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ABSTRACT 

The one loop quantum corrections of the three-point couplings in affine A2t A3t As and D.. 

Toda theories are calculated. We find that the ratios of 1 loop corrections to classical three

point couplings are not the same in different couplings in general affine Toda theory, while 

the ratios of 1 loop corrections to the classical masses are known to be the same. 
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1. Introduction 

The 2-dimensional Toda field theories based on semi-simple Lie algebra 9 have been studied 

extensively as examples of some ra.tional conformal field theories!I]. The interesting fea

ture of this description is that the affine generalizations of these theories represent certain 

integrable deformations of the conformal field theories. 

It has been shown that certain conformal theories preserve their integrability away 

from critical point [2,3,4,5,61. For example, when we perturbe the Ising model with ~1.2 

operator, we still get the infinite number of conserved quantities. The integrals of motion 

appear when the spin values are the exponents of £s modulo its dual Coxeter number. Also 

if we perturbe the system with rPl.3 operator, the integrals of motion appear when the spin 

values are the exponents of Al modulo its dual Coxeter number. The Ising model away from 

criticality can be described by affine Al Toda field theory and affine £s Toda theory. Affine 

Al theory describes a thermal perturbation, whereas affine £8 Toda field theory represents 

the Ising model in a non-zero magnetic field [21. 

From the view point of conformal technology, we can construct minimal S-matrix with 

bootstrap, unitarity and crossing conditions, which then gives the mass spectrum determined 

by the conserved spin values. It happens to be identical, to the eigenvector of incidence matrix 

correponding to the smallest eigenvalue. 

The classical masses and three-point couplings for affine Toda field theories based 

on simply-laced Lie algebras are calculated [71. T!:te computation of classical masses and 

three-point couplings based on the non-simply-laced algebras are carried out with the aid of 

automorphism of Dynkin diagram [71. The mass spectrum is identical to that of principal 

chiral model [81. 

On the view point of bootstrap idea, the ratios of each particles' masses are utmost 

important. This aspect has been investigated at the one loop order by the H.W. Braden, 

et al.[7]. Because of the 2 dimensionality, the divergence appears only in tadpole diagrams. 

But these terms turn out to be completely decoupled from the finite part[9]. So the theories 

are finite, and these finite renormalizations give mass shift in simply-laced algebra cases. 

The one loop corrections of mass have a neat universal formula. 

6m~ If' 11"-' =-cot(-) i =1 ... r (1). m~ 4h h' , •. 

,where P is scaling factor, h is the Coxeter number of the algebra and r is the rank of the 
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algebra [7, 8]. 

Around mid-seventies, much work on the perturbative analysis of sine-Gordon model 

(affine AI Toda theory with imaginary coupling /1) were done[lO]. In the meantime, ap

pearance of the conformal algebra has stimulated a more extensive study of general affine 

Toda theories. General affine Toda field theories concern us here especially because of their 

multi-particle nature in the Lagrangian level(not soliton). 

In this paper we would like to examine the quantum corrections ofthree-point couplings 

to one loop order. Especially we can expect that there might be some nice structure even in 

the three-point couplings beeause of the classical conservation of the higher spin currents[ll] 

and group theoretic character. The aim of this paper is to show that the relations between 

classical three-point couplings and their one loop correetions in affine Toda field theories. It 

turns out that the neat feature analogous to Eq. (1) does not appear generally in the ratio 

of one loop coupling constant correetions to their classical values. 

In section II, we will briefly review the affine Toda Lagrangian to be self-contained. We 

stress the usefulness of the complex root hasis. Section III contains the results for the affine 

A2 and Aa Toda theories. These have a rather simple couplings due to the symmetry of 

Dynkin diagram. Since affine A4 Toda theory has a complicated Lagrangian due to etp I we 

skip to the affine As case in section IV with the result of the affine D4 Toda theory. Finally 

in section V, we conclude this paper. 

