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N .2 superfields are used to construct the action for the one
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1. Introduction 

Just as one-dimensional N=1 Supersymmetric Quantum Mechanics 
(SQM) /1/ links into a unity two Hamiltonians with the same or 
nearly the same spectra, so N-extended one-dimensional SQM unites 
together several, namely, N+1, quantum-mechanical Hamiltonians in 
such a way that their eigenfunctions appear related to each other 
by a multiple Darboux transformation /2/. The N =2 case turns out 
to be closely connected with the inverse scattering problem /3/. 
This close connection between the two-fold Darboux transformation 
and the inverse scattering problem was also indicated by several 
authors /4,5/, though without considering extended supersymmetry. 

The Hamiltonian of the N-extended one-dimensional SQM was 
derived by the use of N=1 superfields /6/, so that the invariance 
of the theory with respect to the extended supersymmetry transforma
tions is valid only at certain relationships between different su
perpotentials entering into this Hamiltonian. As to the extended 
supersymmetry, this approach is fully similar to a component ap
proach to a nonextended supersymmetry. One of the adventages of 
the superfield approach using extended superfields is the automatic 
invariance of the expressions obtained with respect to the extended 
supersymmetry transformations. This enables one to describe most 
general invariant Lagrangians. 

The aim of the present work is to give such a auperfield des
cription for the N=2 (in the sense that there are 2 complex or 4 
real supercharges) extended one-dimensional SQM. In Section 2 we 
deal with the N-extended supersymn~try algebra and construct irre
ducible superfields. The general form of the Lagrangian and the 
Hamiltonian coinoiding in the form with that of /6/ are deduced in 
Section 3. In section 4 we discuss the possibility of extending the 
present description to the case of higher N. 

2. Superfields in (1,4) - superspace 


The N-extended supersymmetry algebra has the form 


l (Ji),b1 te } = rfi" H. 


[H,/(Ji]=Oj i:::: f,2) ... ,2)1/ 


and may be realized in the (1, 2N) superspace with one boson coor
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dinate t (further playing the role 'of time) and 2B Grassmann real 
coordinates, which can be united by pairs in B complex Grassmann 
coordinates 9~. Note,that this a+gebr~ is sometimes called as 2N
extended algebra, i.e., according to this terminology we are const
ructing the superfield description of the N =4 extended SQM. 

As a result of supersymmetry transformations, the superspace 
coordinates change as 

0'(;0(= €"'j f8".t == Cot; ft:= j ~ £t'+ €.t8ac.) . (1 ) 

The covariant derivatives hav the form : 

a i-.L. ~ ::a- - ~ 8oC.'U ) (2)..vc( arr (If,. 

In the (1,4)-superspace we may consider different superfields which 
realize the representations of the N=2 extended supersymmetry. One 
of them is the real scalar superfield 

<P(t,9) :: A(t) + 8~V'tI.(t) -eeL Cfr'{t) + (fJ8 -o§)F(t) + 

t-i (()(j +etf)(}(t) + eoLe, B~ (t) + f}(J~ ~tL(t) (J) 

- gerrXd.,(t) ~ 8fJOO1J(t). 

For brevity, we introduced the following notation: 8fJ- f1'9r:t 
with the upper and lower positions of ~ defined by the formulae 

f)r4 
::a l"e~ and e, :::a e"Coe.~ ,where C~t is the ant i

symmetric tensor and e,l. == t/4=1. ; the functions JUt), B!(t), 
F(t)l G(t), 'J)(t) ,are bosonic, while </JfIi, (t) and p~ (t) are 
the Grassmann functions of time t • In the SQM construction they 
will describe bosonic and fermionic degrees of freesom, respective
ly. Therefore, in order to describe t~e one-dimensional SQM, it is 
necessary that among the boson functions of time only one should be 
dynamiC, the remaining functions being auxialiary. 

The superfield (3) is reducible. To extract the irreducible· 
part from it, we consider the auxiliary chiral field A (t, 9) 
which sat'isfies the conditions ~A=O and realises the irredu 
cible representation of the N.2 supersymmetry 



A (t, (j) =- M (tj) + eel. f/Jr;L (~) + fi8.11 ('1:i.) , 

M(1:i) an~J!.f1:'J are the boson complex functions of the variable 

1:L ... t - t 8e(. tr-; .#= F+i r;; M=- II. i e . In !oing from the chiral 
basis (t"L ,9) to the central basis (t, e, 9) we write the super-

field A(t,fY) as 

11. (t, 6) '=I A(t) + i C(t) -I-J, rr t/I«. (t) +2BelF(t) + i IT(t)1 + 

+ f9~8.,[if(t) + i crt) ""lt9~cPp(t)] + 

+ f fj(J§$[i(t) + iC(t)] • 
The real part of this superfield has the form () but with fewer 
independent functions of time. Besides, it comparises only the time 
derivative of OCt) and it is, therefore, natural to introduce a 
new function B(t). -2C(~). Thus we come to· the real superfield 

