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The large scale interferometric gravitational Wave detectors consist of
Fabry-Perot cavities operating at very high powers ranging from tens of kW
to MW. The high powers may result in several nonlinear effects which would
affect the performan.ce of the detector. In this paper, we investigate the effects
of radiation pressure, which tend to displace the mirrors from their resonant
position resulting in the detuning of the cavity. We observe a remarkable
effect, namely, that the freely hanging mirrors gain energy continuously and
swing with increasing amplitude. It is found that the ‘time delay’, that is, the
time taken for the field to adjust to its instantaneous equilibrium value, when
the mirrors are in motion, is responsible for this effect. This effect is likely to
be important in the optimal functioning of the full-scale interferometers such

as the VIRGO and LIGO.
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I. INTRODUCTION

The general theory of relativity predicts the existence of gravitational waves. Since
gravity couples very weakly to matter, highly sensitive detectors are required to detect grav-
itational waves. Over the next decade several large-scale interferometric gravitational wave
detectors will come on-line. These include the LIGO, composed of two interferometric de-
tectors situated in the United States each with baselines of 4 km, VIRGO, an Italian/French
project located near Pisa with a baseline of 3 km, GEO600, a British/German interferometer
under construction near Hannover with a baseline of 600 m, TAMA in Japan, a medium-
scale laser interferometer with a baseline of 300 m and with funding approval AIGOS500,
the proposed 500 m project sponsored by ACIGA [1-4]. There are also separate propos-
als for space-based detectors which could be operational twenty-five years from now (e.g.,
LISA: the Laser Interferometer Space Antenna, a cornerstone project of the European Space
Agency) [5]. The large scale interferometers will use Fabry-Perot cavities and the ground
based detectors will have arm lengths of few kilometers.

There are several noise sources wh~ich plague the detector. Amongst them, the photon
shot noise is dominant at high frequencies. It is reduced by increasing the amount of power
of the laser source, as the noise is inversely proportional to the square root of the power.
Therefore the cavities envisaged will operate with very high powers in their arms, tens of
kiloWatts for initial detectors and megaWatts in advanced detectors. The high power stored
in the cavities can generate a number of nonlinear effects which would adversely affect the
operation of the optical cavity. Here we look into one such effect, namely the dynamics of
mirrors under the radiation pressure force. In earlier literature, we and others had inves-
tigated the thermo-elastic deformation of the mirrors due to the absorption of the power
in the coatings and performéd a longitudinal analysis of the cavity [6-10]. Following these
investigations, we studied the effects of radiation pressure in the cavity, in the regime when
the displacement of the mirror is small compared with the line-width of the cavity [11] and

the variation in the radiation pressure force is linearly dependent on the displacement. The



radiation pressure effects have also been investigated in earlier literature [12-15]. Here, how-
ever, since we now have a reasonably good idea about the instrumental parameters to be
used in the large scale detectors, we expect that our analysis here will be important to the
experimentalists. We assume that the mirrors are hanging ‘freely’ (there is no servo control)
and the radiation pressure exerts force oﬂ them which displaces them from resonance. It is
very important for the experimentalists to have a quantitative idea of the magnitude of these
effects. Then accordingly the experimentalists can take the adequate measures to prevent
the cavity going out of resonance. The main result of this paper is to establish that the
freely hanging mirrors continuously gain energy and swing with ever increasing amplitude
when subjected to radiation pressure force arising from the light field. The reason for this
behaviour is the ‘time delay’ effect which is also examined in detail in this paper. Closed
form expressions have been given which facilitate in understanding the physics of the phe-

nomenon.

The paper is organized as follows:
In section II, we set up the e.quation of motion of the free mirrors. We examine the motion
of the mirrors with the two forces (z) the radiation pressure force, (i) the force of gravity.
In section III, we numerically integrate the equations of motion using the so called ‘Phase
Space Method’. We present the results for the particular case, when the mirrors are in the
resonance positions and the laser is switched on. We observe that the amplitude of the
motion of the mirrors increases with time and energy is pumped into the system. For very
large times, when the amplitude of the system is also very large, so that the mirrors cross
several of the Fabry-Perot resonances in one cycle of the pendulum, the motion approximates
to that of an anti-damped harmonic oscillator. In section IV, we obtain analytically, under
the quasi-static approximation, the phase space trajectories of the motion of the individual
mirrors as well as the motion in the differential mode and the common mode (the centre of
mass mode). The analytical results match with the numerical ones remarkably. In section V,

we give a quantitative description of the phenomenon under the assumption that the velocity
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of the mirror does not change very much on the time scale of the storage time of the cavity.
We find that the gain in energy is due to a differential radiation pressure force arising from
the asymmetry, according as the mirrors are approaching each other or moving away from
each other. We obtain approximate analytical expressions for the differential force, the time
‘delay’ and then proceed to compute the gain in energy per cycle when the mirrors encounter
a single resonance or cross several resonances. For large amplitudes, when the mirrors cross
several resonances, the system behaves like an anti-damped harmonic oscillator. We can
then associate an effective negative Q)-factor for the system. We show that the Q-factor
depends on the input power, the finesse of the cavity and the round trip time of the cavity.
Finally in section VI, we study the behaviour of the system when it is initially in equilibrium

and goes out of lock. This may happen when the servo loop is suddenly opened.