II. Affine Toda Field Theories 

We introduce the affine Toda field theories in arbitrary real root basis and rewrite them in 

the complex basis. The affine Toda field theories based on Lie algebra g with rarlk r represent 

the exponential interaction of the scalar fields t/>" corresponding to the components of simple 

roots Q; (i 1"," r) of g. TheLagrangian is given by 

1 l r 

l(4)'') = 28/J.4>"'fJ'J4>" - ;2 ~n;ePar... (2) 

,where 
r 

'Qo = - En;Qi' and no = I, a = l,···,r. 
i=1 

In An algebra case, which we shall mostly consider from now on, n. = 1. The field 4>4 
is a-th component of the field 4>. 
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The expansion of exponential potential term gives classical masses, three-point cou

plings, fourjl~i~'W., and so on. If we expand the interaction term to quadratic p
-...,-.-,,~..,~ 

order, we find 

V(4)'') = ~Ei=ond !fEr=OniQTQt4>"4>~ 

+~ E;..oniQrQtQf4>"4>~4>° +"';t Ei..oniQ~QtQfQ14>"4>'4>c4>d +... 
(3) 

The classical mass ratios are given by the eigenvalues of the square of mass matrix 

r 

(.M2) ..~ = m 2 E n;QiQ~. (4)
.=0 

The three-point couplings defined by 

C"'" = mlPt niQiQ~Qf (5) 
i~O 

is symmetric in the three fields 4>", 4>., 4>c. And the four-point couplings are defined by 

r 

c,,6cd = m'pl E n;QiQ:QiQt. (6) 
i.=O 

This can be continued to higher multiple-point couplings. But this real root basis 

needs to be diagonalized. Happily there exists a basis in whicb the square of mass matrix 

is automatically diagonal(see Eq. 15). A complex representation of the simple roots of A" 

with affine root Qo should satisfy the following two relations. 

:/:j,j ± 1 
Qi'Qj {-~ =j±l (7) 

2 j 

and 
" EQi=O. (8)

i=:O 
.l.1Ii.

Let w = e,,+1 so that w,,+l = I, and consider the vectors "Ii. 

"Ii =(w', w,i, ... , w"i), ;=O,I,"',n (9) 

Then their inner products are easily obtained. 

"Ii, "Ii = (n + 1)5i j - 1 (10) 
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,where we have used the property Ei.:owi O. If we normalize a. such that 

a. vn1+ 1hi+1 -lir. (11) 

we now obtain the desired complex representation for A.. root space. 

Dccause the Lagrangian should be real, we choose the complex basis for the scalar fields 

to satisfy the following condition. 

(4)/lr =4>n+1-", (12) 

Then they give the nice property. 

(a;.~)" = a;·~. (13) 

The above property implies that the potential term in the Lagrangian is real when we 

take the Lagrangian to be 

m 21 n 
£( w) =2o~ .ow· - IF :E ePa':-•• (14) 

.",0 

The square of mass matrix in this complex basis is 

2 
m n I> {O a +b ~ n +1 (15)(M2)/l1> = --1 :Ehi+1 -li)"(li+1 -Ii) = 4m2sin2 ..u., a + b = n + 1. 

n + i",O ..+1 

The scalar field 4>11 and its conjugate field 4>*" have equal mass in this basis due to the 

property of sine function. The fusion rule of three-point couplings of mass eigenstates is the 

following. 

n { 0 a+b+e ~ 0 mod(n +1):E al'a~ai = 7n:i:r(w" _ (16) 
&=0 -1)(w" 1) a + b + c = 0 mod(n + 1). 

And the fusion rille of fonr-point couplitlg9 of mass eigenstates is 

n { 0 a+b+c+d~O mod(n+l)
"" a?aba~a~ = -L(w"L..-J I I , 1 n+l. -1)(w""":I)(wd-l) a+b+e+d 0 mod(n+1).i=O 

(17) 
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III. Affine A2 and A3 Toda Theory 

In affine AI case, there is only one field corresponding to the single simple root. In affine A2 

case, there are two fields corresponding to the components of simple roots in the complex 

basis, one scalar field 4> and its conjugate field 4>., and one three-point coupling (4)4>4>) and 

its conjugate coupling (4).4>.4>.) exist. 

