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Assuming the equivalence of Friedmann-Robertson-'Valker cosmological models and their Ne\vtoniall counterparts, 
we propose, using the Gauss law in arbitrary dimension, a general relation between the Newtonian gravitational 
constant G and the gravitational coupling constant K. 

1. Introduction 

It is now a CQmmQn belief amQng cQsmQIQgists and rel
ativists that althQugh the spacetime appears smQQth, 
nearly flat and 4-dimensiQual Qn large scale, at suf
ficiently small distances and early times it is highly 
curved, with all PQssible tQPQlQgies and arbitrary di
mensiQns. The initial idea Qf Kaluza-Klein has been ex
tensively used in unified theQries Qf fundamcntal inter
actiQns [1). There, thc cxtra dimcnsiQns arc assumcd to' 
be cQmpactified to' Planckian size, and therefQre dO' nQt 
display themselves in macrQscQpic prQcesses. The mul
tidimensiQnal cQsmQIQgies based Qn these ideas have 
been extensively studied in the recent years [2-4]. 

Usually in cQsmQlugical mQdels based Qn higher 
dimensiQns thc prQblem Qf the dimensiQnality Qf the 
gravitatiQnal cQupling CQnstant is nQt tackled Qn, being 
tacitly assumed to' be 

K=81rG, (1) 

"where G is the NewtQnian gravitatiQnal CQnstant. This 
is, Qf CQurse, a relatiQu being derived in fQur dimen
siQns. Even in SQme textbQQks this has nQt been dif
ferentiated (5]. The effective gravitatiQnal CQnstant in 
mutidimensiQnal cQsmQIQgies is defined by multiplica
tiQn Qf this 4-dimensiQnal value with SQme vQlume Qf 
the internal space which might evcn be infinite [6]. 

1 e-mail: mansouri@netware2.ipm.ac.ir 

2e-mail: ali@iucaa.ernet.in 


There are, hQwever, cQsmQIQgical mQdels ill higher 
dimcnsiQns where this picturc ducs HQt wQrk and Qnc 
shQuld be cautiQus abQut thc value Qf thc cQupling CQll
stant in dimcnsiQns higher than fQur [7-10). In fact, 
Chaterjce [7] and Chaterjee alld Bhui [8] calculated a 
hQmQgcncQus model ill highcr dimcllsiQllal gravity us
ing thc samc 4-dimcnsiQllal rclatiQll as ill (1). 

\Vc intend to' sllO'w SQmc dcficicncics uf this misusc 
and prQPQse a geueralizatiQn Qf thc gravitatiQnal CQU
pling CQnstant fQr an arbitrary dimensiun. AllY defi
llitiQll Qf a cQupling CQnstant in higher dimcllsiQll will 
affect thc timc dependence Qf G and thcrefQre may 
havc dircct QbservatiQnal CQnscqucnccs [11-13]. 

In this nQte we cQnfine Qurselvcs to' a. mcrc gCllcral
izatiQn Qf K ~ using the discrepancics in cQmparing rela
tivistic and NewtQnian cQsmQlQgies ill arbitrary dimen
siQns. It bclQngs to' the fQlklQrc Qf thc theQrics Qf grav
itatiQn that their weak limit must bt, the Ncwtuuiall 
theQry Qf gravity. 11QreQver, 0'11 aCCQunt Qf thc relatiQn 
(1), there is a NewtQnian derivatiQn of the FR\V CQS
mQlQgies. \Ve will shQW that this derivatiQIl using thc 
'cQupling CQnstant (1) is just valid ill (3+ 1) dimcnsiQns 
and must be changed fQr arbitrary-dimensional thcQ
ries. On aCCQunt Qf the Gauss theQrem wc givc such a 
gcneralizatiQn which makes the Newtonian dcrivatiQn 
valid in arbitrary dimensiQn. 
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2. 	 Friedmann models and Newtonian 
cosmology in D dimensions 

COllsider the followiug Hilbert-Eiusteiu actiou ill D + 1 
dimeusional space-time with D its fixed spatial dilUell
SiOll: 

S9 = 2",I' (D+ 1) R J=!i dD+ 1 ~l'1 

1 	 (')\1 I' T...r::!i dD + ;1'. 	 -)+ "2, 

where" is agaiu the graxitatioual ('ol!staut. For silll
plicity. we consider the k = 0 Fll\Y model. Iu all ar
bitrary fixed dilUellsion we obtaiu the following Fried
manu equatioll [9]: 

(3)( ~ ) 	 2 = -D-(-~-n-~-l-) p. 

leadiug to the familiar Friedmaull equatiou ill D = 3: 

(it) 2 K 	 8;rG 
-	 =-1';::::--1'. (4) 
a 3 3 

~ow, it is well knowu that the Fl'iedmanll equatiou (4) 
cau be derived from the Newtouian staudpoint. T~lkiug 
the Newtolliau equation of gravitatiou iu D dimeusion 
ill it!!; u!!,;ual form 

\i1 >p = 4;rG1', 	 (5) 

where >p is the gravitational potential and \iD is the 
D-dimensiollal V operator, the correspolldillg Fried
IW:Ulll equatioll can easily be obtained to be 

(6) 

Xow, as expected, for D =3. the familiar relatiou (4) 
is obtained, assuming the relatioll (1). But if D =j:. 3, 
one can realize that the agreement between (4) and (6) 
fails. 

