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Beepenne

TIpu YHC/IICHHOM DEUICHMM MNPAKTHYECKUX 3ala4d naufonee BaXHBIM BONpPO-
COM SRISETCS TOYHOCTb MojydaeMbix pelenuii. [ToaToMy B mocienHee BpeMs BCe
Goblie BHUMAHUS YIETSETCS Pa3BUTHIO YHC/IEHHBIX METOJIOB, MO3BOJISIOIIMX KOH-
TPONIHPOBATh TOYHOCTD BHIYMCIEHHMIA. 31eCh CIIENYET OTMETUTb MPOIPece Al JiH-
HeHHBIX 3a0ay 3/UTMIITHYECKOrO THIMA M JIMHEHHBIX 3a1ay TEOPHH YNPYTOCTH, CBi-
3aHHBIil C Pa3BUTHEM AHANTHBHBIX Ap—airOPHTMOB B METONE KOHEUHDBIX J/IEMEHTOB.
B cBa3M ¢ 9THM yKaxem nuoHepckue pabotsi [1,2,3]. B ornuume OT AByMEpHBIX
3afad, rie eCTh XOpOLIO pa3pabOTaHHbie MOAXOMbI, Hanpumep [4,5], B TPEXMEPHBIX
3aja4ax cuTyauus Oonee croxHai. B xauectBe nmpumepa npHBENEM CIIEAYIOLLYIO
HEMHEHHYI0 Kpaesylo 3amady. [Tycts obnacts € C R3 orpanuuesa AMnuIMUEBOf
rpanuueil [6] u @ = Q U, e obnactu () u () paspensioTcs BRYTPEHHeH rpa-
uuueii I C (¥, koTopas Takxe As/sieTcss nuninnueBoi. Tpebyercs HalTH hyHKUMH
U, Uy, YAOBIETBOPAIOLIME YPABHEHHAM

3
3 é%(a,i(x, u, Vu)) +a(z,u,Vu) =0, z€Q; (1)
i=1 0%;
8 n 011.1 3 (')ul _ . .
iJ}:zl 3 l( i )5_1) +i:1 b'(?_:ci =f €l (2)
3 3 Ay
U-—up = O’ Z(ai(x,u,Vu) - z '5]( )*"') 1 0, ze€ Fa (3)
i=1 j=1 Oz;
_ S Ou
u=7u(z), ze€dT, 3 aij(:c)ﬂ & =u(z), eI/, (4)
ij=1 j

rne Vu — rpagHeHT (PYHKUHMH U, a &, & — KOMIMOHEHTbI BEKTOPOB BHEIIHHX HOp-
Maneil K cooTseTcTBylolMM 0B6nactaMm. IIpu atom pasencTsa (3) u (4) noHima-
10TCs B cMbiche ciiegoB [6] coorsercrByromnx pyHkinii. byiuem npeuanonarars, 4ro
Bce K03huuMeHTH B ypaBHEeHHAX (1),(2) BelwecTBeHHbIE H BMECTE C 3aaHHbIMH
yHKUMAMH f, U, Uy YROBIETBOPSIOT YC/OBHSM, HEOOXONHMBIM JUISt OQHO3HAYHOI
paspeiumoctH 3afaqn (1)-(4). Teneps npeanonoxkum, uto B obnactu §1; U3BecTHa
JOCTATOYHO IV1alKas BEKTOP-YHKLHS G, KOTOpas HMEET BaXXHOE CAMOCTOSTENbHOE
3HayeHue, a ee KoMnoHeHTsl G; (i = 1,2, 3) — yIOBIETBOPAIOT YpPaBHEHHIO

300

3
E—(a,J(I)G])-F sz -Gi=f, z€Q,.
ij=10%i i=1

To ecTs ecin BBecTH (PYHKLHIO @, TaKylo, 4To V¢ = G B {1y, TO ¢ Oyner apnsThCH
4acTHbIM peuteHHeM ypapHenns (2). Torua zagauy (1)-(4) MoxHo ccopmynHposarhb
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OTHOCHTENBHO yHKuMiA u B 0Bnactu Q ¥ 4 = u; — ¢ B o6nactu ();. [puuem B
obnacTu 1) monyyaercs OMHOPOLHOE ypaBHEeHUE i YHKUUM 4. [ToaTomy ecnu
BekTOp (G BHIMHCIAETCS GONee TOUHO, OvicTpee, yem tynkuust f B obmactu €y, u
NpPH 5TOM YNPOILAETCS NPOLECC IMOCTPOSHMSI TPEXMEPHOH CeTKH, TO nepedopMmy-
nupoeka 3amadu (1)-(4) g HEU3BECTHBIX u,U; SBISETCS OnpapnaHHOH. OnHako
TOYHOCTH PELIEHUS HOBOM 3aga4yu OyneT 3aBUCETb OT TOUHOCTH BBIYHCIECHUS (DYHK-
UMM ¢, KOTOpas OyIeT BXOIUTH B YCITOBMS Ha rpaHuue I

Hacrosuas pabora nocesilieHa pa3pabotke 2(pgeKTUBHOIO METOHa olpeiese-
HUst OYHKIMHU ¢ Ha JIMIILIWIEBOH rpaHune ' TpeXMEepHOTO Tei1a, eciy 3aiaHa JocTa-
TOYHO T1ajKas BEKTOP-(hyHKIHS G = V¢ u B nekotopoit Touke xg € I' u3BecTHO,
4t0 P{xo) = ¢hp — 3amaHHOE 3HaueHMe. 3amada BBIMUCICHUS (PYHKLUHMH ¢ B 00-
IIEM CITy4de CBOOMTCH K PELICHHI0 HeMMHeHHoro ypasHeHus. Ha ocHose Teopuu
MOHOTOHHBIX ONEPATOPOB IPH €CTECTBEHHBIX YCIOBUAX Ha (YHKUHMIO ¢ JOKa3bIBa-
€TCS CYLIECTBOBAaHHE EIMHCTBEHHOTO OOOOILEHHOIO PELICHUS 3TOr0 YpaBHEHUS U
CXOJIMMOCTh KOHEYHO-2/IEMEHTHBIX NpUOKeHuil Kk aToMy pewuenuio. [lpennara-
eMBblif alaTHBHBIH AITOPUTM Ha OCHOBE METOIAa KOHEYHBIX 3JIEMEHTOB IO3BOJISET
MOMYYaTh PeUieHHe ¢ HEKOTOPOH 3aJaHHOW TOYHOCThIO. Pa3spaGoTaHHBI MeTOX
HMEET BAXHOE MPUMEHEHHE B MarHUTOCTATHKE, ITOCKOJIBKY JaeT BO3MOXHOCTb C
HeoOX0aMMOH TOYHOCTHIO BHIUUCIATH NOTEHLHAN OT OOMOTKY Ha IpaHHLe pasiena
cpell ¢ paxTHYHBIMH MAarHMTHBIMU XapaKTepPUCTHKaMH. AJITOPUTM anpobupoBascs
IPH pacyerax TPEXMEPHBIX MarHUTHBIX TONEH HECKONBKMX MAarHUTHBIX CHCTEM,
B TOM YMCIIE [UIS CHIEKTPOMETPHYECKOTO MAarHUTAa JHMIIONBHOTO THNa U GOIBLIOro
COSICHOMIAIBHOTO MarHuTa (pusuyeckoro skcnepumenta L3 (LIEPH, XKenesa).

1 YpaBHeHHE H ero pa3penuMocTb

IMonyuumM ypaBHeHHE Juis OmNpeseseHUs GYHKIMH ¢ M JOKaXeM €ro paspeuu-
MocTb. bByneM npennosnarats, 4to I'- opHOcBs3Has rpaHupa. OTMETHM, 4TO Ha
MIPaKTHKE YacTo ObIBaeT MOHATHO, KAK MHOTOCBA3HYIO IPaHHLY OOBENMHHTDH B O/-
HOCBSIZHYIO.

Ins MmMUMUeBO# TpaHHIl MOYTH BCIOAY, TO €CThb HA €€ DIAAKUX YacTax
MOXHO OIpEJE/IUTh SIMHUYHbIE OPTOTOHANBHbIE BEKTOPBI KacaTenbHOH, OMHOp-
MadM W BHEIUHEH HOPMATH, KOTOpble OOpa3sylT JOKATbHYIO NpPaByl IEKapTOBY
CHUCTEMY KOOPAMHAT. DTH BEKTOPHl O0O3HAYMM yepes §_'zi',ﬁ COOTBETCTBEHHO. B
TAKOHM CHCTEME KOOP/IMHAT JOCTAaTOYHO MIankuil BeKTop G W3 MPOCTPAHCTBa (PyHK-
it K = {G =V¢: ¢ € Ly(T'), Vo € (La(T))%} umeer xomnonentsi Gy, Gy, Gy
Yepes G, 0603HauUM BEKTOP

Gy =5Gs+tGy




~

¢ xoMmnoHeHtaMu G, G;. A 118 JOCTaTO4HO rnaixod yHkuuu f uepes V.f
0003Ha4YUM BEKTOP
V.f=50f/0s+1t0f/0t,

KOMITOHEHTAMH KOTOPOrO SIB/IAIOTCS NPOM3BOMHBIE [0 HATIPABICHUSM § U 1.