II. ELECTRIC FIELDS INSIDE THE CAVITY

We consider only ‘free’ mirrors meaning that no servo control loop is used. The only
forces actiﬁg on the mirrors are the radiation pressure force and gravity which manifests itself
as the restoring force of the pendulum. We considef a single cavity with mirrors M1 and
M2 which are suspended as shown in fig.1. The input beam A enters the cavity from mirror
M1 and bounces back and forth between the two mirrors. After several round trips, whose
number is of the order of the finesse of the cavity, the field builds up inside the cavity. The
magnitude of the field depends on the finesse of the cavity, the input power and the detuning
of the cavity. The field or the power produces the radiation pressure force which pushes on
the mirrors, driving them apart, thus changing the distance between the two. This in turn
changes the power inside the cavity. For instance, if the mirrors were hanging in a position
of resonance, the radiation pressure force drives the cavity out of resonance, reducing the
radiation pressure force. The mirrors start swinging with radiation pressure force adjusting
to the continuously varying length of the cavity. It is found that the radiation préssure force

does not adjust instantaneously to the new length but lags behind the expected static force



given by the Fabry-Perot curve by a time-lag comparable to the storage time of the cavity.

The time-lag has been called ‘time delay’ in earlier literature [13].
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FIG. 1. Schematic diagram of the cavity and the intra-cavity fields.

The slowly varying amplitude of the field inside the cavity at time ¢, denoted by B(t)

satisfies the following equation,
B(t) = tyAexp[ikz,(t)] + RB(t — 7) exp[ik L(t)], (1)

where, z;(t), r; and t;, i = 1,2 are the positions, reflectivities and transmitivitties of the
mirrors M1 and M2 respectively; R = rirq, k = ZT", where A is the wavelength of the laser

light, 7 is the round trip time and
L(t) = 2z2(t — 7/2) — 21(t) — z1(¢t — 7). (2)

In case of the VIRGO cavity, the arm length Lg is 3 km, the round trip time 7 = 22 ~

[4

2 x 10~° seconds, where c is the speed of light. This equation provides an iterative relation




between the field amplitude at time ¢ to the field amplitude at time ¢ — 7 and the positions

of the mirrors. We investigate the following two situations:

1. The mirrors are hanging in the positions of resonance and the laser is switched on at

the time t = {,.

2. The mirrors are hanging in an equilibrium state with the radiation pressure force

balancing the restoring force of the suspension.

Situation 1 represents a possible experiment. When the servo-control is not operating, the
mirrors will be freely in motion. Then, when the laser is switched on, the radiation pressure
will affect the motion of the mirrors. However, here we mainly deal with the case (as given
in 1), when the mirrors are initially at rest and in the resonance‘position. However, many of
our analytical formulae, for example, that of ‘time-delay’ apply to more general situations.
Situation 2 describes the case when the interferometer is already in operation. Now if the
servo-control loop is suddenly opened, the system will tend to become unstable. This case

is also investigated.

A. The equations of motion for the mirrors

The equations of motion for the mirrors correspond to forced harmonic oscillator with
‘the forcing term arising from the radiation pressure force. We first compute the radiation

pressure forces on each mirror.
For mirror M1, the radiation pressure force comprises of two terms, electric field due the
input laser beam, A and the intra-cavity field B as shown in fig.1. The radiation pressure

force is given by twice the power divided by the speed of light. The radiation pressure force

on M1 is,
2 ) ]
Fl(t) = —E[R P(t - 7') - Tl.Po], (3)

where, P(t) = |B(t)|?, Po = |A]? and ¢ ~ 3 x 108 m./sec., the speed of light. r? is the



fraction of average number of photons reflected by i th mirror for 7 = 1,2 respectively.

For M2, the radiation pressure force is

Fyt- %) = zZ—Z—P(t — 7). (4)

The equations of motion for the mirrors with the masses, natural frequencies and damping
constants, m;, w;, T;; ¢ = 1, 2, respectively, are

m; [.’L‘l + ;2'.’13, + wf(m,— - .’13,‘0)] = E(t), (5)

i
where z; is the initial position of the mirror such that the separation between the mirrors
before switching on the laser is Ly = z20 — 210. The full system of equations to be evolved in
time are the equations from (1) to (5). In section III, we first carry out the task numerically
and in later sections, after we have gained sufficient physical insight into the problem, we

shall present the semi-analytical results.

III. THE NUMERICAL SOLUTION

*

For the numerical calculation, we consider the VIRGO parameters for the suspension
and the optical cavity. We assume m; = my; = m = 28 kg., w; = wp = w ~ 3.75 rad./sec.
which corresponds to a frequency of about 0.6 Hz. The Q factor for the system is ~ 10%. The
optical parameters are 7 ~ 2 x 1075 second, the wavelength of the carrier wave A ~ 1.064um,
71 = 0.94, 75 ~ 1. The wave number is k = 27/ and R = 0.94. We examine the behaviour
of the syst\em with the input power varying between 1 kW to 30 kW. Initial detectors will
be operated at input powers ~ 1 kW and advanced detectors at powers of few hundred kW
or even upto a MW. Note that these are the input powers for the main cavities after power

recycling has been implemented.
With the above values for the'parameters, we find that the instabilities set in, on the time-
scales of few seconds to few hundred seconds. Since the Q-factor of the pendulum-suspension

is so large, the damping in the oscillations can be neglected for the numerical integrations




carried over the time intervals < % ~ 108 seconds. Most of our numerical integrations range
from few seconds to at most few thousands of seconds. Neglecting damping, the equations

of motion for the mirrors become,

."I:'i +w2($,- - 117,'0) = Ez’n(li) = f.,;(t), 1= 1,2 (6)

The equations of motion of the mirrors are non-linear differential equations and cannot be
solved by simple methods.
We integrate the equations by the so called ‘Phase Space method’ described below:

Let A be the time-step of integration. The natural time step we assume is A = 7. We
assume that the forcing term is a constant during each time step. This assumption is not
unrealistic because the round trip time interval for the VIRGO cavity is of the order of 1075
seconds. The equations simplify enormously under this assumption. Thus we can integrate
the equations exactly within this time interval.

