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We exhibit the supersymmetric quantum mechanical structure
of the full Dirac equation for both cases of vanishing and nonvanishing
mass. We also discuss the 'physical' significance of superpartner

states.
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Supersymmetri.c (SUSY) quantum mechanics, particularly in
1-dimension, has been a subject of extensive study in the pastl.
Recently, Das, Okubo and Pernicez have generalised SUSY quantum
mechanics to higher dimensions and have noticed an interesting
;)mpnrt_v that such gonerallsation forces a spln a structuro into tho
thoory. Adopting a difforont approach, Vahlo nnd i{mn3 havo ontabli-
shed a relationship between the 1l+l-dimensional Dirac -equation and
1—_dimen'siona1' SUSY 'quantum mechanics. We, in this letter, exhibhit
a 3-dimensional SUSY quantum mechanical structure 0f the full 3+1
dimensional Dirac equation for both zero and non-zero mass .cases.
Our result pfovides a concrete realisation of the conclusions of

Das et alZ and generalises the work of Vahle and Ram3.

We start with mass m = 0 case.

m = 0 case :

The Dirac equation in this case has the familiar form

apw=g -2 v |
P ¥ oy 1
0 -»>
> (o} > )
with X = (4 ) where o's are the standard Pauli matrices,
a
‘ya
Yy = (\y ] with ‘i’a and ‘i’b each being two component spinors. Taking

the time dependence of ¥ to be given by e-lEt and with usual substi-
L —9 :

tution E’ = - 1iv , Eqn(l) is written as a pair of first-order coupled

differential equations

(2a)

—la_wz—ias‘*’l:E‘i’l

and -1y ¥ 4 8‘3 ¥, =E Y (2b)



We have used the obvious notation 3, = 9 + i -2 and j =9
x 3 Xy X, 3 9% 3
Uncoupling eqn. (2) yields,
-viy, - Ev with E = EZ | (3)
1,2 1,2

These are the Schrddinger equations corresponding to vanishing super-
symmetric partner potentials. One can, however, go ahead and define

the SUSY Hamiltonian H as

H=( ' =03 30 (4)
0] H2
with H1 = I-Iz = pz. Defining the SUSY charges as
Q=3B (] glead Q" =3F (g o) (5)

one checks that the SUSY algebra

[Q,H] = [Q", H] =0

{Q, Q}={Q,Q"r=0 (6)

and {Qq, Q'} = H

is satisfied. One further notices that Q .converts an upper component

Y
spinor ( 01 ) to a lower one and Q+ does the opposite. Identification

'6?5’ ‘}'1’2 = E \1/2'1 is consistent with‘: the Schrodinger equation.

Furthermore, one also verifies that if '_ ¢) hapens to be an eigenstate
of H,(H,), Qp (Q° ¢) is that of the H,(H;) with equal 'energy'.
Infact, the work of Das et a1z was suggestive of the Q and Q+ structure
that we have employed. The difficulty in factorising the Laplacian
noted by them is circumvented here by the presence of a two comp;:onent

wave function or in other words spin structure of the theory.
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Thus, we have obtained the three-dimensional free particle
supersymmetric quantum mechanics starting from zero mass Dirac
equation. Recalling that the solutions of the zero mass Dirac equation
are the two independent helicity states of the massless particle,
our discussion above leads to the interesting conclusion that these
two helicity states can be viewed as the superpartners of each other

in the SUSY quantum mechanical formalism.
We now go over to the nonzero mass case.

(ii) m # O case :
Here the Dirac equation is
7T 3 +m)¥=0 7
LY ) Y=, . (7)
To make the discussion clear we proceed in two steps; we first take
the coordinate dependence of the four-component Dirac wave function as
i(p,X,+p,X,-Et)
Y (X, 1) = ¥xg) e T 22 | (8)

and finally consider the 3-dimensional generalisation of it.

Consideration of eqn. (8) reduces the Dirac eqn. (7) to the
following form

[1 %py + 1 7,0, + 75 33) - 7,4E +'m]\y =0 (9)
Multiplying 73 from left to the above e:quation gives us

[i 7371p1 + i 7372p2 + 83 + 13(m-‘74E)]‘1’= 0 - (10)
We now take m = m(X3) to be a Lorentz scalar potential4 . Differen-
tiating eqn. (10) with respect to X3 once more and substituting for

3\5 from eqn. (10), one arrives at the equation,

2.rm +EX-nf1Y¥ =0 (11)

[ 35 3

with m' = 83m[X3].



Using Y's = ) and writting y= (
103 0 ¥y

) as before eqn.

(11) splits to two coupled equations

2 2 A ——
( 83+m)Wa+103m‘¥b—Ewa

and (- a§+mz)\yb-i oam' \ya=E\yb . (12)

One immediately notices that these equations decouple in the space

of ’X,1= ‘i’a + 1 ‘i’b and ')cz = ‘i’a - i‘{'b to equations
(- 32 + m? + g m') X, = E
3 3 1 Xy
and (- 32 + m% - om")%, = E (13)
3 3 2 'x'Z

So 'X,l and X, can now be looked upon as the superpartners with

2
superpotentials % Og a3m. The Hamiltonian now can be written as

H 0 +
_ 1 _ 1 0,2 2 -1 0 _.Q'a o
2
0 0 o, 0 03Pg im
with Q = ( 03p3+im 0 ) and Q = 0 0 ) (15)

The Q and Q+ defined above satisfy the SUSY algebra (eqn. (6)). .