IMpennonoxuM, uto rpaHuua [ pa3buta Ha HEKOTOpHIE KOHEUHBIE DIIEMEHTHI
OTIpe/ie/eHHbIM CTaHlapTHHIM obpasoM [6], mpu atom Touka z9 € I', B KOTOpOII
3a/laHO 3HAYEHHE ¢y, SABIACTCH Y3IOM 3/eMeHTa. B 3aBHCUMOCTHM OT IOBejCHMs
3aJIaHHOI BeKTOP-(PYHKIMK G pa3iesiM 9TH JeMeHThl Ha jBe rpynrsl ~' u Iy,
K T'; oTHECEM TaKHe 2/1eMEHTHI, Ha KOTOPbIX BEJMYHHA ]é,] BONbIUE BETUUHHBI
|G,], tne G, —HOpManbHas KOMIIOHEHTa BEKTOpa G. H Haoboport, k I's oTHecem
TaKHMe SMEMEHThI, Ha KOTOPHIX BenuunHa |G, Hamuoro Gosbiue Bemuunnst |G,|. K
'} oTHeceM TakXe 3/7IEMEHTbI, K KOTOPhIM OTHOCHTCS Y3€IT € TOUKOH 5. UIMEHHO Ha
STHX D/IEMEHTAX OTPELETUM MKy QUHUTHYIO (DYHKLMIO Y Takylo, 4to x(zq) =
¢o u x = 0 BO Bcex ocTanbHbiX ysnax. Ilyets ¢ = ¢ — x, z € I'y. Torua ms
(hyHKLHY P [10/Iy4aE€M ypaBHEHHE

V‘rqﬁl - é'r - VTX) T e Fl, (5)

U YCIIOBUE

(]51(.’130) = 0, g € Fl- (6)
g anementoB rpynmbl 'y, xpome ypasHenust V,¢ = G,, BAXHO MCIIO/Ib30BATH
ypaBHEHHE il IIPOH3BOTHOM 1O HOPMATH OT (PYHKLIMH ¢, NOCKonbKy Ha 'y (hyHk-
g G, npuHuMmaeT OosbllMe 3HAYCHHS, 4YeM (pyHKUHUA G,. TMoatomy, Tpebys
BHIIIOJIHEHHs paBeHCTBa Vb = G, Menosssyem orHomenue dyHkin G, K O¢/dn
— TIPOM3BOAHOM MO HOPMaTH OT yHKLMH ¢. FMmeem

1Gal . 1Gal
DTO OTHOILUEHHE JOMKHO ObITh paBHO enuHule. BeeaeM dyHkuuio
(5

[G - v7¢1

p(G,|V-¢)) =2
Torna it ¢ € I'y nmonyduM ypaBHeHue

Takum 06pa3oM, MCXOjtHas 3agada cBogutcs K cucteme (5)-(7). Hna peweHus
cuctembl (5)-(7) METOHOM KOHEUHBIX JIEMEHTOB CHAuana BBEUEM BCIIOMOT4TESib-
Hbie 0003HAYEHHS, ONPEICIHUM COOTBETCTBYIOLIEEe 00OOILEHHOE pelCHHE, a4 3aTeM
HCCIIeyeM pa3peiMMOoCTb ypaBHEHMs i 0OOOILEHHOIO PEIICHHS H CXOMMMOCTh
peieHus IMCKPEeTU30BAHHOIO YPAaBHEHUs: K 00O0IIECHHOMY.
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Onpeaennm runp6epToBO NPOCTPAHCTBO QyHKLMI
WD) = {u:u€ Lo(T), V,ue (L)%}
CO CKABIPHBIM [POHU3BCACHHUEM

(u, V)wyry = (V) 1oy + (Vru, Vov) o))
H HOpMOit
Huﬁwg(r) = ((Uau)wg(r))m, u,v € Wy().

Myctp I'y - vacTs rpanuust I, a Lj - HeKOTOpas HE3aMKHYTas KpuBasi Ha TpaHHLE
I' u BbinosnHsieTcsl OHO M3 YC/IOBMI:

lj udS =0 wm [ udl =0, (8)
0

Lo

Tora TakoH Knace pyhkumii u3 Wy (I') Gynem o6osnauars uepes Wy o(I'). MHoxe-
ctBo pynkunit 3 Wy o(I') snsiercst moanpocrpancreom B Wy (). Inst yHKumMit
u,v € W3o(I') MOXHO BBECTH CKalIsIpHOE MPOH3BEAEHHE

(u, V)wp ) = (Vett, Vo0) @y

M COOTBETCTBYIOLLYIO HOpPMY, KOTopast OyneT aKBMBaleHTHa |7] HOpMe npocTpaH-
crea W}(T).

O6oOmeHHbIM pemeHneM cuctemsl (5)-(7) Oymem HasbiBaTh (PyHKUMIO © €
W30(T), yIOBAETBOPSIONLYI0 HHTErPANbHOMY TOXIECTBY

[ VeuV,0dS+ [ p(GVul)(Viu—G) - VywdS = [(Gr—V,x) VyudS (9)
[“ 1‘2 l‘l

npu G € K v mo6oit dyrxuun v € Wi o(T).
Ins MccnenoBaHus pa3peliMMOCTH ypaBHEHUs (9) pacCMOTPUM BCHOMOTATENb-
Hble onepatopsl B U Bs, KOTOpbIE 3&14lUM C MOMOLBIO PABEHCTB:

(Biug, vi)wyry = /VTUrVT’UldS, uy, v € Wy (D));
'

(Byuz, v2)wy(ry) = / p(G, | Vrua)) (Vrug — Gyr) - ViovadS,
Iy

npu ug, vz € W (I'y) n G € K. Ouenuno, uto B, : Wio(T1) — Wi(T1). Kpome
Toro, B — nonoxutenpHo-onpeneneHubit oneparop B Wi o(I')).

Mokaxem, uro By : Wig(Ta) — Wig(T). Tt u € Wi(T) nveem
p(G, |V,u|) < 2, nockonbky |G — V,u| > |G,| . Tostomy

(Bau, Vwyry < 2 Nullwgorn - Mllwg, e + 2 1G ez - oliwgown-




Ilpyrue cBoiicTa onepartopa By cthopMynHpoBaHbl B CASAYIOUIEH JieMMe.
Jlemma 1.

Onepatop By : W}y(T'2) — W3(Ts) samnsercs:

1) CHNIBHO MOHOTOHHBIM, TO €CTh BbUITOMHAETCH HEPABEHCTBO

(Bg’u - BQU,’LL - U)ngo(p,‘,) > Hu - 1)%1%{.—2\”“5), u,v € WZI[,(I“;)

2) JMIMIUHL-HENPEPBIBHBIM, TO €CTh BHIOMHAETCS HEPABEHCTBO
| Bau — Bavllwy iy < oulle = vling ), w0 € Wyg(T2),

rae oy = 2+ man(l/lGnD, GeK.
zel’y
Jloka3aTeabcTBO.
TlokaxeM CHIIbHYI0 MOHOTOHHOCTb. MMeem ans u,v € W3o(Ty):

(Bou — Bav, u — vy (1) = /{P(éa |Voul)(Vou— Gr)—
Iz

(G, |V0])(Vrv — Gr)] - Vr(u — v)dS.
Hng ynpolueHus 3anucH BBeaeM 0003HAUYEHHS

U=Vau—-G, V=Vu-G, pl)=pG,|V,ul).

Hcnonbiys st 0603Hadenus, npeobpasyem Bbipaxenue B (10) crneayomum obpa-

30M.

(Byu = Bau,u — )y (ry) = /[(P(’j) ~ DU = (p(V) = HV] - (U — V)dS+

Iy

—
2
LI

+ [(O=V)-(T-V)ds = [[(p(T)-1)(
I’y I'y

+lu — UH%V,‘_O(I‘;)'

Tak kak  U-V < Y(|U]2 + |V]?), 10

(B Buvvu= oy > [160) = D00 = 5107 - G0+

- ~ 1 = -
+p(V) = (VP = 510 = SIVIIS + flw = vlliy e =

1
2
= (1/2) [T = V) (p(0) = p(V)dS + [[u = o|f, -

Iz

20 V)+(p(V)-1)(|V]P=T-V)|dS+



[Mockosnbky

_1Gal |Gl _ 1G]

0y - p(7) = 12l Gel _ UGl 55,
pl0) = V) = 130 = T = e (01~ 17D (1)

TO NOABIHTEIPAIbHOE BbIDAXCHUE BCETa HEOTPHLIATCABHO. l'IoaTomy HOIydacMm

2
(Bau — Bov,u — U)wgp(rz) > lu— ”“WQ,O(F,}-

To ects By— CUIBPHO MOHOTOHHBIH OIeparop.
Tokaxem, yto By - numuui-HenpepsiBHbIH onepatop. HMeem

|[Bou — Bavllw ) =  sup  |(Bau — Bov, whwy (ry)| =
' lwg o0 =1 '

= sup | [lp(@T - p(V)V] V,wdS| <

lllwg jory =1 T

< sup | [[o@)T = V| +1p(T) = p(V)|[V]]|VwldS].

Iy =1 1

Tockonsky |U| = |V,u — G| > |Gy| u Takxe |V| > |Gyl, u3 (11) cenyer

= - 101 =1V
lp(U) — p(V)| < —ICT

ITosTOMY M3 MOC/ENHETO HEPAaBEHCTBA M U3 HepaBeHCTBa Kouiu-ByHIKOBCKOro nmo-
Jy4aeM

| B2u — Bavllwy iy < 2 llu— vllwg @, + gé%f(l/fGnUHU = vllwg, )

Otkyza ClefyeT JTHMUHLU-HENPEPLIBHOCTb onepaTtopa By ¢ MOCTOSHHOM o) = 2 +
rré(lgx( 1/|Gyl]). Jlemma noxasaHa.
Iela

Tiyers H = W3o(I'1) x Wy4(T2). U3 croiicTs oneparopos B) u B, crenyior
cBoiictBa onepatopa B : H — H, 3ajaBaeMOro paBeHCTBOM

(Bu,v)r = (Bruy, v1)wy (ry) + (Batz, v2)wyo(ry)»

e u = (ug,ug), v = (vi,v2) € Wag(l'1) x Wyg(T'2). O siBnstercs cuiibho
MOHOTOHHBIM M JIMNLIMI-HeNpepsiBHbiM. [TosTOMy M3 001ueit TeopeMsl [7] o paspe-
HIMMOCTH YPaBHEHUH C TAKUMH ONIEPATOPaMH TIO/IyYaeM CYLIECTBOBaHHE OOPAaTHOro
oneparopa B~1: H — H.

