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Abstract 

New solutions of the Yang-Baxter equation associated with the fundamental rep­

resentations of A,,(n > 1), B", e" and D", without the additivity of spectral parame­

ters, are found in terms of the weight conservation. The Birman-Wenzl algebra with 

colour is constructed and the explicit· examples are given in the cases of Bn , en and 

D,,_ 

~~:~,.""", ") .lI...;.~1"'''':t ..." 

... --i"j<;~I\.". ~~:.... 

-'- X\; ... ,'f·--··- t't~.... 

, tr.n ......~l.t ........ ""'o.:;:~ 


, t= ~"....... '.\-,.. 

, v' 

/,• ....--.....,.".. ,...."., 

t
r'l.tt.--..... ·~·'!'II..1 
~ 
!':': ~ ~"'~.... ~ ~--"-

ITheoretical Physics Division, Nankai Institute of Mathematics, Tianjin 300071, People's Rep~b~·· 
lic of China 

2Institute for Theoretical Physics, State University of New York at Stony Brook, Stony Brook, 
New York 11794-3840, U.S.A. 



1 

• 


"
Introduction 

The Yang-Baxter equation (YBE) plays a fundamental role in the integrable systems 

in 1+1 dimensions and the exactly soluble models in statistical mechanics [1-4]. Nlany 

solutions of the YBE 

(1.1) 

, x( = eta) and y(= etl 
) are spectral parameters with additivity, have been found. 

Among them the trigonometric solutions associated with the fundamental represen­

tations of An, En, On and Dn were constructed based on the quantum group (QG) 

[5J. By taking the limit of R(x) the YBE (1.1) is reduced to the braid relation [6J 

(1.2) 

It is well kno~n that the solutions of the braid relation associated with the represen· 

tation of the Lie algebra can be constructed from theory of QG [7,81 and calculated 

in terms of the weight conservation and the extended Kauffman diagrammetic tech­

niques [9,10]. It is shown that there exist two types of the braid group representations 

(BGRs) associated with the fundamental representations of An, En, On and Dn: stan­

dard and exotic [11,12], and the structure of the Birman-Wenzl (BW) algebra [131 
exists for the BGRs,. not only for the standard ones [8] but also for exotic ones [14J, 
in the cases of En, On and Dn. The corresponding explicit solutions of the YBE(1.1 ) 

can be obtained by the Yang-Baxterization prescription [15,16]. 

On the other hand, the solutions of the YBE without additivity have been found 

[17]. As is known, the complicated calculatins were made for deriving the non· 

additivity of spectral parameters for YBE. It is not clear what the relation is between 

these solutions and the structure of Lie algebra. Recently, Murakami [18] has found 
a simple solution of YBE without additivity which can be expressed as a 4x4 matrix: 

t>. 

o 1 
(1.3)

t>. til> t;;1(tl - 1) 
-tSJ. -1 

where A and J.l are interpreted in colours, and t>., tSJ. are coloured parameters. In Ref. 

[19], we solved directly the YBE 

R12 ( A, J.l )R23 ( A, 1/ )R12 (Jl. 1/) = R23(J.l, 1/ )R12 ( A, 1/ )R23( A, J.l) (1.4) 
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and obtained two solutions: 

q 
o l1X(A) 

(1.5)Rr(A,p) = 

and 
q 

o l1X(A) 
(1.6)Rll(A,p) = 

'1-1Y(I-') W( A, 1-') 

_q-l X(1)Y(P) 

where X(A),g(A) and Y(A) are arbitrary functions of A and W(A,I-') satisfies the 

relation 

W(A, I-')W{I-', v) = (q - q-l X(I-')Y(I-'))W(A, v) (I.!) 
It is shown in Ref. [18] that the solution (1.3) is a special case of solution (1.6). 

When A = 1-', the solutions (1.5) and (1.6) will be reduced to the standard and exotic 
• 

solutions of the braid group, respectively. In Ref. [20], the new hierarchy of solutions 

for SU(2), called colored-braid-group representations, have been constructed. As a 

natural extension, we will seek other solutions of the YBE(1.4) associated with the 

representations of Lie algebra. 

fn this paper we will show that there exist the solutions of the YBE(1.4) associated 

with the fundamental representations of An{n > 1), Bn, Cn. and Dn. When A = 1-', 

these solutions will be reduced to the corresponding BGRS. We construct the BW 

algebra with colour, which will give the usual BW algebra when" all colours are the 

same. The explicit examples are calculated in the cases of Bn, Cn and Dn. In sec. 