Expansion of the potential term gives 

V(4)) = m23 + 3m24>4>. + f3 m2(!.4>4>4> - !.4>"4>"4>.) + ~f32m24>4>4>"4>. + .•. (IS)f32 2 2 4 

The three-point coupling at zero-th order is of f3 linear. The relation between vertex 

/afJ-r and three-point coupling ealh is the following; 

laP.., _ieaP.." Iflh = -ierlh (19) 

,where subscript 1 denotes one loop correction. So the ratio of quantum corrections to 

classical coupling is 

1"P
'" calh 

_1_=_1_ (20)/",p.., caP"" 
We will bother to discuss I instead of c from no:w on. In general there are two types 

of diagrams which contribute to o~e loop correctbn(Figure 1). We shall call them type I 

and type II re!pectivciy. Type I represents the interaction of three three-point couplings, 

whereas type II does that of one three-point coupling and one four-point coupling. In affine 

A2 case, the fusion rule (16),(17) shows only type II contributes in this complex basis (Table 

I). The notation in the tables refers to the labelings in Figure 1. If we change this basis to 

real one, type I is allowed but their sum is zero. 

We used the ordinary Feynman rules for the scalar field. Value of each diagrams 

depends on external momenta. Here we set p1 = ml(on shell condition). Later in D", case, 

we will also consider the p~ = 0 case. Calculations are rather straight forward and the results 

are the followings. 

I~ = 3m 'lf3, I4N'~' = -3m 2f3. (21) 

If# = - J3 
4 

m2f33, I.·.·.· -J3 'lf331 - 4 m . (22) 

If# It···· J3 2 

= -uf3 (23)I • .u = I.·f>·.' . 

6 



The coupling and its conjugate coupling have the same magnitude with different sign 

and their one loop corrections also have the same magnitude with different sign, so the ratios 

of quantum corrections to classical couplings are equal. 

Continuing to A3 case, we get the following by expanding potential term. 

V(~) ~4 + m2(2~I~i + 2~n + m2{J(i~~~2 - i~i2~2) 

+m2{J'( -~~t + t~~~i'l. + ~1~i~;2 + *~~ --h~~) + ... 
(24) 

There are one heavy field ~2(self conjugate), one light field ~l and its conjugate field 

~i· Between them there are only one three-point coupling ~i~2 and its conjugate ~i'l.~2' 

/~,p, = 2m 'l.{J, /.j2,p, = -2m2fJ. (25) 

In this case both diagrams of the two types contribute to one loop correction. The 

values of each allowed diagrams is given in the table II. Their total sum is shown below. 

/.j,p, m2{J3(..!.. _~) /.j2iJ, = _m2{J3("!" _~) (26)
1 8l1" 16' 1 811' 16' 

This gives trivial result that the ratio of quantum correction to classical coupling is 

equal to that in conjugate coupling. 

/fa~ /tj2~ 'I. 1 5 

~ = /.ji~ = {J (1611' - 32'). (27) 


IV. Affine As and D4 Toda Theory 

The theory that gives first nontrivial different couplings is A~. But A.. is not easy to treat 

numerically because ear is not a simple value. We now determine the ratios of three-point 

coupling to its quantum correction in affine A5 case. Expansion of potential term gives 

V(4)) = 16 + m2(~1~i + 3~24>; + 2~5) 

+m2{J(4i~~4>i + .,fii~1~2~3 +4i~~ -1i~i2~2 - ../2i4>i~;4>3 - 4i~;3) 
(28) 

+m2{J2( -ts~~~3 - i~l~~ + -h~~~i2 + ~~I~i~2~i + 3~1~i~5 + !~1~;2~3 

+t~i~~~3 + ~~~~i2 + ~2qii~~ + ~~; -rs?34>"( - i~i2~;1) + ... 
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This shows that there exist three independent three-poiut couplings and their conjugate 

cOllplings. 

/.~q;; = :l}m2{J, /';'I~f» = ../2m'l.{J, /.~ = ilfm1fl 
(2!l) 

/.j2,p, -~m2{J, /.j.;.3:: -../2m'{J, 1.;3 = -J:{1m'{l. 

