gravitational quantum potential in third quantization is 

1 02R 
Q3G(U, tPc) - 2R otP~' (23) 

Following quantum potential interpretation, we identify ti< with~. Then eq.(21) and 

eq.(22) become 

oS !(dtPC )2 + !U(u)tP~ +Q3G = 0, (24)au + 2 du 2 

op a ( dtPc) . h 2 
au + otPc PTa = 0, Wit P = R . (25) 

Eq.(24) is the Hamilton-Jacobi equation modified by the quantum potential(23). Clearly, 

tPe plays the role of the space x in the particle SchrOdinger equation. Eq.(25) is a conti­

nuity equation, which implies conservation of the probability density P = R2. P = R2 is 

assumed to be the probability distribution of the trajectories of the universe field tPc(u) on 

the configuration space tPc(u) for all (1. When we differentiate eq.(21) by tPe, we get 

~ OQ3G
[du2 +U(u)]tPc:= - otPc 1,,<=,,«.,.), (26) 

where we have identified ::. with tPc..,. and 

d a a 
(27)du := au + tPC.'1' otPc . 

Eq.(26) is analogous to the modified Newton's second law (5). The modified WOW equation 

(26) should be compared with the usual WOW equation (12). The" gravitational quantum 

7 

force" term on the right-hand side of eq.(26) is responsible for all the characteristic effects 

of third quantized gravity. 

Our universe (our space-time) is now essentially classical. Therefore we try to find 

coherent states as solutions to the SchrOdinger equation(18) by using the following Gaussian 

ansatz. 

1 .
w(u, = C(u)exp(-ZA(u)[tPc '7(u)]2 + aP(u}[tPe - '7(u)]), (28) 

A(u) = D(u) + il(u), (29) 

where the real functions D(u), l(u), P(u) and '7(u) have to be determined from eq.(18). 

C(u) is a normalization of the wave function. When we compare eq.(28) with w= ReiS , we 

get 

1 
R = IC(u)lexp(-ZD(u)[tPc - '7(u)J2), (30) 

1 
S = -ZI(u)[tPe - '7(uW + P(u)[tPc '7(u)] + O(u). (31) 

where C(u) = IC(u)lexp(iO(u». O(u) is a real function. Thus, from eq.(23), we have 

1 1 
Q3G ZD(u) - ZD2(u)[tPc - '7(uW, (32) 

oQ3G = _D2(u)[tPc - '7(u)], (33)
otPc 

and 

dtPc oS:= -1(u)[tPc + P(u), (34)
du OtPc 

where we have used the assumption ~ := %:.1,,<='4'«'1') in quantum potential interpretation. 

Trajectories of the universe field tPc(u) on the configuration space tPc(u) for all u can be 

calculated by integrating the guidance formula (34). This formula is analogous to mx V'S. 

The general solution to eq.(34) is given by 
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1/Jc(<1) = exp(- f I(<1)d<1){f(I(<1)11(<1) + P(<1))exp(f I (<1)d<1)d<1 + e}, (35) 

where eis an integration constant. 

Substituting the ansatz (28) into eq.(18), we get the following equations 

-iA,cr = _A2 +V, (36) 

i(A,cr11 + A11,cr) - P,cr = A(A11 + iP), (37) 

iA 2'A P P .IGI,a n lA l( 'p)2-2 ,cr11 -, 1111,cr + ,cr11 + 11,cr + 'lGI - U,cr = 2 - 2 A11 + , . (38) 

From the real and the imaginary part of eq.(37), we get 

Dcr 
11,a =-D11+ 2111+ P, (39) 

ID cr 2 2)
P'cr=(-I,cr+-n- I D 11· (40) 

From the real and the imaginary part of eq.(36), we have 

I,cr _D2 + 12 + V, (41) 

D,cr =2DI. (42) 

By using eq.(41) and eq.(42), eq.(39) and eq.(40) become 

11,cr=P, (43) 

P,cr = -V11· (44) 

Thus, from eq.(43) and eq.(44), we have the wnw equation 

d2 + VJ11(<1) = O. (45) 

