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Abstract 

The paper presents a complete set of quasilocal densities which describe the 
stress-energy-momentum content of the gravitational field and which are built 
with the canonical Ashtekar variables. The densities are defined on a two­
surface B which bounds a generic spacelike hypersurface :E of spacetitne. The 
method used to derive the set of quasilocal densities is a Hamilton-Jacobi 
analysis of a suitable covariant action principle for the Ashtekar variables. 
This work also investigates how the quasilocal densities behave under gener­
alized boosts, i.e. switches of the :E slice spanning B. It is shown that under 
such boosts the densities behave in a manner which is in full accord with the 
equivalence principle. The developed formalism is used to discuss the canon­
ical action principle for bounded spacetime regions with "sharp corners". 
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1. INTRODUCTION 


The geometric expression for the energy of a nonrelativistic system (the functional form 
of the Hamiltonian in terms of the coordinates and momenta) can be discerned from the 
system's action functional. This follows from a basic tenet of Hamilton-Jacobi theory: the 
classical energy of the system is min us the rate of change of the classical action (the Hamilton­
Jacobi principal function) with respect to a unit stretch in the absolute Newtonian time. The 
ability to define the classical energy in this way rests on the fact that in the conventional 
variational principle for the system the lapse of absolute time is fixed as boundary data. 
From a practical standpoint, this means that in order to find the geometric expression for 
the system's Hamiltonian, one need only consider the general variation of the acti~n (often 
called the Weiss action principle [1]) in which the endpoints of trajectories in the variational 
set are not held fixed. Upon inspection of the boundary-term contributions to the variation, 
one can determine the canonical momenta as the factors which multiply the variations in 
the endpoint values of the coordinates. Furthermore, after the momenta are determined, 
careful inspection of the boundary-term factor with multiplies the variation in the absolute 
time then reveals the functional form of the Hamiltonian. 

Recently, Brown and York have proposed a generalization of the Hamilton-Jacobi 
method, which is applicable to a wide class of generally covariant field theories of a space­
tilne metric (in any dimension); and they have used this generalized method to discern 
what geometric expressions play the role of quasilocal stress, energy, and momentum in 
general relativity. Field theories of a spacetime metric enjoy a crucial feature in common 
with simple non relativistic systems: in the action principle it is possible to fix the time as 
boundary data. To see that this is indeed the case, consider a spacetime region M which is 
topologically the Cartesian product of Ricrnannian thrce-nla.nifold ~ and a cloRcd connf\ct.c.d 
segment of the real line I. The three-manifold L; has a boundary 8'E = B which need not be 
simply connected. Therefore, one element of the boundary 8M of M is a three-dimensional 
timelike hypersurface T ("unbarred" T is reserved for a 1110re special meaning) which has 
the topology of I x B and is a (2 +1)-dinlensional spacetime in its own right. The other 
boundary elements are t', the three-manifold corresponding to the initial point of I, and til, 
the three-manifold corresponding to the final point of 1.1 Now suppose that we are given 
a "suitable" action functional for the metric (and possibly Inatter) fields on the spacetilne 
region M. By "suitable" we lnean that the variational principle associated with the action 
features fixation of the induced metric on each of the boundary elenlents t', til, and T. In 
particular, the lapse of proper time between the initial and final hypersurfaces is fixed as 
boundary data since this information is encoded in the fixed T three-metric. The quasilocal 
energy is then identified as minus the rate of change of the classical action with respect 
to a unit stretch in the proper tinle separation between /' and t". (Therefore, inspection 
of the boulloary-tcrJll coutl'ibutiOllS to the va.riatioll of the actiou Ca.ll revea.l the geollwtric 

lOne may ima.gine that M C U, where U is SOlne a.lnbient spacethne known as the universe or 
sometimes the heat bath. The boundary B and its history T are simply collections of points in U 
and need not be physical barriers. 
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expression for the quasilocal energy. This geometric expression is obtained by isolating the 
fa.ct.or which IlluHiplies the variatioll in t.he lapHe ftlnct.ion which cont.rols t.he proper t.ime 
sepa.ration beLw(~('n 11 slices of 't.) [Iowevcr~ noUn- t.bat I.II(~ t thn-e<llwt.rie provides JlIore 

than just lapse of proper time between i !1(' in i1 iell and final slices, since it contains infor111a­
tion about all possibJe spacetin1e interv(;)') (i,t t, One is free to consider the rate of change 
111 tIle claHHkal ilcLioll wbiciJ corrc':1jliiil.j, ;; dl It;lr;} VitrilltiOIlH ill t.11t" I hOtlll<iary data.. 
A quasilocal surface stress-energy-momentuln tensor corresponds to this freedom. For the 
most relevant case of general relativity, the analysis of R,ef. [2] has demonstrated how this 
tensor leads to quasi local surface densities for energy, tangential 1nornentunl" and spatial 
stress (all are pointwise tensors defined on B) which describe the stress-energy-momentun1 
content of the ~ 111aUcr and gra.vita tiOIl(1' : i, '1(!s COlI t ained \V; thin B. 

ThiH paJ>f'r UHes Rllch a ILl/llili,,!!-.);,; I'\'; 'l" IIWLliod 10 (kri\'(' qtl<1siloccd sLr(,HH-Ptl('r~y­
IllOlllentulll surface densities which arc built wiLlI the Ashtckar gl'a.vitaLioJlal varia.bles. Siucc 
the the Ashtekar version of general relativity is inherently a non-metric formalism, the 
Hamilton-Jacobi analysis given by Brown and York has to be slightly modified. Neverthe­
less, the cornerstone of the method used hp.re l'mnaillS a. "suitable" action principle, i. c. 
information about the lapse of proper tln;l~ !!lust be fixed as boundary data. Now, the usual 
covariant formulation of the Ashtekar va.ri~lLles is ba.sed on the well-known chiral action 
independently given by Samuel [3] and Jacobson and Smolin [4]. This is a Palatini action 
which features the independent variation of the spacetime self-dual spin connection and the 
SL(2, C) soldering form. Applied to our spacetime region ./\It, this action principle does not 
feature fixation of metric data on T. lwnce it is not well-suited for our purposes. Per­
haps, one could consider adding the neo.:S:·)(liY hounda.ry terms to the chira.l action in order 
to obtain a suitable variational principle. ! jowever, here we follow a.nother route which is 
based on a lesser-known covariant fornlulation of the Ashtekar theory which has been given 
by Goldberg. [5] Goldberg's action functional is first-order, but in the variational principle 
the connection is not varied independently froln the tetrad. Vve find that, subject to certain 
gauge fixation of the tetrad, Goldberg's actklll is a tetrad version of the action functional 
used to derive qllasilocal stress-energ~·-:Jl .. !!l' i 11111 ill the lnetric scenario. It should be Inen­
tioned now that partial gauge fixation of the tetrad and triad plays a crucial role in what 
follows. At first sight this may seem objectionable. But one should recall that such gauge 
fixation is also unavoidable in the tria.d fonnulation of Halniltonian gravity, when one dis­
cusses the notions of total energy and m0I11E'ntum in the aSYlnptoticaJly-fla.t scenario. In 
that case one must deal with a "'fiJuci:::} l'ic:<i at infinity". [5~6] The gauge fixation of the 
triad in the quasilocal context is of the' .:,iU!IC lIaLure though less restrictive. 

There is a subtle interpretational issue concerning the analysis to follow which deserves 
so comment at the outset. The Brown-York quasilocal densities are not unique, since one 
has the freedonl to add a subtraction te1'1n (a functional of the fixed boundary data) to the 
gravitationa.l action which is used to d('u\'t' ~ cknsitjes. Brown and 'York have offered the 
interpretation tha.t such freedonl aHo\\'s ,)i '.0 set the reference points for the quasilocal 
densities. 2 Now, the results of graviL1 tional thennodynalnics are, in fact, independent of 

2This is quite analogous to the sit.u;d i,," 111-:(' ha 11 irs~ where one can affect the 

http:hounda.ry
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the choice of subtraction term, and, therefore, such freedom seems to be an unnecessary on~ 
when examining the statistical mechanics of the strong gravitational field. [7,8] However, the 
subtraction term plays an important role in several other theoretical contexts. For instancEl, 
it must be incorporated into the definition of the quasilocal energy, if in the suitable limit the 
definition is to agree with the Arnowitt-Deser-Misner (ADM) notion of energy at spacelike 
infinity. [2] Furthermore, recent research has shown that there is an implicit reference point 
set in spinor constructions of quasilocal energy based 011 the Witten-NesLer integral. [9] III 
this paper the passage from the triad ADM variables to the Ashtekar variables is effected 
by the addition of a purely imaginary boundary term to the action. We formally treat this 
boundary term as a subtraction term ala Brown and York. This allows us to cons,truct the 
theory in a parallel fashion with the presentations given in Refs. [2,10]. However, though 
technically this viewpoint is completely satisfactory, it should be realized that it is less 
satisfactory from an interpretational standpoint. Indeed, if we wish to adopt the Brown­
York interpretation for the imaginary subtraction term, then we are confronted with the 
issue of imaginary reference points for the quasilocal densities. Furthermore, even with the 
imaginary subtraction term, in the suitable limit the Ashtekar-variable expression for the 
quasilocal energy as given here does not agree with the ADM notion of energy at spacelike 
infinity. This seems alarming, but in fact is not a real problem. It merely signifies that ·it 
is perhaps better to view the imaginary subtraction term not as true subtraction tenll, but 
rather as part of a bigger base action. To derive an expression for the quasilocal energy 
in tcnllS of the Ashtekar variables which is in agreenlcnt with the ADM exprcssion, we 
would need to begin with an action which differs from this bigger base action by yet another 
subtraction term. In other words, our analysis is actually performed only on a base action 
(even though we split this base action into two pieces and treat one piece formally as a 
Brown-York subtraction term), and it should be understood that in some contexts it l11ay 
be necessary to consider the addition of appropriate subtraction terms to this base action. 
We discuss these issues in more detail in the concluding section, but remark now that we 
expect the results of this work to be complete for any potential application of the Ashtekar 
variables to gravitational thermodynamics. 

