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Dubin A.Yu., Xaida1ov·A.B., Slmonov Yu.A - M., 1993 - 36p. 

Starting from the QeD Lagrangian we derive the effective action for 
massive quark and antiqu.ark at large distances, corresponding to the niinimal 
area low of the Wilson loop. The path integral method is used to quantize the 
sy&'tem and the spectrum is obtained withasymptoticaIly linear Regge trajec
tories. Two dynamical regimes distinguished by the string energy-momentum 
distribution are found: at large orbital excitations (I ~ 1) the system behaves 
as a string and yields the Regge slope of 2;U' while at small lone obtains a 
potential-like regime for relativistic or nonrelativistic system. The problem of 
relative time is clarified. It is shown that in the valence quark approximation 
one can reduce the initial four-dimensional dynamics to the three-dimensillnal 
one. r 

The limiting case ~f a pure string (without quark kinetic terms) is studied'
 
and the spectrum of the straight-line string is obtained.
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1 IatrOduetion 

TlDa i8th~fim paper of the presumed series devoted to the quantum dynamics 
.of the qa&rk-autiquwk system at large' distaoces. Our starting point is the 
formalism ot 1'8Cu1UD. COlTeiatOrs, developed previously (1) (fora review see 
[2)). It allows 0_ to represent the· gauge-iDvariant Green's function of the 
quark-antiqtta.rk system in a form, where all dyuamics is contained in the 
~WIlson loop operator. 

We simplify oUr problem by disrega.rdi.ngeffeds due to the quark spinS and 
.' additional q~k loops (sea quarks) haVing in mind to come back to it in later 

papers. 
In this way our simplified problem is that oC a seal. quark and auJiquark 

without additional quark loops' in the confining background -field.. 
· ODe of the 'most important point of the paper is to identify an explicit 

'; ~ creating the QeD string and to find the properties of the latter. 
EVeD the question:· what is it, the QCD lItting? is not trivial. UsuaJly it is 

~ated with the Nambu-Goto string action {for review see [3D describing 
the ~pen miDg with active degrees of freedom all along theetling including 
th endJ, where massleu quarks are preftlDed to- be described by the proper 
boWlCialy conditiou. This ttandard picture is p~ed by unphysical fear 
t1ll:ea iD 4 dimenaiou and aeeda d =26 or supersyrnmetric extentiOIla to be 

I tODIis.. (3J. 
TH piclare which emergee in our ~raadbased OD the QeD Lagrangian 

aad the YB«:UIUIl correlatQr method essentiaJly di.lfe18 froUl the standard one. 
FIrst, the aUiDg appearing mthe qij system has & world-sbeet coinCiding with 
dae 811dai:e appearing iD ·the area law of the Wilson loop. This area law is 
a aatural c;OueqllalCe of &heduster exp&D8ion Cor the WIlson loop [4], and 

· ~ a.urface bo1mded by the Wilaon contour appears also naturally in the 
~. 

,An important point is what kind of surface appears in. the axea law or 
· theW"dson loop? . Since the whole cumulant series does not depend on 
tilt ~ of the surface and hilS no degrees oC freedom on it , we come to 

.thecOuclusw.n that. this should be the minimal sutface which enters the area 
law aad therefore defines also the shape of the sUing. colUiecting q~k and 

. " . • . '. 2, :.', . , 

au"'''' We~,ko.~tlJatihi.~..·~~,__Jaet&.l.". 
it is deairabk'to "taiD.tie ~oftheW-...1Gep ill QQI)~:, 
n.QCD---~anlJ'~ai~....,B>,:rp:,.. 

. whereT, is.tk'~_'stua_~lenph.WW4'"_ ..,' 
Cor theWCll1UD ~ [5,1,2J. lhc:eS, ~~,,&i '. ". 
estimate 7; ~. 0.%+0.25/111 (6) aad t~"',<aila:pply olU:.Jonaalie.-' .. 
to the ground state meaona (see (2] fOr:. diacuaioa). We "PP"'*im~' dae' 

.m.iJUmaI area law surface "" the world sheet.surface 01 the ~gb*JiDe ~ . 
CODDecting proper positjons ofquuk ~.iaatiqualk•. Weslu.ll dileuaia 1Ia4l.' 
n~ seetiou the validitY of the I$traight.-iiBe ap~,'. ," . ...... 