II, the solutions of the YBE (1.4) associated with the fundamental representations of 

An(n > 1) are found in terms of the weight conservation. There exist two types of 

variable-separation solutions that correspond to the standard and exotic ones. In sec. 

III, the similar method appearing in sec. II, is used to discuss the cases of Bn , Cn 

and Dn. In sec. IV, the BW algebra with colour is constructed. It is shown that this 

structure exist for Bn., Cn and Dn. 

Solutions of R(A .. 11-) Associated with An,(n > 1). 

The structure of the BGR associated with the fundamental representations of An has 

been given in terms of the weight conservation in Ref. [12]. We need to put the 
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spectral parameters without additivity or colours in this structure only. Under the 

circumstances we assume that R('x, p,) has the following form: 

R('x, p,) = L U4(,X, p,)e44 ®e44 +E W(4,b)(,X, p,)e44 ®ebb +LP(4,b)(,X, p,)e4b®eb4 (2.1) 
4 4<b 4~b 

where (e4b)cci = 6acDbd, a, b, c, df[_N;\ _N;l +1, ... , N;l], N =n+l, Ua('\'#') W(4,b) ('x, p,) 

and p(4,b)(,X, p,) are determined parameters by solving the YBE (1.4). 

Substituting (2.1) into (1.4) we obtain the relations: 

p(b,c) ('x, V)p(4.C)(p" v) p(b,c)(p" V)p(4.C) ('x, v) (a < b)-
p(4.b)(,X, p, )p(4,C) (,x, v) - p(4,b) ('x, V)p(4.C)(,X, p,) (b < c) 
p(4,b) (,X , ~)U4('x, v) - p(4,b)(,X, v)U4(,X, p,) (a # b) 
Ub ('x, v)p(4,b)(p" v) - Ub(p" V)p(4.b) ('x, v) (a # b) 
W(4.b) ('x, p, )Ub('x, v)W(4,b) (p,~ v) + p(4,b) (A, p,) W(4.b) ('x, v )p(b,4) (p" v) 

- Ub(p" v)W(4,b)(,X, v)Ub(,X, p,) (a < b) 
U4(,X, p,)W(4,b)(,X, v)U4(p" v) W(4,b)(p" v )U4(,X, v)W(4,b)(,X, p,)-

p(4.b)(p" V)W(4,b)(,X, V)p(b.4)(,X, p,) (a < b)+ 
(2.2) 

and 

p(4,b) ('x, p,)W(4,C)(,X, V)W(b,4)(p" v) _ W(b,c) (p" V)p(4.b) (,x, v)W(4,C) ('x, p,) (b < a < c) 
W(4,b) ('x, p,)W(b,c) ('x, v )p(4,b)(/-l. v) _ W(b,c)(/-l, v)p(4.b)(;\, v)lV(4.c) (a < b < c) 
W(4,b) ('x, p, )p(b,c) (,x, v)W(4.C) (p" v) _ W(b,c) (p" v)W(4,b) ('x, v )p(b,c) (,x, p,) (a < b< c) 
W(4,b) ('x, p, )p(b,c) ('x, v)W(4,C)(p" v) _ p(b,c)(p" V)W(4,C)(,X, v)W(c,b)(,X, p,) (a < c < b) 
W(4,b) ('x, p,) W(b,c) ('x, v)W(4.b)(p" v) + p(4,b) ('x, p,)W(4,b)(,X, V)p(b'4)(p" v) 

=W(b,c)(p" v)W(4.b)(,X, v)nl(b,c) ('x, p,) + p(b,c)(p" v)W(4,C) ('x, v)p{c,b) ('x, p,) (a<b<c) 
(2.3) 

The relations (2.3) exist for n > 1 only. When n = 1, the solutions of the YBE (1.4) 

have been discussed in Ref. [19]. So we consider the cases of n > 1 here. 