The organization of this paper is as follows. In §l, the preliminary section, we discuss in 
detail the geometry of M in terms of several classes of spacetime foliations. This discussion 
is the groundwork for the analysis in the main sections. We also collect some notations and 
conventions in this section. In §2 we derive a complete set of quasilocal densities which are 
expressed in terms of the Sen connection and triad on E, and thus may be easily rewritten 
later on in terms of the canonical Ashtekar variables. The geometric forms of these densities 
are discerned from a careful analysis of the boundary terms which appear in the Goldberg 
action principle. This analysis is quite analogous to the method described for nonrelativistic 
systems in the introductory paragraph. In §3 we turn to the issue of how the collection of 
quasilocal densities behave under generalized boosts. This behavior is similar to the simple 
boost law for energy-momentum four vectors in special relativity. Also in §3, we consider 

definition of a system's energy and canonical momenta by adding boundary terms to a systeln's 
action. 
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the canonical form of the action principle for spacetime regions with "sharp corners". This 
analysis supplements recent results from standard metric gravity for such spa~etim~s. [10,12] 
The appendices provide some ki'nematical results necessary for the central dIScussIons. The 
first three appendices develop the results necessary to write down the boost relations for the 
quasilocal densities. A forth and final appendix presents a method for dealing with "corner" 
tenns in gravitational actions (such terms are described below). 

II. PRELIMINARIES 

A. Foliations 

The boundary structure of M leads to two classes of spacetime foliations. Our discussion 
of these foliations is close to one given by Hayward and Wong [12]. 

Temporal foliations of M . .The first type of break-up stems from a conventional ADM 
foliation of M into a family spacelike hypersurfaces. [13] A foliation of this class, referred to 
as a temporal foliation, is specified by a time function t : M -+ I. The leaves of the foliation 
or slices are the level hypersurfaces of this time coordinate xO =t. Often, the possible time 
functions are rest ...icted by the requirement that both t f and til must be level hypersurfaces 
of coordinate time. The letter E is used both to denote a foliation of M and to refer to 
a generic slice of this foliation, and the E slice specified by t =. t. (t. is some constant) is 
denoted Et •• If the manifolds t f and til are level hypersurfaces of coordinate time, then it 
is convenient to set t f = Et, and til = Etll. The timelike, future-pointing, unit, hypersurface 
normal of a E foliation is denoted by u. 

Radial foliations ofM. The existence of the timelike boundary T suggests an alternative 
class of foliations of M. Members of this alternative class are called J'adial foliations and 
rely on timelike hypersurfaces or sheets which have the topology of T (informally, sheets 
are radial leaves while slices are temporal leaves). One assumes that a radial coordinate 
x3 = r parameterizes a nested family of such hypersurfaces which extend inward from T. 
This family of timelike sheets may converge on some degenerate she~t, and if this is the case, 
then there is a coordinate singularity at the degenerate sheet.3 With a notation similar to 
the one introduced above, we may represent T by 7;.'" so the level hypersurface specified 
by r = r" is T (the inner radial sheet is 1;.,). The spacelike, outward-pointing, unit, T 
hypersurface normal is denoted by n (the unprimed letter n is reserved for a related but 
different vector field introduced below).· 

Foliations of E and T: It is of interest to examine how the E and T spacetime folia­
tions mesh. If a temporal and a radial foliation of M are simultaneously given, then the 
in tersection Bt,r =Et n1;. is a two surface with the topology of B. Defining Bt =Bt,rll, one 
finds that the family of Bt slices foliates T. This foliation of T and its generic leaf are both 
loosely referred to as B. The tinlelike, future-pointing, unit, hypersurface nonnal of this 

3It should be emphasized that only a "local" radial foliation of an arbitrarily small spacetime 
region surrounding 1: is necessary for the analysis in this work. The full radial foliation of M is 
introduced only to have a closer analogy with temporal foliations. 
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foliation is u. In general, the vector fields u and u do not coincide on T. Fixation of the =time gives a family of sheets B". B t .,,,. which radially foliate the 'E hypersurface specified 
by t = t•. This foliation of 'E and its generic leaf are also represented by B. The spacelike, 
outward-pointing, unit normal of this foliation is denoted by n, and in general nand n do 
not coincide on 'E. 

Clamped foliations. Often in this paper we need to consider a particular subclass of 'E 
foliations, determined by the property that on T the timelike normal u is orthogonal to 
n. Such foliations are denoted by E with corresponding normal u. (So we have it . n 0 
on T, where u is also the normal for the B foliation of T.) We described a E foliation as 
clamped. Note that it may not be possible for a temporal foliation to be damped over all 
of T, since the u normals of t' and til may not be orthogonal to n (assuming that t f and- ,
til should be members of the family of 'E slices). We can also consider the locus o(points 
which is the Eulerian history of B with respect to an (in general) undamped E foliation. 
This "boundary", denoted by T is generated by the integral curves of u and may "crash 
into" or "emerge from" the actual boundary T. Note that by construction the E foliation 
is damped to T, since the outward-pointing spacelike normal of 7 is n. 

We maintain this barred and unbarred notation when it is necessary to deal simulta­
neously with clamped and undamped E foliations. However, in §3, which presents the 
derivation of the quasilocal densities, we make the clamping assu1nption which Ineans that 
only clamped E foliations of spacetime M are considered (or every 'E foliation is a E folia­
tion). When the clamping assumption is made, over-bars becon1e redundant, and therefore 
in §3 we drop all bars from the formalism. In this section we aSSUlne that the u nornlals of 
t f and til are orthogonal to the T normal fi (in this section denoted simply by 7 and n). 
Though this is a limiting assumption, it in no way affects the generality of this paper, as 
we return to the fully general scenario in the following section. vVe dC1110nstratc tha.t. the 
c1alnping asstunption is a purely killenlatical condition. 

B. Conventions and notation 

We adopt the following index notation. Lowercase Greek letters serve as M spacetime 
indices. Lowercase Latin indices from the latter half of the alphabet serve as 'E (and E) 
indices and as T (and 7) indices. There is -hopefully- no confusion caused by this dual 
use of Latin indices. Lowercase Latin letters from the first half of the alphabet serve as B 
indices. Orthonormal (or when appropriate pseudo-orthonormal) labels and indices for each 
space are represented by the same letters with hats. For exan1ple, jJ. is a spacetilne tetrad 
index and a is a B dyad index. 

The spacetime metric is 9p.JI with associated (metric-compatible and torsion-free) covari­
ant derivative operator \7p., and ejJ. q denotes a spacetime tetrad. The (pseudo )orthononnal 
symbol on spacetime is defined by C0i23 = 1 = _C<H2a. Respectively, we have "Iii and Vi 
(Iij and Vi), hij and Dj (iiii and Di ), and O'ab and Sa denoting the metric and intrinsic 
covariant derivative operators on T (7), 'E (E), and B. We use [; i (~r i), E; i (Er i), and 
(}a b, respectively, to represent a triad on T (7), a triad on E (E), and a dyad on B. Respec­
tively, the permutation symbols on T (7), E (E), and B are defined by toi2 = -1 = ~i2 

ii(coil = -1 = cOi2 ), ci23 = 1 = cil3 (ti23 = 1 = t ii3 ), and Cii = 1 = c . (In Ref. [14J the 
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convention for the T orthonormal symbol differs by a sign.) 

c. Spacethne decompositions 

The foliations just discussed lead to two decompositions of the spacetime metric. We 
dlUUIlCl tu t1XdHl'UCl LIto luvLric 1.. it fl'ltUl0 which httr-t D/ Dt hull tJ /01' tll1 t. \vu uf !.lto frn,llI(1 

legs. To begin with, the temporal foliation ~ allows the matrix of metric components to be 
written as 

(2.1 ) 


where the ~ indices run over (1,2, r). The N and Vi are the ordinary ADM lapse and 
shift. Further, since each of the E slices is foliated independently by nested sheets with the 
topology of B, the matrix form of the ~ three-metric is given by 

Il h II ((Jab (Jab f3b ) (2.2)
ii = (Jab f3b 0:2 + (Jab f3a f3b . 

Here, 0: and f3a are the "lapse" and "shift" associated with the induced radial foliation of E. 
The super matrix formed by combining these expressions gives the so-called (1 +2) +1 form 
of the metric. The (1 + 2) indicates that three-space has been split into a radial direction 
plus a two-space, while the 1 indicates the time direction. 