Mepeiinem k nuckperusauun ypasHenus (9). Ilycte N;(z),i = 1,2,..m—
KOHEUHO-3/IeMEHTHBle Ga3uCHBC (DYHKLMH, OIPENECIEHHbiE Ha BDJIEMEHTax TIpyIm




I'y u I'g, npudeM 31U dyHKIMH OOPa3yOT MOSHYIO CHCTEMY JIMHEHHO HE3aBHCHMBIX
asieMenToB B H. TpubnuxenHoe pemenue ypapHeHus (9) ¢, Oynem uckars B BUIE

¢= 03() zel,

i Ma

riae ¢;~ HeH3BECTHbIe 3Haue€HUS (PYHKUUH ¢, B y3jIax d1eMeHTOB. [lojcrarnss B
ypaBHeHHe (9) BMeCTO u BblpaXeHHe VIS ¢y, U MCIIONB3YS B KadecTBe v (yHKIMH
Nj;, B COOTBETCTBHM ¢ MeTonoM ByOHoBa-T'anepkuHa HMeeM CHCTeMY ypaBHeHHi

- LN —
[ 32, G|Vl (X 6;V,N; — Gr) - Vo NidS = — [ V,x- V,NdS,  (12)
r J=1 T
rae i = 1,2, ...m. 3gech pnd ynoOCTBa 3arMcH

z eIy
v ’ ?
Az, G | TQ/)mi) { (G [v dml), €T
3ameyanue 1.
Cuctemy (12) Takxke MOXHO NOAy4uTb nyTeM hopmansHoro auddgepeHiposa-
HUS (PyHKIMOHANA

F =[G, = Vi(¢m+x)PdS + [[IGr = Vit + (Gn — 0|G — V. $|)2)dS
Ty Ty

mo koaduiueHTam d;i, i=1,2,..m. 3pech ¢ ~ 3HaK KOMIIOHEHTH G ,.

CrniencTBieM CBOMCTB oneparopa I3, cOracHo TeOpPHH MOHOTOHHBIX OTIEpaTOpPOB
[7], sBasgercs cymecTBOBAHME €JUHCTBEHHOrO peUIeHMs ¢, cuctemst (12) u ero
cxoauMocTh B mipoctpaHcTBe H K yHKIMH U, KOTOpas SBISETCA eHMMHCTBEHHBIM
peurenuem ypashenHs (9). Kpome Toro, pewienne ypapHenus (12) moxer Obith
NOJIYYEHO ¢ MOMOILBIO HTEPALMOHHOIO Npouecca

e /v N;-V,N;dS = z&"’/ —wp(z, G, |V ))V,N; - V., N;dS—

~w [ Vox - VNS +w [ p(z, G, |V6P|)Gr - V,N:dS, (13)
I T
s i = 1,2,...m. 3puech napamerp w € (0,2/0}), k — uTepaumoHHbIl HHJEKC,
k = 0,1,.... ns pewenuns cucremsl (12) — ¢, u peuieHus ypaBHenusi (9) — u
HMeeM

= Gmllr < o inf fju—vlls;



sgech H,,, — nuHeHHOE NMOAMpPOCTPaHCTBO B H, cocrosiniee M3 1EMEHTOB BHIa
m.

_Z:l ;Ni(z), tue «; — Hexoropble KO>(pduumueHTbl. [l OUEHKH NOIPEHIHOCTH
i=

OOBIYHO HCIONb3YIOT HEPABEHCTBO

Jnf flu~vlly < flu—Tun, (14)

e Iu - ¢yHKuMs-uHTeprionsHt us H,,, 3anasaemas paseHcTBoM Ju(zr) =
g u;N;(x); 3uech u; - 3HayeHHs DYHKUMH u B yaT1aX /1E€MEHTOB.

” 3amerum, uto ecny [y —MycTOe MHOXECTBO, TO MOJy4deM JIMHEHHBIA Criydaii, B
KOTOPOM ypaBHEHHE 1 0DOOLIEHHOrO peLeHUs. HMeeT Bl

[VouwVudS = [(Gr = Vox) - VoudS,  u,ve Wig(T). (15)
r r

Torna u3 oOweit TeopHH METO/lAa KOHEUHBIX JEMEHTOB Sl /UTMIITHYECKHX 3a-
Jau [6] ans ypasHeHus (15) ciaelnyeT eAMHCTBEHHOCTh PELUEHHS U B NPOCTPAHCTBE
W3o(T), CymiecTBOBaHME EIMHCTBEHHOTO DElIEHHS COOTBETCTBYIOLIEH CHCTEMBI,
nonyyaeMoil MerosoM byGHoBa-T'anepkrHa, a Takxke CXOUMMOCTb NPHOMHKEHHOTO
pelieHHs ¢, K 06001eHHOMY peLieHHo u. [IpH 3TOM CrpaBe/sIMBa OLIEHKa, aHa-
noruyHas (14):

lu = dmllwy ) < llu = Tullwy, @)- (16)
Ilns utepaunoHnoro npouecca (13) peKOMeEHIyeTCs HCNOAb30BAThH B KadyecTse
HauanbHbix 3Havernit 30 = 0, w = 1 u p(z,G,|V.0Q]) = 1. Bo mHorux

ciydasix 9Toro ObIBaeT JOCTATOYHO, YTOOB PELIEHHE CHCTEMbI ONMpPEeNeSHUAOCh 3a
OIHY MTEpALHIO.

2 AJanTHMBHBIH ATTOPHUTM

TOYHOCTb MONYYAEMOTO MPUOIHXKEHHOTO PEUIEHUS ¢y, K4K MOKa3bIBAIOT He-
paseHctBa (14),(16), 3aBucur or BbiGopa OasucHbx dyHkumi N;, i = 1,2, ...
TMono6bpars Takue Ga3ucHble yHKLHH, YTOOB Cpa3y MOSYYHTh HEODXOUHMYIO TOY-
HOCTb, KaK fpaBWI0, He ynaercd. I[looToOMy NMPHMXOUMTCS HaXOJMTh HECKOMBKO
NpHOIMXKEHHBIX PELIeHHH TakuM 00pa3oM, yroObl KaX10€ HOBOE TIPHOMMXEHHOE
peweHne ObU10 GHXe K TOYHOMY DELIEHHIO YPaBHEHHs, yem npeusiuywee. Ipu
9TOM MOCTpOeHHe Oa3HCHBIX (YHKIMH JUIS KaXILOro HOBOrO PELIEHHS OCHOBbIBA-
€TCH Ha aHaIM3e MOBEUCHHS NpeublIylHX NMPHOIHXEHHBIX PEleHHii ¢ HCMOonb30-
BaHHEM HEKOTOPOTO 4IANTHBHOIO airoputMa. B Haubojee yHMBEpCANbHBIX ala-
NTHBHBIX anroput™ax OazucHbie YHKUHH JUTS HOBOTO NMPHOIMXEHHOTO pelieHHs
MOIYT CTPOMTBCS Cpa3dy ABYMst criocobaMu ougHoBpeMeHHo. [lepBbiit crnioco® 3a-
KJTIIOYAETCst B TOM, UTO PA3MEDPbl KOHEUYHBIX DIEMEHTOB YMEHbILAKTCH B 34BUCHMO-
CTH OT aNpPUOPHBIX OUEHOK H MOBEIEHHS NpPeabIIyILEro NPHOAKXKXEHHOTO PELICHH,
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a CTerneHb MHOTOYIEHOB, C MOMOLLUBI0 KOTOPBIX MPEICTABICHB COOTBETCTBYIOILHE
fasucHbie (PYHKLMH, OcTaeTcs HeusMeHHoH. Bo Bropom crniocobe yBenuuusaercs
CTENEHb MHOTOWIEHOB B 3aBUCHMOCTH OT anpUOpHbIX OLEHOK M TIOBENEHMS pa-
Hee HalJeHHOro MpUOIMKEHHOTO pellieHHs, a pa3Mephl KOHEYHEIX 2MEMEHTOB, Ha
KOTOpbIX OHH OMNpeNe/eHbl, He MeHsoTca. Hcmonp3oBaHue 2THX ABYX cnocoboB
B aJanTHBHOM ajirOPMTME IOMOraeT CTPOMUTH ObICTpOCXOsiivecsd NPUONMXKEHHbIC
pELUEHUs TIPY OTHOCHTENbHO HEOOMBIIMX BBHIYMCIMTENBHBIX 3aTpaTax.

Kpome Takoro obuiero nopxofa, OTMETHM KOHKpETHble OCOOEHHOCTH 3alayd
onpeneneHus NpUOIHXEHHOrO pelueHUs ypaBHEHUs (9) ¢ HEKOTOpoH 3ajaHHOM
TOYHOCTHIO.

Bo-nepBbix, 3agaya onpeaeneHns QyHKUHN u SIBISETCS 4acThio OOLIEH 3ajauu
Buga (1)-(4), U MOSTOMY ajrOpUTM OMpENeNeHUs] TPUOTUKEHHOIO PEIICHUS ¢y,
JOJIXXEH COIVIAaCOBBIBAThCS CO cTparerueil peiieHus obiuei 3agayu. Bo-BTophiX, u3-
BECTHO TOYHOE 3HaYCHME rPAIMEHTa HCKOMON (PYHKLIMH - BEKTOP Gu MO3TOMY €r0
MOXHO HCTOMb30BaTh A OUEHKH Pa3HOCTH TOYHOTO M NPHOIMKEHHOTO PELICHHS.

IMpexae 4em chopMmynuposats pa3paboTaHHBI aBTOpaMM aNanTHBHBIA aNro-
pHUTM, BBeieM HeoOxomumble 0603HAYEHHS] U TIPUBENEM HEKOTOPBIE YTBEPXKICHHS.
B coorsercteum c obwieil 3agayent (1)-(4), Oymem mnpeamonarats, yTo obnacThb
' = QU Q; pasbura crangapTHbIM 00pa3oM [6] Ha BbIMYKIIblE LIECTUIPAHHUKH H
B COOTBSTCTBHH C 9THM pa3bueHueM rpaHuua [’ cocTarieHa W3 BBIMYKJIBIX YETbi-
PEXYTOJIBHUKOB,

Kaxioit Touke z = (xy; z2; Z3) yeThipexyronbHuka y; C I' ¢ Homepom | Gynem
CTaBUTh B COOTBETCTBHE TOUKY & = (£;;&2) kBagpara Fy = [—1,1] x [-1,1] ¢
NOMOILIEI0 Npeobpa3zoBaHus

2 = (1/4) kil g (L € (1 + Easbs), i=1,2,3, (17)

e koopuunata (®) = (x4 Tyx; 3 x) YIVIOBOH BEPLIMHBI C HOMEDOM k 4eThi-
PEXYTONBHUKA <y; COOTBETCTBYET BepliMHe KBappata F, ¢ koopmunatonr &) =
(&1;€2,;)- Takue npeoOpazosanud, Kak (17), Ha3bBAIOT H30MAPAMETPHYECKHMH,
HX CBOHCTBa paccMOTpeHsl B [6,9]. BrinyknocTs 4eThIpeXyroabHUKa y; SBISETCH
JOCTaTOYHbIM YCIOBHEM [JI1 OmpejescHus oOpaTtHoro npeoGpasosanus. Kpome
TOro, GyeT HeBBIPOXICHHON MaTpHLA

oz ;
J = {B‘é‘}i,j:l,&ﬁ’ (18)
3 -
rae Oxz;/063 (j = 1,2,3,) — KOMIIOHEHTBI BEKTOpA T X 75, T = g: iwOxk/0;,
=1

j = L1,% xorna z € . IlodTOMYy Ins DOCTaTOYHO MIANKOH (DYHKUMH % MOXHO
onpenenuts Vu(z) = J1Vu(§); snecy V; — rpaguent no nepementsim &1, &, &s.