P(t,e) == A(t) + 8f4 tpJ., (t) - eeL ijicl.(t) ... (}e{j: -I-iB) 

ee(F - i ry) + ed.8",. B + i flJl'8l1i, (t}ttP~{t) +8,. ~ ~(t)) + (4) 

+ 4eeeOA(t) 
with the following supersymmetry transformation laws for its 
components 

[A(t) =- €"" tpol. (t) - ~ i[F(t) , 

f(jJd.Ct) = i. ~ A(t) +,2€Q(. (F.i(f)+~ B, 

r(F., (1) = i €rJ.. <pc<., 

FB == i (6044;«, + ~(;01. ..). 

In comparison with Expression (), the superfield (4) comparises 
the boson functions of time half as many. Note that if made an 
analogous procedure in the (1,2) superspace corresponding to Wit
ten's SQM /1/, we should again come to the most general real super-

J 
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field 17(. Another, more convement way to derive the Expression (4) 
for the irreducible real superfield is to consider some constraints 
on this superfield. Such constraints are 

{Cae. :(), ~c + e'f! 1)a, ff-J~ =0 (6) 

Indeed, the solution of these constraints is superfield (4). 

J. Lagrangian of one-dimensional SQM 

The only Lagrangian for the field ~(tl]) (4) which has no 
higher derivatives and may be represented as an integral over all 
the Grassmann coordinates, has the form 

Z'o .::a -l Jdl (1 d,J.(j V(~(t,B») I (7a) 

where "(~) is an arbitrary real function. Besides, in accordance 
with the transformations laws (5), the Lagrangian can also include 
some additional invariant terms with the arbitrary numerical para

meters f '9' C : 
;;!:J. = tF(t) + IG(t) + GB(t) (7b) 

which are the analogs of the F term in 4-dimensional supersymmetry. 
After integrating over the Grassmann variables in ~ormula (7a) 

and adding together the obtained result and Expression (7b), we get 
the Lagrangian 

Z:I Zo ·'-:14. =V'(Ir)(1;j~+lF~1@"'+jP/'- f tp~i};d.. -i~cP') 
+ i VIll(A) (B rrp.. +F(rp tp -<jItp) + i e(qicP +ipcp)J 

- f V'~A) YJfPiPip + 8B +/F"" J G~ 
in which B, F, G variables are auxiliary. VI' (A), VHI (.A) and V'" (.A.) 

denote, respectively, the second, trird and fourth derivatives of 
the function V(J) with respect to its argument. 

The B, F, G variables may be determinad from the appropriate 
equations of motion, and after substituting them again into the 
Lagrangian we have 

;L == Vr.A) {fJJ.+.J: ~tJ. cpd._ t ~o' cp--} -8~U(A) {f"':,. jA:,. 4B.t.}



To bring the kinetic term into the standard form,. we replace the 
·..., variables A and cpoL. by new variables ~ and i using the formu

lae 1: == JV'CA) 

For convenience in the further consideration, we also introduce . 
the function 

WC'5:) ~ f / P+rt+ #.t. J.(re) -1- A(-:Il) (8) 

In term of the introduced quantities, the Lagrangian takes on the 
form' 

;t = f 0,1. + i i,," X""- fi",i"- - f d~l
-; t~ {(f+ig)j Z-(f-t"I)ZZ+46%"'X"J 
-~ tt )XiXtXJil. 
 • 

Making an appropriate linear substitution 

'Po(.=. s;;t~ +T.t~X~ 
it is possible to el~inate the constants and from the Lagra
ngian and obtain the following final form for the Lagrangian 

.i.. . .t t' I~ Inri... i - . oC. .J.. rrl W).t;r::::: 2 a: +.2 Tc(, 't' - 1: tpd. <P - 2, ~7i'" 

- fJ,,- <pol ~~~ - ?{ cptipl. cpl.t ~tl) · 
In this notation, the Lagrangian (9) fully coincides with that of 
the N=2 extended supersymmetric mechanic~ from /6/. By virtue of 
Expression (8), the superpotential W(~) in (9) coinsides with 

the zero superfield component ~ (t, (9) (4). 
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4. Conclusion 

In our analysis the possibility of the superfield description 
of the B.2 extended one-dimensional supersymmetric quantum mecha 
nics is essentially based on the existence of the pet,e) super
field (4), which comprises only time derivative of the one bosonic 
variable which then becomes the dynamic variable • 

However, for B=3 the situation is complicated by the presence 
of the time derivative of B(t) in the superfield. SOt the possibi
lity of the superfield description in this case needs furth~r inve
stigations. 
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