Similarly, beginning with the full radial foliation T of spacetime one has, 

(2.3) 


where the T indices and range over (t, 1, 2). The a and tJa are the gauge variables associated 
with this foliation. The submatrix associated with iii is 

_ .. 11 - (Jab Vb)(-N2 +(J~ va Vb 
11 (2.4)
'I; - (Jab Vb (Jab' 

where N and va are the lapse and shift associated with the induced B foliation of T. The 
super matrix of components for this splitting is the metric in 1 + (2 + 1) form~ 

It is a straightforward exercise to express the "barred" variables in terms of the "un­
barred" variables by simply equating the components of the (1 + 2) + 1 and 1 + (2 + 1) 
versions of the spacetime metric. First, define 

v .n 0: vr _ p . u Npt
v ~ = N ; v =& == & (where v = -v) (2.5) 

and the point-dependent boost factor, = (1- v2)-1/2 = (1- V2)-1/2. With this boost factor 
the set of transformation equations may be written as 
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- N
N=­

i 
a=ai 

Vb = V~ .+ vr ph (2.6) 

Ti. /2 (pb +.~: Vb) 

13
- t = _ (Vi) 2 

Vr • 

The clamping assumption is tantamount to the V -t 0 (i -t 1) limit, in which case there 
is no longer a distinction between barred and unbarred variables. Note that in this case 
V'" =V . n =a vr ::;: 0, which, as described in [2], implies that in the canonical for111 of the 
theory the E Hamiltonian can not drive field configurations across the boundary B. 

III. QUASILOCAL STRESS-ENERGY-MOMENTUM DENSITIES 

A. Action and variational principle 

Before turning to the derivation of the quasilocal densities, we must describe the action 
principle which is the cornerstone of our approach. Our starting point is the first-order 
Goldberg action [5] 

1[4]P 1 f ~ _
S e p. =2K }M r p 

f A eTA (jp , (3.1) 

where K = 81r (in units with G = c = 1) and ra-fp. = ea-v \7p. ef v represent the spacetime 
connection one-forms which specify the Levi-Civita connection on M with respect to the 
tetrad ePp.' Also, the Sparling two-forms [5,15] are defined by 

1 - - ­,.,.. = - - £' - - - - rUT A eP.Vp - 2 '-pu:rp. • (3.2) 

Therefore, as mentioned, the Goldberg action is not a Palatini action in which tetrad ePp. 

and connection ra- TP. are varied independently .. As it stands, the action (3.1) possesses 
superfluous tetrad dependence. However, note that the Goldberg action is invariant under 
spacetime diffeomorphisms which preserve the boundary, since it is written purely in the 
language of differential forms. [16] . 

Our goal is to identify the Goldberg action (3.1) with the familiar "Tr](" action used 
in metric gravity. The extrinsic curvature tensor associated with the E foliation is defined 
by](p.v =-h~V>.uv (with the projection operator h~ = g~ + u>'up.), while the extrinsic 
curvature tensor associated with the T foliation is defined by 8j.tv -i~ \7>. nv (with the 
projection operator i; = g; - n>' np.). The first step towards the desired identification is to 
note that the action differs from the ordinary Hilbert action by a pure divergence [5,14] 

r p T-11 -T A e-1\ (j- = -11 ~e* - -1·1 d (-eP 1\ (j-), (3.3)
21\: M P 21\:.IV( 21\: M P 
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where e* is volume form on M. Evidently, all of the action's tetrad dependence resides 

exclusively in boundary terms, 

_J... [ d (~p /\ up) =! [ d4 x\7~ (ePI1 \7>. ep>.) . (3.4) 
2K 1M K 1M 

Now, if the time leg of the' tetrad eo coincid~s,with the future-pointing normals u ~n both t~ 
and til, then the boundary terms associated with these manifolds are the the deSIred Tr]~ 
terms. Likewise, enforcing the condition that the third tetrad leg ej coincides with the T 
normal n on T ensures that the one obtains the desired Tr0 term for the T boundary term. 
We assume that the variational set of tetrads obey these conditions. However, in general 
such tetrads are doubled-valued on the corners B" =til nT and B' =t' nT, since 'u· n need 
not vanish on these two-surfaces. Therefore, to express the action (3.1) in the desired form, 
relax the second gauge condition on ej on a "small" (not simply connected) neighborhood 
of the corners such that the tetrad is single-valued. Next, take the limit that this small 
neighborhood "shrinks" to just the corners B' and B". Such a limit procedure is described 
in Appc'ndix D, and it yields the following expression for the action: 

1 1 til 1 ­ 1 lBII 
51 = - [ d4xFu~+ -1. d3 xvh]( - - Zd3 xA8 - - d2 xfo</>, (3.5) 

2K 1M K t' K It K B' 

where </> = tanh -1 v is the point-dependent boost parameter on B" and B' associated with 
the boost velocity v defined in the last section. The corner terms were first given by Hayward 
and Wong for the metric action. [12] Heuristically, they arise because, though the corners 
constitute a set of measure zero in the Tr]( integration over all of 8M, the trace of extrinsic 
curvature is infinite on these two-surfaces (as the normal of 8M changes discontinuously from 
u to n). Note that the corner contributions to the action vanish if the initial and final slices 
are clamped to T. To obtain the variation of (3.5), one may straightforwardly vary the action 
(3.1) and then apply the limiting procedure. This direct method is sketched in Appendix D. 
However, in the interest of brievity we borrow from results given in Refs. [10,12]. Subject to 
the chosen internal gauge fixing, the action (3.1) is a tetrad version of the ll1ctric action used 
in Ref. [2] to define quasilocal stress-energy-monlentum in general relativity. Hence, for the 
moment we may regard it as a metric action. Indeed, only the gauge-invariant quantities 
iij, hij , and hij are fixed on the boundary aM in the associated variational principle. Refs. 
[10,12] have shown that the boundary contributions to the variation of 51 are 

(3.G) 

where the gravitational momenta are given by 

pi; == -;: (J( hi; _ J(ii) 
(3.7) 

ifij = _ A (0iij _ 0ii) . 
2K 

The variable pi; becomes the standard ADM momenta in the canonical fornl of metric 
gravity, and it is conjugate to hij . Likewise, ifij is the AD11-type nl0111enta conjugate to 
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!ij, but now canonic~l c~njugacy is defined with respect to T. Note that equation (3.6) 
~ncludes corner contributIons to the variation which feature fixation of intrinsic geometry, 
In harmony with the fact that the induced metric is fixed on aM. 

There is a complex-valued action functional, closely related to (3.1), which is based on 
the self-dual (+ ) {or anti-self-dual ( - )) connection forms 

r(±)pc7 = ~ ( rpc7 :::r: .!.€Pc7TJ1r.. ) (3.8)2 T 2 T~' 

This action is referred to as the complex Goldberg action and has the form (here we take the 
self-dual case) 

(3.9) 


where the complex Sparling two-forms are 

""'(±) • - -~ .••• r(±)c7T 1\ eJ1 (3.10) 

The complex action (3.9) differs from the previous one (3.1) by a purely imaginary boundary 
term. Indeed, setting 

v p - ....P(1T~ • 

(3.11) 

we find that 

(3.12) 


With the gauge choices made above and the limiting procedure described in Appendix D, an 
appeal to Stokes' theorem yields 

• til •° 11. 3 IT··· ·1 f 3 ... -.-s = - 2x: t d x V h trap Wapi E; J + 2x: 11' d x vi-1 trap Tspj e; J , (3.13) 
l 

where Tfsj = efk Vj e. k and Wfsj = Erk Dj Ea k are respectively the triad connection coeffi­
cients on T and :E. Notice that -So contributes no corner terms to the action and that it 
serves as a subtraction term (a functional of the fixed boundary data) [2,10] in the broadest 
sense {it depends on the boundary data of T, t', and t").4 Because of the triad dependence of 
the subtraction term, we do not have the option of viewing the action (3.9) as solely a metric 
action. Furthermore, in order to fully remove the superfluous tetrad dependence associated 
with the action S, one would have to completely specify the triad on each boundary element 
of aM (though we do not chose to completely do so). 

Now consider the boundary-term contributions to the variation of the action (3.9). Since 
the plan is to work with the Ashtekar variables in the canonical form of the theory, first 

4To avoid confusion, it is crucial to note that in Refs. [2,10] the notation So represents an arbitrary 
subtraction term, while in this paper So represents the specific term (3.13). 
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express the boundary~term contributions (3.6) to the variation of the action S1 in terms 
of the densitized triads on T, t', and til. {This is easily done with the identity (4.7) given 
below and a similar identity for the T metric and triad.) Adding this result to the variation 
of (3.13), we find that 

til. . _ • _. 1 B" 
(8S)aM = i 1. d3x A" j 8 (Jh ErJ) +i fr d3 x AT j 8 (J--Hr J) - ;, fa. d2x ,p8,jU, 

(3.14) 

where we have introduced the connections 

Ai 1 (i . l.'f) 1 ( 1 iap· . l.(f ). - - w .. - I li . = - - - f W· •. - 11' .
J - K, J J - K, 2 SPJ J 

(3.15) 

r 1 (.- r • _.)r 1 (1 - rs... - . r-. _.)
A j =;, T j + I e j =;, "2 f P Tipj +1 e j . 

(With these conventions wi ij = fi piWP j and fT ij = ii pi fP j.) The connection variable Ai j 
is (up to a factor of K,) th~ E Sen connection, which becomes the Ashtekar connection in 
the canonical form of the theory. Likewise, the second connection Ai j is the Sen connection 
associated with T. It is a complexified SO{2, 1) connection and enjoy properties completely 
analogous to the well-known ones enjoyed by the E Sen connection. In particular, in terms of 
the curvature of AT j one may compactly express the constraints associated the embedding 
of T in the Einstein space M. [14,17] Note that here these connections are not the canonical 
Ashtekar connections. We have not written down imaginary contributions to the corner 
terms which presumably arise from integration by parts on 88° terms. In fact, these vanish, 
and a calculation which demonstrates this is outlined in Appendix D. 

