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BBE.u;EHHE 

tl3BecTHo, qTO 3a,r{aqa 0 nOTeHll,HaJIax O,llHOpO,llHOrO 3JUlHnCOH,lla B03HHKJIa 

nepBOHaqaJIbHO KaK npe,llMeT TeOpHH nITOTeHH,S. Be peIlleHHe n03,llHee HaIlIJ10 

npHMeHeHHe B pa3JlHqHblX q,H3HqeCKHX npHnO)l(eHH,Sx. HanpHMep, q,oPMYnbl ,llJ1,S 

HblOTOHOBCKoro rpaBHTall.HOHHoro nOTeHIl.HaJIa q> Hcnonb3YIOTC,S B m.nPO,llHHaMHKe 

B 3a,r{aqaX 0 nOTeHIl.HaJIbHOM TeqeHHH HeC)I(HMaeMOH H,lleaJIbHOH )l(H,llKOCTH BOKpyr 

3nnHnCOH,lla, 0 CHne conpoTHsneHH.s, ,lleHcTBYIOIIleH Ha Me,llJ1eHHO ,llBH)I(YIIlHHC's B 

B,S3KOH )l(H,llKOCTH 3nnHnCOH,ll, H T.,ll. IIpHqeM B 3a,r{aqax 0 KOHq,HrypaIl.H,SX rpa

BHTHPYIOIIlHX CHCTeM He06xo,llHMO aHaJIHTHqeCKOe npe,llCTasneHHe BHYTpeHHero 

nOTeHIl.HaJIa, a B 3a,r{aqaX, CB,S3aHHbIX C onHcaHHeM ,llBH)I(eHH's O,llHOH CHCTeMbl 

OTHOCHTenbHO ,llpyroH, - BHeIllHero nOTeHIl.HaJIa, TaK KaK nOTeHIl.HaJI BXO,llHT B 

ypaBHeHH.s, onpe,llen'sIOIIlHe KOHq,HrypaIl.HIO, H B ypaBHeHH.s, onHCblBalOIIlHe ,llHHa

MHKy rpaBHTHpYIOlIl.HX Macc. 

B TeopHH HblOTOHOBCKoro rpaBHTall.HOHHoro nOTeHIl.HaJIa B03HHKaeT TpH THna 

3a,r{aq no TpeM THnaM cHMMeTpHH. HaH60nee npocToH cnyqaH, KOr,lla KOHq,Hrypa

1l.H.s He BpamaeTC,S; TOr,lla OHa 6Y,lleT HMeTb cq,epHqeCKH-CHMMeTpHqHYIO q,0PMY. 

3TOT cnyqaH HaH60nee XOPOIllO H3yqeH [1]. Ho qaCTO He06xo,llHMO yqHTbI

BaTb BpaIIleHHe, TOr,lla KOHq,Hrypall.H.s 6Y,lleT HMeTb cq,epHqeCKH-HecHMMeTpHqHYIO 

q,oPMY [2]. B 3TOM cnyqae MbI npHxO,llHM K He06xo,llHMOCTH Hcnonb30BaTb 60nee 

cnmKHbIe nOBepXHOCTH, B qaCTHOCTH 3nnHnCOH,llaJIbHbIe, rpaHHll.a KOTOPbIX npe,ll

cTasn,SeT 3MHncOH,ll [3,4]. l-l3yqeHHeM 3nnHnCOH,llaJIbHbIX q,Hryp paBHoBecH,S 

3aHHMaJIHCb MaKnOpeH, .HK06H, JI,SnYHoB H MHorHe ,llpyrne. I1MH 6bInH nonyqeHbI 

TOqHbIe aHaJIHTHqeCKHe npe,llCTasneHH.SI nOTeHIl.HaJIa q> B cnyqae, KOf,lla nnOTHOCTb 

npe,llCTasneHa B BH,lle CTeneHHbIX q,YHKIl.HH KOOp,llHHaT. BHYTpeHHHH nOTeHIl.HaJI 

.SIBn.SleTC,S TOr,lla MHorotmeHoM no CTeneH,SM KOOp,llHHaT, K03q,q,HIl.HeHTbI KOTOPOro 

npe,llCTaBn.SlIOT C060H 3nnHnTHqeCKHe HHTerpaJIbI. 

O,llHaKO B peaJIbHblX cnyqa.sx ,lln.Sl HeO.ll.HOp0.ll.HbIX KOHqmrypall.HH B03HHKaeT 

3a,r{aqa, B KOTOPOH nOBepXHOCTb KOHqmrypall.HH npe,llCTasn'seT H3 ce6.S1 60nee 

:" cnO)l(HYIO CTPYKTYPY. B pa60Te [5] npe,llJ10)l(eH MeTO,ll annpOKCHMall.HH nOBepxHo

CTH nCeB,llOnoBepxHocTblO, a HMeHHO B03MYIIleHHoH 3nnHnCOH,llaJIbHOH nOBepXHO

CTblO, napaMeTpbI KOTOPOH onpe,llefl.SlIOTc,S H3 ycnoBH,S MHHHMYMa KBa.ll.paTa nnOT

HOCTH Ha 3TOH nOBepxHocTH• .lln's 3THX ll.eneH 3q,q,eKTHBHo MO)l(eT 6b1Tb Hcnonb

30BaH MeTO,ll pa3JIO)l(eHH.s B p,S,ll EypMaHa-JIarpaH)I(a no MaJIOMY napaMeTpy. 

3a.ll.aqa BblQHCneHH,S HblOTOHOBCKoro nOTeHIl.HaJIa B03MYIIleHHbix 3nnHnCOH

,llaJIbHbIX KOHq,HrypaIl.HH aKTYaJIbHa B CB.SI3H C H3yqeHHeM HenHHeHHbIx 3q,q,eKToB 

B aCTpoq,1I3HKe, reoq,H3HKe II T.,ll., OHa npe,llCTasn'seT C060H Tpy,llHylO MaTeMaTH

QecKYIO 3a,r{aqy [7]. 
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BBH,Il)' qpe3BbIqaHHOH CnO)KHOCTH KaK aHaJIHTHqeC1CHX, TaK H qHCneHHbIX 

paCqeTOB B03HHKaeT Heo6xo,n:HMOCTb HCnOnb30BaHIDI KOMnblOTepHbIX MeTO,n:OB. C 
:nOH uenblO HaMH 6bIJ1 BbI6paH naKeT CHMBOnbHOH H qHCneHHOH MaTeMaTHKH 