We CODSider the string tensioa as beiq reiaormaJi~.-i~..~,; _
 
rectiona including perturbativeglu.on ~'and.~~~<._~
 
quark loops,'Qace our aim here is to cout~_the~d~,.t
 
gredi~ - the interaction be~ween quarks c~ ..the~:,
 

. " , t- ,\1&1t'. . , ; • 

Therefore hr this approximaiiOll the adnimu striDe _ ...~. '
 
citations), and oscillate longitudinally {s&z:eehiDc anclexpe~ ••~~:
 
type ormotion is not p<l68iblie for the standard N~~' .' ',,:}
 

After t~ introductory words;about the dpfhria-_~~ACl)*.'~i: 
can outline the- purp«l6e and the pIa.n &f the papc. " <,:.~}*~~ 

We shall quantize' ~e system c~ofa "',..,••'.... 
antiqurk CODI1eded by,the $iJi;o.,J' 1triBs. . .' ':: ~ •..• ':,c..:, •..•.•.• :-;:' , 

We shall~nsively use the method cploited~·;.'~'~rii~1J':,;,O"' 
for this purpo8l!. The method contaiDsiwatepa. (ll~,.,~~,.'·;','~/
 

quark4nt.iquark Green's fundion aaiDg the ~~;"'ltt.:.
 
path iategral over bajectories of q _ qparamet~'b1.~:'"
 

parameters. (2) Second, aU glu.oaie JlGDpertUb..aYe leW c"dii.:~
 
loops, is replaces by the minima( ... IalJ..(3)·~_1_~:...el·ia
 
~1()be spanned by~natscoimectiDt:a~oo..{ :''''',
 
with another point 011 the qtrajeetGry.. these-two ptQint.,.:~ ...".~
 
proper ~ parameter. (4) The preper-tiJQe ~,iJ,~~"~
 
rid of path integration aad obtain iJtateaddi&retial~(~fr~-~~
 
ap,proximatiou is madt:inthe met)tod [2.,'71toexpa;ad•.N~~.:~
 
term in the ac::iion in powers,of·SOIBe aumerical peraratfAt (i4tdi ~"";'
 
eXpaD$ion is powerS of~ve veleeity lot). .' . . . ..... ," ,.•~.\':::
 

. '. ,"" . "-, ':f« ,r"",''l;.'~~~.,.: 

'Thia-.mp.u.aio...,unlaKlotllelllliflDJll&_ C:$' :uf.~""'''~'''' .La .~~ ..aIl1 tea. ill tile fad.............. "
__ proft<b &ke__
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Due to this expa.nsion dynamics in relative time is free and one integrates 
. it out, regaining'in the end three dimensional (relativistic) dynamics with 

dynamically generated co~stituent mass. 
This approximation- {1,2,7J appeared to be simple and practical, yielding 

masses and Regge trajectories in terms of ooly one parameter - the string 
tension. In tlus way light mesons, heavy-light mesons [8], baryons [91 and 
giueballs [lOJ have been considered. The accuracy of the approximation for 
masses was estimated as "" 10%. 

As a result [7j the slope of Rcggc trajectories was obtained to be (80')-1 the· 
same as in the potential.mudels [11J in contrast to the Nawbu-Goto string 
slope of (2l1'O't1

• 

III the present paper we abandon this approximation and treat the effective 
action of the system exactly', using the formalism of auxiliary Jields to get 
rid or-" the square root term [12,3]. As a result we shall lWt only improve 
the accuracy of the approximation but shall obtain 1Io qualitatively different 

. dynamics, which mnot been preSent ~Core in the approxnnation [2,1}. 
Wesh:aII·find that there are two Iegim.es of qij dynamics Cistingushed by the 

esiergy~ momentUm distribution of gluon fields, --for large orbital momenta 
I tlle ftsultingspectrum in the leading approximation coincides with that of 
a pure string with a slope 1/21r.tT , while for low 'tIalues oil (depending on, 
the masses of quarks) t~e dynamics is described by the relativistic potential
like apprO&ch,dose to the one Obtained previously [8,2}. For the heavy qu!Y'k 
system the potential picture is ·valid in.8 large region of 1aDd it joins smoothly 
the string picture for very large l. 