B. Quasilocal densities 

We now present all of the fundamental B tensors which serve as quasilocal densities 
describing the stress-energy-momentum content of the E gravitational fields contained within 
B. We express these densities in terms of the E Sen connection and triad. In the next section 
when studying the canonical form of the action principle, we consider the canonical versions 
of these expressions which are written in terms of the E Ashtekar variables. To begin with, we 
collect a set {e:,ia, sab} of quasilocal densities which is essentially the same as that described 
extensively in the original Ref. [2]. This set is comprised of an energy surface density e:, a 
tangential momentum surface density ia, and a spatial stress surface density sab. We also 
find the need to introduce a new set {it-,Ja, tab} of quasilocal densities (also considered in 
[10]), which is comprised of a normal momentum surface density it-, a tangential momentum 
surface density Ja (which turns out to be the same as ia), and a temporal stress surface 
density tab. Both sets may be derived from the gravitational action (3.9) via the Hamilton­
Jacobi method as described in the introduction. Therefore, we adopt the unifying point of 
view that any quasilocal stress-energy-momentum quantity is given by the rate of change of 
the classical action Sel corresponding to some variation cSd, in the fixed boundary data of 
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aM = t'Ut"UT. However, we do not explicitly consider the classical action as in Ref. (2], 
since we prefer to "read off" the geometric expressions for above densities from the boundary 
contributions (3.14) to the variation of S. 

In order to "read off" the various quasilocal densities from the boundary terms (3.14), 
we make two assumptions in this subsection. (i) First, we assume that the E foliation of M 
is clamped, so that u . n = O. Again, this means that one may drop all over bars associated 
with three-boundary quantities from the formalism. Also, this sets </> = 0 on the corners. 
The clamping assumption is made in this section only for convenience, and we return to the 
general slicing scenario in the next section. (ii) Second, we enforce partial gauge fixation 
of the triads on the boundary elements of M. Following Ref. [14], we require that the T 
triad is time-gauge. This condition ensures that the T piece SO IT of the subtraction term 
is functionally linear in the lapse N and shift va. As described in detail in Refs. (2,10] 
this linearity condition is crucial, because it ensures that the quasilocal energy density e 
and momentum density ja depend solely on the Cauchy data of E. Similarly, the triads 
on both t' and til are required to. be "radial-gauge". These restrictions on the T, t' and 
til triads ensure that the purely imaginary piece of the corner contribution to the variation 
(3.14) vanishes (indeed we have already seen that this is a condition which follows from how 
the tetrad has been selected) and ensure that the quasilocal densi ties to be defined behave 
appropriately under boosts. These points become clear below. The time-gauge and radial­
gauge conditions are defined and discussed in Appendix A. Unlike the clamping assumption 
(i), these boundary gauge restrictions (ii) are absolutely necessary for our formalism. Once 
we have obtained both the geometric fOrIn and a physical interpretation of each quasilocal 
density, we turn in the next section to the issue of how these densities behave under boosts 
and also consider the canonical form of the action principle when the E slicing need not be 
clamped. 

Let us first examine the T contribution to the variation of the complex Goldberg action 
with the assumption of a clamped E slicing. Subject to the time-gauge requirement, the T 
triad and cotriad can be expressed (at least locally) i~ terms of a B dyad ()o. band codyad 
()o. b, 

eL = l/N (a/at - va a/axa) 
(3.16) 

(The time-gauge condition has been indicated by replacing the triad label 6 with .i.) The 
associated time-gauge T connection coefficients are the following: 

TeLL = ()c[log N] 

(3.17) 
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where for this set the "dot" represents partial time differentiation. Plugging these coefficients 
into SO IT' one can verify that SO IT is functionally linear in the shift va and has no N 
dependence. Next, applying the identites 

aei j IaN = fo Oa j 1J: 

(3.18) 


aeT j laoa b = Nfo (ei j Oa b -1J~ Oe bOa j) .' 
to the T piece of the boundary variation (3.14), we write the T contribution to ~ 

(6S)r = -1r d3 x fo [e6N - j. W· - ; s·b (60).b] . (3.19) 

Here the quasilocal density sab is defined with respect to 

b _ 1 68 
(3.20)sc = V-1 60c bT' 

via sab = Sc b(Jea, and the expression (60)ab is shorthand for 2 (Jaa 60ab. Notice that 
(60)(ab) = 6(fab, while (60)[ab] is a pure gauge variation of the B dyad. Also, note that 
s[ab] is completely determined by the subtraction term 68° IT (s(ab) is determined by 681 and 
6So contributions). Explicitly we have 

5 = - _1_ 6S I = - i Aa b 0~ - ..fo 6N T 
b 

a 

. _ 1 68 _ . A.L 
(3.21)1a = fo 6Va T - -1 a 

b 1 ~ 68 (~. b ~ d b)
Sa =V_10ca 60eb T = i Ar jeT 1 (fa - AC d (f aOe . 

We can rewrite these densities in terms of the E Sen connection. The appendix results (CI2) 
express the time-gauge T Sen connection Ai j in terms of the radial-gauge E Sen connection 
AT j and other gauge variables. Insertion of the appendix results into the above expressions 
gives the following: 

. -·A~Ja = 1 a (3.22) 

sab == fac Aad qda Oe b+ (2i/" r(+) ii.L - faa Aa.d Oe d) qab . 

/lenceforth, we assume that 5, ja, and sab represent these expressions. Notice that 5 and ja 
are built exclusively from E Cauc~y 'data (E; j , Ki j). Because of this fact, e and ja can 
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be interpreted as canonical expressions depending on the Ashtekar variables. Because of 
the presence of 2i ri2.1 = aj n

j + i Ti2.1' the density sab does not depend solely on E Cauchy 
data. This term contains the spacetime acceleration aP. = u" '\l" up. of up. as well as the 
T connection coefficient Ti2.1' which describes the rotation of the B dyad under parallel 
transport along the integral curves of u. Both of these terms depend on how the Cauchy 
data evolve in time. The real parts of the densities in the above set correspond exactly to 
the quasilocal densities first introduced in Ref. [2]. Indeed, expressed in full detail, 

1 
e =-k 

K 

(3.23) 

where kab is the extrinsic curvature of B as embedded in E (with k = qab kab ) and lab is the 
extrinsic curvature of B as embedded in T. 

We assume that each density has the same physical interpretation as given in Ref. [2] and 
review these intepretations now. (For the following interpretations to be valid, one should 
consider the densities e, ja, and sab to be evaluated "on-shell", i.e. evaluated on some 
particular solution of the Einstein field equations.) From its definition Vii e equals minus 
the time rate of change of the action S, where the time separation between the B slices of 
T is controlled by the lapse N on T (fixed as boundary data in the variational principle). 
Therefore, e is interpreted as an energy surface density for the system as measured by the 
Eulerian observers of E at B. The total quasiloeal energy associated with the E gravitational 
fields is 

(3.24) 


the integral of the quasilocal energy density over the two-surface B. This notion of energy 
is the value of the on-shell Hamiltonian (associated with a single generic E slice) which 
generates unit time translations orthogonal to B (which corresponds to the choice N = 1 
and V = 0 on B). In a similar fashion, ja is intepreted as a tangential-momentum surface 
density, and the integral 

(3.25) 


represents the total quasilocal tangential momentum (angular momentum) carried by the 
E fields. On-shell, the real part is the value of the Hamiltonian which generates spatial 
difFeomorphisms in the direction of t/>a (corresponding to the choice N = 0 and Va = t/>a on 
the boundary). The form of jQ makes it tempting to identify the imaginary part of J" with 
the "spin" of the B dyad. E and J4J may be interpreted as functionals on the gravitational 
phase space associated with E. The real part of sab represents the flux of the a component. 
of momentum in the b direction. [2] 
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The original set of quasilocal densities have been obtained from a careful analysis of the 
T contribution to the variation (3.14) of the action. In a similar fashion we now analyze 
the t' and t" contributions to the variation. Often we drop the' and" notations with the 
understanding that all expressions may refer to either the manifold t' or til. Remember that 
the t' and til triads are radial-gauge.5 (The radial gauge is indicated by replacing the triad 
label 3by '-.) Therefore, with may split Er i into a and {3a (the gauge variables associated 
with the 1 + 2 split of hi;) as well as the B cody ad I}Q. b. With this assumption, we find 
identities like those in (3.18). Therefore, it easy to write the t' and til contributions to the 
variation (3.14) as 

(3.26) 

The new quasilocal densities described at the beginning of this subsection are then 

. 1 SS . AQ. I} b 
}t- = - - ­ = -1 b Q.Va Sa til 

" 1 SS I .At­ (3.27)}a == - Va fJ{3a til = 1 a 

with the same expressions for the densities associated the manifold t'. In full detail these 
are 

(3.28) 


Note that the definitions of ja and ja are identical, and hence ja carries the same physical 
interpretation as ia. Therefore, from now on we suppress the hat on ja. This equivalence of 
ja with ja results from the chosen gauge conditions. Also a result of these conditions is the 
fact that both it- and e are real. It turns out that the reality of jt- and e (or equivalently 
that the subtraction term So has no a or N dependence) is quite crucial, as it ensures that 
it- and e behave well under Qoosts. Note that even if we had not enforced the radial-gauge 
condition on the t' and til triads, then all of the densities listed immediately above would still 
by construction depend only on E Cauchy data. As shown in [101, it- is a normal momentum 
density, and the total normal momentum associated with the E fields is given by 

STechnically we only need this condition to hold at the boundary B. 
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(3.29) 


This expression is the minus the value of the on-shell Hamiltonian which generates unit 
"dilations" orthogonal to B (corresponding to the choice N = 0, Va = 0, and vr = 0 V r = 1 
on B). Finally, we refer to tab as the temporal stress density. 

