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Abstract 

We establish that spherical symmetry cannot sustain inhomogeneity and for 
its inclusion one has to use cylindrical fluid models which can be free of the 
big-bang singularity. 

PACS No: 04.20Jb, 98.80Dr 

1 E-mail Address: naresh$iucaa.ernet.in 

1 

http:naresh$iucaa.ernet.in


1 Introduction 

Relativistic cosmology is characterised by the two main features: expansion of the 
Universe and its birth in a hot big-bang singular event. These are the predictions 
of the standard Friedman-Robertson-Walker (FRW) model which is represented by 
a solution of Einstein's field equations for gravitation (general relativity, GR). Even 
though these predictions are strongly supported by the present day observations, it is 
pertinent to ask: Is the big-bang singular beginning unique, Le. does GR not admit 
a solution without the big-bang? For it is one thing to have the unique possibility 
and quite the other that observations have to pick up one of the two possibilities 
admitted by the theory. In the case of the big-bang, this question is even more 
in order for the FRW that imbibes it has very special properties of homogeneity, 
isotropy and spherical symmetry. One of the main points of this paper is to show 
that the big-ba.ng can be avoided by considering inhomogeneous fluid models. It 
turns out that inhomogeneity cannot be accommodated in spherical symmetry. For 
its inclusion we will have to consider cylindrical symmetry which admits inhomoge
neous fluid models with or without big-bang singularity. It may be noted that the 
non-singular models satisfy all physical conditions and have very acceptable physical 
behaviour. 

The general belief that the big-bang singularity is inevitable was based on the 
singularity theorems [1] which predicted the inevitability of singularity in GR un
der physically reasonable assumptions. Hence all the effort was focussed on how to 
"manage" the big-bang singularity. Quantum effects and new fields as well as modi
fication of GR were invoked to deal with the very dense state of the early Universe. 
A new field of quantum cosmology and early Universe cosmology has come into being 
with very intense activity. Ji 

In 1990 Senovilla [2] produced a counter example to the general belief by obtain
ing an exact solution of Einstein's equations free of singularity as well as satisfying 
all physical conditions. It represented a radiation Universe with p = 3p > 0 which 
was inhomogeneous, anisotropic and cylindrically symmetric. Thus the big-bang is 
not the unique prediction of the theory. Hence it is in order to address the question, 
what causes or what can avoid the big-bang? <. 

In Section 2 we set up the general equations for an orthogonal metric separable 
in space and time variables for a perfect fluid distribution. In Section 3 we con
sider inclusion of inhomogeneity which leads to cylindrical models with or without 
singularity. In Section 4 we conclude with a discussion. 
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2 Field equations 

In cosmology we always assume separability of the spa'cetime metric in space and 
time variables. This is a simplifying assumption that helps in solving the equations 
as well as in understanding the overall behaviour of the Universe. We consider the 
general orthogonal metric, 

ds2 = Ddt2 
- Adxr - Bdx~ - Cdx5 (2.1) 

where A = A(t)A(xa ) and so on. Einstein's field equations for the fluid model are 
given by 

(2.2) 

where 
Tik = (p + p)'Ui'Uk - pgik· (2.3) 

We take the co-moving fluid congruence, 'Ui = v'Dsp. 
Now the fluid conditions will require 

Tab =0 for a :/:; b (2.4) 

and 
(2.5) 

which are in all 8 conditions. 

To go any further we have to consider the explicit expressions for Tik, which look 
very formidable [3]. We have however, discovered a good bit of order in them. Given 
one each of diagonal and off diagonal components, we can write all the others by 
prescribing proper permutation rules. Let us begin with 

Bo Co) Ao (BI C Bo (Bl1 ) Dl)-327rATJ = - 2 ( -+- +- -+- +- --+B C 1 ABC B B D 

+Co (_C1 + DI) (2.6)
C C D 
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+-.!. [~2 (BO + Co) _Bo (BO + Co _DO) _ Co (CO _DO)] 
D BCoBBCD CCD 

(2.7) 

where subscripts represent partial derivatives, i.e. Ao = ¥t, At = ~ etc. 

The successive cyclic permutations 1 ~ 2 ~ 3 ~ 1, A ~ B ~ C ~ A yield 
TJ, Tg from TJ; Tj, Tl from Tj; and Ti, Tl from T/. To get Tj from TJ we write 
o~ i2 (Le. Ao ~ iA2' TJ ~ iTj) and B ~ C ~ D ~ B while T8 ~ollows fromT/ 
when 2 ~ 3 ~ 1 ~ iO ~ -2 (T/ ~ T8) and A ~ D ~ B ~ C ~ A. Thus we can 
write all 10 Tik, given the two (one each of diagonal and off diagonal). 

For the metric (2.1), the kinematic parameters; expansion, shear and acceleration 
are given by 

1 (Ao Bo Co) (2.8)8 = 2VD "A+1f+C 

(J2 = _1_ [(Bo + Co _2Ao)2 + (Co + Ao _ 2Bo)2 + (Ao + Bo _ 2CO)2]
36D B C A CAB ABC 

(2.9) 
Da 

(2.10)
2D 


and the vorticity Wik =O. Further we also note, in general, 


8,0: = 2'3 [((Jai + wai ).',Z - ((Jai +Wai ) . U i] (2.11) 

= 8ua + ~ (In JI9 /9001) (2.12) 
v 900 00 

where we have taken Ui = ..;g008P. 