The general solution to eq.(45) can be written as 
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11(<1) = c1Ai(z) + c2Bi(z) , (46) 

where z = (4A2)-1/3(1 - A(1), Cl and C2 are real constants (we have assumed that 11(<1) 

is real), and Ai(z), Bi(z) are Airy functions [14J. If we choose Hartle-Hawking boundary 

condition [9J, the solution is given by 

11(<1) = c1Ai(z). (47) 

f
From the real part of eq.(38), 0(<1) is obtained as: 

cr lID 
0(<1) = d<1{ -2V112 + 2(11,a)2 2'} + const. (48) 

From eq.( 42), the imaginary part of eq.(38) is automatically satisfied. To get the concrete 

expression of the solution to eq.(34), we first calculate the concrete expression for 1(<1). In 

eq.(36), A is expressed as 

.d 
A = -1d<1ln u, (49) 

where u(<1) is any solution to the wnw equation (12). The general solution to eq.(12) can 

be written as (up to an irrelevant constant) 

U(<1) = Ai(z) + rBi(z), 

where z = (4A2tlJ3(1 - A(1), and r is a complex constant. Thus the general solution to 

eq.(36) is 

A(<1) = iA(4A2tl/3Ai'(z) + rBi'(z) (51)
Ai(z) + rBi(z) , 

where dash stands for the differentiation with respect to z. The real part and the imaginary 

part of A are 

1 2 -1/3~ ,
D = ReA = -;A(4A ) IAi + rBil2 

(52) 

1= ImA = A(4A2rlJ3Ai'Ai + Ir12Bi/Bi + (Re r)(Bi/Ai + Ai/Bi) 
(53)

IAi+ rBil2 ' 
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where we have used the Wronskian Ai(z)Bi'(z)-Ai'(z)Bi(z) = 1/1f. We choose r = -i, then 

fluctuations of the third-quantized universe field measured by the Heisenberg uncertainty 

converges on its minimum rapidly in the course of cosmic expansion [13]. This coincides with 

our experience that space-time in which we live is now essentially classical. The asymptotic 

forms of the Airy functions at large value of z( z - +00) are 

Ai(z) "" !1f- i z-texp(-(), 	 (54)
2 

Bi(z) "" 1f-tz-texp«), 	 (55) 

Ai(-z) '" 1f-tz-tsin« + 1f/4), 	 (56) 

Bi(-z) '" 1f-rz-tcos« +1f/4), 

where ( ~zL We assume that 0 < A -< 1 in Planck unit. Using these asymptotic forms, 

(52) 	and (53) for small scales (a - 0) and large scales (a - 00) are given by 

1 2 
D = 2'exp( - 3A) -< 1 for 0" - 0, 

1
D -(Aa 1)1/2 :> 1 for 0" - 00, 	 (59)

2 

- 2' 	 for 0"- 0, (60) 

/(a) -	 0 for a - 00. (61) 

From (61) and the guidance formula (34), it turns out that third quantization effect becomes 

small at large scales. In fact, from and eq.(34), we have 

d1/1c _ dl1 for 0" _ 00. (62)d;; -	 da 

Thus we get 
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1/1,,(a) 11(0") + Co for 0" - 00, 	 (63) 

where Co is an integration constant. From (30) and (63), the probability distribution of 

trajectories of the universe field 1/1c( a) at large scales is given by 

P = R2 = ICI2exp(-D(a)~) 	 for a- 00. (64) 

Since D(O") - 00 for a - 00 (see (59)), Co ~ 0 is most probable. Thus the probability 

distribution of the universe field 1/1,,(a) at large scales is strongly peaked at Hartle-Hawking 

wave function On the other hand, from and the behavior of the universe 

field w~(O") at small scales is given by 

1/1c(a) = l1(a) + cexp(-~a) for 0" - 0, 	 (65) 

where we have assumed that 0 < A -< 1 in Planck unit. We note that c #= Co. Substituting 

eq.(47) and eq.(53) to eq.(34), we have solved eq.(34) numerically (see Fig.l). Fig. 1 and (65) 

show that, in quantum potential interpretation, the universe field 1/1c(a) at small scales(O"­

0) devia.tes from Hartle-Hawking wave function. 

