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ABSTRACT 

For the purposes 01 making a viable cosmological 

scenario, it is known that the universe must evolve into the 

radiation dominated Friedmann stage after enough inflation and 

sUbcessful reheating. This can be achieved if the potential, 

V(¢), has a global minimum with respect to ¢. While the 

rea lIs tic pot en t i a I s w h i c happea r i n pOl. I' tic 1e and superg r a v i t y 

theories' are too compi icated to be handled ana.lyticaIly, the 

forms of the exponent ia 1 potent ia 1s used in the 1 i tera ture thus 

far also do not display these features at the same time. Here we 

suggest a simple exponential potential which has a global minimum 

(like the one dictated by the particle-theory potentials) and 

descrIbes the inflationary scenario rather satisfactorily. 

Attempts a.re made to investigate the solutions of- the 

corresponding classical equation of motion for the scalar field ¢ 

and accordingly the power law inflation scenario is discussed. 

The tunnelling probability and the density perturbations are also 

computed within this framework. 
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1. 	 Introduction 

With a view to producing symmetry breaking one needs to 

introduce in the amb-it of discussion a potential function V(¢) 

with a nontrivial classical minimum. 'While such features of the 

potential 	must show up in a natural manner on the basis of some 

1 >dynamical arguments, Coleman , Guth 2 ) and Guth and Weinberg3 ) 

h a vee ndea v 0 u red to I 00 k for the i r 0 rig i n i ntheranorma liza q 

version of "massless" scalar electrodynamics. However, the 

corresponding mathematical structure of V<4» , obtained in these 

cases for T = 0, viz. 

25 2 	 1
V(t/» = [ ¢4 In(4)2 10'2) + (0'4 .,.. ¢4)] 	 ( 1 ) l60t 2" 

turns out to be dIfficult to handle ana I y t i ca I I y. A form such as 

this wil I 	 be termed as the realistic one. Here 0.
2 

(= 1/45) is the 

strong coupl ing constant and O'(~ 1.2 X 10J~ GeV) is the broken
4)

symmetry minimum value -of V(¢). As compared to several other 

known' forms, the structure (1) has a smooth behaviour near ¢ = 0 

and also explains several temperature-dependent features. 

Other competing mechanisms to understand the 
5-11)

inflationary universe have found expression in terms of 

various versions of inflation characterized, for instance, by 

chaotic inflation, extended inflation, stochastic inflation among 

ottlers. In the case of chaotic inflation one considers a massive 

non-interacting scalar field 	¢ with the Lagrangian density 

~ = (M;/4ft> R + ~ "1-1¢ cf1¢ - V(¢), 	 (2 ) 

with G = 	M- 2 as the gravitational constant; M = 1.2 X 10
tP GeV 

p 	 p. 
the Planck mass, R the curvature scalar and m is the mass of the 

scalar field appearing in V(¢) such that m «< M. If the scalar 
p 

field m is sufficiently homogeneous In some domain of the 

universe, then its behaviour inside this domain is governed by 

the equations 

1>" + 3H 1> 	 = - (oV / 04» , (3) 

2 2	 2
H2 + (k / a 	 ) = ( 'N. / 3 ) [ ~ ¢/ + V ( 4> )] • (4 ) 
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Her e V (¢ ) i s the e f fee t i ve pot en t i a. 1 0 f the fie 1 d t/>;' H :: (aI a ) , 

a ( t ) the s ca. Ie factor 0 f the 10 c a I 1 y F r i e d man n un i verse (i n s i de 

2 2the domain under cons~deration); ~ :: (8n1M), and k :: + 1 , -1, 0 
p 

correspond to the closed, open or flat universe, respectively. 

In this work we confine ourselves to the case of the flat (k=O) 

universe. 