Let us consider variable-separation solutions of Eqs. (2.2) and (2.3). Suppose 

U4(;\, p,) - g14('x)f14(p, )U4 

p(4,b){,\,J.C) _ g2(4,b)('x) f2(4,b){p,) (2.4) 

Eq. (2.2) leads to the following constraints: 

9i('x) = 9[4,b)('x) = 9b('\), f:(p,) = fl4,b)(P,) = f4(P,) 

(U4 + Ub-
1)lo4(p,)/4(J.C) - 9b(p,)lb(p,)) =0 

~V(4,b) ('x, p,) vV(4,b)(p,v) = (U494(P, )/4 (p,) - U;l9b(p, )fb(p,))W(4,b) ('x, v) 

(2.5) 
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By solving Eqs. (2.3) and (2.5), up to a common factor /;1 (p, )g;1 (p,), we obtain the 

solutions: 

(i) 	 Ua(A,p,) = qga(A)g;I(p,),p(a,b)(A,p,) = gb(A)g;I(p,) 

w(a,b)(A, p,) = (q - q-l)gb(A)g;I(P,)ha(A)hb1(A)h;I(p,)hb(p,) 

(2.6) 

and 

(ii)Ua(A,p,) - Uaga(A)g;fj4Uaf{q,_q-l} 

p(a,b)(A,p,) _ gb(A)gaa- 1(p,) 

w(a,b)(A,p,) _ (q - q-l)gb(A)gb1(P,)ha(A)hb 1(A)h;I(p,)hb(p,) 

(2.7) 

where q is an arbitrary parameter, ga(A) and ha(A) are arbitrary f~nctions of A. When 

A= p,," the solutions (2.6) and (2.7) are reduced to the standard and exotic solutions 

of the braid relation: 

Ua(A, A) = Ua, Ua =q or Uaf{q, _q-l} 


p(a,b)(A, A) = gb(A)g;(l) , w(a,b)(A, A) = q _ q-l, 


p(a,b)(A, A)p(b,a)(A, A) = 1 (2.8) 


Solutions of R(A, J.l) Associated with Bn, en and 

Dn 

According to the similar consideration in sec. II, the R(A, p,) associated with the 

fundamental representations of Bn, en and Dn has the following structure: 

R(A, Jl) = L: Ua(A, p,)eaa ® eaa +L: w(a,b)(A, p,)eaa ® ebb + L: p(a,b)(A, p,)eab ® eba 
a a<b a¢b 

+ '"' 	(a,b) to. ~ q eab IC:J e-a-b (3.1) 
a,b 

where a, bf[- N;-l, ... , N;-l], iV = 2n + 1 and 2n for Bn and Cn(Dn), respectively. In 

(3.1), we assume that 

q(a,b) (A, p,) la=±b = q~~:~\ la,b>o = q~~:~) la~O,b>lal = q(a,b) (A, p,) Ib~O,a> Ibl = 0 (3.2) 
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Substituting (3.1) and (3.2) into (1.4) we still obtain Eqs. (2.2) and @2.3) in the cases 

of a + b i= 0, a + c i= 0 and b + c i= O. by solving these equations we determine the 

parameters Ua().,J-l)(a i= O),p(a,b)(A,J-l)(a + b i= 0) and lV(a,b)().,J-l)(a + b i= 0) given 

by 

Ua()..,p) - qga()..)g;l(p)(a i= 0) 

p(a,b)()..,p) _ go()..)g;l (p)(a +b:F 0) 

WCo,b)().,p) _ (q - q-l)gb()..)gb"l(p)(a +b:F 0) (3.3) 

where, for simplicity, we have taken Uo = q and h()') = 1. The other constraints 

given by the YBE (1.4) are different for Bn, en and Dn. In the following, let us first 

consider the case of Bn. 

(i) The case of Bn. Under the case, besides Eqs. (2.2) and (2.3), the YBE (1.4) 

gives rise.to the constraints: 

UO(A, Il)Uo()., 1I) = pCo,-o)()., lI)p(O,o)().,p)(a > 0) 


p(a,o)(A,lI)p(-a,O)(p,lI) = Uo(p, lI)Uo(A, lI)(a > 0) 


p(O,a) (A, Il )q(o,-a) (A, 1I )p(a,-a)(Il, 1I) + w(O,a) (A, Il )p(a,O) (A, 1I )q(o,-a) (J-l, 1I ) 


= p(o,O)(p, lI)q(o,-a)(A, lI)Ua(A, Il)(a > 0) 


p(o,-a)(A, p)q(O,-a)(A, p)U-o(p, 1I) = WC-a,O)(p, lI)p(O,-o)(A, lI)q(O,-o)(A, Il) 