MAPLE, B qa~THOCTH onpo6oBaHHbIH B pa60Te [1 OJ. 
B HacToslIueH pa60Te pa3BHBaeTcSI MeTO,n: TOqHOro npe,n:cTaBJIeHHSI HbIOTOHOB

CKoro nOTeHUHaJIa KOHc:pHIypauHH C nOBepxHocTblO, 6nH3KoH K 3nnHnCOH,l(aJIb

HOH, B BH,l(e a6comoTHo CXO.D:SImHXCSI PSl,n:OB Ha OCHOBe CHMBonbHbIX H qHCneHHbIX 

MeTo,n:OB BblqHCneHIDI Ha KOMnblOTepe. Bce aHaJIHTHqeCKHe npeo6pa30BaHIDI npH

BO.D:SITCSI C MaKCHMaJIbHO B03MO)KHOH CTeneHblO no,n:po6HOCTH B OTnHqHe OT paHee 

ony6nHKoBaHHblx HaMH pa60T [10]. 
3a.n:aqy BblqHCneHHSI HblOTOHOBCKOro rpaBHTaUHoHHoro nOTeHUHaJIa tP MO)KHO 

pa36HTb Ha ,n:Be 3a.n:aqH: OTbICKaHHe ero Ha BHemHlO1O TOqKY tPout H 3a.n:aqy OTbIC

KaHHSI nOTeHUHaJIa Ha BHYTpeHHlO1O TOqKY tPin [lJ. 
HblOTOHOBCKHH rpaBHTauHoHHbIH nOT:HUHaJI tP npH 3TOM y,n:OBJIeTBOpSieT ypaB

HeHHSlM: 

PemeHHeM 3THX ypaBHeHHH SlBJISleTCSI 

tP = -Gf p(T" )dV' (1) 
~r - ~'I'rI 

D 

r,n:e D 06naCTb, 3aHHMaeMaSI KOHc:pHrypaUHeH. 

1. BbI60P nAPAMETPOB B03MYII.J;EHHOH 3JIJIHnCOH,nA.JIbHOH 
nOBEPXHOCTH H METOJ( PAAOB JiYPMAHA-JIArPAH.IKA 

rpaHHua KOHqmrypaUHH E Haxo,n:HTCSI H3 ycnoBHSI paBeHcTBa UJ10THOCTH Ha 

rpaHHue HYnlO: 

p(x, y, z) = 0, (x, y, z) E E. (2) 

rpaBHTaUHOHHbIH nOTeHUHaJI tP SlBHO 3aBHCHT OT C:POPMbI rpaHHUbl (2). B SlB

HOM BH,l(e aHaJIHTHqeCKH ero y,n:aeTCSI BbIqHCnHTb TonbKO )l1UI npOCTeHmHX C:POPM 

nOBepXHOCTH (map, 3J1J1HnCOH,l(). TI03TOMY B 06meM cnyqae TOqHYIO rpaHHUY KOH

c:pHrypaUHH E MbI 3aMeHHM nceB,n:orpaHHueH 8D, cjJopMa KOTOPOH 3aBHCHT OT 

HeH3BeCTHblX nOKa napaMeTPoB Zijk. 

TIoTeHUHaJI tP 6y,n:eT y,n:OBneTBOpSlTb Ha rpaHHue ycnoBIDIM tPoutI: = tPinI: H 

(V4-out h:: (V4-inh~· 
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Cne,llyS pa60TaM [6], Bhl6epeM nOBepXHOCTh ~ B BH,I{e B03MymeHHoH 3JU1H

nco~anhHoH nOBepXHOCTH 

(3) 

x y z 
r,ne Xl X2 = -, X3 aI, a3 - nonYOCH 3JUIHnCO~a Bpame

al al a3 
HHS, KOTophle Haps,Ily C Zijk napaMeTpH3YIOT 8D; L - MaKCHManhHU CTeneHh 

a3 
MHoroqneHa no Koop,nHHaTaM Xt,X2,X3. napaMeTp cnmOCHYTOCTH e = -. 

al 

YcnOBHS 6nH30cTH (2) H (3) MO)f{HO ccpoPMYnHpOBaTh BBe,neHHeM CPYHKUHO-

Hana A: 

(4) 


OqeB~HO, napaMeTp TJ~D = A1/2 6y,neT npe,nCTaWUlTh Mepy norpelllHOCTH B 

HalllHX ypaBHeHIDIX npH 3aMeHe TOqHOH nOBepXHOCTH KOHcpHrypaUHH E Ha 8D. 
no,n nceB,nonOBepXHOCThlO 8D 6y,neM nOHHMaTh nOBepXHOCTh, Ha KOTOPOH cpe,n

Hee 3HaqeHlIe KBa,npaTa IUIOTHOCTH He npeBocxo,nHT ,nOCTaTOqHO ManOH BenHqHHhl 

no cpaBHeHHIO C e,nHHHueH. 3Ta BenHqHHa onpe,nenseT TOqHOCTh pellleHH.sI nOCTa

BJIeHHOH 3a,naqH. 

Y cnOBHe MHHHM}'Ma A npHBo,nHT K CHCTeMe anre6paHqeCKHX ypaBHeHHH OT

HOCHTenhHO at, a3 H Zijk: 

(5) 

a 
'l12 = a3 -aA(Zijk = 0) = O. 

a3 

npe,nCTaBHM nnOTHOCTh KOHcpHrypaUHH p B BH,ne nonHHOMa CTeneHH P 

p 

p(P) = L Pa,b,cXIX~X3' (6) 
a,b,c 

EcnH Bhl6paTh P ,nOCTaTOqHO 60nhlllHM, TO C BhlCOKOH CTeneHhlO TOqHOCTH 

BhIpa)f{eHHe (6) 6y,neT annpoKCHMHpOBaTh nnOTHOCTh peanhHoH KOHcpHrypaUHH. 
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IIocJIe nepexo)la K C<PepHqecKHM KOOp)lHHaTaM R, 6, </>: Xk = Rak, al 
sin (J cos </>, a2 sin (J sin </>, a3 = cos (J, BLlpaJKeHHe ,llJI.SI B03M}'llleHHOH 3JIJIH

nCOHJlaJILHOH nOBepxHocTH (3) npHMeT BHJl 

R 1 (7) 

.IlaJILHeHmHe BLIqHCJIeHIDI 6y.uyr OCHOBaHLI Ha HCnOJIL30BaHHH BapHaHTa Teo

peMLI JIarpaH)Ka [7]. 
TeopeM3 [7]. IIyCTL J(z) H w(z) - aHaJIHTHqeCKHe <PYHKIJ.HH Z Ha KOHTYPe 

C, oKp~aIOllleM TOqKY a, H BHYTpH Hero )],1)]1 Bcex Z Ha C BLIllOJIIDIeTCSI HepaBeH

CTBO K/W(Z)/C « Iz - ale. Tor)la ypaBHeHHe Z = a + KW(Z) HMeeT O)lHH KopeHL 

Z ~ BHYTPH C H J(~) pa3JIaraeTC.sJ B CTeneHHOH a6COJIIOTHO CXOJl.sIlllHHC.s p.sJ)l 

00 8 ds - I 

J(~) = J(a) + L :, das- I [f'(a)w(a)S]. (8) 
s=1 

p.sJ)l (8) nOJIyqHJI B JIHTepaTYPe Ha3BaHHe pjfJla EypMaHa-JIarpaH)Ka. 