It is now wei I known that the resolution of the 

appropriately posed cosmological problems of horizon and flatness 

are attributed to the inflation scenario or to the exponential 
12)

expansion of the cosmic scale in the early universe In 

particular, the cosmic scale factor aCt) is found to grow as aCt) 

(p >1) .. In fact such a power law expansion is 

realizable mainly through the scalar field ¢ with an exponential 
7-9)potential, in that the potential V(¢) = V exp(-I\.¢) dominates 

o 

the energy density of the universe. For the exponential form of 

V(¢) the solution of the nonlinear classical equation of motion 

h Ob"t 7)(3) , no doubt, ex lIS an attractor but the desired features 

mentioned above are missing from this form of veep). Also, in 

order to achieve a viable cosmological scena.rio the universe is 

expected to evolve into the radiation-dominated Friedmann stage 

after enough inflation and successful reheating. For this 

purpose the potential must ~ave a global minimum- a requirement 

not fulfilled by the above purely exponential potential. To find 

an answer to this daunting problem several variants of the 

· 	 . dO d 11 ,12). th lit tI n fl a t Ion 	scenarIO are Iscusse In e era ure. 

While Yokoyama and Maeda 8 ) accounted for the energy 

dIssipation by introducing a term, c ¢" in eq. (3) (the origin of 

this term can also be attributed to the couplings of some other 

fields, if present, with ¢), they proposed a toy potential for 

inf lation, viz., 

V ( ¢ ) :: 2 V [c0 s h (A.¢ ) - 1 ] 	 (5)
o 

for the 'inflaton' field 4>. In the limiting cases this potential 
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reduces to an exponential or a harmonic form 

V(¢) ~ V exp(-X¢) for -¢» (l/X), (6a.) 
o 

~ V A.
2 </} for 14>1 « (1/A.). (6b) 

o 

depending essentially on the relative strength of the inflaton 

· I d At.. • 'I. -,f Ie ~ vIs-a-VIS ~ . Interestingly, the forms (6a) and (6b) 
11)

ha.ve been used in recent years to describe the infla.tion 

scenario in different stages by what are known as exponential and 

new i.nflations, respectively. While form (5) does not 

a c com mod ate the d I! s i I' I~ d f eatu res, its use i n ( 3 ) i s no 1e s s 

chat lenging for the purpose of mathematical treatment. On the 

other hand, a generalized version of the limiting cases (6a.) and 

(6b) l'S foundlO) par t·1 cu I ar I y use f 1.1 I from the point of view of 

investigating the i.nflation scenario. Therefore, in order to 

address severa.l additional aspects pertaining to inflation we 

propose, in the present work, an effective potential of the formt 

V(¢) = Vo (4)-4>0)2 gA(¢-¢O) , (7) 

10
15where ¢=¢ = 1.2 X GeV is the position of the global minimum 

o 

in V(¢) of (7) and there also exists (cf. Fig.1) a maximum at ¢ = 

10284> - ( 2/A. ) • The quantities V = 77.35 X GeV2 and A. = 2.66 x 
o o 

10-15 GeV-1 have been fixed in accordance with the real istic 

potential (1). The potential (7) exhibits a (mandatory) huge 

slow~roll regime as well as a minimum at ¢ = 0 (cf. Fig.1) for 

these values of the parameters. 

In Sect. 2, we discuss the dynamics of the system and 

show that there exists an attractor for the solution of eq. (3) 

t Mathematically, it is not difficult to visualize the origin of 

the harmonic factor in (7) if one confines only to the second 

or del' val' i a t ion s 0 f V ( ¢ ) wit h I' e s pee t to A. t h I' 0 ugh ( 82 V(4) ) I 8A.2 
) 

and such a variation makes sense since A is also linked 7 ) with n 

in (4+n)-dimensional Kaluza-Klein type supergravity theories. 
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with V(rfy) given by ( 7) • In Sect.3, we demonstrate the 

possibility of existence of yet another attractor in the solution 

of (3) by introducing a friction term, in it. 

. 13)
Necess it y of such a t erm arIse in the study of inflation with 

thermal dissipation. Slow-roll scenario is also discussed here. 

The tunnelling probability and the density perturbations 

corresponding to potential (7) are estimated In Sect.4. F 1 na I I y, 

concluding remarks are made in Sect. 5. 