The evolution of the equations goes as follows:

fa(l = coswA)

Tnt1 = Ty COS wA -+ Pn sinwA -+ 5 , (7)
* w
: sin wA
Pn+1 = —Zp sin wA + Dn COS wA + &;n;i_, . (8)
’ w

where we have dropped the indices 1,2 for simplicity and p = #/w. Here z represents the
displacement from the mean position zy. The index n represents the value of the variable
at the time nA, i.e. for example, z, = z(nA).

The optical component has the following iterative evolution:

_2[R2Pn_1 -—_ T%P()]

fln = me (9)
2r2P, _
fon = =221 (10)
mc
P, = |B,|%, (11)



B, = tiAexp(ikzy,) + RB,_; exp(tkL,), (12)

Ln = 21?2" — Tin — T1p-1- (13)

This scheme solves the system of equations. Since it is the length of the cavity that actually

matters for this problem, we define the variable,
Y(t) = klz2(t) — z1(t)] — kLo, (14)

and present the results in phase space plots of 1 Jw vs ©. ¥(t) is called the differential mode.

We first consider the case when the mirrors are hanging in the resonance position and
the laser is switched on. As the power builds up, the radiation pressure acts on the mirrors,
driving them apart resulting in the detuning of the cavity. This reduces the radiation
pressure force and the mirrors swing back. The motion is oscillatory and as we note, the
oscillations increase in amplitude. We employ two values of input power namely, 1 kW
(initial VIRGO) and 30 kW corresponding to advanced detectors. The results are presented
by the phase space trajectories of the mirrors. We consider four variables for the purpose,
x1, Ta, ¥ and ¢. ¢, defined later in the text in eq. (24), section IV - B, is called the common
mode. For the range of powers considered 1 kW to 30 kW, the phase space curves obtained
from numerical simulations, for few tens of seconds are qualitatively the same.

We make the following general observations about the features:

1. We observe from figs.4 and 5 that the radius of the phase space curve increases with
every cycle which indicates that the mirrors continuously gain energy from the input
laser beam implying that the system is nonconservative. We also observe that the gain
per cycle is not constant but some sort of a periodic function of the radius of the phase

space diagram. We shall consider this phenomenon in detail in section V.

2. The (static) radiation pressure force peaks when the cavity is in resonance and drops
down to zero when it is out of resonance, (see fig.3). The full width at half maximum

(FWHM) of the radiation pressure force F'() is about 0.06 rad, corresponding to the

9




FWHM of the cavity resonance curve for a finesse of 50. Hence for the initial stretch of
the phase space trajectory, the mirrors experience the radiation pressure force whereas
during the rest of the time they only experience the restoring force (and the force due
to the input power for M1). The phase-space trajectory is circular during the restoring
force regime and is deformed away from the circularity when the mirrors encounter

the appreciable amount of radiation pressure near resonance (see fig.4).

. Since the laser is beamed in the positive z-direction there is an asymmetry about the
origin. This shifts the centre of mass trajectory to the positive side of the z axis (see
fig.4). The period of oscillation of the common mode is twice that of the period of the

differential mode of the system (see fig.2).

. If we let the laser beam pump in energy for large amounts of time, the amplitude
also becomes large and the mirrors sweep across several resonances. The phase space
trajectory then tends to become more and more circular and the motion approximates
to that of a simple ha;monié motion. This feature can be observed in all the four
modes. The circularity of the trajectory implies that the motion is almost ‘“free’. The
radiation pressure force has little effect because the mirrors sweep too quickly across
the resonances for it to affect their motion. However as we shall see that the steady

gain in energy still persists. Figure 5 depicts this phenomenon.

~

. The amount of energy imparted to mirror 2 by the laser beam after getting reflected,
is more than to mirror 1. Thus M2 swings with larger amplitude as compared to - M1

(see fig.4) (the radiation force is larger on M2).

10
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IV. PHASE SPACE TRAJECTORIES FOR THE FIRST CYCLE

In this section, we obtain approximate closed form expressions for the equations of the
phase space trajectories for about a period of one cycle. For the VIRGO case, this turns
out to be between one or two seconds. This analysis could be useful in the context of the

initial locking of the cavity.

A. The differential mode ¢

The equations of motion of the individual mirrors, equations (3) to (5) allow us to write

the equation of motion of the system of mirrors in the differential mode as,
. 2 k ’
Y+w= *n;[Fz(t) - F(2). (15)

In the quasi-static approximation,

P max

P(t - 7) ~ P(t) = (T @yt (16)
where F = m/R/(1 — R) is the finesse of the cavity and
Prnas = ?li%' (17)
Thus the equation for ¥ is,
L+ v = Ty (18)
where
=2t g, (19)
and
o = 2k Pyr? ‘ - (20)

mw?c
f‘or the VIRGO cavity, we have the following numerical values for the quantities:
o = 0.88- 8, F = 50 and Fp = 62.615%7-

15




For F > 1, the term on the right hand side of equation (18) is non-zero only when ¢ < 1.
With the approximation siniy ~ 1, we can easily integrate equation (18) to get the phase

space trajectory of the mirrors,

F07T 2F

. ‘
—5 + W+ %)’ = — tan™' (—) + 9. (21)

For low powers like 1 kW, the approxima.tidn sin ¢ ~ 1 works remarkably well and agrees
with the numerically obtained phase space trajectory. In order to compare the analytical
and numerical results, we compare the maximum value of v, namely .4, of the trajectories

for various input powers in fig.6.