B HameM cJIyqae ~ = R, J(~) = ~h+2, a = 1, w(a) = w(a, Zijk, ak). 
Tor)la nOJIyqHM 

DOJIee )leTaJILHO (9a) 6Y)leT BLlrJIjfJleTL CJIenyIOlllHM 06Pa30M: 

s=oo sL ( l)S ds-I i+j+k+h+1 
h+2 (h 2) L L - Z () -i ::-1 -k a (9b)a + + --,- ijk S 0'1 U2a 3 -dI ( )'

S. as - a + 1 s 
s=1 ijk 

r)le Zijk (s) - MHorOqJIeH OT Zijk CTeneHH, He npeBOCXOJl.sJllleH S. 

ds- I ai+j+k+h+1 
PaCCMOTpHM 60JIee nO)lp06HO -dI ( 1) . IIoc.ne 3aMeHLI a = y + 1 as - a + s 

1 ds- I (1 + y)i+j+k+h+1 1 
(y 6JIH3KO K HYJIIO) nOJIyqaeM --dI Y /y=o= -·<Ps.

2s 2syS- (1 + _)S 
2 

.Iln.sJ onpe)leneHIDI .sJBHOro BHJla <Ps nOHa.z:t.o6HTC.sJ COOTHomeHHe [9] 

a(l~y)b ] <a) =rr (b+1-2r),<Ps S(a, b) 
[ (1 + - )a+1 r=l 

2 y=O 

r)le a S 1, b = i + j + k + h + 1. 
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H3 Hero It (9b) cne.ll}'eT: 

8=00 sL (_1)Sh8 (s) .. 
Rh = L 2: I Zijk(8)&1~&~.ps(i + j + k +hI), (9c) 

8=0 ijk 8. 

me 8(8) = 0 nplt 8 = 0 U 8(8) = 1 npu 8 > O. .ps 1 npu 8 = 0 U 8 = 1. 
KBa.n.paT nnOTHOCTU 6y)]'eT BblrJUI)],eTb cne.ll}'lOmuM 06pa30M: 

p p 

2(p) ~ ~ a+a' b+b' c+c'P 	 6 6 PabcPalb'c'xl x 2 x3 . (10) 
abc a'b'c' 

TaK KaK Mbl nepeIilllU K c<PepUqeCKUM KOOp)],UHaTaM, TO C yqeToM (9c) BbI

pIDKeHlte J1.JUI KBa.n.paTa llJlOTHOCTU npUMeT BU)1, 

00 P P 8L ( 1)Sh8(s) 


p
2 (P) = L L 2: L - I I 
 X 

8=0 abc a'b'c' ijk 8. 

() -a+a' +i -b+b' +j -c+c'+k m (h . . k 1)
X PabcPalb'c' Z ijk 8 a l a 2 a 3 X '1's I + ~ + J + - , (11) 

r)],e hI = 	a + a' + b + b' + c + c'. 
YqUTblBWI (4) U (11), A MOXHO npe)],cTaBuTb B 51BHOM BU)1,e, y)],epxuBWI B 

pa3JlOXeHUU A qneHbl Zijk CTeneHU He Bblme 8 m • r)],e 8 m - MaKCUMaJIbHO yqu

TblBaeMWI CTeneHb no 8: 

X (hI + i + j + k - 1)QAt,A 2,A3' (12) 

- -AI -A2 -A3d('\!
QAl,A2,A3 = al a 2 a 3 .u, 	 (13) 

r)],e Al =a+a'+i, A2 =b+b'+j, Al =c+c'+k. 
HHTerpaJIbI (13) MOryr 6blTb ynpomeHbl: 

- 2n(a + a' + i l)!!(b + b' + j l)!!(c + c' + k - I)!!
Qa+a' +i,b+b'+j,c+c'+k ~-------:"(-h"":"l-+-i-+-J-'":""+-k--:"-l":")!-!------:.. 

(14) 
TpeXMepHble MaCCUBbl HeU3BeCTHblX B CUCTeMe (5) Zijk 0603HaqUM qepe3 

{Ym} (m 1,2, ... , N 1). 

TIpu P = 6, L 2 ItMeeM NI 5. CB5I3b MeJK.J1.j' nepeMeHHbIMu 6y)]'eT 

BblrJl5l)],eTb cneJ1.YlOmuM 06pa30M: 

al 
YI = T,Y2 = e,Y3 = ZOO2,Y4 = Z020,Y5 = Z200, 
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r,lle 	l - xapaKTepHLIH MaCllITa6 paCIIpe,lleJIeHHSI Macc rpaBHTHpyromeH CHCTeMLI. 

B 3TOM cnyqae CHcTeMY ypaBHeHHH (5) Y,Il06HO 3aIIHcaTL B BeKTopHoM BH,Ile: 

f(y, e) 0, (Yb Y2, ···Ys). 	 (15) 

)l.ruI 'IHCJIeHHoro pellIeHHSI CHCTeMLI (15) HCIIOJIL30BaH peryJISlpH30BaHHLIH 

aHaJIOr MeTO,lla HLIOToHa [8] C IIapaMeTPoM peryJISlpH3aUHH a = 10-3: 

Y(n+l)(e) y(n)(e) - Tn [af2(y(n) (e), e) + T (y(n) (e), e)/ (y(n)(e), e)]-l x 

x T(y(n)(e),e)f(y(n)(e),e), (16) 

me n - HOMep HTepauHH, Tn «(}O ~ Tn ~ 1) - OIITHMaJILHLIH llIar Ha n-H HTe

paUHH, "pH'IeM H3 coo6paxeHHH CXO,llHMOCTH (}o ~ 0,1, / (y(n) (e), e) - Ma

TPHUa .sIKo6H, l'(y(n) (e), e) - TpaHcIIoHHpoBaHHasI MaTPHua .sIKo6H. BeJIH'IHHa 

f2(y(n) (e), e) = 8n(T) IIpe,llCTaBJISleT C060H KBa,npaT HeBSl3KH. OIITHMaJILHLIH llIar 