The limiting case of pure strings (without kinetic terms of quarks) is con
sidered in detail :I. The straight-line Regge-trajectories, corresponding to the 
spectruIii of the rotating straight-line string is obtained. This is in au agree
ment with the results obtained in [14}. Note that in our appr-oach the string 
picture has nOt been assumed but itwas d~.rived. from the QCD~Lagrangian 
1IIlder-~er general assumptioDs. 

The important isslle of relativ:iatic dyDaDlical systems is the role of the rela
tive time ofq and if. To make our straight-line approximation for the minimal 
sarface· se1f'conaistent we have to integrate over the clua of patha without 
time 'backtracking of quarks (in the c.m.s.). This constraint corresponds to 
the wlenc:e quark approximation to the problem and allows one to rigurously < 

reduce the iDitial Cour·dimensional(4D) dynamics to the thtee-dimensional 

'.-\ IIIIron of u.-...uta i11l11lpOned ia re!(UI 

(3D) one. As a result t.he ((uadratic ·tD kinetic terms are transformed. illto 3D " 
< 

square-root-type terms. We Ilave the ,Lorentz illvariant efT~;tjve",ction with 
the constraint, which can be fonnwatoo in a L~rclltz covaria.nt fckw. .so the 1 
calculation of the spectruUl can be performed in a.n-a.rbitrary frame and £or l 
the sake of convenience we won ia~ the meson ret',t system. .	 "! 

The plan of the paper is the following. The Feyuman_Sdawin~reprfteJl
ta-tion (FSft) for the qq - Green's fUndioD is gi~fl ud Uae etfeclive Jld.ion 
for qij-system is obtaitled in Sec.2'. In secti0ll3 we Dbtainthe apPl'Omnate 
explicit expression for Wilson loop at lar~e distan~. In secti0Jl4 in the 
valelJCe quarks approxilJ]ati~ we integrate 01lt tim~oneDt8,flO' that-we '" 
reduce the 4D dynamics to thethree-dimen&ona1 -Olle•. Gaussiao mp~~ 

tion for the obtained action is formulated in See;5.The meth(ld ,Qi aumary 
fields (3J,{12] is used in this section .to get rid of the square.mottmn, whidl .. 
determines the string actiOll. "	 " 

The case of a pure straigbt-.nnestring witaout qudts.~ tf:te .. is .dQ.. 
cussed in Section 6. In Section tHamiltoaian *-~ geDfll'al Q88 of the 

_straight-Jine string with quarks at the euds iliob~_cliu:t...-fimitiag 
cases 1::s 1 and 1 ::> 1 the analytic form of thespedtuaiD..estahliQed. 

In conclusions we summarize our. main .~tUW aad.·mate·~to . 
. - 1 " ' . 

those' inlitera~. . "
 
.Appendices A,B,C COD,taW teduUcal d,etailsOfdseMmation uf£onmaIes
 

in the text.
 I 

2,	 Greents function of the' quark-antiquark ..........
 
terading with glUOllftel«L .
 

In thiS Section ~ use the ~e,mniWl.Sd1wingerrepreseutatioJtfor. the ql1a.r:k
antiquark Green'5 fundion to o.btamthe effective acU9DJOrqij JYStetnin terias . 
of the WIlson loop [1].	 / 

We start with the initial and final qq states defined on 1IpaCe-likeSU1'c.ees .. 
in a gauge.-invarimt way'	 . 

Wift(Y,y) =u(lI)f,.(y,-j)u(j)	 (1) 

'lQw(z,z) == ii(x)r_(z,z)u.(z} (2)
 

where fin, rOld contain a parallel transpOrter. andsome~exwithdeinite
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. Using the cluster expansion ~e can represent < Wee) > ) as [4)
 

<: wee).>= eq~ (i:ttda<l) ...dtT(k) < F(l)...F(k) > (13) 

whe.re cumulants are irreducible averages [16.11} ad we omit ~DZ indices 
indo'lW(u(i)) lUld FIW(u(i». 
- A$ shown in [2.l8j, "there are three poaible resimea lor < Jf{C) > .. 

pending OR the relation ~een the ~zes of the loop·Cad the 'conelatioa 
length T~ , ~e~ the decay at cumuJants< F(l)...F(ij...F(j);...F(k) ,.... 
,ezp(_lz{');:(lll). . . '.' " 

If we represent the loop C as a: ~ oftim,e 1eDgU1 T .. 8p&ea 

width R,theIl we hal'! (o.mttinc petiu:lekr-type' terms· ahrays coming fioIR· 
the q~-ma.tl5 renoru:utlizatioa aud ~....) (2}' 

. i) < Wee) >~ap( -(TSl,a,. ~,T> ~: .. (14) 

. ii)<W(C)~ezp(-T{oJt+~+_.»,R<T.,T::>T. (15) 

~() < ,W(e) >AS ap(_SIr ~(8) > +CJ(S'),R< T,.T < X,,{1$) 

>Jteh; s•• an&orcla.e~iuide u-ec:utoar C~ wlJidtwe taIlrr_ 
.'lDiBimal ~ aince· <tvfC} > cIepead_"dae .... eE_ 
~[17].·· " . 