’wmax

FIG. 6. Comparison of the values of 1,4, obtained analytically (smooth curve) and numerically

(open circles) for input powers of 1 kW, 5 kW, 10 kW and 30 kW.
1. When 9 is small that is near resonance, the equation of the trajectory reduces to

16



72
_Z% = 2Fy1. (22)

Thus the trajectory is parabolic in shape and passes through the origin.

2. When 9 ~ 1, the trajectory is a circle as expected since there is hardly any radiation

pressure force acting on the mirrors. The equation of the trajectory in this regime is

¢2 Fyr?

=+ W+ 0) = o= + U | (23)

When the input power is very large = 50 kW, the trajectory does not maintain this

simple shape. For example when Py ~ 50 kW, the trajectory is as shown in fig.7.

33

FIG. 7. Phase space diagram for the ¢ mode for the input power of 50 kW and integration time
of 3 seconds.
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This is because the high powers make the mirrors cross several resonances in the first

cycle itself and consequently the trajectory has more complex behaviour. We do not pursue

this case here.

B. The common mode ¢

In this sub-section, we study the motion of the center of mass of the system of two

mirrors. We define the center of mass coordinate of the two mirrors as,
¢ = k(.’El - .'E]()) + k(.’L’Q - $20). (24)
The equation of motion of the system in the center of mass coordinate is,

bR + B, (25)

b+ wip=—
m

where for Fj(t) and F5(t) are given by equations (3) and (4). The equation of motion takes

the form,
$ _ F,
= + (¢ — th) = [ (Z) sty (26)
where
2 _ p2\42
Fc _ 2]6(7'2 R )tlp() (27)

mcw?(l — R)?
For VIRGO parameters, }';c = 4.01—01—;0‘;. The above equation is a second order differential
equation and is coupled nontrivially to the ¢ mode. The strategy we adopt is to study the
motion of the center of mass in different regimes; (1) near the resonance and (2) away from

the resonance. The full trajectory is obtained by matching the solution in the region of the

overlap.

1. For 0 < ¢ < 0.5; siny ~ 1, equation (26) becomes

F

%+(¢—¢o)=———l+(m)2. (28)

18



Further for 1 < 3 x 1073, (2££)2 < 1; we neglect (22%)? as compared to 1 and obtain,
2
=t ¢ = 2(F. + %o)9- (29)

For the VIRGO cavity and input power 1 kW, Fi ~ 0.4. Neglecting the quadratic

term in ¢ as compared to the linear term, we see that the motion of the center of mass
describes a parabola for low values of ¥ and ¢,
¢22

= = 0974, (30)

We compare the slopes of the phase space diagrams in the differential mode as well as
the common mode. The phase space curve is more steeper in the common mode as

compared to the differential mode.

2. Away from resonance, ¥ > 0.5, the power stored inside the cavity is almost zero. The

equation of motion of the center of mass is given by,
' -+ ¢ = vo. (31)

The solution for the initial conditions ¢ = ¢o,q3 = qBo is,
¢ %%
i (¢ — %0)® = =% + (o — %ho)*. (32)
w
This solution must be matched to the solution in case 1. Suppose we match the solution at

¢o = 0.5, from equation (29) we have ¢/w ~ 0.7. This gives the approximate solution. In

general the solution in this region is,

42
G+ (6 o) = 2B + Yo)do + (60 — n)? — &5 (33

The equations (29) and (33) describe the full solution for this mode.
The phase space trajectory for the individual mirrors can be obtained from the motion
of the mirrors in the differential and the common modes. The trajectories of the z; and z,

modes are shown in figures 2 and 4.
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V. ENERGY CONSIDERATIONS AND ANTI-DAMPING

In the previous section, we examined the motion of the mirrors under the radiation
pressure force. We noted that each time when the mirrors cross a resonance they experience
an impulsive force. In this section, we analyze in detail as to how the system gains energy

as each resonance is encountered.

A. Quasi-static approximation

We start with the quasi-static approximation in which the system is conservative, thus
there is no net gain in energy. We then phenomenologically introduce the ‘time delay’, Ti4g
which now leads to gain in energy. We thus obtain 7,4, in terms of the cavity parameters
and this gives us an equation for an anti-damped harmonic oscillator. The energy gain can
be obtained as shown in the following sections. Finally, for large times, the gain can be
expressed through a negative @) of a harmonic oscillator.

In the.quasi-static appreximation, we assume that the mirrors are moving ‘slowly’ that
is the intra-cavity power has time to adjust itself to the slowly changing positions of mirrors,

i.e. 7y € 1 — R. Thus neglecting 7 from the equation of motion we obtain,
v = 34
L+ w+v) =), (34)

where 9 as given in the previous section gives the constant displacement due to the constant

input power P, from the laser beam and F;(v) is the radiation pressure force in the static

case is given by,

Fy

1+ (25)2sin?y’ (35)

Fo(y) =

where Fj is given in equation (19). The dimensionless energy of the system is an integral of

motion and is obtained as

12
E=%%+KMW+%WHWMW% (36)
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where the potentials are given by,

Voo$) = 2, (37)
Vo(¥) = o, (38)

Y
Viaity = = [ Fu@)d. (39)

The system is conservative in this approximation. These results have been obtained in the
earlier literature [13].