Jing aganTHBHOrO aIropuTMa OyiMeM HCNOJb30BaTh 4YETHIPE THIIA YEThIpeX-
YrOJbHBIX 2IEMEHTOB. DTH 371eMeHTHl OyineM 3anapath yHKUUAMH Gopmsl (Gasuc-
HBIMH (DYHKLHSIMH, ONMpEJeIeHHBIMH Ha OJHOM 3JIEMEHTES) M y37laMH Ha KBajipare
E,y, xoropsie npeobpasoBaHueM, oOpaTHbIM K (17), cTaBITCS B COOTBETCTBHE TOY-
KaM YeTHIPeXyrofbHHKa rpaHuusi I

[TepBbiM THIIOM 97IEMEHTOB GylleM Ha3bIBATh JIATPAHKEBBI BJIEMEHTHI ¢ 6 yJ1amH,
umemowiue Gysakuud GopMer B mepeMeHHbIX (£1; &) € Ey cnenyiomero Buja :

1.2 ~ (Lk
NI = 3 a§B) el el k=1,..8,
IBl<2
tae |3 = B+ B2, B, B2 — HEOTpHLUATENbHBIE LiEble YHCIA, a KOIPPULHEHTD!

(1,k) al
apa,» Bl < 2, WA Kaxjoro yia ¢ HOMEpOM k ONPEENSIOTCA KaK pelleHHe

cucremnt NP (¢0)) = §(®) ¢0)), 5 = 1,..6. 3mecn 5(6®),¢0) = 1, ecnm
bip = &1 U &y = &, B npotusHoM cryvae §(W,¢0)) = 0. Pacnonoxenue
y37I0B noka3aHo Ha puc. 1. [Ilpu TaxoM 3ajaHMU y37IOB CHCTEMa Jid OIpeje-
JieHUsi Ga3HCHBIX (PYHKLHMH ONHO3HAYHO paspeuruMa. DTOT THIX 3JEMEHTOB Oynet
HCIIONIB30BAThCS JUTS BCIIOMOTATE/IbHBIX BBIYHCIEHUH, a He VIS NOCTPOEHHs NpH-
OMMXKEHHBIX PELICHHIA.

BTopeIM THITOM 9MEMEHTOB OyleM Ha3biBaTh SIEMEHTBI, Y2JIbl KOTOPBIX [MOIy4a-
I0TCS MpH ApOGJICHHH YETHIPEXYrolbHHKA Ha YEThlpe, KaXIblH U3 KOTOphIX Oyier
JlarpaiDKeBbIM 2EMEHTOM € 9 y3maMu, COOTBETCTBYIOLIMMH y1aM Ksafgpata FEo,
KOTOpble u300paxeHsl Ha puc. 2. Takue aneMeHTH OydyT UMeTh B cyMMe 25 pas-
JIHYHBIX Y3/I0B H JIOKQIBHO onpejeneHHble dhyHKkiuu dopMsl. IpuseneM yHKUHH
thopmbi, HanpuMep, is kBagpata 0 < &,§& < 1:

NED(©) = Y alB26 - 1726 - 1)% + aZM (26 - 1)(26 - 1)+
|8l<2

+aSF (26 — 1)2(26 — 1) +afy (26, — 1)2(26 - 1)?,

2,k
rue k - HOMep y3ia, MpHHALIexaluero »ToMy KBaupaty. KoaghHiMeHTb a.gl m)

onpenessoTes Kak pewenue cuctempt N2 (€0 = §(¢® £0)) unst yanos ¢ Ho-
MepaMH Kk, j U3 9TOro Xe KBaapaTra. AHAJIOTMYHO NonydyaeM OasHcHble (PYHKUHH
IIA APYTHX Tpex KBanpaToB W3 Ey. CucreMs! A1 onpejiesieHUs OasHCHBIX (YHK-
IMH OAHO3HAYHO pa3pelIMMBl. BTOT THI BIEMEHTOB OyAeM HCIONB30BaTh IS
HaxoxjeHus npuOIuXeHHOro pewieHus cucreMsl (12). O ToM, Kak HCKIIOYHTH
u3 cucremsbl (12) HEH3BECTHBIE 3HAYEHHUS, COOTBETCTBYIOIIME BHYTPEHHHM Y3JIam
9THX BJIEMEHTOB, OyleT NOJPOOHO CKa3aHO B MOACHEHMH K S-My LIary ajlaiTHBHOTO
ATTFOPUTMA.
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TpeTbHM THIIOM B1EMEHTOB OyIeM Ha3blBaTh CEPEHMIIOBBI BIEMEHTH ¢ 17 y3-
namu. OyHKuud POPMBI TaKMX SJIEMEHTOB B mepeMeHHbIX (£1;&2) € Ea umeror
BHIT

3,4 ) 3,k) 3.k 3.k —
Né"@):lz, oS e el el e g, k=107,
Bl<4

3k
rae kKoo hHIHEHTHI a 152) , B KAXIOTO y3a C HOMEPOM K ONpeNcsioTcs MyTeM

pellieHHs COOTBETCTBYIOLIEH CHCTEMBbI, aHAIOTHYHO TOMY, Kak OBUIO OMHCAHO B
c/lydae B/IEMEHTOB MEPBOro THIA. PacmonoXeHHe y3NOB MOKa3aHO Ha puc. 2.
DTOT THN BIEMEHTOB TaKXe OyleM HCIONb30BATh IS MOCTPOCHHS NPHBIHKEHHOTO
pewenus cucteMsr (12).

HakoHen, 4eTBEPTHIM THIIOM /IEMEHTOB Oy/ieM Ha3bIBaTh JTATPAHXKEBHI 37IEMEHTHI
¢ 15 y3namu, KOTOpble NONY4eHb fOOABITIEHHEM JBYX JONOIHUTENBHBIX Y3/I0B K y3-
naM xyOarypHOil (hOpMYIbl, TOYHOM 11 MHOTOYWIEHOB /IO ISITOH CTENEeHH BKJIKOYH-
TenbHO [8]. Pacmonoxenne y310B nokasano Ha puc. 1. @yHKiMH OpMBI HMEIOT
BHI

NE©) = 3 afg) el g, k=1,.5,
18]<4

rae Koa(uIeHTh! ag’gz , 18] € 4, mna kaxporo y3na ¢ HoMepoMm A onpefe-

NSI0TCS KaK pellleHHe cooTsercTylomei cuctemb: NI (£0)) = §(¢®), ¢W)),
§ = 1,..15. Jina 3aJaHHBIX Y3MOB 3Ta CHCTEMA OINO3HAYHO pa3pemmMa, DToT
THI 27eMEHTOB GyleM HCITONb30BaTh JIIsl BCTIOMOTATE/IbHBIX BHIYHCIICHHI, a He 1S
NMOCTPOeHHs TIPHOIHKEHHOrO pelueHus ciucteMsl (12).

C 1enplo ONMMCAHMs CBOHCTB KaXJIOTO THIA DTIEMEHTOB, BBEIEM OGO3HAYEHMS
1 (DYHKIMH-HHTEPIIOIHTOB, ONpENENEHHBIX Ha YeTHIPEXyToabHuKe v C I

% Ak
TEN Y = 3 4 NS ()
i=1 .
3Mech MHIOEKC Kk 3aylaeT TUI 3JIEMEHTA, 1My - YHCIO Y3IOB EMEHTa TUha &, Uj,

K, ) ,

Ni( ") _ 3navenne GYHKUHMH ¢ B i-M y371e 7y; H i-s1 GazucHas ¢yHKIMS Ha BJIEMEHTE
COOTBETCTBEHHO.

Mertompl HCClIEIOBaHHs ANTMPOKCHMALMOHHBIX CBOMCTB KOHEUYHBIX 2J1EMEHTOB
W3BECTHBI M IIpHBEICHBI, Hanpumep, B [9,6]. B pesynsratre ux nmpHMEHEHHs IpH
HEKOTOPBIX OTPAaHHYEHHIX HA YETHIPEXYFONbHHMK <y, C I' B MpEImonoXeHUH, 4To
dynkums u € W (y)), nonyuaiorcs oueHks oMOKM HHTEPIONALMH BHIA

u = 1%Yulyyy SC-B-{ ¥ [|DMulPdS}P,
[al=n+1 %
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ae | - |wji) — nonyHopma B mpoctpakcte Wy(y), TO ecTh mis yHKuuH
v € Witn), [l = (Vo0, Vou)(1y(q)2s h — anametp onementa; C' - mo-
NIOXWTeNbHAs KOHCTAaHTa, He3aBucuMas OT h u w; DMu = Oy /0z]0zPorF,
n = (m,m,m3), 0l = m + 12+ 13, 3necb 7;, (i = 1,2,3) — HeOTpULATENbHBIE
uensie yucna. TTOCKObKY TaKHE OLEHKH OLIMOKH HHTEPNOJSLUHH 3aBUCAT M OT
BEJIWYMHBI A" M OT BEIMYMHBI CYMMbI YaCTHBIX MPOW3BOIHBIX MOpsjaKa 1 + 1, TO
€CTECTBEHHO MPH MOCTPOEHUH Ga3MCHbIX (YHKUMH yYHTHIBATH 06€ 3aBUCMMOCTH.
Tem 6onee 310 HEOOXORUMO, €CIIM PaCCMATPHBAIOTCS AHATHUTHYECKHE (PYHKLMH C
0COGEHHOCTAMHU. Y Takux (yHKUMH YaCTHbIE TIPOM3BOJIHBIE GOBLIETO MOPSLKA MO-
ryT GbITh HAMHOTO GOJbLIE MO BEJIUYMHE, YEM YaCTHbIE NMPOM3BOAHBIE MEHBLIETO
TNOpsIAKA.