+p(-a,o) (p, 1I )q(o,-a)().., Il )p(a,-o) (A, p)( a > 0) 


q(-a,O)(A, p)q(O,-a)(A, lI)p(O,-a)(A, 1I) + W(O,a)().., p)p(a,O)(A, lI)w(-a,O)(p, 1I) 


=p(a,O) (p., lI)w(-a,o) (A, lI)W(O,a)(A, p)(a > 0) 


p(O,-a) (A, p)w(O,a)(A, lI)WC-a,O)(p, 1I) = q(-a,O)(p, lI)q(O,-o)(A, lI)p(a·,O) (A , p) 


+w(O,a)(p, lI)p(O,-a) (A, lI)w(O,a)(A, p)(a > 0) 

q(o,-a)(A, p)q(9,-b)(A, lI)p(-o-b)(p, v) +q(O,-b)().., p)p(b,-a)().., v)w(-b,-a)(p, 1I) = 0(0 < a < b) 

q(O,-a)(p, v)q(a,-b)(A, v)p(b,a)(A,p) + q(O,-b)(Il,lI)w(a,b)(A,Il) = 0(0 < a < b) 

q(-b,a)(A,p)q(-a,O)(A,lI)p(o,O)(Il,lI) +q(-b,O(A,Il)p(O,a)(A,lI)W(O,a)(p,lI) = 0(0 < a < b) 

q(-b,a)(p, lI)q(-a,o)(A, lI)p(o,-a)(A,p) +q(-b,O)(p, lI)p(-a,O) (A, lI)w<-a,O)(A,p) = 0(0 < a < b) 

q(-a,O)(A,p)q(O,-b)(A, lI)p(O,-b)(p, II) +q(-a,-b)(A,p)p(b,O)(A, lI)W(-b,O)(p, II) = O(a, b > 0) 

q(-a,o)(p, lI)q(O,-b)(A, lI)p(b,O)(A,p) + q(-a,-b)(p, lI)p(O,-b)(A, lI)W(O,b)()., p) = O(a, b > 0) 

q(O,-a) (A, J-l )Ua(A, 1I) W( -a.a) (p, II) +L: q(O,-b) (A, p)W(b,o) ()., II )q(-b,-a) (Il, II) 
b<a 

+Uo(A,p)w(O,a)(A,II)q(O,-a)(p,lI) = l-v(o,a)(p,lI)q(o.-a)(A,lI)Ua(/\,Il)(a > 0) 

~V( -a,O) ()., J-l )q(O,-a)()., II)U-a (p, II) = q(O,-a) (Il, lI)U -a ()., II) lV(-a,a) ()., Il) 
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+I: q(O,-b)(Jl, v)w(-e,-b)(A, v)q(-b,-e)(A, Jl) + Uo(Jl, v)w(-e,O)(A, v)q(O,-e)(A, Jl)(a >0) 
b<e 

(3. 'f)
and 

p(e,-e)(A,V)U_o(Jl,V) = p(-b,e)(Jl,v)p(b,-e)(A,V)(O < a,b < a) 


p(e,b) (A, p)p(ete-b)(A, v) =p(ot-o)(A, V)Uo(A, p)(O < a, b < a) 


q(-b,-o)(A, Jl )q(e,-6) (A, v)p(-o,-b)(p, v) +w(-b,6)(A, p )p(b,-o) (A, v) w(-b,-e)(Jl, v) 


= p(b,-o)(Jl, v)w(-bt-e)(A, v)w(-e,b)(A,p)(O < a < b) 


p(e,-b)("\,Jl)w(-bte)(Jl, v)w(e.b)(A, v) = q(-b,e)(Jl, v)q(e,-b)(A, V)p(b,e) (A, Jl) 


+W(-btb)(Jl, v)p(o.-b)(A, v)w(e,b)(A, Jl )(0 < a < b) 


q(-e,b)(A, Jl )q<.-b,-e) (A, v)p(b,-o)(Jl, v) + w(-o,e) (A, Jl )p(o,b) (A, v) w(-e,b) (Jl, v) 


pC-b,-e)(A, Jl)wC-b,e)(A, v)w(-e,-b)(Jl, v) = q(-e,b)(Jl, v)q(-b,-e)(A, v)p(e,-b)(A, Jl) 


+W( ~e,o) (j.&, v )p(-b,-e)(A, v)W(-b,e) (A, Jl )(0 < b < a) 