However, we note from the results of numeriical simulations that the system indeed gains
energy with every cycle of oscillation. Moreover this gain occurs when the radiation pressure
force is appreciable i.e. when the system is near resonance. Most importantly, we observe
from the numerical simulations that radiation pressure force lags behind its quasi-static
value by a ‘time-lag’ which we denote by 7,,. We find that in the case of VIRGO, 7,
varies from 167 to 307 as one climbs up the resonance curve from half its maximum to the
maximum. 7y, is of the order of the storage time of the cavity. With this in mind we write

the force F(t) ~ Fy(t — Tiog) and obtain the following equation of motion,
7’5 = F ’t 40
i (¥ + o) = Fs(Y(t — Tiag))- (40)

Taylor expanding the forcing term to the first order we obtain,

o
& e G+ () = Fi(w), (41)

as the equation of motion for the system. The ¢ term in equation (41) is responsible to the
gain/loss of energy of the system. This solely depends on the sign of %} since 74 is always
positive. If we start the system from resonance at ¢ = 0, v starts increasing slowly and in
the region, % < 0 and the system experiences more force than what it would have been in

the quasi-static case. This excess force is manifested in an excess amount of energy AE. In

general, the energy gained/lost over a certain amount of time is given by,
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Y2 t2
8B == [ nag() gzt = = [ oy S (42)

It is clear from equation (42) that when & —&1—; < 0, the energy gain AE > 0 and vice-versa.
But since the radiation pressure force always gives a kick in the positive -1/ direction,the |1/;|
is always larger when 9= d + <0. In other words, the amount of energy gained by the system
is more than the amount of energy lost. Hence there is always a net gain in energy when
the system crosses a resonance.

We need to compute this extra force AF which gives rise to the gain in the energy to

the first order in 7,,. We obtain,

dF; .
AF = —d—w'd)ﬁag. (43)

We note that AF depends on the phase velocity and dF . Since ‘fifp ~ (O when the system is
away from resonance, AF' comes into play only in the region of resonance. Another way of -
describing the fundamental asymmetry is to say that for the moving mirror, the wavelength
of the laser light is modified by the Doppler effect. When the mirrors are approaching each
other, the apparent frequency of the light for the cavity is increased, or equivalently, the
line-width of the cavity seen from the laboratory frame is narrower and vice versa when the
mirrors move away from one another, the line-width is seen to be broader. The consequence
is that the braking force (when the mirrors move against the light) acts for a shorter time
than the accelerating force, when the mirrors are moving away from each other‘. Over one

cycle the energy difference is positive and there is a continuous increase of mechanical energy

which comes from the laser.

B. The computation of the time-delay

In this section, we obtain a closed form expression for the ‘time-delay’, 7, under the
approximation that the relative velocity of the mirrors does not change much during the

storage time of the cavity. This is observed in the numerical simulations and hence the
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approximation may be justified. 7,4 is the most important quantity for computing the rate
of gain in energy.
The intra-cavity radiation field at n-th time instant B, is related to the intra-cavity field

at n + 1-th time instant via an iterative relation,
B, = t1A + Rexp(2iy,)B,, (44)

where, B, = B(nt), ¥n = ¥(n7). We compute the ﬁéld B, from initial time ¢y, which we
take to be zero. We take the time step for the iteration to be the round trip time 7. In order
to compute the intra-cavity field, it is necessary to know the temporal behaviour of 3. For
the static case, when the mirrors are stationary, we get the equilibrium field B;. When the
mirrors are moving, the approximatidn now comes into play, namely, we assume that z/) is

constant over the storage time of the cavity.

The Taylor expansion of 1 to the first order around ¢ = 0 is,
Yk = o + kTibo, (45)

where ¥y = 1(t = 0). Iterating equation (44) n times starting from ¢ = 0 when B = By, we

obtain,

n—1 e—n— e .
By=1thAY Rme*Tica-m¥ 4 RneliYiss VB, (46)

m=0

For large n, the last term on the RHS in equation (46) tends to zero and the electric field

i

amplitude at the n-th iteration is given by,

n-1 an—1
B, =t A Y R™e¥ Limn-m ¥, (47)

m=0

e If the relative separation between the mirrors is constant in time, 1, = 1, we retrieve

the equilibrium field B;:

B,=tAY Rmemwo — 14

"1 — Re%uvo’ (48) .

m=0
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e Turning now to the case in hand, when v, varies linearly with time, the sum in the

exponential for large n is approximately given by

n—1 1 . '
Yotk ~map, — Emzﬂl)o- (49)
k=n-m

We combine equations (47) and (49) to obtain,

n—1 A
B, =1t,A Y Rmekmvneimio, (50)

m=0
If ) is small then the exponent can be linearized. Then it is possible to express the

field as the sum of the static term B, and the remaining part AB which corresponds

to the time lag.

We write
B, = B, + AB, (51)
where
AB = —irt; Ay 7§ R™e¥mvnm?, (52)
m=0

Summing the arithmetico-geometric series [16] yields,

¢R26—4iw

The corresponding power AP is given by
21A27 R2 (1 —
AP = 2Re(B,AB") ~ SSUIALTEYY( — R) (54)

[(1— R)2 + 4Ry7P

Refering to equation (19), we get the expression for the dimensionless extra force,

2k(r3 + R?)

AF = 4
mw-c

AP, (55)

The above expression of power is for values of ¥ near resonance when ¥ < 1. When
¥ ~ nm, the same expression can be replaced by the ¥ — n7 under similar approxima-

tions. The effective ‘time delay’ 74, is now obtained from (43), (54) and (55).