3. 	 Modification 

Lookillg for the roots of the factor 8;r III (1) we come 
across the relatioll 

(7) 

where ;.p is the Newtouiau gravitational potential. 
N"ow, the coefficient in the POiSSOll equation, i.e. 

-lIT has beeu obtained usillg the ,Gauss law for 3-, 
dimellsiollal space. Thus we should first derive tht' 
correct coefficiellt for D-dillleUstOual space. Applying 
Guass's law for a D-dimcusioual volume, we fiIH.l the 
POiSSOll equation for arbitrar~- fixed dimensiou: 

(8) 
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011 the other haud. we get for arbitrary D =j:. 2 

(D 2) (9)Roo ~ D - 1 "I'. 

A comparisoll of (7), (8). mal (9) gin's us the follow
iug modified Eiusteiu gravitational constallt for any D 
extept D = 2: 

2(D - l)ITD/2G 
"D = (10)

(D -	 2)(D/2 - I)!' 

The cor1'<.'('t form of the FriedllHulll equation in all ar
bitrary fixed dimellsioll~ except D = 2. is uOW derin'd 
to be 

!...(·l"') 2 = ___4_·IT_D_/_2_G_'___ (11)( D(D - 2)(D/2 - I)! p. 

As is easily seell. the abon' rt'latioll is ill cOlllplete 
agreelllent with its Newtolliall COllllterpart ill all di
lUellsiollS except D = 2. 

For the case of 2 + 1 dilllellsioll. \\'(' 11a.\"(' to I'('yisit 
equatioll (9) which is 

1 
Roo "2.£/00 R + "Too 

2)Too + Tid 

K = D 	_ 1 [(D - 2)1' + Dp] (12) 

for a perfect ftuid ulliverse. It is dear from Eq. (12) 
that the first term is idelltically equal to zero for D = 

, 2. Therefore, ill this case we get 

Roo ~ ,,(0 x I' + 2p) = 21TGp~ for D = 2. (13) 

Iu a matter-dominated uuiverse ill which we usually 
compare the weak field limit of the relath-istic t'qua
tiOllS with the Newtolliall ones there is igllorable 
radiation as compared to matter. For this special case, 
however, we call 110 more ignore the presellC(, of radi
ation as compared to the yauishillg first terlll iu (13). 
Thus~ by setting p = (1'/ D) = (1'/2), n can be foulld 
to be 

"2 = 21TG, 	 (14) 

hellce tht' Friedmallll equatioll (3) b('comes silllply 

(~) 2 = 27rGp. 	 (15) 

So the Eiusteiu gravitatiollal coupling COllstallt would 
be in gelleral 

21TG. 	 for D = 2. 

"D = 2(D - 1);rD/2G 	 (16)
{ 	 for D =j:. 2.

(D -	 2)(D /2 I)!' 
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and thus 

271Gp, 	 for D = 2, 

for D ::j:: 2.
D(D - 2)(D12 - 1)!P, 

(17) 

Howen'l', p scales a.s a-D(l+ll') where ll' is a C011
stant nUlllber depending on the equatiou of state: it is 
either zero or (liD). Substituting the p intoEq.(I7), 
we get the followiug law for th<.' expansion factor in 
different dilllensio11s: 

t2/( Dn+ 1), radiatiou dominated, 
a(t) x 	 (18)

{ 	 t2/D.\J • matter dominated. 

For instauce. for D = 1, D = 2 and D 3, a(t) 
sca1<.'s as 

_t2 , for D = 1, 

a(l) oc { t, for D = 2, 	 (19) 

t2 / 3 , for D = 3. 

ill a matter-dominated universe and as 

i
_to for D = 1, 

a(l)oc t 2/ 3 , for D = 2, 	 (20) 

t 1/ 2 , for D = 3. 

ill a radiatiou-domiuated uuiverse. By comparison Ol1e 
cau find D~\J - 1 = DR, i.e., the time behaviour of 
a(t) in each radiation-dominated dimension is sam<.' 
as ill a matter dominated phase but one dimension 
less. For example, the behaviour of a(t) in a D = 
4: radiation-dominated phase is identical to that of a 
D = 3 matter-domi11q,ted one, etc. 

It is worth mentioning that the strange bdlaviour 
of a(t) for D = 1, with a minus sign, is due to ap
plying Eq. (12). This can be explain<,'d by recalling the 
fa.ct that Eq. (12) canIlot be derived from the Ei11steiu 
equatious 

(21 ) 

in the case D = 1. The result a{t) < 0 ill (19) and (20) 
for D = 1, which is a cOllsequelH:e of adoptiug (12) as 
the dynarnieal equatioll o'f gravity, leads to a llegative 
dellsity. This is, of ('ourse, physically problema.tic. 

4. Conclusion 

The dimellsional dependence of the gravitatioIlal con
stallt Ii Illay have various and serious field-theoretic 
and astrophysical consequences hitherto ullllOticed. 

It would be interesting, e.g., to sec 'which changes 
are to be expected if the results of this note are com
biued with the Kaluza-Klein paradigm. The conse
quenees 011 time variation of G within various models 
is another n'ry iuteresting cosmological issue which is 
under investigation. 
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