"q(e,-b)(A, Jl)Ub(A, v)q(-b,e)(Jl, v) + I: q(e,-c)(A, Jl)q(-c,e)(Jl, ~)W(c,b)(A, v) 
e<c<b 

+p(e,-e)(A, Jl )w(e,b)(.,\, v )p(-e,e)(Jl, v) = p(-e,b}(Jl, v) w(e,b)(A, v )p(b,-e)(A, Jl )(0 < a < b) 

r(tl'~/V) p(-b,e}(A, Jl) w(e,b) (A, v) = p(e,-b}(Jl, v)p(e,-e) (Jl, v) w(-b,-e)( A, v )p(-e,e)( A, Jl) 

+q(e,-b)(p, V)U_b(A,V)q(-b,o)(A,Jl) + I: q(e,-c)(Jl, v)W(-b,-c)(A, v)q(-c,e)(A,Jl)(O <q,<b) 
e<c<b 

q(e,-b)(A, Jl)Ub(A, v)W(-b,b)(p, v) + p(e,-e)(A, Jl)w(e,b)(A, v)q(-e,-b)(p, v) 

= ¥v(~e,b)(Jl,.v)q(e,-b)(A,V)Ub(A,Jl)(O < a < b) 

w( -b,e)(A, Jl )q(e,-b)(A, v)U-b(Jl, v) = p(e,-o) (Jl, v)Iv<-b,-e)(A~ v )q(-c.-b) (Jl, v) 


+q(e,-b)(Jl, v)U-b(A, v )W(-b,b)(A, Jl )(0 < a < b) 

(3·5) 

Substituting (3.3) into (3.4) and (3.5) we obtain the solutions as follows: 

UO(A,Jl) =go (A)gO-teJl), p(e,-e)(A,Jl) =q-lg_o(A)g;l(p) 

w(-e,e)(A,Jl) = (q - q-l)(l - q-2e+l)ge(A)g;1(Jl) 

q(O.-e)(A,Jl) = -(q - q-l) q-e+l/2go(A)g;1(Jl)(a > 0) 

q(-e,O)(A,Jl) = -(q - q-l)q-e+l/2ge (A)gol(Jl)(a > 0) 

q(o,-b)(A,Jl) = -(q - q-l)qo-bg_e(A)gb"l(Jl)(O < a < b) 

q(-b,e)(A,Jl) = -(q - q-l)qe-bgb(A)g:!(Jl)(O < a < b) 

q(-e,-b)(A, Jl) = -(q - q-l)q-e-b+lge(A)gb"l(Jl)(a, b < 0) 

(3.6) 
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where g(,\) should be satisfied the relation: 

gCl('\)g-Cl('\) is independent of index a (3.7) 

(ii) The cases of en and Dn. Under the case th~ YBE (1.4) leads to the algebraic 

equations (3.3) and (3.5). The distinction between Cn and Dn is that the element 

W(-1/2,1/2)(,\, p) of R('\, p) - matrix is equal to nonzero and zero for en and Dn, 
respectively. By solving Eqs. (3.5) directly we obtain the solutions: 

UCl('\,p) - qgCl(,\)g;l(p), ,(CI,b)(,\,p) = gb('\)g;l(p) (a +b:f: 0) 

W<ca,b) (A, p) _ (q - q-l)gb(,\)g.l(p)(a +b:f: 0), ,(ca,-ca) (A, p) = q-lg_ca('\)g;l(p) 

q(ca,-b)(A, p) _ -(q - q-l)qCl-bg_Cl (A)gb1(Jl) (0 < a < b) 

q(-b,ca)(,\,p) _ _ (q _ q-l) qca-bgb(A)g:!(p) (0 < a < b) 

w<-a,a)(,\, Jl) _ {(q"- q-l)(1 +q-2ca-l)gca(A)g;l(p) for en 
(q - q-l )(1 - q-2C1+1 )gCl( A)g;1 (Jl) -for Dn 

(q - q-l )q-a-b-lga(A)gb 1(Jl) for Cnq(-a,-b)(,\, Jl) = (3 8)
{ -(q - q-l)q-ca-b+lga (A)gb1(Jl) for D1l • 

where a, bt:( -n + 1/2, -n +3/2, ... , n - 1/2) and ga(A) are also constrained by the 

relation (3.7). 