This means whenever the spacetime is free of shear and vorticity, its expansion 
is constant over the hypersurface orthogonal to the velocity field Ui. Further, if the 
quantity 9/900 is separable in space and time, then acceleration will also vanish. 
That is for the separable metric (2.1), acceleration can be non-zero only if shear is 
non-zero [4]. 
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According to the Raychaudhuri equation [5], singularity can be avoided for the 
metric (2.1) only if acceleration is non-zero which requires non-zero shear. Hence 
non-singular spacetimes represented by the metric (2.1) must of necessity be both 
inhomogeneous and anisotropic. This is a general statement without reference to the 
matter content of the spacetime. 

3 Inhomogeneity 

First of all let us write the fluid conditions (2.4)and (2.5) explicitly. They will read 
as: 

Ao (Bl + C 1 ) + Bo (_Bl + Dl) + Co (_C1 + Dl) =0 (3.1)
AB C B B DC CD 

_ 2 (C1 + Dl) + Bl (C'1. + D'1.) + C1 (_ C'1. + A2) + Dl (_ D2 + A2) = 0 
C D 2 BCD C C .4 D D A 

(3.2) 

12. [-2 (Cl + Dl) + C(AI + Bl _ Cl) + Dl (AI + Bl _ Dl)] 
A C Dl CAB C DAB D 

2+ 	~ [2 (C2 + D2) _ C (A2 + B2 _ C2) + D2 (A2 + B2 _ D2)] 
B C D2 CAB C DAB D 

C3 	 C3+ 	~ [2 (B3 _ A3) _ A3 (A3 _ + D3) + B3 (B3 _ + D3)]
C B A3 A A C D B BCD 

+ 	~ [2 (Ao _ Bo) + Ao (Ao + Co _ Do) _ Bo (Bo + Co _ Do)] = O. 

D A Bo A A C D B BCD 


(3.3) 

Equations (3.1), (3,2) represent 3 equations each corresponding to Too = 0 and 
Ta {3 = 0 for a # f3 while (3.3) represents two equations T/ = Ti = Tl. The cyclic 
permutation A --+ B --+ B --+ C --+ A, 1 --+ 2 --+ 3 --+ 1 will yield the other members. 

Now if we let the metric (2.1) have radial symmetry, i.e. A = A(r)A(t) etc., 
r2 = xi + x~ + x~, then equation (3.1) implies 

AD _ Bo) N= 0 (Bo _Co) N= 0 	 (3.4)( A B 'B C 

where 
A' B' C' D'

N=-+-+---	 (3.5)
ABC D 
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and a dash denotes derivative w.r.t.r. That means either 

(i) ~ = 1if = % 
or 

(ii) N = O. 

In the former case (i) (7 = 0 (equation 2.9)) which will lead to vanishing of accel· 
eration implying, according to the Raychaudhuri equation [4], inavoidability of sin· 
gularity. The other equations will determine the FRvV homogeneous and isotropic 
model uniquely. 

In the other case (ii), D = ABC,. then equation (3.2) will imply the three 
relations of the type 

AB' - A'B = kl r (3.6) 

where kl' is a constant. Substituting them in (3.3) and some simple manipulations 
will lead to A, B, C being independent of r. This is the homogeneous Bianchi I model. 

Thus radial symmetry (Le. spherical symmetry) can only admit FRW and 
Bianchi I models, which are both homogeneous. Hence inhomogeneous fluid models 
cannot be radially symmetric. For inclusion of inhomogeneity it is necessary to give 
up spherical symmetry for a less restrictive symmetry like cylindrical symmetry [6]. 

In cylindrical symmetry, the above case (i) will imply ~ = 1if f:. !if which means 
(7 f:. 0 => ua f:. O. That means singularity can be avoided. 

It turns out that cylindrical symmetry admits inhomogeneous fluid models with 
or without singularity [7J. The singularity free family has been identified and it is 
shown to be unique, Le. it constitutes the complete set of non-singular cylindrical 
models [8J. Bianchi I homogeneous model is, of course, admitted. That means 
cylindrical symmetry does not rule out homogeneity like spherical symmetry does 
for inhomogeneity. 

Discussion 

The big·bang was a remarkable prediction of the theory which was strongly supported 
by the observation. However the question that does the theory provide big·bang as 
the only possibility is well in order even if observations confirm the big-bang firmly 
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and solidly. The investigation in this direction was not considered seriously because 
of the universal application of the singularity theorems [1]. We now know that this 
was a wrong impression that got universal acceptance, perhaps because the obser
vations strongly supported big-bang. 

The assumption that restricts the applicability of the theorems is the existence of 
compact trapped surfaces, meaning gravity to become strong enough to trap photons 
in a compact surface. The field equations are supposed to determine the behaviour 
of the field entirely and any additional prescription will amount to a special circum
stance. vVhat really happens is that singularity free models do not admit compact 
trapped surfaces and hence the theorems become inapplicable. 

It is not desirable that the Universe be homogeneous and isotropic at all scales. 
Inhomogeneity must be incorporated in early times. vVe have shown that inhomo
geneity can be incorporated as well as the big-bang singularity can be avoided if we 
trade off spherical symmetry to cylindrical symmetry. We are presently attempting 
to establish that cylindrical symmetry is the unique setting for non-singular models 
[9]. 
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