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UNIFORM DENSITY SPHERES IN GENERAL RELATIVITY 

M.C. Durgapal 
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* DepartInent of Physics, KUluaun University, N ainital, India. 

Abstract: Adiabatic collapse/expansion solutions of uniform density spheres have 

been known for about three decades. An analysis of these solutions has been done 

by considering the baryonic conservation law and the no-heat-flow condition. It 

is shown that if the fluid is isentropic or (and) the sphere's surface temperature 

remains constant during the expansion/collapse, the pressure inside the sphere 

cannot be finite (it must vanish). 

If the fluid is not isentropic and also the surface temperature varies during 

the collapse/expansion the results obtained by earlier author (i.e. Bondi, 1969) are 

found to be inconsistent with the baryonic conservation law and the no heat flow 

condition. 

t The work was completed during author's visit to IUCAA. 

* Address for correspondence: Dr. M.e. Durgapal, No.8, Sleepy Hollow, Nainital 

- 263 001, INDIA. 
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1. Introduction: 

Radial adiabatic Illotion of perfect fluid spheres of uniform density E = E(t), 

but non-uniforln pressure were discussed by Bonnor and Faulkes (1967), Thompson 

and ';Yhitrow (1967, 1968) and Bondi (1969) under various assuni.ed r~lationshi~s 

between central pressure and density. These authors discussed the problem of' 

collapse 01' bounce under two assutnptions : first, that the Illotion is isotropic or 

shear-free; and second, that the density .is unifonu. But Misra and Srivastava 

(1972) ::;howed that the condition of unifonll density and regula.rity at the centre 

necessarily leads to the isotropic Illation. The above authors did not consider the 

baryan conservation during the adiabatic nlotion. 

The theine of this paper is rather different fronl .that of the other authors. 

Unlike earlier authors, no arbitrary relation is chosen between central energy and 

central pressure. Instead the author has examined whether the pressure can relnain 

finite or not. The author has already shown that under isentropic condition the 

pressure vanishes (Durgapal, 1994). Here the author has exalnined the no-heat-flow 

condit.ion aud baryon-conservation la.w during the collapse/expansion. It is shown 

that if the fluid is isentropic or (and) the surface telnperature relna.ins constant 

during t.he collapse the preS!:H.lre cannot relnain finite (it vanishes). On the other 

hand if the fluid is neither isentropic nor the surface tenlperature relnains constant 

during the collapse, then the results obtained by earlier authors (Bondi, 1969) 

are found to be inconsistent with the baryonic conservation law and no-heat-flow 

condi t ion. 

2. The 111etric and uniforlll density sphere 

\lanishing shear inlplies that one can simultaneously introduce isotropic and co­

llloving coordinates 

(1) 
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It is assluned that the fluid's viscosity vanishes, and no-heat-flow condition, makes 

~10 conlponents of energy-molnentum tensor vanish in the co-moving coordinates. 

The energy-nl01nentulll tensor can thus be written as, 

(2) 

where E and P are energy density and pressure, respectively; and the four velocity, 

Uo =(y, 0, 0, 0) (3) 

'i\Triting Bondi's results (1969) in the present notations, one gets 

/ 

(4) 

(5) 

(6) 

Yb/Y = (P +E)/E (7) 

and 

(30( 1~2 - r2)
PIE =, b (8)

(1 - f31'~ )Iao + r2 (a{3° - (3ao)] 

a = a( t). /3 = fJ( t), F = F(t), Yb = y( 1~ = 1'b), 1'b = at the boundary.l' 

The hydrodynalui(' eqnations, T,cp{3 = 0 and Uo' T.~!3 = 0, and the equation of 

baryoll ("ollservatioll, (nun );0 = 0, give us [~Iisller and Sharp, 1D64; Delniallski, 

1985] 

(Y' /y) = -P' /(P + E) (9) 

(10) 
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and 

[T°s,o 0 0''' SO = ° and s'::j:. ti (11) 

(I) =partial differentiation w.r.t.r; (0) =partial differentiation w.r.t. t. 

3. ThernlodYllanlic relation : 

The basic law of thermodynamic change is 

Tds = dU + Pd(l/n) (12) 

or 

nTds = dE - hdn 

lJ =specific internal energy, s =specific entropy, and h = (P + E)/n =specific 

enthalpy. The units of n are chosen so that, P --+ 0, E --+ n, and h --+ 1.] 

