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Underlying symmetry among the quark

and lepton mixing angles
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Abstract
The six quark and lepton mixing angles are generated with the aid of three related forms of

symmetry, and three constants that derive from the fine structure constant.




I. Introduction

We demonstrate that the six quafk and lepton mixing angles can be generated with
the aid of three related forms of symmetry, and three constants that derive from the fine
structure constant.

We begin by defining the leptonic mass mixing matrix conventionally, but without the

usual phases [1]
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where s, = sin(qpij) and ¢; = cos((o,.j). These g;’s represent the leptonic mixing angles.
Additionally, we note that
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We define the quark mass mixing matrix in the same way, but this time we deviate from
convention both by omitting its phase, and by swapping its c- and t-quarks [2]. Accordingly, we

let
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where s, = sin(é?ij) and c; = cos(@,;,.). These 6;’s represent the quark mixing angles.

Additionally, we note that
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which is consistent with the earlier-mentioned swap of the c- and t-quarks.
We also define
Uezl ‘Ue22 Ue23
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in order to impose the Principal Symmetry Condition

L-I'=Nx(g-0") @




on the quark and lepton mixing angles. Note that N, which represents the number of quark
colors, equals 3.

In order to fulfill this condition we now define the following parametric equations.’

These in turn generate the quark and lepton mixing angles as follows

@, =sin"' () @5 =sin” (,, xsin(6},))

6,, =sin™ (v, xsin(g,;)) 6,, =sin'(v,)
where
6y, =0, — 90° . B (5a)
For later use we also define

@ =@y — 907 . (5b)

II. Generating the quark and lepton mixing angles

Now, by letting

M,=—, | (62)
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and by requiring that the principal symmetry condition be fulfilled, we generate the following

good approximations of the quark and lepton mixing angles.

0, =33.211° 9, =0.014° @, =45°

6, =12.921° 6, =0.191° 6,, =92.367°

The reader will note that the high value for 8,3 (about 92.3674418°) is a result of the earlier swap
of the c- and t-quarks, and that subtracting 90° from 6,3 produces this angle expressed in the

usual way.

II1. The primary symmetry’s two subordinate symmetries

It is important to realize that the parametric equations embody two additional

symmetries. To be specific, if

P =0,=¢;,=0, (72)
then any values chosen for

Mg, N, and 6,




will produce values for the remaining mixihg angles ¢,3 and 6,3 that are guaranteed to fulfill the
principal symmetry condition.

Equally, if
@y =6,=6,,=0, (7b)
then any values chosen for

ML, N, and {0;3

will produce values—in this case for g1, and 8;,—that are guaranteed to fulfill the principal
symmetry condition.

These two Subordinéte Symmetries explain why the parametric equations take the form
they do: they are designed to guarantee fulfillment of these two additional symmetries. Hence
the form of the parametric equations cannot be regarded as a degree of freedom exploited to fit

the mixing data.

1V. The fine structure constant

It is noteworthy that the values for M; and Msthat fit the mixing data, also fix w12, 113,
vi2, and v;3 in such a way as to allow them act in concert to produce this close approximation of

the fine structure constant inverse

(w2 —v2 )+ (b2 — 2} =137.0360000023... . @®)
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Remarkably, this equation reproduces the fine structure constant inverse to within about two
parts per billion of its corresponding 2006 CODATA value of 137.035999679 (94) [3].
Moreover, if one regards the integers 1 / My and 1 / Ms as chosen to fit 137.036, then the

quark and lepton mixing angles generated earlier may be said to arise from equations exploiting
just one free parameter: @,, ; which is to say the six quark and lepton mixing angles are fully
determined by the two fine-structure-related integers (1 / My and 1 / M), the three symmetries
already explained (the Principal and two Subordinate), and @,, = 45°.

However, one can carry this one step further. If Eq. (8) is restated purely in terms of

mixing angles

-2 2P ‘
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then it is only the equivalence
singy, )’ = sin(g,; ) (10)

which allows it to be rewritten still more symmetrically as

) -2 . 27
(Sin(¢12 )y - sin(,g)u)z)3 + [[-z%((—gl—f—))-) - (%E%?’%J :l =137.0360000023... . an
23 23

Accordingly, ¢,; =45 is not a truly free parameter, but precisely that value needed to make this

more symmetrical equation possible. It follows that the earlier parametric equations generate the




six quark and lepton mixing angles while exploiting not one free parameter, but essentially no

free parameters.
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