3ameuaHnue 2.
Crnenyer OTMETHTbD, YTO MOME3HBIMU MOTYT ObITh OLEHKH OLIMOKH MHTEPIOISALUH
cuuzy. TlycTb mis paccMaTpHBAeMBbIX THIIOB anemeHToB (k = 1,2, 3,4)

My

~ k.n
Hmkm:{vew;(m:v:( > oNF @), zem),
i=1, i#])

e ¥;, (1 <14 <) — HekoTopble Koothuuuentsl. Torna ecan u € Wil(y), To
CIIPaBe/IMBO HEPABEHCTBO

k,n) . ;
u — [y Wiy = IAX inf U — Vlp1(q)- 19
| | 2(7') - 1S.7'Smk ‘UG”mk']‘[’n) | |W2(’7;) ( )

Hokaxem HepaBeHcTBO (19). MMeem

i — T5D gy = [Vt = Vo (TE0) e =

Mg

kn
= [V (u+ ) = Vo (ui + )NF (@) s

=1
Tie ¢; — NPOM3BONbHaAA MOCTOsiHHas. BbiGepem c; Tak, 4Tobbl uj + ¢; = 0, THe u;
— 3HaueHHe QYHKUMH u B y3ne =) e 5. O603HaunM 4@ = u — uj, TOTHA 1u; = 0 M
noy4aeM:

= Tl = 1V = Vo (TE8) | 1002 =

— i) — s NE ) o= 5 NED () e >
= |i(z) Uj - 1V; () > wh; (7')|H=,;(7,)7

(i=1, i#j)

@ = vlwi) = | = vl (-

> inf inf
€ HHm, (W) v€llm, ;(m)

BbiGHpast TakOH y3en 2/eMEHTa -, NMpU KOTOPOM MOC/AEIHee HepaBeHCTBO Oyuer
MaKCHMabHbIM, TIOJIy4aeM oOueHKy (19).
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Orciofa crneayeT BHIBOA, YTO INOTPELUHOCTh WHTEPNONALHH Ha D/EMEHTE 7
MOXHO OLIEHHBATh CHH3y, HCIONB3ys NpPHOIMXEeHHblE PeIUEHUS JBYMEDHBIX Kpa-
eBbiX 3a1a4 JJupuxJie, MOCKONBKY NPH PEILECHHHU TaKUX 3alad Ha AIEMEHTE 7y METO-
noMm ByGHoa-TanepkuHa noMyqalTcs OUEHKH MOTPELIHOCTH, KaK B NMPABOH Y4CTH
HepaseHcTBa (19). Takoit noaxon ABAsSETCS YHUBEPCATIbHBIM, HO Uil PaCCMATPH-
BaeMOH 3amauu Oosee a(hpeKTHBHBIM cnoco6 MOKaNbHOM OLEHKH NOTPEIIHOCTH
OCHOBAaH Ha BBIPQXEHHMH 3TOH NMOTPEHIHOCTH Yepe3 YacTHhIe MPOM3BOIHbLIE 3allaH-
HOTO BEKTOpA.

Kak o6sraH0, uepes C™(E,), n > 0, Gynem 0603nauaTh MpoCTPAHCTBO (yHK-
UM, ONpeneyIeHHBIX Ha Ey, KOTOpble UMEIOT HENPEPbIBHBIE YACTHBIC MPOU3BOMHBIE
IO mopsaaxka n BKouHTesHO. [Ipu atom CO(E,) = C(E,) - npocTpaHcTBO He-
NpephIBHBIX (DYHKLHI ¢ HOPMO# [|v||c(g,) = rgéaE;:[v(f)[, me v e C(Ey).

g nocTpoeHHs ajanTHBHOTO ATOPHTMA JOKAXeM OLEHKY MOTPELUHOCTH HH-
TEPNOMALHUM, KOTOPYIO yHOoOHO BhiuMCaATh. [Ipu atom Gyaem Mcnonb3oBaTh Miaj-
KOCTb 3a1aHHOrO Bextopa G.

Jlemma 2.
Iycty u € C’(““)(Eg), rie n = 2, xorga k npuHuMaer 3HadeHus | wnu 2, M
n = 4, xorna k npuHuMaer 3HauyeHus 3 wnu 4, Torma npu £ € E, cnpaBesiHBo
HEepaBeHCTBO

lu = I®™ | < dj - Iﬁlit (HDgG&”C(EQ) + EID?G&HC(EQ)); (20)

snech |B] = By + Ba, B, 51 — HeoTpuuatenbhbie Uenbie uncna, Ge, = du/0¢;,
j = 1,2, a xoagpuumentsl di (1 < k < 4) npunuMalor 3Havenus: d; = 33/16,
dy=1/2, d3 = dy = 8/3.

HokasareabCcTBo.

OtMeTHM cBOHCTBO (DYHKLMHM-HHTEPIIONAHTA, KOTOpoe OymeT HCHOIb30BATHCS
npu nokasatensctse. Iy gpnsercs HHTEPNONAUMOHHBIM MHOTOWIEHOM, €HH-
CTBEHHBIM [8] Ui KaXHOro 3Ha4deHHs k W COOTBETCTBYIOLIEro 3Hauenust n. [lo-
aroMy ecan P*N(£) — muorounen crenenn [ < n s 3ajaHHbIX 3HaueHui k, To
Tk pd) — pD (), Tiyers u(€) € CH(Ey), tie n = 2, korua k = 1 wm
k=2un=4,xorna k = 3 win k = 4. PaccMoTpum norpeumsocts v

k TE (k)
o) = u(€) - 1w, §€ By
1=
DYHKUMIO U B y31ax ¢9 npencrasum B Buse pana Teiinopa B yae £U) :

w= % DEuED)(ED — )51 4 REHI(ED, €0,
|Bl<n
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R (g ey = ¥ D Tu(€D) 4 0,(€D — gD BBl 0<6; < 1.
[Bl=nt1

3necs B = (B1,032), |B| =051+ P2, Bi, P2 — HeoTpUUaTeNbHHE LeJHe YUCHA,
B! = 31164, D*ju = 9Pl /OEP 8¢, Kpome Toro,
(€D — €)Y = (& — &1,;)" (i — &)™,
€9+ 6;(9 — €9)) = (€1, + 6:(€1i — €1,5), 2 + Bili ~ €2))-

Iloacrasiaa raxkoe mpefAcrasjieHne (GYHKIUYE U B BHPa)KeHUe IJIA TOTPEUHOCTH
v momyamm:

o) = u(€) - X T DEulEN)(E® — €9 /BN (€)

i=1|3]<n

- 8 R0, €O ),

3mecs B KBaApPaTHHX CKOOKAX CTOMT MHOTOYJIEH CTEHEeHU < 1, 10ITOMY, YUMTH-
Bad CBOMCTBO (QYHKUHMKM-WHTEPNIONAAHTA, OyneM UMeTh:

Q) =€) = 5 DIED)E - €0)/8 = B RUDED,EOINEg)
=1

|18l<n

Ilanee ucrnons3ya pasioxenue dyuxnun u B pan Teisopa B Touke £U) momy-
qaeM:

o) = R(g, €) — 3% ROV (e, €D)NE )

i=1

OnenuM ¢yuxmuao v57)| yautepas gro ]Ni(k‘") ©)] €1 nmaseex 1 < i < my.
BseneM Taxxe ob6o3HadeHHE:

A(g,€9) = max [(€ = &)™ | max (6 — &)

61511

Vmeem mis moboit Touxn € € Ey:

O] < IRTH(E D)+ max [RUHD(ED,€9) - NEV(e)] <

< IZ ﬂ|"D£u”C(Ez) AP, ENlcmy+
Pt
+ X ]]D ul| max (AP(£0),£0)) =
|Bl=n+1 ﬂ! ¢ C(E2) " 1<i<my
= 3 Cﬂlﬁg“Dfﬂu”C’(Ezh (21)

|Bl=n-+1




k
e Ko3(hPUIHEHTHI C(ﬁl)ﬁz BBIYHCIIIOTCS TIO hopMyIie

e, = 1076 6N o) + max (A7(¢9,69))
TIpH KOHKPETHBIX N H k. OTMeTHM, 4TO céllgz = ((3/2)"2% + (3/2)%2) /B! < 33/8,
02)62 =2/81<1, 01(3:332 = cg?[,? = (2/81)(2%2%) < 16/3, npuuem MaKCHMATbHBIE
KO9(hHUIUHEHTHl NONYYAKTC] NPH CMELIAHHBIX NPOU3BOAHBIX. [ToaTOMY eciu s
CMEILIAHHBIX TPOM3BOAHBIX NpH 31, B > 1 MCIIO/IB30BATh OLEHKY:

9'8ly, alﬂlwlggl M-1Gy,
ol oy oelogr T oglagk !

e Ge, = Ou/0;, j = 1,2, 1o u3 (21) nonydaem HepaseHCTBO (20).

Jlnst olleHKH MorpeiHocTy HHTepnoasuuu (20) TpeGyercs BBIYHCIEHHE YAaCTHBIX
NPOM3BO/IHBIX BTOPOrO M YETBEPTOrO nopsaka oT Bektopa G(&) = J - é(x), roe J
— marpuia, onpeneneHHas B (18). Ilpu 5TOM ecTeCTBEHHO MpHMeHATh hOPMYIIbI
C TeMH XK€ 3HAUCHHSIMH BEKTOpa G, KOTOphble HeoOxoaumbl Wi (hopMHpOBaHHS
cucTeMbl ypaBHeHHit (12) ¢ nomoisio KybGatypHbix ¢opmyn. IlosTomy mis npu-
OJIMKEHHOTO BBIUMCTEHHS YaCTHBIX IPOM3BOIHBIX é({) OyneM UCIIOIB30BATH dJie-
MEHTBI TIEPBOTO H YETBEPTOro TUMOB. TakuM oOpa3oM, IS YAaCTHBIX MPOU3BOMHBIX
Dg@(E )s Dg@(f ) GyeM IPHMEHSITh anipOKCHMALIHHU:

] < 5 I+ .