Since E == E( t) or E' = 0, we write [using equation (12)] 

(n' /11. 2 
) = -Ts' /(P + E) (13) 

= -(Ty/EYb)S' [using equation (7)] (14) 

Fronl no-heat-flow condition, (Ty)' = 0, it follows that 

(15) 


where Tb == T( l' == 1'b) 


Using eqnation (15) in (14) one gets, 


or 
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(16) 


It is obvious fro1l1 equation (16) that the entropy of a.n adiabatic uniform density 

sphere is luiuillllll11 at the bounda.ry. 

4. Collapse of unifornl density sphere 

The collapse of uniforlll density sphere is discussed_ under varIOUS physical 

conditiolls. [F jVt =arbitrary function of time t; F Nr = arbitrary function of 

7'] . 

4 (i) Ise ntropic case: Let the entropy be constant throughout the sphere, that is, 

.-l = ('oust.nll t = .... ". E(llla.tiou (16) gives 

E=n (17) 

[using equa.tion (10)] ER3 = FIVr or 

R=FNr'xFNt (18) 

or 

RO 
-=FNt
R 

[frOlll equa.tion (5)] y = F1Vt or 

y' = 0 (19) 

[frol11 equation (9)] P' = 0 or 

(20) 

Since P( r = 71b) = 0 = P( t), the pressure vanishes \vithin the sphere~ 

Hence an isentropic uniform density sphere undergoes a collapse with vanishing 

pressure only. 

4 (ii) Constant surface teluperature : We assume that the surface telnperature 

relua,ins constant during the collapse. This is very likely because there is no 
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r"diid inll J()~~ I () tl)(' S1I1TOltlHlillP; frol11 t.he surfa(,(' of t.lH' sphere. With 11 -

COllst (lId dllrill~ coIblp:::;p OIlC gct.s 

(21) 


[frOlll equation (10)J 

17 = FJVt x FN7' (22) 

ArgtlllH'llt:::; siluilar t,o tho:::;e ill 4( i) show that the pressure vanishes inside the sphere. 

H(,IHT. (Ill Cldi<lb;,tic lluifol'lu dellsity sphere wit.h constant surface telllperature 

colln ps<'~ wi t.It 'on ldsh illp; prC'SSlll'f' only. 

-l (iii) L~elleral case: Neither the fluid IS isentropic nor t,lIe tCl11perat.ure of the 

S111'f;,CC)'<'lllClillS COllst :lllt. In t.his case 

OIl difrC'l('1l t i;d illg wi t It l'<,sp<'ct to t iIlle we obt.ain 

11° (8-S(,)+ --------- (23) 
11 1 + Tb(S - 8h) 

F()r ;'ll ;\1 li;d);d jc lliot iOll t II<' tot ,II Ill{l!-lS ('lH'rgy IS ;1 COl1st,HIIt. of lllot.ioll, t.hat is, 

C()l1.'~f(/l1fJ! 

or 

(24)
E 

Us i Il~ (' If II (l t i() Il s ( 1() ). (:2:3). (Ill d (:24) we get 

(25) 
1~;' ( .'­ .'-" ) 
j 1" (.,", ,- .'­ /, ) 
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TbO(S - Sb) 

1 + Tb("'; - 5b) 

No choice of functions S = S(7'), f3 = f3(t) and Tb = Tb(t) can satisfy this equation. 

Til<' solut.iol1s obt,aiu<,d hyvnriotts n.uthors for collapsing/expanding UUifOrIll density 
, 	 . 

spheres are inconsistent \vith the cons~rvation law and no-heat flow condition 

5. 	 Conclusion 

After studying adiabatic collapse/expansion of a uniforlll density sphere using 

baryon conservation law ~nd no-heat-flow condit~on it is concluded that, 

(i) If t.he' fluid is isentropic 	or (and) the sphere's surface teluperature relnruns 

constant during the collapse/expansion, then the pressure vanishes inside the 

(ii) If 	neither the fluid is isentropic nor the surface telnperature of the sphere 

relllains COllst-aut. during the collapse/expansion the solution obtained by Bon~i 

( 19G9) and other authors are found to be inconsistent with the baryonic 

conservation law and the no-heat-flow condition. 

Thus, a UllifOrIll density sphere collapses/expands adiabatically with vanishing 

pressure. Expansion/collapse with pressure \vill involve violation of either the 

baryonic conservation law or the no-heat-flo~ condition. 
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