8n(0) )
Tn = max ( (), 8 (0) + 8 (1) , () ~ 0,1.n n

HaMH BLI6paH HMeHHO peryJISlpH30BaHHLIH aHaJIOr MeTO,lla HLIOTOHa, TaK KaK 

HeY,Ila'IHLIH BLI60p Ha'IaJILHoro IIpH6JIHJKeHHSI MOJKeT "pHBeCTH K TOMY, 'ITO Ma

TpHua .sIKo6H 6Y,IleT IIJIOXO 06YCJIOBJIeHHOH, a B 3TOM CJIyqae MeTO,ll HLIOTOHa pac

XO,llHTCSI. Ha'IaJILHOe IIpH6JIHJKeHHe BLI6HPaJIOCL cOOTBeTcTBYlOmHM cq,epH'IeCKH

cHMMeTPH'IHOMY cnyqalO. 

PaCIIpe,lleJIeHHe IIJIOTHOCTH C'IHTaeM 3a,naHHLIM, T. e. BLI6HpaeM KOHKpeTHLle 

(a+b) 
2 a+b+c c 

Pabc = 	 (17)G), (DtO+b'CYI Y2' 

al a3 M 	 ~ 
me 	Yl = -l ' Y2 e = bl B3.SnH aKCHaJIbHO-CHMMeTpH'IHbIH cnyqaH

al 
a2 al. K03q,q,HUHeHTLI Pa+b,c .IlJISI P = 6 "pHBe,lleHLI B Ta6n.l H B3S1TLI 

H3 [10] .IlJISI KOHKpeTHoH KOHq,mypaUHH, COOTBeTCTBYlOmeH MO,lleJIH 6LIcTpoBpa

malOmeHCg HeiiTpoHHoH 3Be3,1lLI C ypaBHeHHeM COCTOSlHHSI EeTe-,llJKoHcoHa. 

Ta6JmQa 1 

0 0 0 2 2 2 4 4a+b 0 6 
4 0 40 2 6 2 0c 2 0 

0,634 -0,912 -0,690 1,2941 -0,729 -2,765 0,683 -2,845 -0,996Pa,+b,c 

BLI6paHHasI HLIOTOHOBCKasI cxeMa 6LIna peaJIH30BaHa B paMKaX IIneTa 

MAPLE. OHa OKa3aJIaCL ,IlOCTaTO'IHO 3q,q,eKTHBHOH, Tn KaK 'IHCJIO HTepaUHH 

.IlJISI ,IlOCTHJKeHHSI HeBSl3KH 10-30 He IIpeBLICHJIO 10. 
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B pe3ynbTaTe nonyqeHbI,qHCneHHbIe 3HaqeHIDI Zijk H Yl, Y2. OHH npHBe.lleHbI 

B Ta6n. 2 . 

.D:JUI Pa+b,e, npHBe.lleHHbIx B Ta6n. 1, 8D 6Y.lleT nOpjI.llKa 10-6 • 

Z020 

6,46815·10 6,46815·10 

2. BHYTPEHHHH rPABHTAUHOHHbIH nOTEHUHAJI <Pin(P,L) 

B pa60Te [9] C Hcnonb30BaHHeM PjI.lJ:OB EypMaHa-narpaHxa .llOKa3aHa Teo

peMa, comaCHO KOTOPOH BHyrpeHHHH rpaBHTaUHOHHbIH nOTeHUHan <Pin MoxeT 

6bITb npe.llCTaBneH a6COnIOTHO H paBHOMepHO CXO.lJ:jllI(HMCjI Pjl.llOM no K03CPCPHUH

eHTaM Zijk npH HeKOTopbIX orpaHHqeHHjlX Ha Zijk H K03cpcpHUHeHTbI npH HHX, 

KOTopble jlBnjlIOTCjI nOnHHOMaMH CTeneHH P + s(L - 2) + 2 KOOp.llHHaT Xk. 3.lleCb 

s - HOMep qneHa pjl.lJ:a EypMaHa-narpaHxa. 

nOcne nepeXO.lla K 06061I(eHHbIM ccpepHqeCKHM KOOp.llHHaTaM R, (), cp, 
BnepBble npennOxeHHblM B pa60Te [6], co CMelI(eHHeM ueHTPa KOOp.llHHaT B TOqKY 

Ha6nIO.lleHHjI Xk HMeeM: 

, - 1 (aD) 1 (aD) . () .Xk = Xk + akR, al = - - sin()coscp, a2 = - - SIn SIncp, 
a al a al 

O~R~R. 

B 3TOM cnyqae BblpaxeHHe ~ B03M)'1I(eHHOH 3nnHnco~anbHoH nOBepXHO

CTH (3) nepenHWeTCjI B cnenyIOlI(eM B~e: 

(19) 

me 
3 

Q=l-Lx~. 
k=l 
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PeWHB KBa.IlpaTHOe ypaBHeHHe OTHOCHTeJIbHO R B JIeBOH lJaCTH (19), nOJIyqHM 

ypaBHeHHe ,l1)1S1 HaXO)J(,lJ,eHIDI R: 

3JIeMeHT 06beMa HHTerpHpoBaHH51 B HOBbIX Koop.n:HHaTax 6y.n:eT paBeH 

dV' 

nanbHeHWHe BbIlJHCJIeHmI 6y.D:YT OCHOBaHbI, KaK H B cJIyqae C A, Ha HCnOJIb

30BaHHH TeopeMbI JIarpaHJKa. 

ComaCHO (8) B HaweM CJIyqae e= R, f((,) = eh+2, a = Ro, 'l1(a) = 

'l1(R01 Ok, Xk, Zijk). 

Tor.n:a nOJIyqHM 

llJUI COKpallleHIDI 3anHCH 3.n:eCb H .n:anee HCnOJIb3yeTcSI BBe.n:eHHbIH B [6] one

nl n2 nm 1 ~ 
paTOp CyMMHpOBaHHSI kl k2 k ' .n:eHCTBHe KOToporo 3aKJIIOlJaeTCSI B [ m 
CyMMHpOBaHHH no Ka)J(,lJ,OMj' HHJKHeMY Hu.n:eKCY OT HYJISI .n:o 3HalJeHHSI cToSIlllero 

Ha.Il HHM Hu.n:eKca C o.n:HOBpeMeHHbIM yMHOJKeHHeM Ha COOTBeTCTBYIOIllHe 6HHOMH

anbHbIe K03CPCPHIJ,HeHTbI. 