2TR

oo = TR (ZR0) (56)
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We note from the equation (56) that the effective time lag is maximum at the resonance and
starts decreasing as one goes away from the resonance value. For VIRGO parameters, we
compute the value of the 7,5. At FWHM, i.e. ¥ ~ 0.03, 749 ~ 167, going up to 744 ~ 307

as one approaches resonance.

C. Energy gain near the resonance at =0

In this section, we examine the motion of the mirrors for small amplitudes. Initially
before the laser is switched on, the cavity is at resonance i.e. the two mirrors are separated
by an integral multiple of 7 in phase ( -'%Q is an integer). The system starts from 1 = 0 and
the motion is allowed to evolve with time. We restrict the amplitude to || < 7 and study
the system in this regime. Our goal is to compute the net gain in energy, AFEcyqe during

one cycle of oscillation. We have,
Tt .
AEcycle = 2/(; AF(w)dd)a (57)

where

167 R2Fon)
(1 - R)3(1+ (2¥)2)3°

AF(y) = (58)

We note that %% < 0 in this regime. We set an arbitrary cut-off ¢; (when AF <« 1) as the
system moves away from the resonance. The factor of two is because the force is encountered
twice during the cycle.

The 9 is obtained from the energy balance equation,

1y?

2 1y
S = /0 Fy(4)dep ~ -2%15‘0 tan—l(%‘é : (59)

Thus from (57) and (58) we get,

[RF -
AE.yqe = 8w T1?5'/"’1@51), (60)

where,




1 ¢(tan™! @)1/2

e (61

1) = |

and ¢, = 2F¢, /7. The cut-off ¢; should be away from the resonance and we find for the

VIRGO, ¢; ~ 5 is an acceptable value.

1 -
. ]
0.8 - |
L
Q f— -
E 0.6 L
Q
m L
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(e u
[ I A ! I ) . [ . . , |
(o] 1 2 3

P,/10kW

FIG. 8. The gain in energy per cycle obtained analytically (smooth curve) and numerically (open

circles) for input powers of 1 kW, 5 kW, 10 kW and 30 kW.

The numerical and the analytical results are compared in fig.8 by plotting the gain in
energy per cycle for various input powers.
To convert the dimensionless energy gain in Joules we multiply by the factor of mw? Jk? ~

11.2 pico-Joules.
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D. Energy gain for large amplitudes

As the mirrors gain energy they swing with ever increasing amplitude and sweep over
several resonance peaks of the Fabry-Perot cavity. The system gains energy at every reso-
nance peak and thus the energy gained per cycle is the sum of the energy gained at each
resonance encountered. The peaks are encountered at iy = nn, with ez > 7 > Tin,
Nmin < 0 and Ny,e; > 0. The total number of resonances encountered by the mirrors is
Tmaz + |Mmin| + 1. Also it is observed that nmez > |nmin| due to the built-in asymmetry
arising due the laser power pumped in the positive z-direction (see fig. 3).

Let AE, be the energy gain at the n-th resonance, then the total energy gained per cycle

AFE¢yq. is given by,

Nmazx

AEye = Z AE,, (62)
where
AE, = AE,, + AFE, _, (63)

and AE,_, AE,, is the energy lost or gained respectively and given by the following ex-

pressions,
na+yn
AE,, = / AFdy >0, - (64)
nmw
AE,_ = / " AFdp <0. (65)
nw—y

Combining equations (57,59,62 to 65) we get the energy gain at nr as,

16T7R*Fy , - - V1
AE, ~ ﬁ(%ﬁ - ¢n—)/0 Eﬁ@?d% (66)

where 9, and 1/},,+ are the relative phase velocities of the mirrors for ¥ < nw and ¥ > nn
respectively. The energy gained at different resonance positions of the mirrors is different
because the 4 is different at different resonances, v is maximum when |n| is small and

becomes small when n approaches n,;, or n,.,. Thus the net energy gain per cycle is
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TR2 F 0 ™ Nmaz

m(;f 3 (Yot — o). (67)

Nmin

A‘Ecycle =

The next task is to compute the (1/}n+ — 9,_), the increase in phase space velocity while
crossing the resonance position as a function of n. For large values of n, the radiation
pressure effect reduces remarkably as is observed in fig.3. Hence we take the static forcg
equation to compute the increase ih the phase space velocities. We integrate equation (41)

neglecting the anti-damping term obtaining the change in kinetic energy as,

1. : %0 1
(R, — 9h) = FO/OO i—r(—Q_;E—)Q—Wdzp — 24y — 2ny. (68)

Equation (68) reduces to

(Vs — Pn_) _ 7r2_}£n — 491 (tho + nr)

o Zeme (o

b

where we have approximated v, + ¥n_ =~ 2¢(n7).

To compute 3)(n)/w analytically, we consider the dimensionless instantaneous energy as

given by equation (36),

142 1

2
T e — — 2 ‘-—
E = 52 + 2(w + 291y)

k(T% —+ R2)t:1',P0
mw?c

J(¥), (70)

where J(y) = ¥ fl_—fﬁ%ﬁq' We can approximate the integral for large motions as

J() ~ 25 ~ waﬁf for n crossings of the resonances. Assuming r, = 1 and 7y = R, we

&2
w?