—t 5 = 6 g y
DG(€) = DEG(€) = 3. G DEN(¢), (22)
j=1
. —_ 5 _, .
DiG(¢) ~ DEG() = 3. G(EVYDINSY (). (23)
j=1

Hanee npuBejeM alanTHBHBIA aNTOPHTM JUIA peldeHHs ypaBHeHMs (9) u janum
HEOOXOIHMbIE TTOSCHEHHS!. AJITOPHTM COCTOMT U3 CIICAYIOILMX LIATOB.

1). Ins 3agaHHOro pa3OHeHHs rpaHHIBl I' Ha YETHIPEXYTOJIBHUKH FeHepHpyeTcs
HH(OpMaLIHs /15l IPEACTARIEHUS pa3peXeHHONH MaTpuLsl cucteMsl (12). Ilpu aTom
NPEINOIAraeTCs, YTO KaXIbli 4eThIPeXYroJIbHHK HMeeT 1o 17 y3roB, COOTBETCTBY-
IOLHX DJIEMEHTaM TPEThero THIA.

2). JIns Bcex 4eThpeXyro/ibHUKOB rpaHuiel I’ B y3ax, COOTBETCTBYIOLIMX Y3/1aM
7IEMEHTOB YETBEPTOrO THIA, B KOTOPBIX €LUE HE ONpEeteH BeKTop G, NIPOBOIATCS
€ro BBIUMC/ICHHS. B 3aBHCHMOCTH OT NMOBEEHHS KOMIOHEHT BeKTOpa G rpaHuLia
T’ pasnensiercs Ha rpanuuy I'y u Ha rpanuny I'y, xak 270 onmucaHo B pasjene 1.
3). Jnst uersipexyrosibHUKOB rpaHuust I' ¢ nomomisio hopmyn (20),(22) u (20),(23)
BBIUHCIISIOTCS OLICHKH NOTPEIIHOCTH. Bee ueThipeXyrosibHUKH pa3lersiioTesl Ha JiBa
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knacca. K nepBoMy KJiaccy OTHOCSTCS YETHIPEXYNOMbHMKH, U1 KOTOPBIX OLEHKa
norpewHoctn v!3Y Menbwe ouenku norpemnoctn v, Ko sropomy knaccy
OTHOCATCA BCC OCTANbHLIC YETHIPEXYTONbHUKH rpaHuubl [

4). Iiis BCeX YeThipeXyroAbHMKOB IPaHHLb! [ BHIYUCISIOTCS 9IEMEHTHbBIE MaTpHLbI
M DJIEMEHTHBIE BEKTOPbl, U3 KOTOPbIX (hOPMHPYIOTCS MAaTpHLA W MpaBas 4acTh CH-
cremol (12). Ilpu 2TOM Ha YeTHIpEXyroNbHHUKaX MEpPBOro Kjlacca HCIONb3YHOTCS
tyHKUMH HOPMBI IEMEHTOB TPETLErO THIA, a I YETHIPEXYrONbHUKOB BTOPOTO
KJ1acca — 3EMEHTH! BTOporo THma. KpoMme Toro, /i BHIUMCAEHHIT HHTErpaioB 1o
YeThIPEXyroNbHUKAM MEPBOro Kilacca HCHoAb3ylTcs KyGaTypubie dopmynsl ¢ 13
y31aMH, KOTOPbIE €CTh Y 21€MEHTOB YETBEPTOrO THNA, a JUI BHUHC/AECHHS HHTErpa-
JIOB 110 YETHIPEXYrONbHUKAM BTOPOIO KJ1acCa HCHOJIB3YETCH COCTaBHas GopMyna u3
yerblpex KyOaTypHsix ¢opmyn ¢ 13 yiiamu.

5). Pewraerca cucreMa (12) ¢ noMoLupio UTEpaunoHHOTO npouecca (13).

6). Ilng Kaxnoro yeTeipexyrosibHuKa -y C I' BBIYHCIISIETCS BENMYMHA €] — OTHOCH-
Te/IbHAsA Pa3HULA MEXY TOYHBIM PELIEHHEM U U TIPHOAMXKEHHBIM Py

e =[G~ VoulidS/ [Gl1ds,
" m

e Vo, = Vidm + 1 - alé — V,¢ml; 31€Ch 0 — 3HaK KOMMOHEHTH G, Hé”l
= |G,| +|Gi| +|Gn|, ananornuno seruncnsiercst ||G — Vi, |1. Tpu a1oM Henons-
3yl0TCH T€ XKe KybaTypHbie hOpMYIbI, YTO H Ha wiare 4), U BHIYMCIICHHbIE Ha luare
2) 3nauenns Bextopa G. Ec/iu 3azaua ¢ 3a1aHHON TOYHOCTHIO €lE HE PEelieHa, TO
NPOBOJAHTCS YTOYHEHHOE pa3OHEeHHEe YeTHIPEXYTONbHUKOB, COCTABISIOUIMX M0BEPX-
HocTh I, u npoueaypa cHoBa nosropsercs ¢ wara 1).

Jaaum nosicHEHHs I KaXJIOro 1iara alropuTMa.

OTHOCHTENBHO MEPBOTO 11ara C/eyeT 3aMETHTh, YTO MCIIOH30BAHHE IIEMEHTOB
C PasHOM CTENEHBIO UHTEPNO/MSLUM, HO C OJJMHAKOBBLIMH y31amu o0JieruaeT 3ajlanme
pa3peXEHHOH CTPYKTYpbl MaTpyubl cucrems! (12).

Ha BropoMm Iiare pa3aensiioTcs 2/1eMEHThl ¢ AMHeHHbIMU ( rpaHuua I')) u He-
JNMHeHHbIMU ( rpaHuua I'y) ypaBHEHHAMH. BBIYHC/IEHHBIE 3HAYEHHS BEKTOpPA G na
BTOpPOM llare Jajee HCMOb3YTCd Ha TPEThEM, YETBEPTOM M IIECTOM Liarax an-
roputMma. Bosiee Toro, ecnu mocne nepeoro peweHus cucrems! (12) Heob6xounmas
TOUHOCTH He OyjeT JOCTUIHYTA, TO NP YTOUHEHHOM Pa3OHEHHH OLHOTO YeThipex-
yrojibHHKa MEpBOro KJ1acca Ha 4eTblpe HeoOXOUMMO GyleT BbIYHCAATL BEKTOP G
B HOBBIX 32 yanax, u3 KOTOPBIX, KAK IOK43aHO Ha pHC. 3, TONBKO 22 ARIFIOTCA
BHYTPEHHHMH. AHAIOTHYHO — JUIS YEThIPEXYTOIbHUKOB BTOPOTO Kilacca.

Ha TperbeM ware ajiroputMa BhiGHpaeTtcs HanGonee nouxonsiias anmnpokcuma-
LU 1S HEW3BeCTHOH (YHKUHH B 3aBHCHMMOCTH OT 3HAYEHHH KOMITOHEHT BEKTOpA

-

G ¥ BBIYHCIIAEMBIX OLEHOK NOrpeIHOCTH.




Ha yerBepToM Iiare anroputMa KyGaTypHble OPMYibl, KAK H ANNPOKCHMALIHS
HEHU3BECTHOH (PYHKLMH Ha TPEThEM Luare, BbIOHPAIOTCS B 3aBUCHUMOCTH OT 3HaYeHH
KOMIIOHEHT BEKTOpa G U BBIUKCIIIEMBIX OLEHOK NOrPELIHOCTH.

OnuumeM noapoOHO MPOLEcC HCKITIOYEHUS HEU3BECTHBIX, COOTBETCTBYIOLLMX
BHYTPECHHHUM Y371aM Ji/Is 9JIEMEHTOB BTOPOro KJjlacca TNpH peuieHHH cuctemsi (13).
PasgenuM Bce HEM3BECTHbIE CHCTEMBI Ha JB€ IPYNIbl, [IPHYEM KO BTOPOH Ipymnne
OTHECEM HEH3BECTHBIE, COOTBETCTBYIOLIME BHYTPEHHUM Y3MaM, KPOMe LEHTpalb-
HbIX. B coorBercTBHM C TakuMM pasfencHueM cuctemy (13) MOXHO 3anmucath B
BHJIE

A 4 App®D = )
A21p§k+1) -+ A22p§k+l) = wbék). (24)

B 2r10ii cucteme Marpuia Age Oyaer Gr0uHO AHAroHaTBHOR MaTpHLEH ¢ OnokaMu
pasmepHocThio 8 X 8. OOpalias 3Ty MaTpuly ¥ UCKIIouas BTOPYIO IDYINITy HEU3-
BECTHBIX, MOJY4aEM HOBYIO CHCTEMY:

(Any — A Az An)pP Y = W — ApAzied). (25)

[Mpusenenue cucremnl (24) xk cucteMe (25) BBIONMHAETCS HAa YPOBHE DJIEMEHTHBIX
MaTpHLL H BEKTODPOB, TG €CTb cHcTeMa (25) cocTaBasercs U3 ypaBHEHHI, onpejie-
JIEHHBIX Ha 3/I€MEHTaX BTOPOrO THIA ¥ MMEILIHMX BHI

(a11 — a12a37 a2n)p§ = w(b — arza3, b5),

Tie aii, a1, 092,021 — SAEMEHTHBIE MATpHLbL; Pf — BEKTOp HEH3BECTHBIX, COOT-
BETCTBYIOIIMI TPAaHHYHBIM U LICHTPATbHOMY Y3/1aM aJieMeHTa; bS, b5 — a/ieMeHTHbIe
BEKTOPbI NPaBOH 4acTH.