We emphasize that the solutions (3.3), (3.6) and (3.8) are one type of the solutions 

associated with the fundamental representations of Bn, en and Dn only, which will 
- ~ 

be reduced to the standard BGRs when ,\ = p. It is worth mentioning that there 

also exists another type of the solutions corresponding to the exotic BGRs, which 

can be obtained by changing the coefficients depending on ,\ and Jl of the elements of 

R('\, Jl )-matrix. Considering that the calculation is lengthy and complicated we will 

not write it here. 

BW Algebra With Colour 

In the R(A.Jl) satisfied the YBE (1.4), the parameters ,\ and Jl can be understood 

as the colours. According to this consideration, we try to construct B\V algeba 

with colour. As is known, the usual BW algebra is generated by the unit I, the 

braid operators Gi and the monoid operators Ei and depends on two independent 

parameters m and e [13]. In order to colour the usual BW algebra, we introduce 
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the operators li(A,p,),RGi(A,p,) and Ei(A,p,) instead of I,Gi and Ei . Gi(A,p,) and 

li(A, p,) satisfy the relations: 

G,( A, p, )Gi +1(A, II )G,(p" II) - Gi+l CP" II )G.(A, II )Gi+1(A, p,) 

G,(A,p,)Gj (lI,p) - Gj (lI,p)G,(A,p,), Ii - il ~ 2 (4.1) 

and 

Ii(A, P,)1.+1 (A, II )I.(p" II) - 1.+1 (p" II )1.(A, II )/.+1 (A, p,) 

Ii(A,p,)Ij(lI,p) - Ii(A,p,), Ii - il ~ 2 

1.(A, p, )I.(p" A) - Ii(A, A) = Ii(p" p,) = I (4.2) 

where I is unit. We define the following algebraic relations: 

Ei(A,p,) - m-1(G.(A,p,) +Gi1(p"A)) - Ii(A,p,) 

E,(A,p,)Gi(p"A) - G.(A,p,)Ei(p"A) = t-1E,(A,p,)Ii(p"A) = t-1I i(A,p,)Ei(p"A) 

Ei(A, Jl )Ei+1(A, II )Ei(p" II) - li( A, p, )1,+1 (A, II )E.(p" II) 

- E.(A, P, )1.+1(A, II )/.(p" 1I) = 1.+1 (p" 1I )Ei(A, 1I )/.+1(A, p,) 

E;+1 (p" II )Ei(A, 1I )E,+1(A, J.t) - 1;'+1 (J.t, II )1.(A, II )E'+1(A, p,) 

- Ei+l(J.t, 1I )/.(A, 1I )1.+1 = 1.(A, J.t )E'+1(A, II )I,(J.t, II) 

Gat A, J.t )Gi+1(A, II )Ei(J.t, 1I) - Ei+1(J.t, 1I )G,(A, 1I )G'+1 (A, J.t) 

- Ei+l (J.t, 1I )Ei(A, II )Ii+l (A, J.t) = Ii( A, J.t )E,+1 (A, II )Ei(J.t, 1I) 

"Ei(A, J.t)G,+l(A, lI)G.(J.t, 1I) - Gi+1(J.t, lI)G.(A, lI)Ei+'l(A, p,) 

- Ei(A, J.t )E'+l (A, 1I )li(J.t, 1I) = 1,+1 (J.t, 1I )Ei(A, 1I )Ei+1 (A, J.t) 

G,( A, J.t )1,+1 (A, 1I )I.(J.t, 1I) - 1,+1 (J.t, 1I )G.(A, II )/,+1 (A, J.t) = I i(A, J.t )/.+1(A, 1I )Gi(J.t, 1I) 

G,+I(J.t, II)I,(A, lI)li+l(~' J.t) - I.(A, J.t)G'+l I, (J.t, 1I) = I,+l(J.t, lI)l;(A, lI)G,+l(A, J.t) (4.3) 

where m, l are arbitrary parameters independing on the colours, Gil (p., A) is the 

inverse of G.(p., A). In terms of the algebraic relations (4.1)-(4.3), it is easy to derive 

other algebraic relations given by 

G,( A, p. )/,(p., A) - li(A, p. )G,(p., A) 

Ei(~\' p.) Ii (J.t, A) - li(A, P,)Ei(P" A) 

Ei(A, J.t )Ei(J.t, A) - (m-l(£ +£-1)' - 1)E,(A, p. )Ii(p., A) 

