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Green-Schwarz Superstring Theory in D=4 and D=10 is formulated
in an extended space including additional spinor coordinates of the
Cartan moving frame. These spinor coordinates realized in the form of
the Iorentz harmonics are used for constructing of covariant
irreducible generators of fermionic =-symmetiry. The generalizations
of this lorentz harmonical supersiring formulation to the case of
super-p-branes with p>1 (including supermembranes p=2) are discussed
shortly.
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Teopnsi cynepcTpyH I'puEa-iBapua B D=4 n D=10 clopMy/mpoBaHa B
PacIMpeHHOM  [IPOCTPAHCTBE,  MOMOJHOHHOM  CIHMHODHHMA  KOODJMHATaMH
NOABAXHOTO penepa. OHM pPOAJM30BSHH K&K JIOPOHUOBH TIaPMOHHKE H
UCTIONL3YDTCA JRJA INOCTPOGHMA KOBASDMAHTHHX HOIPUBOJIMMHX T'OHOPATOPOB
dPeopMMOHHOR — Z-cHMMOTPEHM.  KpaTKo  OOCyRIaeTCd  OCOOHSHH®  TaKAX
JiopeHi~-rapMOHMYECKEX (OPMYJMPOBOK CYNOPCTPYH Ha cayyall cymep-p-OpeH ¢
p>! (BROYAsA CYNePMEMODaHH C D=2).
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1. Recently new approache for solving the problem of the
covariant description of ®-symmetry in superparticles and supersiring
theories [1] has been suggested [2-13] (see also the 1list of refs in
[12,13]1). One of them suggests an extension of the dynamical variable
space adding auxiliary fields which can be realized as harmonics
[13,2-4,8-10]1, twistors [14,5-7] or vectors [12,15]. In the framework
of this approach the BRST covariant quantization of the whole set of
null super-p-branes, including massless superparticles (p=0), mull
superstrings (p=1) and null supermembranes (p=2), has been fulfilled
in the space-time with D=4,

The central point of the approach [8-10] consists in introducing
the spinor variables of the Cartan moving frame or the so-called
Newman-Penrose diade basis [16] (formed by the commuting Weyl spinors
T4, Oy or, equivalently, by the Lorentz harmonics vy ,u," [81) in the
target space of null super-p-brane theory and using them for the
construction of the action functional.

The moving frame approach is effective not only for null super-p-
brane theory. Previously it has been effectively applied in the Yang-
Mills, supergravity [17] and bosonic string [16] theories. Thus the
use of the harmonic realization of the Cartan vector frame, seems to
be conceptually Important for a relevant formulation of superstring
theory. This originates in the fact that the problem of the covariant
description of x-symmetry has the natural and simplest solution in
the case when auxiliary spinor reper variables are present in the
target space and the twistor-like action functional 1s used [8,9].

In accordance with this point of view it 1is important to
transform the Green-Schwarz superstring theory into an classically
equivalent one defined for the extended target space containing the
spinor moving frame coordinates.

Here we present such new formulations for D=10, N=2B and D=4, N=1
supersiring theories. They contain two sets of reper variables.The
first one comprises the reper var’ables of the external space-time
realized in the form of (spinorial; Lorentz harmonics. The second set
contains the zweibeins of supersiring world sheet. We show that the
problem of the construction of the covariant irreducible ®-symmetry
generator finds 1its simplest solution in these formlations, We
stress that the tensionless limit of these formulation given by null
superstring action [9] may be easily obtained by putting b=0 and a=0
in the action functional (1). I



2. The action for D=i0, N=2B and D=4, N=1 superstirings mzy bc
presented in the unified form using the light-like vectors y **' 1}
which are constructed using the spinorial lorentz harmonic variavies
for D=4 [8-10] and for D=10 [19]

Soaw = | G100 £(T0) = Sy i, * Sumnn - ()