2. Dynamics of the Syste. 

Now we investigate the solutions of the classical 

equations of motion (3) for the potential (7). After defining f 

=' ¢ 0 - ¢, e q s. (3) and (4) can be r e w r itt en res p e c t i vel y , ast 

fO + 3H f + V f(2-Af) e-Af = 0 (8) 
o 

(9) 

Note tha.t V A, and H are true constants a.nd obviously noI )t 
o 

variation in their values is possible while studying the 

stability of the solutions of (8). Exact integration of eq. (8) 

is possible 14 
) if one drops the second term in eq. (8) and sets 

° the initial conditions as f = 0, f = 0 at t = 0 (which correspond 

to the solution at the global minimum). However, such a solution 

o f ( 8 ) cannot be f u 1 1 y jus t i fie d "a n d wet her e for e 100 k for the 

solutIon of eq. (8) without imposing the above conditions. For 

this purpose, we transcribe eq. (8), for convenience, as 

;0+ 3H; + V x(2-Ax) e-~x = 0 (10)
o 

and prefer to write it equivalently in terms of a pair of first 

order differential equations in two different ways, namely 

Case A : X 
o = Y (lla) 
o 
y = -3Hy - V x(2-x'x) e -AX (llb) 

o 
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Case B : 	 x 
0 

= y-3Hx (12a) 

Y 
0 = - V x (2-AX) e -AX (12b)

0 

With the 	 reduction (12) note that eq. (10) can immediately be 
1Siden;;fied ) with the Lienard equation 

XO + g(x) x + hex) = 0, 

where g(x) = 3H is a constant and hex) = V X(2-AX) e -AX satisfies 
o 


'd d't' 15)
th e requl re con 1 Ions in order that a Liapunov function 
x 

1 2
F(x.y) = Pe(x) 	 with ReCx) = J h(u)du can be constructed.+ '2 y • 

° The Liapunov function 	finally turns out to be 

2 AxF(x,y) = V x e- + ~ 	y2 (13) 
o 

which is positive definite for all real x and y. Similarly, F is 

obtained from 

~ :: OF X + OF 0 (14)8x 8y y 

after ~sing (13), (12a) and (12b) as 

2 -AX ~ = -3HV	 X (Z-AX) e 
o 

which is negative definite as X va.ries over 0 < X < (2/A.) or ¢ 

varies over a region ¢ - 2/A. <¢ <¢ where the slow-roll of ¢ in 
o 0 

the potential dominates. Thus, the origin (0,0) in the x-y plane 

is a uniformly stable critical point, i.e., there is a unique 

atttactor at ¢ = ¢ of the potential. However, for the region
o 

o=:;x :c:; (2/A) t! is negative semidefinite and therefore (0,0) is 

asymptotically stable. 

Alternatively, one can as well carry out an analysis of 

the phase portraits on the x-y plane for the system (12): In 

this case one obtains three critical points C (0,0) , C : (2/A., 
t 	 2 

6H/A), C : «X), (0) • It can be shown 1S ) that C is a stable node, 
a t 

C a saddle (unstable) and C an unstab"le critical point (since
2 	 S 

one of the eigenvalues in this case is zero, implying' a oritical 

point which is not isolated). In the same way, if one carries 
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out the phase plane analysis for the case A (cf. eqs. (11a) and 

(lIb), then the nature of the critical points and subsequently 

the topology of the trajectories turns out to be the same except 

for t~e fact that the:axes now stand rotated relative to the case 

B. 

3. Slow-Roll Scenario and the Effect of Dissipation 

It may be mentioned that in exponential inflation the 

dependence of ~ on the time variable t is negligibly small during 

the inflationary stage whereas it is not so in the case of power 

law inflation. For the former case :po in eq. (3) can be dropped 
I avand consequently this equation implies that = 3H (.94-). 

Thus, the inflaton field ~ 1'01 Is down the pure exponential 

potential more rapidly then it rolls down the potential (7) in 

the vicinity of the global minimum. To sO,me ex ten t such a 

phenomenon can be attributed to the couplings of the ~-field with 

other fields, if present, which In turn implies th&t the.

Inflation proceeds through some dissipation processes. While the 
7,8)

role of such friction forces has been investigated in the 

literature by inserting a term of the type c ¢ in eq.(3), it is 

also argued that this term owes, its existence to the particle 

creationS>. This is perhaps the simplest way (as one retains 

only the first power of ¢) of accounting for the dissipation in 

the system. If one resorts to account for the dissipation in a 

different (and possibly a little more complicated) way, then the 

corresponding dynamical system is going to exhibit several other 

interesting features as tar as the nature of attraatQf '~t~bl1it¥ 

of solutions> is concerned. For example, for the friction term 

of the type (rJ/-1)1> or the existence of a limit 

cycle in the system can be readily demonstrated. 