IV. BOOSTED DENSITIES AND THE CANONICAL ACTION 

A. Boost realtions and invariants 

We now demonstrate that our collection of quasilocal densities behave under generalized 
boosts in a manner which is in accord with the equivalence principle. Fix a spacelike two­
surface B in spacetime and also consider an arbitrary spacelike hypersurface t which has 
boundary at = B. The hypersurface normal of t is u. If we view the t slice as a member of 
a temporal foliation, then we' may define the Eulerian history of BasT. By construction t 
is clamped to T The observers at B who are instantaneously at rest in the t slice (Eulerian 
observers of E) determine the following set of quasilocal densities: 

•• - b
t = fac Aab ()c 

- . A-a () b)r' = -1 b a 

(4.1) 

The primes appear in these formulae because in the triad formalisms we set (1.' = u and 
Er , = n. Note that here 2i rilL' = aj nj + i TilL'. Now consider a different hypersurface 
E which spans B (so like before aE = B). We may view E as a particular leaf of a 
temporal foliation which is not clamped to T, the Eulerian history of B with respect to t. 
Geometrically, the scenario now is identical to the bounded spacetime region M that we 
have considered in the preliminary section. The observers at B who are at rest in the E 
hypersurface determine the set of quasilocal densities which are listed in (3.22) and (3.27) 
(simply the "unbarred" versions of the expressions above). We seek the transformation 
rules between the "barred" and "unbarred" densities, or, in other words, the behavior of the 
quasilocal expressions under switches of the hypersurface spanning B. With the appendix 
results (C14) and (C15), it is quite a simple matter to establish that 

e= ,e - v,ir 

i ..., = , i ... - v ":( e 
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2- . "'( ~ 
Ja = Ja - - UaV (4.2) 

K, 

These are precisely the boost relations found in Ref. [10]. Remarkably, the particular form of 
the subtraction term (3.12), subject to the chosen gauge fixation, does not affect the boost 
relations of the "bare" . densities. It must be stressed that if the gauge conditions (time 
gauge on T, and radial gauge on t' and til) had not been enforced when defining the set of 
quasilocal densities, then the above boost relations would not have held. In particular, if 
e and il- are defined with subtraction-term contributions (which in this paper means they 
would no longer be real), then the first two boost relations are modified. 

Following Ref~ [10], define tracefree parts of sab and tab, 

(4.3) 


Notice that the shear stress ",ab depends only on E Cauchy data. Of course, () = sa a = 
1/K, (2 ap' nP. -- k +2i Till.) depends on how up. and the B dyad are extended into the future. 
Similarly, though tab depends only on E Cauchy data, its trace {) = taa = 1/K; (2 hp. up. + I ­
2i Will-) depends on how n and the B dyad are extended into the interior of B. We refer to 
(ab as the shear temporal stress. Each of the densities £, il-, ia, ",ab and (ab depend only on 
the extrinsic and intrinsic geometry of B and the the normal nP. at B. One can easily see 
that 

(4.4) 
pab = "'( pab _ v "'( ",ab . 

With the set {e,jl-,ja, qab, (ab} of q~asilocal densities we can construct several invariants. 
For instance, notice that under boosts the density ja transforms like a gauge potential, since 
"'(2 DaV = Da<P. Therefore, the "field strength" or curvature Fab = 2 D[a j b1 of is an invariant. 
Borrowing the results from [10], we write down the following list of invariants 

Fab FabF2 = 
(4.5) 
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(\Ve olake no claim that these need be positive.) To these we may added allY local rlillcl i011 

9(Uab) of the B metric. Hence, a ~~mass-squared" that we can construct with 0111' d('lIsiti('s 

IS 

( I.G) 

where a, b, c, d, and e are arbitrary functions on B. Again, no clainl IS llla<ie tltat .\/" is 
positive. 

B. Canonical action 

Our goal in this subsection is to consider the variational principle associated witll Ill<' 
canonical fonn of the action 8 (:3.11). In order to express 8 in canonical forill. W(' first 
consider the (:3+1) form of 8. Begin hy expressing 8' in (:3+1) fonn. To do this. horrow t 11(' 

results from Ref. [10]. In that reference the action 8', viewed as a 11letric actioll, has 1)('('11 

expressed in canonical form. 6 Therefore. we 111ust "translate" this result into tll(\ lallglla~(' 
of triads. This translation is achieved by asslllning that the ~ rnetric is it secolldary <Ilia II! it," 
derived from Er j and by using the identity 

( 1.1") 

The result is 

S" ( I.~) 

where we have the following: 

( 1.9) 

Here R is the Ricci scalar of E, and €', (j'),... , and (j')b stand for the ['('ClI pans "I' tilt' 

densities in (3.23) and (3.28) (the notation is redundant for c and jr-, as tlwst' ,'11'(' plIl"<·l.\" 

real). Also, at this stage, the hybrid extrinsic curvature [\r.i is llwrely a short .. itcllid Ilul ilt.ioll 

UFoI' the metl'ic a.ction the (3+1) form is obtained from the canonical forlll by simply asslllllill~ 

that pi.i has the form given in (3.7) and that l\jj = -l/llV (i1i.i + Di'lj + Dj Vi)' 
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for a c0111plicated function of N, Vi, Eri, and Eri. Finally, note that ilL alld 'H,~ arc 1101 

constraints. 
The next step is to calculate the (3+1) form of the subtraction tenll. which call he 

written as 

o i 4 (.. • - ') i 3"'•-8 = -- 1. d x at €TSp wspi Er J + -.- hd;r v-i €rsp TSPI~' (LIO)
21\': ,'\-1 21\: 'r 

Tedious but straightforward manipulations yield 

o 1 4 ••• ..:..,-s --.) --1. d·x \...,cTSP W '" E· J• SPJ r 
... 1\, ..\If 

i 1. 4 r, (' .' ..:.. k) i h 3 " ..+:-) d x v h Di €1 jk Er
] Ef + -.- d.r V-i' t nip f.~i';· , ( 1.11 ) 

... 1\, ..\If 21\' 'r 

where Er j = h- 1/ 2 Eri. For the 111iddle integral on the right-hand side, we lIo\\' liSt' Stokl'S' 

theorem for each E slice and enforce the radial-gauge condition at the boundary IJ of ('llch 

E. Also, we expand the integrand in the final integral subject to the assumptioll t!tat til<' 
T triad is ti111e-gauge with respect to ·u. The result of these ca.lculations is 

o 1 1 4'" ..:...-s = -- d X€rsp ws " E;J
21\, M PJ 

i hd3 r= ac 0 b O· Ii + i h 1:3 . r--7. .1.'(}2 ­- - x V 0' O'bd t [. ~] - (;r V -, t T,' ~ l' . ( 1.1 ~)2", -r a '-' 21\, 'r It 

Next, '''barring'' the la.st fornlltla in (:3.17), one finds 

O b O· d V- - + 1/') ac {' ii + {-,.b ­
O'bd [i 2] = 1 Till' ... f U a I c II Tiib' ( LI:n 

Insertion of this formula into (4.12) gives the desired (:3+1) form of the suhtract.ioll terl11. 

. . 
.... 0 1 1 4. fai ..:.. - 1 h 3 r=. -'b -~ = --? d ;,r € WsiEfJ - - d x VO'Wiib V· , ( I. I I) 

... Ii M K- -1" 

where we have also used Tacb =Wacb. 

We now turn to the canonical fOrIn of the action principle. \Ve sha.ll avoid t 11t\ iSSlit' ur 
the reality conditions by working first with canonical form of the real actioll .""" I. '1'11<'1"('1'01'<'. 
upon adding the pure imaginery boundary term (4.14) to SL, we merely introduce a complex 
chart on the real phase space. The canonical form of the action 8' is the following: 

8' = 1M d4x [P'i E,i - N1t - Vi 1ti - 1/2 <Pn Jfi] + ir d3
x [-~ j,; - Nfl' - Vb 1t1~] . 

(I.l.i) 

In general pr i =I 1/K I(r i' Indeed, setting Pii = pr i Eri , one has that 

( l.Ui) 
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where ~ stands for modulo the rotation constraint, 

(4.17) 

Furthermore, in (4.15) 1-{, 1-{j, ill, and ilt have the same forms as given in (4.9) but now 
are built with pr j rather than 1/K /(f j. In particular, in the canonical action 8 1 

1-{1 - = J(i [1; I k +V,O'ij Pi)..] 
(4.18) 

(with the radial-gauge condition at the boundary B of E, one can write k = -wara). 
As is well-known, the anticommuting Lagrange multiplier <Pr& associated with the rotation 
constraint can be geometrically interpreted as the time component of the connection forms, 
[18] 

<P;.& = -rr.;t = - (rr&, a/at) . ( 4.19) 

Enforcement of the radial-gauge condition at the boundary B of each E slice places a bound­
ary condition on <Prj. This boundary condition is the canonical version of setting the con­
nection coefficient rar", il'" = 0, where we are working in the RT-gauge described in the 
appendix. The coefficient r ar", il'" describes the rotation of n as it is parallel transported 
along the integral curves of il. To see what the required boundary condition on <Pri is, first 
recall that in the triad formalism the vector constraint is not .the generator of diffeomor­
phisms, rather 1-{JiD = 1-{j - 1/2 Jis Wrsj so the vector constraint generates rotation of the 
triad. [18] Therefore, the boundary condition 

(4.20) 

ensures consistency between the selection of the radial-gauge condition for the E triad at B 
and the evolution of the triad as obtained from the variation of the canonical action. 