.Thuwe tee that the'areataw (14)aad the eJRng~~""'" 
0Illy. 88 iI&e asymptotie ~. lot... eomoura, while for small or' nauow 
loop. t¥ area la1r <a04theQCD Itdog) is abeeDt aad is re~ by .1II1ICh ' 
weaker' .' . ''mieractiOJl. '. ' : 

ht whatfonows we coDCe11trate on the'reginle (14), i.e. we lIhalhouidcr 
oD1y latp loops,.R,T ,. T,_ 
,'. We noM ~in the Mo.. Carlo cakufations this law has been: aeenin the 

wiele nsiOllerB,CU':'iR :1.11'''' [19} alSo iD the,.ence of~calquarb 
(lhedetermiDantal--iD (6)) [20J. ·fIom thoie" oneeould ~ 
Uaa& X, is ...n enoaP, 10 Umt.• th.e ~·(14) it <Jominant -Jisht qqark 

, ayIteIne;' " , .' . 

Wepe:adtmtMcm~~' [6J haft Coili:aDed ·that !; !lO~+' 
fU~ wtdda·ihould be com,.ed with.·~quark telat.iYe:..... 
_orbiting tUne R- ~ • Ifm. & IiPt qurt qItem. (2l~ na...- ella 
condude-that ~.tIie area law (U) iIJ a reuenaWe appIllDi far: UsIa·... 
~ (even ..poanlldatea) _cU. a:c:iad of;1aeaY1 cpa--., 

. 
.. '~~., 
"'fjJ. 

"~,~l~';I~1~,J".,
'\'~;~~'fi: . 

8 .'~ 
The "minimal area law" iDlplieetheueslect ofchlOltK:ucitatiODs.... tlae 

QeD 'I&aIUm, which could lead to lUltifediYCli~over •.~ .bounded:"" tliecODtour C. . , ..... " .,', 
. Next lItep is toeoutruc:l explic:id1the.tnitaUaal;.-ea$i1t·....,,&~ 
coatoiu C, cleAned by quark.aaula.m.- patJd,z,.(t) .. t;;(t}.•" . ~"~' . 

Iuly surface caD be ..para1Ilflrizecl·bytbe Na~.. . 

fl' ~ f·..I~6 .'(.. r\~uH .' '. '(1" .S.=A WT .. ~,..~,;>~ ....,4'.. ". ,/' •.,
 

when .,.(r,{J) ue .~c~oi~a&aiD!:'IfCdt~._
.. ' 
-- . \ "'\ 

' . .8w__J . 8w.":' 
..... IJr- ._",i= Iii '. 

.We ... tb.e ap~8AtWihe ...~..;.".b,.tiw,z,i(,.), .' 
~(1') iacle&ermiaedbyeq.(l1) witlt_.. s"n ~;atuiib..............,· 
poinb:.c;.(r) ad f,.(r):wUIr: dae __ r,i~ .. , '., '. . .' '. 

_;Jr.tIl =,%,.(1")~JJ+,tJr}(t -I') •.' '~Jt;:fJ< (ta) .' 
. . s ,'. . 

..j..~.wbeae r"eWaecliIIt·'*k~_, 

'. '.1'.. f ..
f!'*'-T. ...;.r, . (11}:.• r 

.dT__ boandaty ~tioL.""_)Il'Oer'dlateq;OO...... 
the lI'linimal area S in an ~ .w...Cbt tit·...........·_'tIIiIill,ia,,'
 
Wo·lhnitiQc caa.wiidl,areof.cw~.tieIoW:ia.aa/-:...~ 
c:aa.aploit the Bat dpamicaot..-._..lbaitt-c»"""'1 .iiJIC 
to the cIynamia. of the sttia(.'IIitfl f.JpjcaI·••iee .lI'el'tIae'...w~ . 
type; for .laic:h the. minimal area iDdeed i8 ., .~..~.•.. 
wlW ronow. _ shall 'QIe eqa.. (:tfJ'1,l&)to.~< W(C»' ill ... 
qart ce01d.... . . '. .' . 