Symmetry between conjugate couplings allows one to consider only three independent 

couplings and to be blind to its conjugates. The diagrams which contrihute to one loop 

correction and their values are given in table III. The results are 

~q;; ~ ~ 
/11 = -V6)m2{J3 /.1~.3 _ (2v2 34 3../2 _ ~V6)m'{J3

432 ,1 - "i:(i;  ("i:(i; 432 (30) 

/tf~ 'I. 1 23 /tl~~, 1 17 , .-!... - ..!!.V3). (31)/.~.i fJ (811' - 216 V3), /~~f» ={J (811' - 216 V3). ={J(811' 216 

It turns out that the ratios of quantum corrections to its classical couplings are not 

equal in different couplings. The universal formula for one loop correction is only confined 

to the coefficient of ~4~. term. 

As a furthet' check, we turn to the D~ case. If we denote the four real scalar fields by 

~.(ai, ... ,4), we can formally associate ~l with vector representation, ~, with adjoint 

representation, ~3 with spinor representation and 4>.. with conjugate spinor representation. 

'Here we simply write down the potential term. 

V(4)) = J-6 + m 2(4)i + 34>; + 4>5 + +~(-rP~;, - ~5rP' - 4>!rP, + 4>~ - 2~1~34>~) 

+ 4>; + ~~ + 9~~ + + + 


+6;i~~ + 64>~~~ + 6~i~1 + 244>14>'J~3~~) + ... 

(32) 

There are three independent three-point couplings. 

/.~~ = i../2m'lfJ, /,p,,p,,p, = -3i../2m'{J, 1·1~f>t =i../2m'{J. (33) 

In fa.ct, there are additional ~i~2. ~~~2 couplings. But they are related by three-Cold 

symmetry among ~h ~3 and ~. fields to the ~i~2 coupling. The diagrams which contribute 

to one loop correction and their values are given at table IV. J 1 in table IV's denotes the 
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verh~x function at 111 = n. The results for J values arO 

I __ ~-r.. ~ I 3.~Itt"" =(i! - ~)im2[J3, ~ [J (S; m V3), 

[h<h<h _ (_M _ M)im2tl3 1~:: =tl2(..L + ...!.!..V3) (34) 
t - 8.. 432 ,." 1 ,., 8.. 432 ' 

J'J'I~'~. = (.ii _ M)im2tl3 . 1~1::' = tl2(...L ..1!.V'3)
I So- 432 ,., , 1 I • ,., 8.. 431 • 

A few obs!~rvl\tions can be made. See the first lines of type I case. 
1 21 9

11: 1W6' -727s' 7i7s' 
(35) 

Jt : *<i - ~log3), -*(~), *(1)· 
These diagrams are the cases which consist of only t/l~t/l1' t/l~, and t/llt/l3t/l4 coupling at 

each three intermediate vertex of type I respectively. The t/l~ and t/llt/l3t/l. couplings show the 

nice classical -3 : 1 ratio. But t/l~t/l1 coupling is slightly out of order. It is originated from 

the mass difference between 4>1 field and 4>2 field. On the other hand, we can expect this 

diJrerence adds up to zero, sununed over the contributing diagrams. But they fail, as shown 

ill the last lillcs ill each tables. So here we can see the qualititive origin of irregular ratios 

due to their multi-particle nature. 

V. 	Discussion 

We studied the ratios of one loop quantum corrections to classical three-point couplings in 

aUine A2 , A3 , As and D. Toda field theories. We have found the ratios of different couplings 

are not the same in general except the case where the different three-point couplings are 

related by symmetry of Dynkin diagram. Such an universal formula as that of finite mass 

corrections does not appear in three-point couplings. The [J dependence of exact S matrix 

in affine 'roda throries(conjectured by H.W. Braden, et al.[7]) may be consistent to this 

irregular com.'Ction, but it is not yet clarified. 
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lis Ia # 71 abc III(m {Pti 
Type II .p .p 4> 4>. tP" ---::2I 

. ! 