1 , ds - [.n:;+m+n+l+l]
JlJISI onpe.n:eJIeHHSI SIBHoro BH):(a dR~-l (Ro +T + U)s npOH3Be.n:eM 3a

MeHY Ro U - T + yU, dRo = U dy H BOCnOJIb3yeMcSI paHee npHBe.n:eHHoH 
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JIeMMoii: 

ds- 1 [~+m+n+l+1 ] = 

d~-l (Ro + T + U)s 


Ro=U-T+yU 
s 1 

= [ h + n + m + 1+ Ix ] (-I)JJ u h+n+mH-2(s-1)-JJTJJ d - X 

XJ.l 2s dys-l 

X [(1 + y)h+n+m+I-JJ+l] = 
(1 + ~).s 

= [ h + n + m + 1+ Ix ] (-l)JJ uh+n+m+I-2(s-1)-JJTJJ~ X 
XJ.l 2s s 

x(h+m+n+l J.l+I). 

C yqeTOM nOJIyqeHHoro pe3YJIhTaTa R npHMeT BH.lI 

00 sL ( 1)8+JJ 

Rh+2 = ~+2 + (h + 2) 2:: 2:: - S! 
 Zijk(S) X 

8=1 ijk 

j k h+n+m+l+1X] 
X [ xn m 1 J.l X 

X x~-n~-mx~-lo:~o:2o:~uh+n+m+I-2(s-I)-JJTJJ~s. (22) 

BbIpIDKeHHe.IJlUl pacrrpeneneHIUI IIJIOTHOCTH (6) B HOBO" CHCTeMe KOOpnHHaT 

npHMeT BH.lI 

(P) ;-. [a bel xa-dxb-Ixc-9R-d+I+9rvd,J _0 (23)
P = 	L..J Pabc d f 9 1 2 3 \A 1 \A2 US· 

abc . 

BhIpIDKeHHe .IJlUI HhlOTOHOBCKOro rpaBHTaIlHOHHOro rrOTeHIlHana (1) B HOBhIX 

KOOpnHHaTax C yqeToM (23) rrpHMeT BH.lI 
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TrumM o6pa30M, (24) MO)ICHO rrpe,llCTaBHTb B BH,Ile ... 

00 

~(P,L) = - Ga6(Fa + LF8 ), (25) 
8=1 

00 

r,lle Fa H L: F8 COOTBeTCTBeHHO rrepBblH H BTOPOH lJJIeHbl B (24). Fa - lJJIeH 
8=1 

aHaJIHTHQecKoro npe,llCTaBJIeHH.sI BHyrpeHHero nOTeHUHaJIa, COOTBeTCTByromHH He

B03MYllleHHOMY :aMHrrcoH.llY• 

,ILruI .sIBHOro rrpe,llCTaBJIeHH.sI Fa Bocnonb3yeMC.sI ~OpMYnOH 6HHoMa HbIOTOHa 

.Iln.sI Rh+2: 

h + 2 - 2v A v T e] x 

ApT e X 
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C yqeToM (26) Fo npHMeT BH)l 

p 

Fo = 	L Pa,b,c( -l)I'+Tx 

a,b,c 


x [a b C h + 2 (h;l') + 1 h + 2 - 211 A 1I r ~] x 
d f 9 Jl. 1I Apr ~ X 

h+2-2v->'+a-d+2(T-~) b-f+>'-p+2(~-x) c-g+p+2x Q
X Xl 	 • x 2 . x3 . AIA2A31 (27) 

Al = d + h + 2 - 211 - A; A2 = f + A - P; A3 = 9 + p. 

J Al A2 A3 dO3):{eCb H ):{aJIee QA 1 ,A2,A3 = 0:1 0:2 0:2 0:2 • 

BocnoJlb3yeMcB KaK H paHee CPOPMYJlOH 6HHOMa HblOTOHa, nOJlyqHM 

uh+n+m+l-2(s-1)-1' . TI' = 

= [ N; Jl. _ (8 - 1) 1I r ~ N+ 2 - 28 - 211 A] (-1r x 

1I r ~ X A P 
N-2(s-1)-2v->'+2(T-~) >'-p+2U-x) p+2x N-2(s-1)-2v >.-p p (28)

X 2X Xl 	 X3 0:1 0:2 0:3 • 

3):{eCb H ):{aJIee N = h + l + m + n. 
Yl:IHTbIBaB (28), HaXO):{HM aHaJIHTHl:IeCKOe npe)lcTaBJIeHHe):{JIB Fs: 

(-1 )I'+T+S P sL 


Fs = 2s , LLPabc X 


8. 	 abc ijk 

X [a b C i j k.N + 1 (N; Jl.) - (8 - 1) N + 2 - 28 - 211 A 1I r ~] x 
dfgnml Jl. 1I 	 A pr~x 

.;r.,. Z () a-d+j-n+N+2-2v-2s->'+2T-2~ b-f+j-m+>'-p+2~-2x
X ':J!s ijk 8 • Xl 	 X2 X 

X x~-g+k-l+P+2X • QA IA2A3; (29) 

Al = 	d + n + N - 28 + 2 - 211 - A; A2 = f + m + A - P; A3 = 9 + l + P; 
s-l 

~l = 1; ~s>l = n(N + 1 - Jl. + 1 - 2r). 
r=l 

H3 (27) H (29) CJle):{yeT npe):{CTaBIIeHHe ~, co):{epxamee Bce CTeneHH KOOP):{H

HaT):{O P BKJllOl:IHTeJIbHO: 

P 

~(P, L) = -21rGpoaI L ~abcX~X~X3' (30) 
abc 
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(2a - 1)!!(2b - 1)!! 
(31)Q2a,2b,2c = 211" 2a+ b(a + b)! 12(a+b),2c, 

1 
(1 - X2 )aX 2cdx2c 

12(a+b),2c = e- f ( ( 1 ) 2) a+2c+1 ; 
-1 1 + - -1 x 

e2 

B pe3YJlbTaTe HaMH nOJlyqeHo aHaJIHTHqeCKOe npe)lCTaBJIeHHe 4> JlillI peaJIH

3allHH B CHCTeMe CHMBOJlbHbIX BbIqHCJleHHH MAPLE. 
BblqHCJleHHe 4>abc JlillI 3HaqeHHH P = 4,6,8 H L = 2,4,6 HepeaJIbHO 6e3 

HCnOJlb30BaHH.sI MeTO)la CHMBOJlbHbIX BbIqHCJleHHH Ha KOMnbIOTepe. KaK CJle)lCTBHe 

HaMH 6bIJIa COCTaBJIeHa npoIpaMMa B paMKaX TOro xe naKeTa MAPLE JlillI aHa

JlHTHqeCKOrO npe)lCTaBJIeHH.sI BH~HHero nOTeHIlHaJIa B BHJle pa3JIOXeHH.sI no 

CTeneH.sIM KOOp)lHHaT. 