Somees = % I dt do [ pt+z:p. uﬁ u;"" + b @ “ﬂ yt
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Here ¢ and b are dimensionless constants;u=0,1 are the vector index
of the world sheet;

o} = gx"- ( 3,8% 0 0y 8% - 6% 0,4y apBa]
when D=4, N=1 with m=0,1,2,3; a=1,2; @=1,2 and o_,, are the
relativistic Pauli matrices;
@)= g1~ (96 g i ol + g8% g 23 6P2)
when D=10, N=2B with m=0,...,9; o=1,...,16 and o ;3 are 1646 D=10
o-matrices defined in [3]. The coordinates of D=10, N=2B and D=4,
N=1 superspaces are denoted by means of the symbols

A= @, 6%, 886%) and 2H= (", 6%,6%) (x,0%T)
respectively.
The vectors u ** which satisfy the conditions of 1light-likeness

ut -1 u(—mm =Q = ul+¢) u:-!-z:m (2)

™ ™m

and normalization

') Here and below the expressions in the square brackets above a
variable symbol indicate its weight w under SO(1,1) group gauge
transformations. This S0(1,1) group is a subgroup of the Lorentz
group SO(1,D-1) but also may be considered asstructure group of the
superstring world sheet in the framework of the presented formulation
of superstring theory. When D=4, the weight w may be presented in
terms of the charges g, and g, [8-10] under the chiral complex
subgroups UL’(l) and U, (1) of SL(2,0) group by the relation w =

=(g,-q,)-
%%



U.;_” uﬁmm =2 (3)
are built ot the corresponding spinor Lorentz harmonics [8,19] as
. fam_ kom0 om =GO +2m_ _c-|bm_ Ot m =
D=4 : U™z utITm= WP TN, o =u'~vc’5av.(4a)
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On the shell defined by the motion equations
GSD.N - . GSD.N
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for the reper coefficients et o deuscces ’é}l‘ = e}f’ /et € & *)
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of the supersiring world sheet the action §
the action from Ref. {15]

gn.rub) = 2%;7.;’ Jdtdo ad (.ﬁ uf:; u;n“m ulxl-t—z: ,

where the auxlllary vectors

z(ultn-n' urcn‘ﬂ)E u;o:, n:'= u:n«im L;;z) 9’
comprize the Lorentz harmonics according to Eq.(4).

The vector moving frame formulation {15] 1is equivalent to the
Nambu-Goto one (for N=0) and to the Green-Schwarz one (for N=1,2),
after adding the corresponding Wess-Zumino terms imto the action.
Therefore it is evident that at the classical level the formulations
(1) are equivalent to the corresponding Green-Schwarz theories.

The Iorentz harmonic variables {8-10] used in Egs.(4a) are
restricted by the normalization (or harmonicity) conditions

pa, (b, cransforms into

=0, E=7 ™ .10 (5a)

The Invariance of the action (1) under the gauge transformations from
[U(1))° = U (4)» U (1) = SO0(1,1)x SO(2) subgroup of SL(2,C) together
with the harmnicity conditions (5a) permits to identify the space.of
harmonics - {v" v-} with the coset space - SL(2,C)/[U(1)]°=
=50(1,3)/80(1, 1)>< 80(2) Four ind.ependent c;mbinations of the Iorentz
harmonics ”5. together with the variables p' and ¢' parameterize 6
independent components of the two light-like vectors
3




? ot é/ Wy Troo= I‘:
which present the superstring theory constraints.
In Eqs.(4b) U. = (. u ]  where A=t,....8; A=1,....8 are
a s ak

the indices of 8(s) and 8(c) spinor representations of S0(8) group)
are the lorentz harmonic variables for the case D=10 [19]. Thpse
variables are restricted by the 1261 harmonicity conditions

2 =bu 6B g,
' s . ak "etcc™s AR
g b B u-o
E;fi..ms =é ua\ "Yf‘ m,::".ms ué‘ . " (8b)
o= by oo e it omdp i -1-0 50)

imposing only 210+1=211 independent restrictions on the ILorentz
harmonics [19]. Due to the invariance of the action (1) under the
transformations from SO(1,1) > SO(8) gauge group and the harmonicity
conditions (6b,c) the number of the independent variables among the
256 components of U.® equals to 16(=256-211-28-1). In accordance with

a
this fact the harmonics U.® may be considered as the coordinates of

a
the coset space S0(1,9)/50(1,1)>80(8). Together with the varjables p*
and cp't the 16 Independent combinations of the harmonic variables U.*

a
parameterize the 18 Iindependent components of the two light-like
vectors L, In D=10.