OTHOCHTENBHO MOCIEIHErO 1lara anropuT™Ma ClAelyeT 3aMETHTb, YTO MOCTPO-
€HHE YTOYHEHHOTO pa30HeHMs! YETHIPEXYrOoJbHMKOB IpaHuilbi [' 3aBHCHUT OT Tpy-
JOEMKOCTH BBbIYHCIICHHsS BekTOpa G. M eciM BbIYMCICHHE BekTOpa G TpebyeT
OTHOCHTENBHO GOJBIINX 34aTPaT MPOLIECCOPHOrO BpeMeHH DBM, 10 xenarenbHO
MPOBOAHTL pa3OUEHUs B COOTBETCTBUU CO CXeMOH pHc. 3.

[lpuBeneM 1Ba MOJEIBHBIX NpHMepa I JEMOHCTPAUMH CBOHCTB mpejsiarae-
Moro anropurma. IIpumep mepeblit : mycTh eMHHYHBIA KyO F3 = [—1,1]x [—1,1]
X [—1,1] pa3bur Ha 6 mMHpaMHI, Kaxjgas M3 KOTODEIX MMEET BEpUIHHY B LEH-
Tpe Kyba, a OCHOBaHHEeM — TpaHb Kyba. B kaxmolf nupamune 3anaHa yHKUMS
u = o, 6o u = 2, nubo u = ¥ (k - HatypanbHOe), TaK YTO Ha rpaHMIue
Kyba v = 1u V,u = 0. Ecnu B onHol yrioBoit Touke E3 3anath TO4HOE 3Haye-
Hue (PYHKUMH u, a Ha TpaHiXx — V., u, TO TOYHOE PeLieHHE HAa MOBEPXHOCTH KyDa
OMNpeNieeTcs 3a ONHY HTEPALHIO NPU UCTIONB30BAHHH CaMOro rpy0ooro pasbHeHus.
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TIpuMep BTOpOH : NMyCTb B yIIOBOM TOuke Ej3 3a1aHO TOYHOE 3Ha4YeHHe (yHKUHMH
u = In((1,1—z,)%+z%+23%), a na rpansx 3ana V,u, TOI/a i ONPE/IETICHHS NIPH-
GIIMKEHHOIO pellieH s AOCTATOUHO OHOH HTepaui. CXOTMMOCTh MPHOIMKEHHBIX
pelieHHit K TOYHOMY TpeicTasiena B Tabnuue 1. Cnenyer Takke OTMETHTb, YTO
€CilM 3a1aTh B OOHOM yuie F3 3naueHue (pyHKUMH u M Ha TpaHsix Kyba — V,u, TO
TOYHOE PELLEHHE 33 OIHY HTEPALHIO TIPH CaMOM IpyOoM pa3sOHEHHH HaXOAMTCH Ui
MI00BIX (PYHKIIHI 4, HMMEIOLMX BHA MHOTOWIEHOB, BXOAAIUX B 6a3uCHBIE (DyHKLHMH
NpUGIMKEHHOrO peieHus. Tak, NPH KUCTIONb30BAHUH TOJBKO IIEMEHTOB BTOPOTO
THNa (Kmace 2) TOYHOE pelleHHe GyieM MMETh Uil MHOrOWIEHOB BHIA Z7' I Ty,
rae |n| < 2, a takxe zj zi u xf 7}, e 1 < ki, ky < 3, ki # ky. Coorser-
CTBEHHO, NIPH HCTIONb30BAHHH TOJBKO BJEMEHTOB TPEThero Tuma (knacc 1) TouHoe
peiienne GyneM mosydarh, eciii u OyeT MHOTOWICHOM BUia 7'z x4 npH || < 4
win 2z, e 1 < ki, ko < 3, ki # k.

Tabnuua 1
Hopmbi Pasbuenue kaxnoi rpanu Kyba
Ix1 | 2x2 | 4x4 [ 8x8 | 16x16 | 32x32
Knacc 1

lu — bmllew [2.7758 ] 1,2159 [ 0,3197 [ 0,0172 | 2,447E-06 | 2,690E-08
maxe; | 0,1051 | 0,0918 | 0,0568 | 0,0158 | 2,953E-05 | 9,551E-07
Knacc 2
lu ~ émllcy | 1,2051 [ 0,3045 [ 0,0647 [ 0,0158 | 4,257E-07 | 1,181E-08
maxe; | 2,7190 10,1165 | 0,0646 | 0,0271 | 2,952E-04 | 5,456E-05
AJIaNTUBHBIA ATTOPUTM
[u ~ émlloqy | 1,2051 [ 0,3045 [ 0,0647 [ 0,0158 | 2,447E-06 | 2,690E-08
maxe; | 2,7190 | 0,1165 | 0,0646 | 0,0271 | 2,953E-05 | 9,551E-07

3 IlpumeHeHue B MarHUTOCTATHKE

Hycts 21— 06beM, 3aHHUMaEMbIH U30TPOITHON MarHUTHOM cpeloi, a {2;— o6beM ¢
HEMarHuTHOH cpenoit. Torna ypaBHeHHss MAaTHUTOCTAaTHKH UMCIOT CIEAYIOIUMHA B
[10,11]: '

-

) VXﬁ:J, g:uﬁﬁ z € Qs
= 07 [ﬁ X ﬁ]{w = O, lim Iéi == 0’ hm l}ij‘ — O)
|2|—0c0 |00

B=0, VxH=0, §:;Lugﬁ, z € €
B=0

i B

-

tae B, H — BeKTOPbl MHHAYKLUHH H HATIPSKEHHOCTH MarHMTHOTO T10JIS1; [t— MAarHUTHAs
IIPOHMLIAEMOCTD CPeJibl - MOXET 3a[aBaThcsl Kak (PyHKuuMs oT | H | unu Kak QyHKuus




-

oT |B|; pio~ MarHuTHas nocrosiHHas; J — 3alaHHas BeKTOp-hYHKLHS MIOTHOCTH
TOKa, OT/IMYHAs OT Hyns B Hekoropoil obymactH (g C ;. B cnyyae orcyrcreus
MarHHTHOM CPElbl PEMICHHE 3aJa4H MMEET BHI

_ 1 - 1
H(z)= — [ J x V——dQ,.
(z) 4 Q/s -yl ¢
IoaToMy npH BBEAECHMM CKaNAPHBIX MOTEHLHUAIOB 1, ¢ no dopmynam Vi = -H
B MarHuTHOM cpelle U Vo = — H BHe MaruuTHOI cpesl noayyator [12,11] cneny-
IOIIYI0 KPaeBylo 3ajaygy:
Vou([VY)Vy =0, z€Q; V-Vp=0, z€Qy (26)

i (W(VE)VY = Vo + B =0,  ¢=p+¢% zel,
¢ ycnoBueM ¢ = () Ha JIOCTaTOYHO YIWIEHHOH OT MarHMTHOH cpelbl rpaHuIe. 31ech
noTeHUHan °, KaK TipeIoxeHo B pabote [12], Buuncnsercs no dopmyne

¢*(z) = ¢5(y) - [ HEdt, =z,yeT, (27)

me ¢°(zg) = (,og — 3aJaHHOE 3HauyeHue B Touke zg € I'. OuHako, coriacHo
nemme u3 [13], Bextop H s MpEACTAaBUM B BHJE rpajgHeHTa B mobom obbeMe, rie
V.-HS =0uV x H% = 0. Nosromy 3anauy (26) cieayeT AONOMHUTH YPABHEHHEM

Ve =-H%2), zel, (28)

c ycnosHeM 5(Tg) == ¢§ M HAXONUTH pEIIEHHE BTOTO YPaBHEHHS C MOMOLIbIO
CHCTEMBI, aHAIOTHYHOl (12):

Y. @5 [V.N;- V. NdS = [(—Hf = V.x) - V. NidS, (29)
J=1 r r

e ¢ = 1,2, ...m. MaTtpuua 210l CHCTEMBI ABIACTCA CHMMETPUYHONH M NOTOXKHU-
TEIBHO ONpPEICNeHHON, MOTOMY [T pellieHus (29) MOXHO HCNONb30BaTh M3BECT-
Hble 3¢(heKTHBHBIE METOJIbl, HAMPUMEP, METOJl HEMOMHONO paidioxeHus Xonec-
CKOro ¢ CONpsKEHHbIMH rpagienTamu [14]. B otnuaue ot dopmyns (27), B dop-
Myine (29) ucnonb3yercs JAByMEPHOE HHTErPUpOBaHHUE 1O moBepxHOCTH I, yTo naer
Gonee GbicTpocxonsuecs: NPUOGIMXEHUs AN noTeHuMana ¢°. Cnemyer Takxe
OTMETHTB, YTO JTsl BHIYUCTEHUA ° 1o (opMyne (27) oueHb BaXHbl HanpaBieHHs
HMHTETPHPOBAHHUs, MOCKONBKY 9Ta (hopMyNia MOXET HaKaIUIMBaTh OWMOKH, BO3HH-
KaroUie MpH BBIYUCIEHHH BEKTOpa HS no KybGaTypHbiM popMyniam. B mportuso-
TOMOXHOCTh 9TOMY NPOLIECC PEeIleHUs CUCTeMbl (29) He 3aBHCHT OT Hanpam/leHus
HUHTErpHpOBaHUS H He HaKaliMBaeT OWHOKH, KOTOpbie BO3HHKAIOT MPH BbIYHMCIIE-
HHUH N0 KyOaTtypHbiM GOopMy/iaM BEKTopa HS.
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PaspaboTaHHBIl QIrOPHTM peanu30BaH B paMKax KOMIUIEKCa MpOTpamMm
MSFE3D [15] u anpobupoBaics MpH pacyerax TPEXMEPHBIX MarHMTHbIX MOJiel
HECKO/IbKHX MATHHUTHHIX cucTeM . OmnuiueM 13 HUX jBe Haubonee xapakTepHble. B
KayecTBe MEepBOTO MpHUMEpa MPHBEAEM CIEKTPOMETPHUECKHH MarHHT JHIOIBHOTO
THMa, HeOOXOIUMOCTh pacyeTa KOTOPOTrO BO3HHMKIIA NPH MOATOTOBKE MPOeKTa ¢u-
3HYECKOTO DKCIIEPUMEHTA C MOSIIpU30BaHHON MuLueHb0 B HTD®P ( Mocksa) |16].
Marnut uMeer pasMepsl 3,4 x 1,9 x 4 M®, ero obas niowans rpaHuLbl ~ 68
M2, ero xoncurypauus nana B pabore [17]. ¥V 9TOro MarHuTa TOABKO OjIHA MIOC-
KOCTb CUMMETPHH, OCOOEHHOCTBIO TAKXKE SBAAIOTCA LNENM B BEepXHEH yacTH Mmar-
HUTOMPOBOAA. [IpU BBIYMCIEHHH MOTEHUHATa @ MO MOBEPXHOCTH, Pa3lesAloe
MAarHMTHYIO M HEMATHUTHYIO cpejly, Nipy nomouiu copmynsl (27) nubo BOHHUKANMH
3HaYMTENbHBIE OWHOKH, OO npouece BuuucaeHUus TpeOoBan cIMKOM GONBILOTO
speMen. [Toatomy B paborte [17] unterpupoanue no gopmyne (27) npoBoauiocs
6e3 yyera wenel B MAarHUTOMPOBO/IE, YTO MPHBOANIIO K AOTIOTHHTENbHBIM BbIUHCIIH-
TenbHbIM 3aTpataM. Micnonb3oBanue alropuT™a, OMHCAHHOTO B HacTosel paboTe,
cpa3y Xe AaeT XOpolilue NMpHONMXeHHs i NoTeHuHana ot obmoTku. Ilpu atom
JUIS JOCTHXEHUS HeOOXONMMOH TOYHOCTH, MOle/b OOMOTKH JO/DKHa OBITh Tako,
4TOODbl YpaBHEHHUA:

V-H5z)=0, VxHz)=0, zeR\Qs,

BBIMOMHSIUCH JI0CTAaTOYHO TOYHO.

B xauectse BTOpOro XapakTepHOro npumepa NpPUBEIEM MATHUT (PU3HYECKOro
skcnepuMenTa L3 [18], xoTopslit npeanonaraercss uCnonb30BaTh B DKCTIEPUMEHTE
ALICE (LIEPH, Xeunera) [19]. Maruur L3 apnsiercs MarHMTOM COJNCHOWIHOIO
THHa, OH uMeeT pa3Meps 15,8 x 158 x 14,3 m®. Kak mnokaszaHo B paorax
[20,21], HecMOTpst Ha CIOXHYIO cOOPHYI0O KOHCTPYKLIMIO TOTO MAarHuTa, s pac-
yera ¢ JOCTATOYHOH TOYHOCTBIO €0 MarHHTHOTO MOJIS MOXHO Hcnonb3zosath 1/32
CUMMETPHUHYI0 yYacTh ero KoHdpurypauuu. Ha puc.4 npeicraenena 1/8 cumme-
TPUYHAs YacThb MOJENM TOTO MarHuTa, a B Tabnuue 2 NMpHBEUEHBI PE3yIbTAThI
BHIUMC/IEHHS MOTEHUMATa OOMOTKH ©° Ha TPeX BIOXEHHBIX CETKAX MPH HCTMONb30-
BAHHH PA3HBIX THMIOB DJIEMEHTOB H aAanTHBHOTO alroput™a. B tabnuue yepes ¢y,
(m/2 0DO3HAUaETCA NPUOIMXEHHOE 3HAYEHHE MOTEHUMANA, HAWHIEHHOE Ha yKa3aH-
HOH M Ha mpensliyieil ceTkax, a OTHOCHTE/bHas OlMOKa BRIMMCIACTCH B y3ax
npensiaylueit cetku. Kak suaHO U3 Tabnuist 2, yXe npu camom rpybom pazbueHuu
CYNEepa/IEeMEHTOB TPAHULBI, IO AJanTHBHOMY WITOPHTMY MONYYaeTCst MOTEHUMAN C
TpeMs BEPHBIMH 3HaKamH. IIpM 9TOM HCMONB3yeTCs MPUMEPHO OAMHAKOBOE YHUCIIO
3/IEMEHTOB BTOPOTO M TPETBEFO THIOB.

ApTtopbl GnaropapHbi A.¢.-M.H. B.B.PeuibLiOBY 34 MIOJOTBOPHOE CTHMYNHpYIO-
wee corpyunuyectso. O.H. IOnpawes GnaronapeH a.¢.-M.H. A.C.BojonssHoBy 3a
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Puc. 1.

THMa

O - Y3/Ibl JIeMEHTa IIEPBONO
THMA; ®,0 - YIIBI JJIEMECHTA YETBEPTOTO

£

¢
¢

Puc. 2. e,0 - yaiBl 2j1eMeHTA BTOPOTO
THIIA; & - Y1l BJIEMEHTA TPETHETO THIIA

Puc. 3. e - ya/IBl C BRIMHCNICHHBIMH 3Ha4U€HUAMH G ¥, O - HOBbIE Y3JIbl;

© - BHYTPEHHHE Y3/Ibi

22



Puc. 4. 1/8 cummerpuyHas yacTe MOJENH MaruTa L3:

MarHMTONPOBOJ
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1 — obmotka; 2 —




noMouls B pabote BO Bpems nepBoi koManaupoeku B LIEPH. ABToOpb BIpaxaloT
6marogapHocts POMHU 3a nomuepxky (rpantst 01-01-00726 u 99-01-01103).

Ta6auna 2
‘ Hopmst Pas6uenue Kaxjioro CynepaieMeHTa TPaHULBI |
2x2 | 4x4 ] 8x8
DJIeMEHTBI TPETHETO THIIA
Max | (G2 — Gm)/ o] 0,22582E-03 | 0,36841E-04
maxe; 0,29326E-02 | 0,62374E-03 | 0,13678E-03
DileMeHTH BTOPOIO THITA
X [($rm/2 — bm)/ Pl 0,74988E-04 | 0,14891E-04
max g; 0,41298E-02 | 0,16093E-02 | 0,56061E-03
AJIaNITUBHBIH ATOPUTM
MaxX | (Gmyz — $m)/ o] 0,74814E-04 | 0,18748E-04
maxe; 0,41250E-02 | 0,16097E-02 | (,47046E-03
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Kwunxos E. I1., Onnawes O. U., Onnawesa M. B. P11-2002-87
ANanNTUBHBIA AITOPUTM BbIYHCHEHHS (DYHKIMM Ha JIMMILIMLEBOH rpaHuLe

TPEXMEPHOTO TeNa M0 3a{aHHOMY IDAIMEHTY U €ro NpUMEHEHHe

B MarHUTOCTATHKE

Hacrosuas pabota nocesiieHa pazpaboTke 3¢dekTHBHOro Merosa omnpenc/ieHus
G$YHKUMH ¢ Ha THMLIKLEBOH rpaHuLe I TPEXMEPHOTO Tesla, eClH 3alaHa 10CTaTOYHO IMalKas
BekTop-yHKUMA G =V¢ ¥ B HEKOTOPOH TOYKe X € I' H3BECTHO, YTO ¢ (xg)=¢ o — 3aZaHHOE
3HayeHHe. 3anaqa BEIYKUCIIEHHs (PYHKUMM ¢ B OGILEM Cllydae CBOAMTCA K PEIUEHHIO HETMHEN-
HOro ypasHeHus. Ha ocHOBe T€OPHH MOHOTOHHBIX ONEPATOPOB NPH ECTECTBEHHBIX YCIOBUSX
Ha YHKUHIO ¢ JOKA3bIBACTCS CYLISCTBOBAHHE €NHHCTBEHHOTO 0606IEHHOrO peleHHs 3Toro
YPABHEHHS H CXOAMMOCTH KOHEUHO-3/IEMEHTHBIX NMpUOMIKEeHUI K aToMy petuenuo. [lpeana-
raeMblil ananTHBHBII AITOPHTM Ha OCHOBE METONA KOHEYHBIX 3JIEMEHTOB [103BOJISET [10J1y4aTh
pellieHHe ¢ HEKOTOPOH 3a1aHHOH TOYHOCTHIO. PazpaboTaHHbIH METON MMEET BAXHOE NpHUMe-
HEHHE B MAarHUTOCTATHKE, MTOCKO/BKY 3T BO3MOXHOCTb C HE0OXOIUMON TOUHOCTHIO BhI-
YUCNATh NOTEHLHA! OT OOMOTKM Ha IpaHHle pasjiefia CPei C Pa3IM4HbIMH MarHHTHBIMH
XapaKTepUCTHKaMH. ANTOPHTM anpoOUpOBaICS NPH pacdyeTax TPEXMEPHBIX MarHMTHBIX
nonel HECKONbKHX MAarHUTHBIX CHCTEM, B TOM YWCne Qs CIIEKTPOMETPHYECKOr0 Mar{ura

JMITONBHOTO THIA U GOMNBILONO COMEHOMAANBHOTO MarHHTa H3HYECKOro 3KCnepuMeHTa L3
(LIEPH, XKeHesa).

Pa6ora sbinonnena B Jlabopatopuu uHgopMalHOHHbIX TexHonorud OMSIH.

[penpuut O6BEAMHEHHOrO MHCTUTYTA SAEPHBIX MccaenoBaHuil. [y6ua, 2002
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An Adaptive Algorithm for Calculating the Function

on the Lipschitz Boundary of a 3D Solid with the Given Gradient

and Its Application in the Magnetostatics

The present paper is devoted to elaboration of an effective method for finding the func-
tion ¢ on the Lipschitz boundary I' of a three-dimensional solid, if a sufficiently smooth vec-
tor-function G=V¢ is given and if in the point x, € I it is known, that ¢ (xy)=¢ ( is a given
value. The problem of calculating the function ¢ in the general case is reduced to solving
a nonlinear equation. On the basis of the theory of monotone operators under suitable condi-
tions for the function ¢ the existence of a unique generalized solution of the equation
and convergence of the finite-element approximations to this solution have been proved.
The suggested adaptive algorithm on the basis of the finite element method allows one to ob-
tain the solutions with a given accuracy. The developed method has important application
in magnetostatics because it enables one to compute with needed accuracy the coil potential
on a boundary between the regions with different magnetic properties. The algorithm was
approved for 3D magnetic field calculations for several magnetic systems, including the di-
pole type spectrometer magnet and the big solenoidal magnet of the physical experiment L3
(CERN, Geneva).

The investigation has been performed at the Laboratory of Information Technologies,
JINR.
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