3a)laqa CHJlbHO ynp0ll.laeTC.sI. ecJlH 3a)laHO pacnpe)leJleHH.sI nJIOTHOCTH. T. e. 

,H3BeCTHbl Ko~qxpHIlHeHTbI Pabc. MbI B3.sIJlH Pabc. npHBe)leHHble B Ta6Jl.3. 

Ta6.mu:(a 3 

a 0 0 0 0 0 0 0 
b 0 0 0 0 2 2 2 
c 0 2 4 6 0 2 4 

Pabc 1 -0,729 0,634 -0,912 -0,690 1,294 -2,765 

a 0 0 0 2 2 2 2 
b 4 4 6 0 0 0 2 
c 0 2 0 0 2 4 0 

Pabc 0,683 -2,845 -0,996 -0,690 1,294 -2,765 1,367 
a 2 2 4 4 4 6 
b 2 4 0 0 2 0 
c 2 0 0 2 0 0 

Pabc -5,690 -2,989 0,683 -2,845 -2,989 -0,9964 

ilO)lCTaBHB KO~<pqlHIlHeHTbl Zijk. MbI nOJIyqHJlH nOTeHIlHaJI KaK <PYHKIlHIO 

KOOp)lHHaT. 0603HaqHB r2 = xi + x~: 

4>in(P = 6, L = 2) = -Gpoai(2, 7216 -1,6191r2 + 0, 3540r4 - 0, 1776r6 

- 1, 068437x; + 0, 20631x: - 0, 079436xg - 0, 3852x;r4

- 0, 2954x:r2 + 0, 5279x;r2). (32) 

12 

http:pacnpe)leJleHH.sI
http:ynp0ll.laeTC.sI
http:pa3JIOXeHH.sI
http:npe)lCTaBJIeHH.sI
http:HCnOJlb30BaHH.sI


COOTBeTCTBYIOll(HH rpaqmK npHBO,nHTC.SI Ha pHC. 1, X3 = X3 • 
e 

-1,4 

-1,6 

-1,8 

-2 

-2,2 

-2,4 

-2,6 

0,6 

0,1 

0,5 
0,4 

0,3 
0,2 ° 

DOCKOJIbKY nporpaMMa OKa3aJIaCb 60JIbWOH H CJIOJKHOH, B03HHKJIa Heo6xo

,nHMOCTb ee TecTHpOBaHH.SI. HaMH 6blJlH BbIllOJIHeHbl ,nBa TeCTa. DPOBO,nHJIC.SI npe

,neJIbHblH nepexo,n npH e ~ 1 K ccpepHqeCKH-CHMMeTpHqHOMy cJIyqalO, KOTOPblH 

JIef'KO paCCqHTblBaeTC.SI no He3aBHcHMoH nporpaMMe. KpoMe Toro, ~<Pin(P = 
6, L = 2 4) = 41rGp(P = 6) H, ,neHcTBY.SI Ha <Pin OnepaTOpOM JIanJIaCa, Mbl 

nOJIyqaeM pacnpe,neJIeHHe nJIOTHOCTH, YMHOJKeHHOe Ha 41rGp, K03cpcpHll.HeHTbI B 

KOTOPOH COBna,naIOT C 3a,naHHblMH C TOqHOCTblO 10-24 • 

3. nOTEHI(HAJI HA BHEmHIOIO TOqKY <pout(N, P, L) 

HaH60JIbwHH HHTepec npe,nCTaBJI.SIeT nOTeHll.HaJI Ha BHeWHlO1O TOqKY 

<pout(N, P, L). Kor,na r > aI, r,ne r - paCCTO.SIHHe ,no npHT.SIrHBaeMOH TOqKH. 

HaH60JIee 3cpcpeKTHBHblH MeTO,n HaXO)KJleHH.SI BHewHero nOTeHll.HaJIa - MeTO,n 

pa3JIOJKeHH.SI no MyJIbTHnOJIbHblM MOMeHTaM. BHeWHHH nOTeHll.HaJI HMeeT BH.n 

-3 
<P = -GJ p(fjdr' (33)out 1_ -I'r r' 

r,ne dr'
-3 = dx' dy' dz'. 
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Pa3JIo)KHM <PYHKUHIO ~ B psm TeiUJopa
IT - r/l 

1 	 1 
-r~==~~~====,~~====~=IT- ril J(x - X')2 + (y - y')2 + (z - zl)2 

00 (_l)o+p+"Y ( (}o+P+"Y 1 ) 
-~ 	 ~~~ ~ 
- ~ o!,8!"y! 8x0 8yp8z"Y Jx2 + y2 + z2 . 

HCnOJIL3yg (35), nonyqHM BLlpIDKeHHe .llJUI BHewHero nOTeHUHaJIa 

(36) 

3aMeHHB B (36) HHTerpaJI Ha DoP"Y' nonyqaeM 

(37) 

y Z
C yqeToM TOro, qTO XI -,X3 = -, Dop"Y 6Y.lleT BLlrJIsmeTL 

al a3 
CJIeJ{)'IOntHM o6pa30M: 

Dop"Y ar+p+2a~+1 f p(r')xlx~x~dxldx2dx3' (38) 

KaK H B cnyqae BH~HHero nOTeHUHaJIa, npe.llCTaBHM flJIOTHOCTL KOHqmIy

paUHH p B BH,lle nOJIHHOMa (6) CTeneHH P. 
TIepeitlleM K ccpepHqeCKHM KOOp.llHHaTaM Xk = rak, 0.1 = sin 9 cos <p, 0.2 = 

sin 9sin <p, 0.3 = cos 9, me 0 < r < Rmax, H, KaK B cnyqae C BLIqHCJIeHHeM A, 
BOCnOJIL3yeMcSI TeopeMoH JIarpaH)Ka. TIoCJIe STOro BLlpIDKeHHe .llJUI B03MymeHHoH 

SMHnCOH,llaJILHOH nOBepXHOCTH (3) B .llaHHOM cnyqae 6Y.lleT HMeTL BH,ll 

Rh l+h~~ (-1)8 Z A. (h+'+ '+k l)-i:=-j-k 
max = 	 L- L- .s!28 ijk'.!!8 't J - 01U203' 

8=1 ijk 
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ilonmKHB Qabc = JiiY" ii~, ii~dn, nonyqaeM 

N P 


~out(N,P,L) = (-PoG) L LPabcMa,fJ"X 

afJ , abc 


1 _ 00 ijk (-1)8 
x ( ho + 3 Qa+a,fJ+b,,+c + ~~ 28 8! Zijk(8)~8(h + l)x 

x Q,,+a+i'Il+b+i'~+C+k)' (39) 

8-1 
r.lle ho = o:+.8+,+a+a+c, h = ho+i+j+k, a ~8(h+1) IT (h+2-2r); 

r=1 
B cnyqae 8 = 1 ~ 8 = 1. 