G,(A, J.t )Gi(J.t, A) - m(G,(A, p.) +£-1 E,(A, p. )/.(p., A) + I 

Gi ( A, p, )Gi (p., A)Gi ( A, J.t) - (m + £-1)Gi ( A, p. )G,(p., A)Ii (A, Jl ) 
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-(i-1m + 1)Gi(A, Jl) + i-I li(A, Jl) 

Gi(A,Jl)Ei+l (A,II)Ei(Jl,II) - Gi+l(II,Jl)Ei(A,II)li+l(A,Jl) = li(A,Jl)G~I(II,A)Ei(Jl,II) 
Gi+l (Jl, II )Ei(A, II )Ei+1(A, Jl) - Gil (Jl, II)Ei+1 (A, II )li(Jl, II) = 1'+1 (Jl, II)G;l( II, A )Ei+l (A, Jl) 

Ei(A, Jl )Ei+1 (A, II )Gi(Jl, II) - E.(A, Jl )G-;Jl (II, A)li(Jl, II) = li+l (p, II )Ei(A, II )G;';1 (p, II) 

Ei+l(P,II)Ei(A,II)Gi+l(A,p) - Ei+l(P,II)G;l(lI,p) = l i(A,p)Ei+1(A,II)G;I(II,p)' 

Ei(A,p)Gi+1(A,1I)Ei(p,lI) - lIi+1(p,II)Ei(A,II)I.+1(A,p) 

Ei+1 (p, II )Gi(A, II )Ei+l (A, p) - t1i(A., p )Ei+l (A, II )li(p, II) 

Gi(A, p)Ei+1(A, II )Gi(p, II) - G-;':1 (II, P )Ei(A, II)G-;Jl (p, A) 

Gi+1(p, II )Ei(A, II )Gi+1(A, p) - G-;I(p, A)Ei+1(A, II )G-;l(lI, p) 

Ei(A, p)li+l(A, II)Ei(p, II) - (m-1(1 + 1-1) - I)Ei(A,p)li+l(A, 1I)li(p, II) 

Ei+l (p, v)li(A, II )Ei+1(A, p) - (m- 1(1 + i-I) - 1)li+l (p, II )li(A, II )Ei+1 ( A, p) 

Gi(A, p)li+l (A, II )Gi(p, II) - (m(Gi(A, p) + i-IEi(A, p» + li(A, p»li+l (A, II )li(p; II) 

Gi+l (p, II )li(A, II )Gi+l (A, p) - (m(Gi+l (p, II) + i-IEi+l (p, II») + li+l (p, II) )li (A, II )li+l (A, Jl) 

(4.4) 

For reason that the algebraic relations (4.1 )-(4.4) will be reduced to the B\V 

algebra when A = p = II [13], we shall call the algebra generated by the operators 

li(A, p), Gi(A, p) and E.(A, p) the BW algebra with colour. In the following we will 

show that the R(A,p) associated with the fundamental representations of Bn,en and 

Dn admits this structure. 

Before doing so, we express these generators as the tensor product: 

Ai(A, p) = 1(1)(Al) ® ... ® l(i-l)(Ai_l) ® A(A, p) ® l(i+2)(Ai+l) ® ... ® l(n)(An) (4.5) 

where A(A,p) stands for I(A,p),G(A,p) and E(A,p),I(j)(Aj) is the iInit denoting 

by color Aj. In terms of the method appearing in Ref. [6.9], we introduce the 

diagrammatic symbols defined by 

'). P ). p. 
.~ ;. 

.... , GCA,;'> = /'/\\,.' ~ 
ft A.)A A. 

A. )A 

(j-I~lI.) = X 
JA A. 

(4.6) 
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the algebraic relations (4.1)-(4.4) can be represented by Figs. 1-4 (the coefficients are 

omitted), respectively. 

--
) 

FIG. 1 Yang-Baxter algebra with colour. 
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FIG. 2 The operator I(A, p.) satisfies the relations. 
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FIG. 3 Some algebraic relations given by (4.3). 
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FIG. 4 Some algebraic relations given by (4.4). 

As is known, the linear representation of the generator R(A, p)(I(A, p) and E(A, p)) 

is the R(A, p)-matrix on the space V(A)®V(p)(R(A,p) : V(A)®V(p) ~ V(J.L)® V(A)). 