In this case the 1light-likeness conditions (2) and the

orthogonality of the vectors u ** and u ‘®
u b= but b %y (4c)
» =8 % T T Tl

are the consequences of the well-known identity : of®® g7 - g [3),
in contrast to the normalization conditions.(3) which coincide with
Eq.(6c) and present one of the harmonicity conditiens (the relation

u;t’u.‘f’% - 8! is a consequence of the relation (3) ). .
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In EQ.{(1) Suoo. x denote the Wess-Zumino term for the
corresponding superstring [1]. It has the form

—&«ajdtdos“”aux“ [aveaomaaad~9“cmaea] (6a)

svz D=é,N=1 v

for D=4 , N=1 and

i v m &1 AA Ai a AA Az
Sz, om0 1ean™ & @ I dtdo [s“' o, [ 3,8 °...o,;39p - a.‘,e“‘zomaﬁe‘i ]+
+ev ap.eai %58 b1 av872 LB 602] (6b)

for D=10 , N=2B . The presence of this term with a=-1/c in the action
(I) leads to the invariance of this action under the ®-symmetry
transformations generated by the following covariant and irreducible
first class constraints. For D=4 they has the form

-+
aGEd Uy - («ﬂo>+ 4

D=4 Do)z VD 0 - A =t v TR A i
T = (D7) . (7a)

where
1
Dy(@= g + t [ B, + g g, | Oga B
are the primary Grassmann consiraints which coincide with the ones
from the original formulation of the Green-Schwarz superstring;
_ — + ¥ <+ X4 e o » R
Pz (B %or Far Bor Fa'e PiOYS Plgyy ) = - (DR ol

are the momentum densities canonlcally conjugated to the the target

space coordinates

B (x, 6%, B, OF, 7, TR, gtH

l.e. [2%(0),Pn(0")},=-0R0(0~0") , and finally ¥z %7 .
For D=10 the covariant and irreducible #-symmetry generators has
the follcwing form

< A2

p=10: . Dlj(o)= u¥Dlio)- —2EL - ¢l oD g eflytls
a ca o ak AR

~

4f .+ 1pt~21
Wuégaﬁaﬁ P (7b)
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In Eq. (7b) Dﬁ(c)-[ +z{p 0T G (o2, tay 9715 s QSI]}Om&BGEI];

4~ _ B2+
T~ “ﬁ‘aoep Pl((p?%'

the components of matrix which is inverse to U °5[UI "u.I] are
a ‘as ok

denoted by [ '0" u:a] = U% [19]. Uniike the case D=4, it is impos-
A »
sible to express the components of U‘ 1 Ln terms of ul and u(:u in a
: Oa

S

+a

"a.\u

simple covariant way. Therefore tre variables u )
considered as the independent harmonics. At the same time the 256
inversibility conditions for the matrices U and U™ [ i :a Uab-- 6: ]
are 1o be added to the set of harmonicity conditions (6c,d) =

are to be

2 =utul-5_ =0 2 =ut®uy -8 =0

an= T o AR ' a2 ad
2 zu%; =0, 2 =uuyl =0 (6d)
AR A OR Aa A aa .