Table I. one loop correction or affine A~(llotntio" refers to Fig. 1). 
~ -<x; 

2 

b I. (ni'I/p)a ;3 a h cL ~ 
Type [ 4>1 r/Jj .pI J: +f'.pI ,pI 1/11 

_t~Type I. Type II. Type II 4>i 4>,"1 4>'l"1 _14>, 4>1", 4>t 4>1 
-~4>, .pI 4>,Figure 1. one loop diagrams oC three-point coupling. 4>i tPi 
~total t;;:..::.-tJl_ 

Table II. one loop corrections of affine A3( notation refers to Fig. 1). 

a fJ .., a b c 1\ (mlPJ) 

Type I 4>1 tPt ,,; ,,; ,pr tPJ £+~ 
.pI tPl .p; .p3 .pi ~ ~+;hT6 

Type II .pI tPl .pi .p; ~ -~v6 
.pI .pI .pi 4>i .p, -1.;v6 
.pi .pI .pI .pi .p; -;hv'6 
.pi .pI .p, .p3 .pt -.k.VI) 
.pi .pI .pI .p, .p2 --4JV6 

total ~ ~.;6 

Table III-a. one loop corrections of 14>14>14>; in affine A5(notation rerers to Fig. 1). 

a # .., 
Type I l.pl .p, .p3 

.pI .p2 .p3 

.pI .p, .p3 
Type II l.pl .p, .p3 

.pI .p'l .p3 
q" .pI .p3 
q" tPl .p3 
tP2 tPI tP3 
~ tPI .p, 
4>3 4>1 .p, 

total 

Table III-b. one loop corrections of 14>.~th in affine As(notation rerers to Fig. 1). 
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a f3 7 a b c 11(im l f3a) Jt (im'lf33) l 

Type I t/>1 t/>3 t/>4 t/>4 t/>3 t/>I rtJs (*)(~) I 

t/>I t/>3 t/>4 t/>1 t/>2 t/>. ~i2'; (-',r;){;  ~/og;J) 

t/>1 t/>3 4>4 r/>2 4>1 4>3 1:;:-''?; (-;;In ~I09;J) 

t/>1 4>3 r/>4 r/>3 4>4 ¢2 Th:'i2'; (";:11';)( *..., 16 1og3) 
Type II 4>1 t/>3 r/>4 r/>I r/>, -~ (...,~)(~I093) 

r/>1 r/>3 r/>4 4>3 r/>4 .~ (-~)(~) 

r/>3 4>1 r/>4 r/>1 4>4 -~ (-~)(!) 

r/>3 r/>1 r/>4 r/>, r/>3 -:g (-di;)(!log3) 

t/>4 t/>I r/>3 t/>2 r/>4 -:g (-dr;)( ~log3) 

4>4 4>1 t/>3 t/>1 r/>3 -~ (--dr:)(~) 
total V;;-~ (±)(-i + log3 x (-Tii)) 

a fJ 7 

Type I I r/>1 .pI t/>2 
t/>, t/>, t/>, 
.pI r/>I r/>, 
t/>I "'I t/>2 

Type II I____ 

t/>, t/>, t/>I 

t/>, t/>I t/>I 
t/>2 t/>I t/>I 
t/>2 r/>1 r/>1 

total 

Taule III-c. one loop corrections of /~ in affine As(notation reCers to Fig. 1). 

Table IY-c. one loop corrections of /91939< in affine D4(notation refers to Fig. 1). 

Table lY-&.. 'one loop corrections of /~I~If>:J in affine D4(notation refers to Fig. 1). 

a !1 7 
Type I I/Pl t/>, t/>, 

t/>, t/>, t/>, 
t/>, t/>2 t/>, 
t/>, t/>, t/>, 

Type II I t/>, t/>, t/>, 
t/>, 4>, t/>, 
t/>, t/>'J ¢2 

t/>, t/>, t/>, 
totl\~ 

Table IY-b. one loop corrections oC /f>2f>:Jf>:J in affine D4(notation refers to Fig. 1). 
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