+ (¥ — ¥)? = (2E + 92), (71)

where ¢, = %"5 ~ W?W (for VIRGO parameters). The phase space trajectory is a circle

centred around . with radius

p=1/2E + 2. (72)

Equation (71) gives ﬂ?l as

't/)(mr)

=/p? — (nm — )2, | (73)
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We rewrite the gain in energy per cycle as,

TR*Fyw 7

(I___—R);g(ffs(nmazanmin)a (74)

AEcycle =

where n,,,; is the greatest integer not greater then (¢.+p)/m and n.,;, is the smallest integer

not smaller then (¢, — p)/m. We have,

S(nmazanmin) = _ix. g(n‘ff), (75)
where
g(nm) = o = 2+ nr).
7 — (o — o)

For large motion of the mirrors, since the mirrors cross many resonances we may replace

(76)

the sum by an integral over n. Changing over to the variable M = nm — ., in which the

system appears more symmetric about the origin, we have,

Mma: a—ﬂM

S= Moin (92 — M2)1/2

dM (77)

where o = %ﬂ — Z;f_l(% +1.) and B = g;ra Mne: and M, correspond to Npez and ngin

respectively.

We note that p satisfies the following inequalities,
Mma:c S P S Mmaz + 1, IMminI S P S leinI + 1 (78)

We observe that when n is large, the difference between |M,,;,| and M,,,, is small, of the

order of 1 or 2 times m. We denote the difference, by é M where,
oM = Mma:c - |Mmin| = Mmaz + Mmin- (79)
The integral in equation (77) splits into three parts S = S, — S, — S3, where

S = 2asin™! Myqz/p, ) (80)

2

n =M
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Mo OM
(p2 - A[r?nax)lﬁ‘

Sy~ 8 (82)

The dominant term is S; which gives the general behaviour and shape of the curve shown
in fig.9. While S, produces a small kink in the curve, the effect of S; can essentially be
ignored. In case of the VIRGO cavity and Py ~ 30 kW and p ~ 20, S; f_v 16.7, So ~ 1.75
and S3 ~ 0.26. For the initial VIRGO detector, Py ~ 1 kW, and p ~ 4.0, S; ~ 0.56 while
Sy, S3 ~ 0.

Considering only S;, the energy gain per cycle is approximately given by,

2-AE'ma.a: =1 Mmaz

Al;'cycle = T sin P) 3 Mez < p < Mmax + 1, (83)
where,
TR?Fywmd mFy 24y

We observe the following features in the profile of AE,,,:

e At the resonance position , p = M,,, the energy gain is maximum and equal to AE, ;.
For the VIRGO cavity specifications and input power of 30 kW, AE,,.z ~ 3.8. When
Py~ 1kW, AE .. ~ 4.2 x 1072

e Equation (83) shows that the energy gain per cycle is a decreasing function of p. The
energy gain decreases till the next resonance is crossed, where it suddenly increases to

AFE,,... As the amplitude increases, p increases from M,,,; t0 Mo, + 1, the mirrors

sweep across the resonances a little faster which deprives them from gaining the full

energy AE,,... AE¢yc. therefore reduces from AE,,,, to AE,,;,, where

2AEmaz - MmaI
AE,in = sin~?

. 85
T Moz + 1 (85)

e The energy profile in this range of p i.e.My,,, to My, + 1 can be approximately given

by,

8(AEnaz)?

2 _
(AEmaI - A-Ec;,lcle) — 7T2Mmaz

(p = Momaz). (8_6)
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FIG. 9. The dimensionless energy gain per cycle AE.y. as a function of the amplitude of the

9 mode for the input power of 30 kW. The plot is analytical.

We note that the minimum value is,

AEmin ~ AEma:z:(l - ( S )1/2)7 (87)

7r2Mmaz
and it tends to the maximum value AE,,,, as M., becomes very large.

e In fig.9 it is seen that there is a kink after AE,,;, is reached . The kink occurs because
M,in reduces by 1 when the mirrors cross yet another resonance on the negative side.

This is accounted for by the second term.
Since the E ~ p?, the rate of increase of p per cycle, denoted by Ap is given by Ap = —A;E.
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E. The negative Q-factor

In the previous section, we have seen that for large values of p, the amount of energy
gained by the system of two mirrors per cycle is a constant and tends to AE,,.,. The
system is an anti-damped harmonic oscillator which gains on an average, constant amount
of energy per cycle. We may therefore associate a negative quality factor —Q, where @ > 0,
with the system which describes the anti-damping. In this section, we endeavor to study
the behaviour of Q.

The equation of motion of an anti-damped harmonic oscillator is given by,

where @ is constant. The solution for x is of the form
X ~ Xoewt/2Qe:ﬁiwt. (89)

In our case, x = % — ¢ and the amplitude is p ~ xe“*/?? when p is sufficiently large so
that the phase space trajectory is approximately circular and can be compared to a simple
harmonic oscillator. Since a constant amount of energy is gained per cycle, the @ will be
a function of time. However, we can still describe the system by an average ) taken over

a cycle, which we denote by < @ >cycie, since the change in @ during one cycle is small.

1 d<Q>cycle
W<Q>cycle dt

Moreover, we assume < 1 i.e. the fractional variation of < Q >cyae Over

a period of a cycle can be ignored. Thus we obtain a W.K.B. solution for p(t) as,
1t wdt
pt:ptoexp—/———, 90
®) = el expl3 | —5—] (90)
where tg is some fixed but arbitrary initial time instant and p(¢,) is the radius of the circular
phase-space trajectory at to. We have also assumed that < Q >yqe> 1. The energy from

equation (72) is given by,

B() - B(to) = 30"t exp( | — 25—
0 cycle

) —1]. (91)
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Since the energy gain is a constant and during a cycle equal to AE,,,,, we can equate 2% 4&

w dt
to AE,.. to obtain,
WAE 0,
E(t) - E(to) = —2——(t - to). (92)
Vs
The time evolution of p is obtained again from equation (72), which yields,
AEmq,
p(t) = plto)[1 + —5Zw(t — to)]'/*. (93)
TPy
Equating the logarithmic derivatives of (91) and (94) we obtain,
< Q >eyee (1) =< Q >cyate (to) + w(t — to), (94)

where < Q >cyae (to) = Z,gnf:,' We observe that both the energy and the < @ >y increase
linearly with time while the amplitude p increases as t!/2. < Q > . (t) depends through
AF, .. on the input power, finesse and the round trip time.