To see the structure at the full 4-component level of V¥ let

¥q ¥3

us take \l’a = ( ) and \yb = ( ). Egn. (13) immediately shows

¥y ¥y

that there are now two sets of superpartners \yl + 1 ‘1'3( \1’2- i\1'4)

and ¥+ j¥ (¥, ,-1Y¥;) satisfying 1-dimensional Schrodinger equation

with superpartner potential m2+m' and mz—m' respectively as obtained




by Vahle and Rama. The construction of SUSY Hamiltonian, charges

and resulting discussion all follow as in their case. We, additionally,
note here the interesting feature that the superpartner states (‘Plti\i’3)

and ( Y i ‘P4) are infact superposition of positive ( ‘i’l and ‘i’a)

+
2

and negative ( ‘i‘z and ‘Y4) helicity states of Dirac equation. This
degeneracy is a reflection of the degeneracy present at the E(=E2')

level for the solutions involved.

Going over to the 3-dimensional generalisation is rather straight-

forward. We now take coordinate dependence as

Y(X, t) = ¥(X) e 1Bt | (16)

The Dirac equation (7) now reduces to,

[ 7ia ;- TE + m(X)]¥ =0 . (17)
Multiplying this equation by A from left and operating the resulting
equation by 'rj Bj from left one gets

. 2 _ 2 _ '
[ ’j Y4 aj ai + (E m° + 7’j ajm)] ¥Y=0 (18)

Interchanging i € j in this equation and adding the resulting equation

to it, we obtain

-
(V2 2 -m? e 7. W v=0 (19)

In arriving at eqn. (19) we have used the Dirnc gamma matrix propor-

ties 75 'rj + 'rj 7 = 2 ‘Sij“ Egn. (19) is indeed the 3-dimensional

generalisation of eqn. (11).

0 -1i9

Now using ?: ( . ) and ¥= ( ‘ya ), one immediately
ig 0 : b

obtains the generalised version of eqn. (13) as



m.

! ¢ - “? -
(-~ Vz ! m)’ bore Vo) X=Xy
and (-~ ¥ + m -0.V mX, = E (20)
. ) %Xy
%1 and ’)(.2 are now the superpartners with super potentials = ?.G’
Defining Q and O+ as generalisation of egn. (15) like
0 0 , 007.V-m
Q= (_ ) and Q =( ) (21)
G.Fem 0 0 0 ‘

one easily verifies that Hamiltonian can be, once again, written as

1 0,7

2, 2
J(pT+m™)+ (1 4

and the SUSY algebra (egn. (6)) is satisfied.

Y
) and Y _ = ( )
¥, b ¥,

does not lead to a set of decoupled equations at the 4-component

At this stage, just writting ‘}'a = (

level as it happened earlier. If one, however, orients the derivative
of m(x) along the direction of & instead of leaving it arbitrary i.e.

takes

B = ¥m(x) =9 /Y3 m'(x) | - (23)
the desired decoupling results in the form of

2 =
- ¢+ m /3 mx = BEXy
2 2 . I

and (-v° + m° -y 3m )Xy = E X, (24)
Once again the degeneracy appears at the 4-components 1level with

‘1‘1 + i ‘1‘3( ‘1’2 + i 9’4) and ‘i’z - i ‘1’4( ‘Yl - i ‘1’3) forming the two

sets of superpartners each satisfying a 3-dimensional Schrodinger

equation with superpotentials # /_é m'.




We have thus deciphered a 3-dimensional SUSY quantum mechanical
structure starting from the full Dirac equation involving a Lorentz
scalar potential (m(x)). It is to be emphasized that our work involves
a Lorentz scalar potential as opposed to a vector potential used by
Das et al.z and thus can be viewed as complementary to their work.
Since the Dirac equation has an intrinsic spin structure assoéiated
with it, our result can be regarded as concrete realisation of the
observation of Das et al2 that higher dimensional SUSY ‘quantum mecha-
nics introduces a spin structure into the theory. We have further
observed that the linear super-position of helicity states of similar
kind basically form superpartners of each other in the C—number forma-
lism of SUSY quantum mechanics. This was infact ensured by our repre-
sentation of m(x) as taken iq egn. (23) in the general cases. In the

3

process, we have also generalised the work of Vahle and Ram™, as

stated earlier.

Furthér.. if Schrddinger equations (24) can be solved for a class
of supersymmetric partner potentials Vi(x) = mz(x) + v 3 m'(x), then
so can be the Dirac equation for the corresponding Lorentz scalar

potential m(x). This brings out a greater usefulness of SUSY quantum

mechanics.
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