HeTpY.llHO .llOKa3aTb, liTO 

- 4 (a - l)!!(b l)!!(c - 1)!1 
(40)Qabc = 1f (a + b + c + I)!! 

YlIHTblBasI (40), BbIpIDKeHHe ,lln.sl BHenIHero nOTeHI(Hana MO)KHO npe.llCTaBHTb 

B BH.I1.e pa3nO)KeHIDI no MYnbTHnonbHbIM MOMeHTaM cne.llYIOII(HM 06pa30M: 

N P 


~out(N, P, L) = -41fpoG 2:: 2:: PabcMa,fJ"X 

afJ , abc 


1 (0: + a - 1)!!(.8 + b - 1)!!(, + c - I)!! 

x(ho +3 (ho+1)!! + 


00 ijk (_1)8 
. + L L 28 81 Zijk(8)~8(h + l)X 

8=1 8L 

(0: + a + i-I)!! (.8 + b +j I)!!(, + c + k - I)!! (41) 
x (h + I)!! ), 

me N - nOp.sl.llOK MYnbTHnon.s.r. 
Ha OCHOBe (41) 6bma cocTasneHa nporpaMMa B CHCTeMe CHMBonbHblX BbI

lIHcneHHH MAPLE. KaK CKa3aHO Bblwe, pacnpe.lleneHHe nnOTHOCTH ClIHTaeM 3a

.llaHHbIM, T. e. H3BeCTHbI KOs«p«pHI(HeHTbI Pa+b,c, 3HasI KOTopble H Hcnonb3Y.sI (10) 

HaxO.llHM Pabc. 
KOs«p«pHI(HeHTbI Pa+bc npHBe.lleHbI B Ta6n.4 Ha OCHOBaHHH [10], B KOTOPOH 

HaMH paccMoTpeHbI TpH ypaBHeHIDI COCTO.slHIDI .sI.llepHOH MaTepHH: lieTe-.ll)f<OHcoHa 

(BJ), OnneHreHMepa-BonKoBa (OV) H Peii)la (R). 
C Hcnonb30BaHHeM .llaHHblX TaGn.4 H Bblpa)KeHH.sI ,lln.sl BHewHero nOTeHI(H

ana (41) B PaMKax TOro )Ke naKeTa MAPLE nonyqeHo BbIpIDKeHHe )In.sI BHeWHero 
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Ta6Jnn(a 4 

OV BJ R Rov BJ 

a+bc Pa+b,c Pa+b,c Pa+b,c Pa+b,cPa+b,c Pa+b,c 
1 1 11 10 0 1 

-0,46375 -0,72181 -0,72895 -0,68902 -0,695472 -0,461170 
0,63397 0,62306 0,621654 0,51814 0,51818 0,635800 

-0,93429 -0,93256-0,91425 -0,911690 6 -1,05713 -1,05863 
o -0,45871 -0,44935 -0,71544 -0,69125 -0,68320 -0,661102 

1,29401 1,265432 1,03862 1,04169 1,27984 1,253312 
-3,17357 -2,75605 -2,76435 -2,814622 4 -3,17536 -2,82108 

o 0,520818 0,53272 0,64485 0,68239 0,63099 0,664164 
2 -3,18038 -3,19872 -2,77129 -2,84334 -2,82819 -2,891334 
o -1,06216 -1,08540 -1,00615-0,92951 -0,99437 -0,947886 

nOTeH1J;l-laJIa CJIO)KHOH 3JIJIHnCOH)].aJIbHOH KOHq>HrypauHH B KB3)lpynOJIbHOM npH

6JIH)KeHHH AJls! N 2 B cq>epHlIecKHx KOOp,llHHaTax: 

Gm (D(e)at(p) 2 )
<pout(N = 2,P = 6,L = 2) = ---:;:- 1 + r2 (1- 3 cos ()) + ... , 

(42) 
r,lle m - Macca rpaBHTHpYlOmeH KOHq>HrypaUHH. 

B pa60Te [10] nOKa3aHo, liTO at = 2 G 
Po 

2 ( )' r,lle Po -
. 
nJIOTHOCTb B 

11" Poy e 
ueH~ KOHq>HrypaUHH, Po - ,llaBJIeHHe B ueHTPe KOHq>HrypaUHH, y(e) - pac

ClIHTaHHbIe q>YHKUHH napaMeTpa CllJIlOCHYTOCTH e H yqHTbIBalOmHe 6bICTPOTY Bpa

meHHjJ KOHq>HrypaUHH. TIPH H3MeHeHHH yrnoBoH CKOPOCTH BpameHHjJ q>YHKUHH 

Po H Po TaK)Ke 6y.llYT 3aBHCeTb OT napaMeTpa CruIlOCHYTOCTH e 

Po = Poo,(e), Po = poox(e). (43) 

C yqeToM (43) HMeeM 

2 ,(e) Poo(poo)
D(e)al = D(e) () ( ) . 2 G 2 = Dl(e)K(poo), (44)

x eye 11" PO~ 

r,lle 
,(e) K( ) Poo(poo)

Dl(e) = D(e) x(e)y(e)' POO=2G2' 
11" Poo 

TIoCJIe npOBe,lleHHbIX npeo6pa30BaHHH BbIpa)KeHHe AJIjJ BHellIHero nOTeHUHaJIa 

B03M)'lll.eHHOH 3JIJIHnCOH)].aJIbHOH KOHq>HrypaUHH (42) npHMeT BH)]. 

Gm ( (1 - 3cos2 (J))
<pout(N = 2,P = 6,L = 2) = ---:;:- 1 + Dl(e)K(poo) r2 + .... 