IV. THE RELATION BETWEEN THE UNIVERSE FIELD AND THE 


QUANTUM POTENTIAL 


Next, we want to show that there is an interesting relation between 1/1" and Q3G. By 

applying the Schwartz inequality: 

J JIgl2dz ~ IJJ*gdzI2
, 	 (66) 

where j, g are complex functions and integrals are assumed to converge, we have the fol­

lowing inequality 

2 2 	 J {)2 R
< 1/1c >	) R d1/1c R 81/1~ d1/1c 

) 2 2 J 8R)2< 1/1c > R d1/1c (81/1c d1/1c 
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2~ I j('ljJc- < 'ljJc »R;~ d'IjJcl 

1 
(67)= 4' 

where we have used JR2d'IjJc = JIwl2d'IjJc = 1. Thus we get 

2 j 8R 2 1 
(6.'ljJc) (8'IjJ) d'IjJc ~ 4' (68) 

where (6.'ljJc)2 == J('ljJc- < 'ljJc »2R2d'IjJc. Using (23), we have the desired relation: 

2 1
(6.'ljJc) < Q3G > ~ g. (69) 

We shall calculate the concrete expression of < Q3G > under the Gaussian ansatz (28). 

Using ::. = -D['ljJc - '71R, we have 

< Q3G > =! {'JO d'IjJc(8R)2 
2Loo 8'IjJc 

= !D2 foo d'IjJc['ljJc - '712 R2 
2 Loo 
1 

= 2"D2[< 'IjJ~ > -2'7 < 'ljJc > +'721. (70) 

From < 'IjJ~ >= k + '72 and < 'ljJc >= '7, we get 

< Q3G >= 4
1

D. (71) 

Thus, under the Gaussian ansatz (28), we have 

1 
(6.'ljJc)2 < Q3G > = g. (72) 

In the case in which r = -i, from (58) and (59), the asymptotic behavior of < Q3G > is 

given by 

1 2 
< Q3G >= gexp( - 3A) < 1 for a ---+ 0, (73) 

1 
< Q3G >= g(AO' - 1)1/2 :> 1 for 0'---+00. (74) 

From (6.'ljJc)2 = k, we have 
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2 2
(6.'ljJc) = exp(3A):> 1 for 0'---+0, (75) 

(6.'ljJc)2 = (AO' - 1)-1/2 < 1 for 0'---+00. (76) 

(75) and (76) show that the uncertainty of the universe field become small for large 

scales(O' ---+ 00) and become large for small scales (a ---+ 0) (For detailed discussion about 

uncertainty relation in a third-quantized universe, see Ref.[13]). 

V. SUMMARY AND DISCUSSION 

We have studied quantum potential interpretation of third-quantized de Sitter minisu­

perspace model by using a Schrodinger picture in the field representation. We got the 

modified Wheeler-DeWitt equation (26) with a "gravitational quantum force" term. This 

"gravitational quantum force" term represents all the characteristic effects of third-quantized 

gravity. In quantum potential interpretation, trajectories of the universe field 'ljJc(O') on the 

configuration space 'ljJc(O') for all a are obtained by integrating the guidance formula (34). 

We had the general solution (35) to this formula under the Gaussian ansatz (28) for W(O', 'ljJc). 

w(O', 'ljJc) is a quantum mechanical state in third quantization. It was shown that the proba­

bility distribution of trajectories of the universe field 'ljJc(O') at large scales is strongly peaked 

at Hartle-Hawking wave function. We note that the general solution (35) to the guidance 

formula (34) is a solution to the modified WDW equation (26)(see Appendix). We have 

solved eq.(34) numerically, and it was shown that the universe field at small scales deviates 

from Hartle-Hawking wave function. It was also shown that there is an interesting relation 

(69) between fluctuations of the universe field and the gravitational quantum potential in 

third quantization. 
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APPENDIX 

In this appendix, we describe the relation between the modified WDW equation(26) and 

the guidance formula (34). When we differentiate eq.(34) by u, we have 

cPtf;c [ ] [dtf;c ]du2 -1,,, tf;c - 71 - I du - 71,,, + p,,,. (77) 

By using eq.(34),eq.( 43), and eq.( 44), eq.(77) becomes 

cPtf;c = -Utf;c + D2[tf;c 71]. 	 (78)
du2 

This equation(78) is the modified WDWequation(26). Thus the solution (35) to eq.(34) is 

a solution to eq.(26). 
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