The R(A, p)-matrix associated with the fundamental representations of Bn., en. and 

Dn. has been given in Sec. III. The corresponding R-1 (J.L, A) has the form: 

R(p, A) - L U~(p, A)eaa ® eQ4 + L w,(a,b)(J.L, A) ® ebb + L p,(a,b)(J.L, A)eab ® eba " 
a a>b a;eb 

+ L q,{a,b)(p, A)eab ~ e-a-b) (4.7) 
a,b 
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and 

q'(II,b)(p, .\) la:::t:b = q'(II,b)(p,'\ )Ia,b<o = q,(a,b) I ,,<0 = q,(a,b) I b;SO = 0 (4.8) 
O«a) 1I«b) 

The nonzero elements of the fl- 1(p,.\) are given by 

U~(p, A) = q-lga(A)g;l(p)(a =F 0), U~(p, Al =go(A)gol(p) 


w'(a.6)(p,A) = -(q - q-l)gb(A)gb"l(p)(a + b =F 0). 


w,(a,-a)(p, A) = -(q - q-l )(1 - q2a-l,g_a(A)g:!(p)(a > 0) 


p'(a,b)(p,A) = gb(A)g;l(p)(a+ b =F O),pt(-a,a)(p,A) = qga(.\)g:!(J') 


q'(a,O)(p,A) = (q_q-l)qa-l/2g_a(A)gol(p)(a > 0) 


q'(O,a)(p, A) = (q - q-l)qA-l/2gb(A)g_A -l(p)(a > 0) 


q'(-b,a)(p, A) = (q - q-l)q-b+lg,,(A)g_a-1(0 < b < a) 

qt(a,-b)(J',A) = (q - q-l)q-b+2g_a(A)g,,-1(p)(0 < b < a) 

q'(a,,,)(J',~) = (q_q-l)qa+"-lg_a(A)g,,-I( m)(a,b> 0) (4.9) 

for En and 

U~(p,.\) = q-lgll(A)ga-1(J'), w,(a,b)(J',.\) = -(q - q-l),g,,(.\)gb"l(p)(a + b =F 0) 

p,(a,b)(p, A) =g"(A)g;l(p)(a +b =F O),pt(-a':!qga('\)g_a -1(}J.. ) 

a+"+l £ r C 
q,(a,,,) (p, A) = (q - q-l )g-a(A)g-b-l(p) ~~b-l r °D n (a, b > 0)

{ q lor n 

w'(a,-a) ( .\) = ~( _ -1) (.\) -1 ( ) { (1 +q2A+l) for Cn (4.10)
J', q q g-a g-a J' (1 _ q2a-l) for Dn 

for Cn and Dn. 

Setting 

G(A,p) = (-1)1/2fl(A,p), 

(4.11) 

from 5th equation in the relation (4.4) we obtain 

(4.12) 
a," 

Substituting (4.11) and (4.12) into the first equation in (4.3) we derive to E(/\, J') in 

the following form: 

(4.13) 
a,b 
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where EtJ = 1 for Bn and Dn, ~ = l(a < 0) or -l(a > 0) for Cn., and 

(4.14) 

a+1/2,(a<O) 

_ 0) ~ B d D "'" _ { a - 1/2, (a < 0)( - lor nann, a - (4.15)a a a= 
a +1/2, (a > 0) for en 

a -1/2(a > 0) 

By the direct calculation we can prove that the matrices 1(>', p), G(>', p) and E(>', p) 

given by (4.11)-(4.15) satisfy the algebraic relations (4.1)-(4.3). It is shown that the 

R(>., p )-matrix associated with the fundamental representat.ions of Bn , Cn and Dn 
admits the structure of the BW algebra with colour . 

.. 
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Discussion In this paper, we have derived new solutions of the YBE (1.4) associated 

with the fundamental representations of An(n > 1),B",C" and D", and constructed 

the BW algebra with colour. It has been shown that the R( A, J.l) for B", C" and Dn. 

admits this algebraic structure. 

It is worth notice that there also exist solutions of the YBE (1.4) associated with 

other representations of Lie algebra, but which can not give rise to the BW algebra 

with colour. This situation will appear in the high dimensions. 

We would like to point out that starting from the R(A, J.l )-matrix we can construct 

"second" Yang-Baxterization prescription to generate the solutions of YBE (1.1), if 

we regard the parameters A and J.l as the colours. In this prescription, the solutions of 

YBE (1.1) will satisfy the initial copndition, the unitarity condition, etc. The details 

will ~e discussed in a following paper. 
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