We now add the boundary term (4.14) to the canonical action (4.15) and get 

S = Ld4x [i AT i E7ri - fiR. - Vi hi - 1/24>" Jfi] + h. d3x [-~.fo-N 1£ - Vb 1£b] , 

(4.21) 

where in anticipation of dealing with the Ashtekar version of the canonical constraints, we 
have written t:f =h- I/ 2 Nand R =h1/ 2 1-{. Here il = H. 1 

, while H.b = H.l + i/K, y"Uwi2b' 
Furthermore, for the rest of this section Ar i is the canonical Ashtekar connection 

AT 1 r . p"j=-w j-l j. ( 4.22) 
K 

As usual, one may replace the rotation constraint with the Gauss constraint, 
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., 	 1 
1 -\ -. I ( -. _." .) "iJ. - --" V· E·) == -- D·E·) - ",E·)tS ··AP. == --t···Js (·1. :.!:~ )

T - '" ) T - I\~ ) T S PT) 2 	 TSt • 

where AVj is the derivative operator associated with the Ashtekar connection. ).loreo\'(.... r. 
using the Ashtekar curvature, 

F r -?D Ar +. ~/si A Ajk ==... (j k] 1\ .... 'sj flik (-1.2·1 ) 

1 (')D r rai ). rai p n ')" E r D pi== ~ -- [j~' k1 + t Wsj Wik - Ii t sj £"ik - ... 1 i [j k1 • 

one can build the standard ~ constraints: 

c == ~ erst I;- i E- j F· .. == Ft - i D· (Eoj JI~)2 	 . r S h) ) r 

(·I.:t> ) 

\Vith this lua.chinery, one may rearrange tern1S in the expression (4.21) to find 

The Lagrange llndtiplier associated with the Gauss constraint here has the explicit fo I' II 1 

( 1.:.!7) 

FII rt h(,l'Illore, now we have 

where n == h 1/ 2 (J'-1/2. (Again. C and Cb are not constraints.) At this point til<' dC'lIsitj(,s 

E, jh and j(l have the saine 1'01'n1s as in (3.22) and (:3.2i) but are constrllctc'd wit" til(' 

canonical Ashtekar connection. Therefore, off the constraint surface in phase SI)c1('(' tI(,li Il<'d 

by the Gauss constraint, the energy density c is no longer Inanifestly real. Notice that C has 
been defined as a density of weight one, because it is paired with the boundary LCigra IIg(' 

nlultiplier 8, which we have taken as a density of weight 111inus one. We also relllark that til(' 

kinematical torsion which is present in the Ashtekar connection modifies the bool:it. l'<'lclt.ions. 
Therefore, for instance, it is not true that l :::: 1£ - V, j .... in the canonical picture. 

Before considering the variation of the action (4.26), we find it convenient to r('writ!' t.he 
Lagrange parameter t.pf in the following way. Take 

w·o. V j
<Pis = -riSt. = -NrrSJ. rs) , 	 ( 1.28) 

and also write 
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(4.29) 

where a; = E;[log N] are the triad components of the spacetime acceleration of u. With 
these relations one can set 

(4.30) 


which is, of course, essentially the well-known result that cpr = fi.iP r(+) .ipt =-A; t. We 
shall need the expression for cp'" when the radial gauge condition is enforced, 

cp'" = 2Nr(+) i2J. - K. A'" j vj . (4.31) 

Using Vj = V'" nj +Vb (J'l, one can put this result in the handy form 

cp'" =2Nr(+) i2J. - K. A; j E; j V'" + iK. (i... V'" +ic vc) . (4.32) 

Direct calculation yields the following for the variation of the canonical action (4.26): 

t" 
fl8 = (terms which give the constraints and equations of motion) + i f d3 x Ai j flE; j

it'

-h d3 x v'<7 ['5N - Cb 5yb - N /2 (')' sob - v")' tob +1/Ie u[<fl] u 

ob +A u ob
) (59)Ob] 


1 - - 1 B"
+- f d3x..jU [K.N ('"'( i... - v'"'(e) + flo Va -1/2(J'°b irOb] fltl> - - f d2x tl>fl..jU, (4.33)
K. iT 	 K. iB , 

where here N is h1/2 f!, and it would perhaps be better to eXPJ~ss (flO)ob as a variation in 

terms of the densitized dyad (as is certainly possible). Also above, 

~ = -i Ai j E;j V'" - i... V'" - ic VC +i/K. (2Nr<+) i2J. Cp"'). (4.34) 

With the interpretation (4.32) ~ vanishes. Modulo the Gauss contraint the boost relations 
(4.2) are valid, and, therefore, one finds that 

(5Sh ~ - hd3 x v'<7 [e5N - .11-' 5yb - N /28ob (59)Ob] 	
f 

i 
r 

+-1 hd3 x..jU (K,N -J..., +Co Va - -1/2(J'ob irab) fltl> - -1 iBII d2x tl>C..jU, (4.35) i 
t 

I( T . 	 K, B' 

where now one must again consider the quasilocal densities to be expressed in terms of 
the Sen connection. The density Jt-, = -1/1( (J'ob lab' and in the non-canonical picture 106 = 
- L/2N(irob +flo Vb +flb~), so the middle integral on the right-hand side vanishes in this case. 
With the T Sen connection expression J..., = fae Aab Oa band the results (3.21), we then have 

1f 3 -.. ( - ') f B" 
2 r=(fl8)'1 ~ i i't d x .)/ j fl ~-1 e; J -;, i B' d x tI> fl V (J' , 	 ( 4.36) 

in agreement with the variation (3.14) of the non-canonical action. 
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v. DISCUSSION 


We conclude by briefly commenting on several technical matters. These are the inter­
pretation of the imaginary boundary term -So, the relationship of our formalism with the 
Sparling two-forms, and problems encountered in the attempt to extend the Brown-York 
notion of gravitational charge to the Ashtekar-variable construction. 

As mentioned in the introduction, we have chosen to formally treat the imaginary bound­
ary term -So as a true subtraction term ala Brown and York. However, we now argue that 
in some contexts it is necessary to consider the freedom to append to the action S = S 1 - So 
an additional arbitrary subtraction term -sgeneral' In the interest of economy we restrict 
our argument to matters concerning the quasilocal energy surface density c, though much of 
this discussion also pertains to the other quasilocal densities. Consider first the Brown-York 
expression 

(5.1) 

In the metric formalism, as in this paper, k represents the trace of the extrinsic curvature of 
B as embedded in E and comes from an S 1 action in the derivation. The kO term represents 
the trace of the extrinsic curvature of a two-surface which has the same metric as B but which 
is uniquely embedded in a three-dimensional manifold different than E. In the Brown-York 
formalism it arises from a subtraction-term -sgeneral contribution to the action, where now 
-sgeneral is real and unspecified. When possible, -sgeneral is typically chosen such that the 
differen t three-space is R3, and hence the kO term references the energy against flat-space. 
For a given asymptotically-flat spacetime, the presence of the appropriate kO term is crucial 
if the quasilocal energy, 

(5.2) 

is to agree with the ADM notion of energy in the suitable limit. [2,19] 
Though we have added the imaginary boundary term -So term to S1 in this paper, the 

resulting quasilocal energy, 

(5.3) 

is really only the "unreferenced" energy. If we wish to put the the Ashtekar-variable expres­
sion for the quasilocal energy into fuller accord with the ADM notion of energy, then we 
should allow for the freedom to append to the action yet another subtraction term -sgeneral' 

Use of the larger action S' = S - So - sgeneral in our analysis would yield 

E = kd2X ..;q (ie Aab geb - fOC Agb geb) (5.4) 

for the Ashtekar-variable quasilocal energy. The new reference-point contribution fac Ag" Be b 

sterns from -sgeneral' In this case -sgeneral is an arbitrary functional of T data. With this 
new freedom, we could define the quasilocal energy in such.a way that it agreed with the 
ADM expression in the suitable limit for a. particular asymptotically-flat spacetime. 
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As is well-known, the the real and complex Sparling two-forms obey the Sparling relation 

(5.5) 

where e; is a basis for three-forms, G f-' 0- is the Einstein tensor, and Tf-' are the Sparling three­
forms. The explicit form for Tf-' (which is real) is not needed here but may be found in, for 
example, Ref. [15]. The Sparling relation suggests that Tf-' (when pulled-backed to a three­
dimensional slice E of spacetime) may be interpreted as a tetrad-dependent local energy­
momentum density for the gravitational field. [15,5] The corresponding frame-dependent 
potential can be taken either as (ff-' or (f(+) f-'. If we fix a two-surface B and its spanning 
three-slice E in spacetime, then the boundary structure of our selection provides a natural 
(almost-unique) frame at B. Namely, the radial time-gauge tetrad of Appendix A, which 
has the E hypersurface normal u as its time leg and n, the normal of B in E, as its third 
space leg. With this frame choice, the pullbacks 8*((f(+) f-') to B (8 is the inclusion mapping 
8: B -+ M and jJ, runs over (.i,I-,a)) are precisely the densities -K.efod2x, ",j~fod2x, 
and K. (}a bjb..;q d2x (here expressed in terms of the E Sen connection and triad). Fur­
ther, the pullbacks 8*(0'J.i) of the real Sparling two-forms are the real parts -Ke1 y'o:d2x, 

K (j 1)~ ..;q d2x, and", (}a b(j l)b..;q d2x O'f-' of these quasilocal densities. 
The Brown-York notion of gravitational charge is based on the T momentum constraint, 

-2Vi (;ri j -(;rO)ii) = -l/KJ-ii,!n>'G~>., (5.6) 

where ;rij is given in (3.7) and, in the metric formalism, (;rO )ij =fJS:eneradfJiii depends only 
on iij (and so it annihilated by Vi). Now we work on-shell and in vacuum so this expression 
vanishes. Brown and York define a "stress tensor" fii = 2/A (;rij - (;rO)ii). Assume that 
T possesses a Killing field (i, and so Vi fij (j = O. Therefore, since -Ui Tii = l uj +Jb (fbi, 
one has the following conserved charge: [2] . 