The momentum densities

- -~ - A+ + -2 t+21
Pe=( 2, na . m . P, PL . Pee Plghs P

entering in the relations (7b) are the canonically conjugated ones
for the target space coordinates '

= (X, 63‘u g%, ui’ . ué"‘ R u:a, ‘"’u, cp"""’*);

A

vl w9t P‘*‘ = u'“'rt P gl it *- u**ly‘ Pl
ok YA aa T AR , Aa Qa
~ T
*r: —[7‘ ] , and, finally 7" are the D=8 “o-matrices" defined in
A A

Note that unlike superstring a massless superparticle [8] and



mull super-p-branes [9]!) are described by the single light-like
vector which 1s the momentum density P . As a consequence, their
actions are characterized by more higher (in comparison with
superstrings) gauge symmetriec including S0(1,1)x S0(2)x)E, (for D=4)
and S0(1,1)x SO(8))K, (for D=10), where K, and K are the lorentz
boosts for the case D=4 and D=10, generated by the operators [8,9,19]

D=4: vtox-z>+.”z_ va'P;h... ?"mq’-..s b-d+1,;+.“ and

p=10: ¢ 2l izt P u e ®)

Owing to this observation, the harmonics vé and u;‘.ua‘ may be
considered as the coordinates of the coset spaces
50(1,3)/50(1,1 »80(2)>)E, (D=4) and S0(1,9)/80(1,1)% SO(S)):)K. (D=10)
respectively. The number of this coset coordinates, namely 2 (for
D=4) and 8 (for D=10) together with 1 coordinate of the target space
o" exactly equals to the number of Independent components of the
light-like vector P_ (3 or 9 respectively). Thus the demand of the
Lorentz boost symmetry considered in [19,20] for the definition of
lorentz harmonics is admissible only for the cases of superparticles
[8] and null super p-branes [9], but it is not correct demand for
superstring.

Now we investigate the covariant BRST-BFV quantization of the new
formulations of superstrings (1) using the approach developed in
[9,101.

1) The action functional for null superstring (p=1) in D=4 [9] and
D=10 is given by Eq.(1) with b=0 and the Wess-Zumino term being
absent (i.e. a=0 in Egs.(6)). It is known [21] that null superstiring
has the invariance under the fermionic ®-symmetry without the inclu-
sion of the Wess-Zumino terms in the action. We stress that in the
case of N=2 superstring the structure of ®-symmetry distincts drasti-
cally from the one corresponding to null-supersiring (b=0) since it's

#-symmetry generators Dl;(o) = uf‘D1 {(0)+... and Dz;(a) = uf"Dg(o)h--
a

are all in the (s)-spinorial representation of S0(8) group. Thus, in
distinction with bosonic string and N=1 superstring case, the
tensionless limit of N=2 superstring is singular not only in quantum
[22], but also in classical theory.
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3. The natural generalization of the action functional §
(1) for extended objects with p>1 has the form

D,N(D)

D:::b) J’dgp« - (o) ep m; u;m 2(: (‘get ep. )upm ] , (9)
us

where Q"'-(et‘,...,ep') are the Inverse reper Vcoei‘%icients for p-brane

world sheet. By means of u'" the subset of (p+1) vectors from the

(424 (1) (D—l))

tbl {-)
,u.m ,..,,um )

orthonormal frame set u ™=(u’ = (4 (see
{2,15,18]) 1s defined. These vectors must be constructed using the
corresponding spinor ILorentz harmonic variables. For the case of

superstiring

ep = (d')‘/z[( fhal b(p['mp‘ _ pt+z:p. + Db (px—‘z:u)].
u:‘ba = ( u(o: u':n-u) = [2 (u:+2s :‘—-zl). é’ ( u;+23 _ u;-—el) ]

and the light-like vectors u'*® are defined by Eqgs. (4) for D=4
and D=10 cases.

It is easy to see that for p>1 the gauge group of the action (9)
contains the subgroup S0(1,p)x SO(D-p-1) instead of S0(1,1)x SO(D-2)
one which appears in the superstiring case. Consequently we need
spinorial Iorentz harmonic variables parameterizing the coset

S0(1,D-1)/80(1,p)x SO(D-p-1)
for an adequate description of super-p-branes in D dimensions. The
additional Wess-Zumino terms for the actlons (9)have well known form,
[23] and their existence impose rigid restrictions on the admissible
values of the triades (D,p,N).
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