In Qra~f to aooount tor the thermal dissipation iri the 
13)

inflatIon scenario, Lee and Fang have recently suggested the 
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use of a term of the type (c ¢m)¢ with c > o. One may a.s we 1 I 
m m 

use more general ized version of . this form, namely (E c ~m)~ in 
m 1'\'1 

e q. (3). .__ Wh i lethe fir s t: f a I' m c Je a I' 1y Je a d,s t a ali mit c y c 1e for 

certain values of c and m = 2, we analyse the latter case here 
2 

1n detai I. Eq. (10) can now be written in the form 

AxXO + 3Hx - (E c xm)x + V X(2-AX) e- = O. (15) 
m m 0 

The phase plane analysis of eq. (15) can be carried out in exactly 

the same way as is done for the system (12) (cf. Case B). We 

again obtain the same set of critical points c , C , C out of 
i 2 a 

which C : (0,0) is a stable node as befo.re. For the critical .. 
2 6H po in t C : (~ , ~ ) which was a sa.ddle (unstable) earlier, the 

2 

situation now is different however. In fact, the eigenvalues in 

the present case are given by 

A = - -2
1 (3H-E c (2/A) 

m 
)

1.2 m m 

1 m 2 -2 m 1"2.± '2 [{3 H - E c m ( 21A) } +8 e - 12E c H ( 21A ) ] .; • ( 16 ) 
m m m 

Clearly, for m = ° and c = 0 one recovers the ear I ier resul t 
o 

2 6H
i. e. a. saddle at c : (- , ,-); otherwise note that for 

2 A A. 

one can establish the existence of a stable spiral for certain 

values of m and c . Thus the introduction of dissipation of the 
m 

type discussed here in the above system will definitely bring in 

the role of more attractors which otherwise was not possible In 
8)the approach of Yokoyama and Maeda . Moreover, once the 

dissipation is present it will also accelerate the prooess of 
16)reheating . 

4. Tunnelling Probability and Density Perturbations 

In this section we demonstrate the computation of some 

results within the framework of the present exponential potential 

model. For this purpose we make use of the standard techniques 
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available in the literature. In particular, we carry out an 

o~der-of-magnitude estimation of the quantities which have been 

of pivotal importance in recent years; namely (i) the tunnelling 

probab~llty P through the barrier of potential (7) (cf. Fig.l), 

and (ii) the denSity perturbations (6p/p). 

In order to estimate the tunnelling p~obabl1ity P we 

L ' d 17)assume, following In e , the formation of bubbles of a new 

phase and make use of the Euclidean approach to the tunnelling 

theory. This approach enables us to compute the decay 

probability of the false vacuum and the expression for P in this 

case is given by17) 

P = A exp(-S(¢», (17) 

where 5(¢) is the Euclidean action corresponding to the solution 

of the equation 

iJ2¢ dV 
0 t· ~2¢ V' (4)) (18)4> = ~ = d¢ 

and takes the form 

(19) 

The factor A in eq. (17) has the dimensions of (mass)4 and related 

to the action S through the relation 

5 Z [ de t' [-0 +V" (¢ )] -1/2 ]
A = (2) II , (20) 

rr det[ -0 + V (¢)] 

where "det'n represents the functional determinant of the 

operator [ -0 +V" (¢) ] such that its vanishing eigenvalues, 

corresponding to the zero-modes of the operator, are ignored. 