Qc(B) = kd2x,fo (eui + Jb ubi ) (i' (5.7) 

When attempting to introduce such a notion of charge into our formalism, we run into some 
difficulty since our subtraction term So is triad-dependent. The natural way around this 
difficulty is the following. First define 

(5.8) 

In our situation (fiO)ij = (ri (fiO)T j is not annihilated by Vj , though Vj (fiO)(ik) = O. 
Therefore, set (;r0 )ii = A /2K. ((fiO)k k iij - (fiO)(i j ») and use it in the above construction. 
The charge Q, may now be imaginary, but, subject to the assumptions made above, it is 
conserved. 
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APPENDIX: KINEMATICAL FRAMEWORK 


Appendices A, B, and C outline a kinematical framework for examining how the intrinsic 
and extrinsic geometry of spacetime as foliated by a family T hypersurfaces is related to 
the intrinsic and extrinsic geometry of spacetime as foliated by a family of E hypersurfaces. 
\Vith this framework one can express objects such as the T extrinsic curvature 9ij or 
the time-gauge T Sen connection Ar j in terms of the intrinsic and extrinsic geometry of 
spacetime as foliated by E hypersurfaces. Such a "splitting" of the if Sen connection is 
needed in order to derive a similar splitting of the E radial-gauge Sen connection iif j in 
terms of the geometry of the E foliation. The splitting of Ar j is used to obtain the boost 
laws (4.2) for the quasilocal densities. The kinematical framework consists of (i) two distinct 
spacetime tetrads (one adapted to the E foliation and one adapted to the T foliation), (ii) the 
transformation equations between these tetrads, and (iii) the inhomogeneous transformation 
law between the sets of associated connection coefficients. The relevant spacetime tetrads 
are constructed in Appendix A, and their associated connection coefficients are tabulated in 
Appendix B. Appendix C outlines the splitting procedure by applying it to 8ij , the simplest 
example. We then quote the splitting results for the if time-gauge connection coefficients 
f;$j, .AT j, and Ar j. The final Appendix D applies some of this formalism to explain the 
origin of the corner terms in the action (3.5). 

APPENDIX A: ADAPTED TETRADS 

The boundary structure of M suggests two natural classes of spacetime tetrads. The 
first class is a subclass of time-gauge tetrads determined by the boundary structure of E. 
The second class is a subclass of "radial-gauge" tetrads determi'ned by the B foliation of if. 
It should be men tioned that these tetrads need only be defined on some small spacetime 
neighborhood surrounding T. We do not address the issue of whether or not either of these 
tetrads can be extended globally over all of M. 

1. RT-gauge tet rads 

Enforcement of the time gauge condition lock~ the time leg of the tetrad to the E foliation 
normal u. This condition is indicated by replacing the tetrad time label 0 with 1.. so that 
eJ. = u. Because each E slice has a boundary B, a natural subclass of all time-gauge tetrads 
exists which is determined by an auxiliary condition on T. This further requirement is that 
on the three-boundary T one of the space legs of the tetrad, chosen to be el- == e3, coincides 
with n. One should note that this correspondence is not made between e3 and ii in general. 
Such a choice of tetrad is said to obey the radial time-gauge or RT-gauge. RT-gauge indices 
and labels take the values (1.., i, 2, 1-). Now the usual assumption is that the vector field a/at 
points everywhere tangent to the hypersheets of constant r. Equivalently, (dr, a/at) = 0 
or ar/at = 0, and the r coordinate is Lie transported along the integral curves of the 
time vector field. This assumption results in almost no loss of phy"sical generality. It does 
demand that the integral curyes of the time vector field may not emerge from or flow into 
the three-boundary T. However, since the spacetime-filling extension of the three-boundary 
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T in terms of hypersheets of constant r is completely arbitrary, on the interior of E these 
integral curves can be chosen to flow in any direction (as long as the tangent field a/at lies 
at each point within the future light-cone). Subject to the requirement ar/at = 0, one can 
write the most general radial vector field mapped to unity by dr as alar = an +13, which is 
similar to the familiar formula a/at = N u +V. As seen earlier, the variables a and 130. are 
respectively the kinematical "lapse" and "shift" associated with the induced radial foliation 
of the E slices. Therefore, we have the following explicit formulae for the RT-gauge tetrad 
and cotetrad: 

1 (a . ...)e.l = u = N at - va Eo. - V E... 

eO. = Eo. = ()a (AI) 

e... = = = - .)n E... -1 (a - 130. ()a
a ar 

2. Radial-gauge tetrads 

The radial-gauge condition requires that one of the space legs of the tetrad, taken to be 
e"" =ea , coincides with the T normal n. A natural further requirement can be placed on 
radial-gauge tetrads. Namely, the time leg e.l == eo can be tied to the B timelike normal il,' 
so the indices and labels associated with this class of tetrads run over (.i', i, 2, }-/). Such a 
tetrad is referred as time radial-gauge or TR-gauge. Now the radial vector field is written 
as alar = Q n + /3, though it still points tangent to the E slices. The variables Q and /3Ot 
are associated with the T foliation of M. On T one can express the time vector field as 
a/at = Nil +V, where N and va are the gauge variables associated with the B foliation of 
T. The RT -gauge tetrad and cotetrad is 

(A2) 

APPENDIX B: ASSOCIATED CONNECTION COEFFCIENTS 

For the special tetrads considered above, certain of the corresponding connection coeffi­
cients have notable geometric meanings. This subsection is a glossary of various connection 
coefficients and their geometric interpretations. RT-gauge connection coefficients are rep­
resented as r p 

lr{J" while TR-gauge connection coefficients are represented by rpl lr'{J," Note 
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that inspection of the indices allows one to discern which set of connection coefficients is 
being dealt with. In following lists, since the geometry of M is torsion-free (i.e. the torsion 
two-form of Cartan vanishes [16]), all of the extrinsic curvature tensors are symmetric. 

1. RT-gauge connection coefficients 

The RT-gauge connection coefficients are tailored to B as embedded in E. We have the 
following correspondences: 

1.,i - i 1/ " p. r.i1\ r = - e p. er v 1/ e.L = - .LT 

(B1) 
ka - a 1/ " P. ra aa = -e p. ea v 1/ e... = - "'c = -w ...a 

bT - r 1/ " P. rr=e p. e... v 1/ e... = ...... , 

Note that the formulas for I(T.i and aT are general time-gauge expressions. Also, bT are the 
tetrad components of the spacetime "acceleration" of n, while the E "acceleration" of n has 
componets ba• For bT the r is a T index and can take the values (..L, a), while for I(r.i and 
aT the r and oS are E indices taking the values (i, 2, r). 

2. TR-gauge connection coefficients 

The TR-gauge connection coefficients are tailored to B as embedded in T. We have the 
following correspondences: ' 

(B2) 
-Ia - a 1/ '{"7 P. ra -aa = -e p. ea VI/ e.L' = - .L'a = -T .L'e 

-r - r 1/ '{"7 P. rr a = e p. e.L' VI/ e.L' = .L'.L' • 

Like before, the formulas for Sf j and 1/ are general radial-gauge expressions. For ai j and 
Ii in this list the;' and oS are T indices taking the values (..L/,a). The iii (r can take the 
values (a, r/» are the tetrad components of the spacetime acceleration of ii, while the T 
acceleration of ii has componets ae= fC .L'.L', 
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APPENDIX C: SPLITTING PROCEDURE 

1. Transformation equations 

The set (2.6) of transformations for the metric variables can be used to express the 
transformations between the RT-gauge tetrad (AI) and the TR-gauge tetrad (A2). For 
example, 

eL , = ~ (:t -VbOb) 

= :l (~ - Vb fh - Vr pb (}b)
N ot 

Vr + Vr Vr= :l (~_ Vb{}b - ~ ~ - Pb{}b)
N ot Or Or 

= i e.L + Vi el- . (Cl) 

The complete set of transformations is 

e.L'e.L' - i e.L + Vi el­ = i e.L - vi el­
1-'el-' = vi e.L + i el­ e - -vi e.L + I el- (C2) 
eO eOeo - eo ­

Notice that the B legs of both the tetrads are the same, which is why the notation can be 
compressed so that TR-gauge tetrad indices like ji run over (..L', a, 1-'). 

The inhomogeneous transformation rule describing the behavior of the spacetime con­
nection coefficients under the above tetrad transformation is tlie following: 

(C3) 

This law provides the bridge between the TR-gauge connection coefficients (B2) and the 
RT-gauge connection coefficients (Bl). 