For Py = 30 kW of input power, the trajectory more or less obtains a circular shape

when p(tg) ~ 15. For the VIRGO parameters,

P
AEmas ~ 042(5557)° ~ 3.79. (95)

Thus < Q >cyete (to) ~ 186 and so
< Q >eycte (t) ~ 186 + w(t — to). (96)

Further, if we also consider the effect of the damping of the suspension then the limit
cycle will be approached when < Q >cyce~ Qsus ~ 108 for VIRGO. < Q >y will attain
this value after wt ~ 108 which corresponds to little more than 3 days. The corresponding
amplitude is given by,

w(t — to)

/2 _ 1100.
< Q >cycle (tO)]

(97)

p = p(to)[1 +

This simple analysis will have to be modified when the limit cycle is almost reached,

that is when, < @ >cyce~ Qsus- Here, however our goal was to estimate the time it takes to -
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reach this stage. The above analysis is then adequate for the purpose. However, when the
servo operates or otherwise such a situation is unlikely to arise because other effects such as
mirror tilting etc. will be important long before and then the dynamics will be completely

different.

VI. THE EQUILIBRIUM CASE

Lastly, we examine the case when the mirrors are in equilibrium under the radiation
pressure force and the restoring force. We have to determine whether the equilibrium is
stable or unstable. To this end we perturb the equation (41) about a given equilibrium

point. Writing ¢ = 1, + 0% and linearizing, we get,

53 — Tiw + Q%69 =0, (98)
eq
where,
1o (1 4 (Frea)2ys
g = (2 ) (99
* 2 Fol/feq’f\/}_f
and
2F 2 we FO
ng = 2(——) : (100)

m (14 (BEe)?)?
If 1eq <0, ng < 0, the sign of 7., does not matter and the instability grows exponentially.
If on the other hand ¢, > 0, then although ng > 0, 7¢q > 0 and this leads to gradually
growing oscillations until the pendulum tips over the maximum. We plot the phase space
trajectory for the input power of 1 kW in fig.10. We conclude from this that the cavity is
always unstable when radiation pressure forces act. The time-delay plays a crucial role in
making the system unstable.

The negative Q-factor for the motion of the mirrors near the equilibrium position, is
given by,

1
Q = _§Qeq7-eq- (101) R
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FIG. 10. The phase space diagram for the equilibrium case for the 1 mode. The input power is

1 kW and the integration time is 4 seconds.

For an input power of 30 kW, with VIRGO cavity parameters, the equilibrium position of
the mirrors near the resonance at zero is 1, ~ 0.25. The corresponding values o6f the other
quantities are ¢, ~ 4.75 and 7., ~ 10* seconds. The negative Q-factor, @ ~ —2.3 x 10%.

Whereas for the initial VIRGO, Py ~ 1 kW, t¢, ~ 0.16 thus Q¢, ~ 1.67, 7y ~ 3.1 ~ 10*.
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seconds, the negative Q-factor, @ ~ —2.6 x 10%.

VII. CONCLUSION

We have analysed the effect of radiation pressure on the freely hanging mirrors (no servo
loop) suspended in the laser interferometric optical cavities. After numerically evolving the
full set of equations of motion with respect to time, we find that the amplitude of the mirror
oscillations continuously increases as time progresses. We introduce the ‘time delay’, that is
the time taken for field to adjust to the motion of the mirrors, in a phenomenological way
to explain the observed gain. We conclude that the gain in energy is due to the differen-
tial radiation pressure force arising from the asymmetry depending upon the motion of the
mirrors. From another viewpoint we can also explain the gain in energy qualitatively by
the Doppler effect. With respect to the mirror the frequency of the incoming laser beam is
higher as compared to that of the outgoing laser beam due to the Doppler effect. The deficit
of the energy of the laser beam after getting reflected from the mirror can be looked upon
as the energy gained by the mirrors. The values of the energy gain per cycle are computed
analytically under the reasonable assumption that the mirrors are not accelerated within
the time scale of the storage time of the cavity. For VIRGO parameters, the analytical
values agree remarkably with the numerical values. The interesting point to note is that
the motion of the mirrors approaches that of an anti-damped harmonic oscillator with a
constant gain in energy. as time progresses which implies that the mirrors move too quickly
to get affected by the radiation pressure force. The negative Q-factor of the anti-damped
oscillator depends on the input power, the finesse and the round trip time of the cavity and
increases linearly as a function of time. The analysis will have to be modified when the
negative Q-factor becomes of the order of the damping Q-factor of the suspension fibre, if

such a case can arise.

In this paper, we have shown that the radiation pressure force makes the freely hanging
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mirror unstable for all values of the input power and irrespective of the initial conditions.

The above analysis is relevant in the event, when the interferometer is in operation and if
the servo loop is suddenly opened. Then the motion of the hanging mirrors can be deduced
from the above analysis. This analysis will be helpful in designing a servo-control which
can prevent this instability. In the previous work [11], the servo-control was included in the
linear regime of the Fabry-Perot curve assuming the transfer function for the servo given
by Caron et al. [17]. Their work sets the stage for analysing the system in the non-linear

regime as well, but then we will need to know how servo-control operates in the full regime.
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