(45) 
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fpaqlHK CPYHKUHH Dl (e) npe.nCTaBJIeH Ha pHC. 2, a 3HaqeHIDI K (poo) npHBo

.lUITC.SI B Ta6JI. 5. 
KaK BH.IlHO H3 pHC. 2, npH e = 1 Dl 06pamaeTC.SI B HYJIb, a C )'MeHbUle

HHeM napaMeTpa e Dl YBeJIHlJHBaeTC.SI, T. e. K03cpcpHUHeHT pa3JI0XeHIDI B KBa

.npynOJIbHOM npH6JIHXeHHH Dl MOHOTOHHO 3aBHCHT OT napaMeTpa CnJIlOcHYToCTH 

KOHcpHrypaUHH. TaKHM 06pa30M, lJeM 60JIbUle CDJIIOCHYTOCTb KOHcpHrypaUHH, reM 

CYllleCTBeHHeH BKJIa,Il KBa,IlPynOJIbHoro qneHa. 

0,25 

0,2 

0,15 

0,1 

0,05 

O~<T-r~~-.~~-.~~-r'-~-r~ 

0,6 0,7 0,8 0,9 
e 

PHC. 2. 3aBHcHMoCTb K03qxpHUHeHToB Dl OT napaMeTpa e. KpHBrui 1 COOTBeTCTBYeT 

ypaBHeHHIO COCTO.SlHIDI OV, 2 - BJ, 3 - R 

Ta~a5 

poo, r/cM'1 K(OV), CM" K(BJ), CM" K(R), CM" 

4.1014 1,418· IOu 1,911 . IOu 1,200 . IOu 
6.1014 1,284.1011 2,379.1011 1,454.1011 

8.1014 1,160.1011 2,636.1011 1,670.1011 

3AKJIIOQEHHE 

B pe3YJIbTaTe HaMH nOJIyqeHo aHaJIHTHlJeCKOe npe.ncTaBJIeHHe HblOTOHOBCKOro 

rpaBHTaUHOHHoro nOTeHUHaJIa B03MYIIJ.eHHbIX 3J1JIHnCOH.IlaJIbHbIX KOHcpHrypaUHH 

Ha BHYTpeHHlO1O TOlJKY npH CPHKcHpoBaHHblx 3HalJeHIDIX P H L B BH.Ile a6COJIIOTHO 

CXO.lUlIIJ.HXC.SI P.Sl.IlOB no napaMeTpy B03MYIIJ.eHIDI (25). B paMKaX naKeTa MAPLE 
6bIJIa COCTaBJIeHa nporpaMMa .IlJI.SI npe.ncTaBJIeHH.SI nOTeHUHaJIa 4?in(P, L) B BH.Ile 

CPYHKUHH KOOp.nHHaT (32) .IlJI.SI npOH3BOJIbHbIX 3HalJeHHH P, L H peaJIH30BaHa .IlJI.SI 

cnyqa.Sl P = 6, L = 2. TIoTeHUHaJI B03MYIIJ.eHHOH 3J1JIHnCOH.IlaJIbHOH KOHCPHry

paUUH Ha BHeUlHlO1O 4?out(N, P, L) TOlJKY MbI npe.nCTaBHJIH B BH.Ile pa3JI0XeHH.SI 
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no M)'JIbTHnOJIbHbIM MOMeHTaM H nOJ"IyqHJIH ero KOHKpeTHoe aH8JIHTHl.feCKOe npen

CTaWleHHe (41) B KBanpynOJIbHOM npH6JIHXeHHH. C nOMOIIlblO COCTaBJIeHHOH npo

rpaMMbI B CHCTeMe CHMBOJIbHOH MaTeMaTHKH MAPLE H l.fHCneHHbIX BbIl.fHCJleHHH 

perymlpH30BaHHbIM aH8JIoroM MeTOna HblOToHa 6bInH nOJ"IyqeHbI BblpaxCHIDI .llmI 

nOTeHUH8JIa <Pin(P = 6, L = 2) H <pout(N = 2, P = 6, L = 2) B BH.L\e CPYHKUHH 

KoopnHHaT (45). Pe3YJIbTaTbI l.fHCJIeHHbIX paCl.feTOB npencTaWleHbI B BH.L\e Ta6JIHU 

H rpacpHKoB. 

Pa60Ta IIOnnepxaHa P<lXl>H, rpaHT 03-01-00657. 
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EeCnaJILKO E. B. H ,llp. PI 1-2005-121 
BLlqHCJIeHHe HLIOTOHOBCKOro nOTeHUHaJIa rpaBHTHpYIOIUeu 
KOHq,HrypaUHH C nOBepXHOCTLIO, 6JIH3KOU K cq,epoH,lly, 
C nOMOlULIO CHMBOJILHLIX H qHCJIeHHLIX MeTO,llOB 

nOJIyqeHo ToqHOe aHaJIHTHqeCKOe npe,llCTaBJIeHHe HLIOTOHOBCKOro rpaBHTaUHOH
Horo nOTeHUHaJIa HeO,llHOpO,llHOU B03MYlUeHHOU aJIJIHnCOH.llaJILHOU KOHq,HrypaUHH Ha 
BHyTpeHHlO1O TOqKY .pin. C nOMOlULIO COCTaBJIeHHOU npOrpaMMLI BCHCTeMe CHMBOJIL
HOU MaTeMaTHKH MAPLE H qHCJIeHHLIX BLlqHCJIeHHU perymlpH30BaHHLIM aHaJIOrOM 
MeTO,lla HLIOTOHa nOJIyqeHo BLIpaxeHHe ,llml nOTeHUWaJIa .pin B BH.lle nOJIHHOMa OT 
KOOp,llHHaT. B KBa.upynOJILHOM npll6JIHXemIH nOJIyqeHoBLIpaxeHHe )lJlSI nOTeHUHaJIa 
Ha BHemHlO1O TOqKY .pout. 

Pa60Ta BLIDOJIHeHa B JIa60paTopHH HHq,opMaUHOHHLIX TeXHOJIOmU OHH.H. 

npenpHHT 06'be.llHHeHHoro HHCTH1)Ta g.uepHbIX HCCJIe.llOBaHHH. ,Uy6Ha, 2005 

Bespalko E. V. et a1. PI 1-2005-121 
Calculation of Newton Potential of the Gravitating Configurations 
with the Surface Close to the Spheroid by Symbolic and Numerical Methods 

An exact analytical representation of the heterogeneous perturbed ellipsoidal 
configuration of the Newton gravitational potential to the inner point .pin is obtained. 
An expression for the potential .pin is obtained in the form of a polynomial of 
the coordinates by the program prepared in the system of symbolic mathematics 
MAPLE, and by numerical calculations based on the regularized analogue of the 
Newton method. A formula for the potential to the outer point .pout is found by the 
quadrupole approximation. 

The investigation has been performed at the Laboratory of Information Tech
nologies, JINR. 
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