Here ¢ is assumed to satisfy the boundary condition ¢ = 0 as 

X
Z 

+ t 2 
-+ 00 and V (¢) sat is fie s V (0) = o. The latter condition is 

achieved from (7) by redefining V(¢) as V(¢)-V(O). Recognizing 

the fact that the quantities ¢(O), Jv"(¢) and r-1 (where r is 

the typical size of the bubble) lie within an order of magnitude 
,,, "-1/2of each other, the factor [det [-o+V (4))) Idet (-o+V (4)))] on 

the right hand side of eq.(20) can be estimated so as to be of 
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-4. 4 (V")2). Ththe same order i. e., of the order of (I' , 4> (0), us, 

under the same assumption S(¢) can be estimated, aft~r using (4) 

in (19), as 

and subsequently the factor A as A 

Subst i tut i ng the va 1ue of V
n 

(¢) at ¢ == ¢t = (¢o-2/)"") as 20.931 x 

1029 GeV2 and the values of other constants, the tunneling 

prob a b iIi t y P fro m (1 7 ) i s est I mat edtabe P ~ 2. 55 x 10-
33 

Ge V
2 

• 

It may be mentioned that it is the factor A (and not the factor 

exp(-S(¢») in (17) that dominates the values of P. 

Alternatively, one can also compute P using the theory of Hawking 
18)a.nd Moss . In this case one considers. the tunnel ing from if; = 0 

through the barrier with a maximum at ¢ = ¢ and as a result, P 
t 

.is given by 

3M
P 1 (21)P - A eKp [ - -a- ( V(O) V(~l) Jl 

On using the values of v(O) and V (¢ ) as obtained from (1) and 
J. 

10-33the value of A - 2.98 X GeV2 from (20) , the relation (21) 

10tcsyields the value of P as P ~ A exp(-6.42 x ). I t may be 

mentioned tha.t in the Hawking-Moss theory (cf. eq. (21» the 

exponential factor dominates over the value of A whereas in the 

case of Eucl idean approach (cf. eq. (17» the factor A dominates 

over the exponential instead. In either case the value of P 

turns out to be enormously small. This va.lue is even sma.lier 

than that obtCl.ined for the chaotic, type inflation11 ) where P ... 

2 - -to 
:9 

. 1 2 2 1 - ..
exp(-8n 13A) - 10 for the potentlal Vt(r/» = 2 M ¢ - 4 A if; • 

Following Llnde 17 ), we also carry out an estimation of 

the quantum fluctuations in the present model under highly 

Rimplltylng assumptions. Towards this end we use the expression 

6p(k) V3 
/'Z (,p) 

9 (22) 
p M V' (¢) 

p 

10 
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where the quantity on the right hand side Is computed at the 

value of the wave number k such that k ~ H(¢). Using V(</» from 

(7) an estimate of (6p/p) f~om (22) at ¢ = 0 furnishes a value of 

' -12. 156 • 39 X 10 and that' at ¢ = 1.0 x 10 GeV gives rise to (6p/p) 

= 7 • 43 x' 10-11 
• While the variation in the value of (op/p) in 

the present model is just within one order of magnitude for the 

allowed range of the scalar field ¢, it is, however, much smaller 
-4 -5

than the value 10 - 10 expected for the spectral amplitude on 

a galactic scale and for a specially normalized spectrum. 

5. Concluding Discussion 

We have made an attempt to understand the inflation 

scenario within the framework of an exponential potential model 

for the scalar field inducing the power law inflation. While 

this scalar field potential accounts for almost al I the desirable 

features as dictated by the particle physics theories, the 

solutions of the corresponding equation of motion are found to 

exhibit an attractor. It is shown that another attractor also 

comes into p]ay if one accounts for the dissipation by 

introducing a term of the type - ~ cm¢m) ¢ in the equation of 

motion. In fact the importance of a similar term is realized 
13)

recently to understand the inf1ation scenario with thermal 

dissipation. 

Other features of this exponential potential model 

investigated in the present work pertain mainly to the estimation 

of the tunnelling probability .Pand the quantum fluctuations 

through the computation of (op/p). It is found that the use of 

either of the methods, namely the Euclidean approach 17 
) and the 

theory of Hawking and Moss 18 ), yields enormously small values for 

the tunnelling probability as compared to the one estimated (see, 

Ref. (17» on the basis of a chaotic- type scalar field 

potential. Similar- is the trend of the results obtained for 

(6p/p) I n the present mode 1. Ai the maximum between the "false" 
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and "true" vacua is not very pronounced in potenti~l (7) (cf. 

Fig.!) we expect better understanding of the slow-roll phenomenon 

and subsequently that of the reheating mechanism in this model. 

Further studies are in' progress. 
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Figur-e Caption 

Fig. 1. The effective scalar field potential V(¢) described by 

Eq. (7). 
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