2. Geometric link between T and E 

As an example, we apply the developed formalism and derive the splitting result for 
the three-boundary extrinsic curvature 9ij . This result has been obtained via ordinary 
tensor methods with projection operators in Ref. [10]. However, the ordinary projection­
operator method is not sufficient for calculating the analogous split of the T Sen connection. 
We provide the splitting calculation for 9ij here as a simple demonstration of how such 
calculations are performed. Beginning with the first expression of (B2), one uses the rule 
(C3) in tandem with the set (C2) to find 

(C4) 

(Note that in this equation rand s are T triad indices which take the values (..L', a).) A bit 
of work and the relations (B 1) yield the set of er • triad componets, 
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eL' .1' = -i at- +vi [(t- t- - i 3eL{v] - Vi3et-[v] 
- .1' t- 2 []S a = [( a - i eO, v (C5) 

kaeo, c = i c + vi [(a c . 

With the set (C5), construction of the sought-for splitting of Sij is not difficult. For conve­
nience work in spacetime coordinates. The boundary three-metric may be written as 

(C6) 

where the two-metric CTJlII = gJlII - nJl nil + fiJl fill here serves as the projection operator into 
the B slices. \Viring the above form of 7~, the identity operator on T, on each of the free 
indices of eJlII , one obtains 

(C7) 

where an appeal to the symmetry of SJlI! has been made. Plugging fiJl = i UJl +Vi nJl and 
the results from (C5) into (C7), one arrives at the following split of the three-boundary 
extrinsic curvature: 

eJlII = i kJlII +Vi [(ij CT~ CTt 

+{i2uJl U II + 2 Vi2u(Jl nil) + (vi)2 nJl nil } (C8) 


x {iniai -vinini [(ii +i3U[V] +Vi3n [V]} 


+2 {i u(Jl CT~) + Vi n(Jl CT~)} {ni [(ii - i 2 DiV} 


Enforcement of the clamping condition v -+ 0 recovers equation. (A.I6) of Ref. [2], 

Sap = kerP + iter Up ni a. + 2 u(er CT~) n j [(ii . (C9) 

The set of T time-gauge connection coeffcients is {fa .1'.1' , fa L'e, fa eL' , fa cb}' where 
the first two have been considered in the set (B2). The spittings of these expressions are 

P - 2 P + ( )2 b 2 T P 1.( + 2 T ,\ '{""7CTJl ap = i CTJl ap Vi Jl - vi CTJl n l'TP Vi CTJl U v,\ n T 

IJlII = , [\TP CT~ CT~ +vi kJlII 

TacL' = i TCicL + Vi Wact- (CIO) 

. 
Using this set and (C8), one finds the following split of the time-gauge if Sen connection in 
terms of the radial-gauge E Sen connection and other gauge variables: 

jAL' Jl = (iU" +vinJl) (Vi At- i n - (2i/~)ri2L +(ii3/~) u[v] + (ivi 3 /~) n[vl) 

- CT; (At- ,\ + (i i 2/ ~) V,\v) 
(CII) 

,;to, Jl = (iU" + VinJl) (vi2Aai ni + iVi2eaaAc; ni + (i2i2 / ~)r(+)a t-L - (2Vi2 / ~)eaC r(+) Cf-L) 
- 0'; (Vi A Ii ,\ +i i eo' cAe ,\) , 
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Cwhere explicity one has 2r(+) i20l =Ti20l - i ai nj and 2r(+) a~ol =r a~ol +i faa a ° Taking the 
v --+ 0 lilnit, one finds the clamped result 

Aol I" = -UJJ (2/~) rHol - a; A'- ,\ 

(C12) 

Aa
I" = uJJ (i2/K,) r(+)a t-ol - i a; fa e Ae,\ , 

To find the splitting of the radial-gauge t Sen connection in terms of the radial-gauge 
E Sen connection and other gauge variables, first find the split of }if j in terms of the T 
foliation variables, 

(C13) 
-a - (02/ ) r(+)a .,\ ae A­A I", =n JJ 1 ~ ol/~1 - 1 a I" f e'\ , 

where 2 r(+) H.-I = Wi2.-, + i bj ui and 2 r(+)a ol/,-, = r a ol'.-' + i fae be. Combination of this 
result with (C11) gives 

A~' I" = -iiI" (2/~) r(+) H.-' + a; (A'- ,\ + (i , ../ / ~) \l ,\v) 
(C14) 

The boost relations (XX) for l, J.-" and Ja can be derived with these expressions. To derive 
the boost results for sab and fab , one must use these expressions and also the result 

2 r(+) Hol' = 2 r(+) i20l + r(+) i2'- - i /2 u[v] . (CI5) 

Note that on the left-hand side the selfdual coefficient is TR-gauge, while those on the 
right-hand side are RT -gauge. 

APPENDIX D: CORNER TERMS IN THE GRAVITATIONAL ACTION 

This appendix presents a simple tetrad method for analyzing "sharp-corner" terms in 
the gravitational action principle. We show now the corner terms in the action (3.5) arise. 
As mentioned, the Goldberg action differs from the Hilbert action by the pure divergence 

(Dl) 

To ensure that, upon the use of Stokes' theorem, this divergence gives the desired "Tr1(" 
and "Tr8" terms on the boundary elements, tie eo to the U = eol hypersurface normals 
on t' and til and tie e3 to the normal ii = e.-, on T. However, if these gauge conditions 
are enforced simultaneously, then in general the tetrad is doubled-valued on the corners 
B' and B". Therefore, in order to both retain the desired "Tr1(" and "T1'8" tcrn1S yet 
avoid doublc-valucdness on the corners, usc a liluit procedure in which the coudiUon 011 Cj is 
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relaxed in a small neighborhood of the corners. Next, consider the limit as this neighborhood 
"shrinks" to the corners. 

The precise procedure is as follows. Suppose that eo does indeed coincide with u on t' 
and til, but that on T the tetrad has the form 

eo = "p u - w"p n 

ej = "p ii - w"p U , (D2) 


where t/J =(1 - W2)-1/2. For each 8 E [0,1] w = w(x; 8) is a suitably continuous and 
djIferentiable point-depcndent boost velocity defined 011 T. Further, for each 8 aSSUll1C thai 
w(x; 8) = 0 except on a "small" neighborhood Ns of the corners B' and B". For each 8 the 
set Ns is not connected, but is comprised of the disjoint union of two connected pieces N; 
and Ns'. The set .iV's is "small" region of T which contains B', and in the limit 8 -7 0 we have 
that (B' - NS) -7 0. Similarly, the set Nt' is "small" region of T which conta.ins B", and in 
the litnit 8 -7 0 we have that (B"-Nt') -7 0. Finally, for each 8 denland that w(x; 8) = v(x) 
whenever x E B' UB". This ensures that on the corner two-surfaces eo = u and ej = n. 
Our construction provides us with a family of tetrads parametrized by 8. By construction 
the member tetrad corresponding to each value of 6 is TR-gauge on most of T, however, as 
the corners are approached, each member is continuously boosted until it is RT-gauge on 
the corners. Hence, each 6 tetrad is single-valued on the corners and everywhere else. The 
idea is to use a 8 tetrad in our divergence expression and consider 

(D3) 

where the expression on the left-hand side symbolically represents the integral of the trace 
of the extrinsic curvature of aM as embedded in M over all of 8M (which picks up finite 
corner contributions, since the normal of 8M changes discontinuously from u to n on these 
two-surfaces). We can use Stokes' theorem to find 

(D4) 

Focus attention on the T boundary term, 

~ fr d3x.../-1 iiI' (eP" eq y ru pv) = 

~ fr d3x.../ 1 iiI' eP" (eu6' e/' ru' P'y e6 v + e6u' eu[e/']) . (D5) 

We have used the inhomogeneous transformation rule for connection coefficients to express 
the 8 connection coefficients in terms of the connection coefficients r n' 7-'1/ determined by the 
TR-gauge tetrad. Using the the boost relations (D2), we find after some algebra that 

(D6) 
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.1 

whcrc B ::; -l''''' 1-'0-' = -1'; I-'i (8 runs ovel' (.i', i, 2)) and t.p = t.p(:c; 6) = iault-' (W(;l:; h')), 
Next, since it ::; 1/N(fJ/fJt - V), with some integrations by parts the final integral on the 
right-hand side becomes 

We have that lims_o t.p(x; 8) = 0 everywhere on T except for corner points where 
lims_o t.p(x; 8) = 4>(x). Therefore, in this limit only the first corner-term integrals on the 
right-hand side survive. Hence we have the main result 

(DS) 

which justifies (3.5). Since the action 8 1 in (3.5) is essentially a metric action, we have 
borrowed the results from Ref. [10] to obtain the variation (3.6). However, it is not difficult 
to use the 8 tetrad method to obtain this result. To perform this calculation it helps to 
assume that 8w = 0, or, in other words, the variations of the 8 tetrad and TR-gauge tetrad 
are "locked" together. We note in passing that a straightforward though somewhat lengthy 
calculation shows that variation of the action (3.1) is 

8S1 
::; -~ f d4 x Fu GIJII eplJ 8ePII 

K. JM 

-; 1M d4 x Fu 'V,. [(2rp
" " ep [,. ef v] - r# f ep" e" v) 5e" v] . (D9) 

One must insert the 8 tetrad into this expression and then take the limit 8 -+ O. 
The pure imaginary boundary term (3.12) added to the Goldberg action may also be 

expressed as 

(DI0) 


The variation of this expression is 

(Dl1) 

Clearly, the first integral vanishes. Using the 8 tetrad in each of the expressions, one can 
take the lims_o and verify that -So and -880 contribute no corner terms. 
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