. We iJlbed1lA'-a.compd JUItati_ 
. , " '. 

(!(.{T".6ll' ,..(a.~.A-I",· ~"T" .. .,. • 
-~, 

s~1~' (21) 
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parameter in the action. which can· be identified wilh the c.m. time.. The 
pbYsieaJ .meaiiing o( PI' P2 can be most easily clarified' impolSiag 1Ill'external 
es. Jield, e.g~ ill calculating the maSonic momem. 'I'he~ it can'be showa, 

.. thatPi eater magnetic moment as the constituent mass of a q~k. The tame 
happens with spin-depeadeat Coices (~ be pQblished), Therefore ~ aha.1l call 

.' Pi· the dy1iaDJi~al mau of thequadt i.lnthe approximatiaa when ~Qoes 
not ~Jld OIl. T, \his d1JlAQliQliDl8lS8 has been introdllced; in [2,7}, A. we 
sha.ll.~low this approximation worb reasoaably well - aecurac;y in the 
detenuiDatiGil cU maesis ~ 5% ( see e.g. Table 4 ol[2}). .-'.-. .' 

·,: .•,e;......	 '. 

'6.	 Gaussian representation for ,the efreeiiw aeih:Jaiof 
qUarkS &ad" the miag.' 

'C9mbhiiDgtbe lau1ta of thto pn¥iOIlSaec:Uonwe. obiaiIl· tht total ~ 
actioD.' ·1 

A=K'+/lI+aoJ."drt d1JJc14tg. '(29) 

'1'JIill adioii.il· ~ to tM· o.-<OIUIidered ill tile papers [15) • whea tile 
siraig~ string without tra.Dmlne eXcitaUOSIS baa beeJl considered. .How~ 

awr in our cue· a1Bo me&' -teimB of qUarks. K' +f{t- are present ad ike 
CODditioa thatihe ada oft tile strmg 1DOft· with the velocity of light ia DOt 

'hie.pcJBlIl. . . .'' 
A.d&ect procedure of quaNizatioll'of (29) is diBkuU due, to d&e-square 

roet term aiid. :we use iheamdlia&y fields approach (3) to get :rid of il. In the 
'~. B 'we give a detailed de:rivation of this procedure, while here we .'prrm the fuW.gaussiaa lepleseuiatioaoC this ac:tioa 

:.	 :' . - . .. 

" , i- '~_r' 1 m; .:. 1 . 1 " . 
, A:.~ -f..,.,l dI3{;(~+2!:!L)+-I'+(T)*+':'iU.T)#+ (30) 

r 4. Jo, % /04(1')- Pi{T} : 2F' 

+ ~[.~ + (ui}2,.' -, 2'1(~ + ,,%rJ} 
wJtele 

'~",) :;;1'1(1")+ I'f(r), j1{r) = Pi'r)' pi{1") . 
. pte'1") + /-&a(T) 

~ ,	 . 
aacI the CODdition (24) for z,,(r},f,,(r) is ~ Siace-'OD1y extremal values· 
of' 1o'i('7') ud Ia2(r} ~_ .~··caa apat~ ira 01l1!S~ cue ewer: 

. . 

restricted dus of runctiDas Iller) -~ ""'(1") sz. I'<r). Rne~('r,p). ~o ...
 
'7(1",.;8) are two anxiliavy &eWe;. whid· "ould be ~011~.'"iidl .
 
path integral reprelleDWioa·_G: ,.' '
 

G =/DRlJtoIhDtlD~-~	 (~), 

. In order to pro~ tile: ••eaee of·:tJse dynamia~ :.
 
tiona (29) ,and, (30) itia eIIlOq:ft to shoW t~" 'proper ~..,..: .
 
;;(T,P) ,77<'T,.8} oile1'etima from.e«F (30} hack to- Ute'iDitial GDtl(29); .' ",
 
Adllally'a£terthe~~.OWlI'1f(r;,B,weoht.alu,~of1lq. 

(30) the foJlewias~_G' '. i 

"G =JD~J)~'hlC,: ... ,~,< '.., . ,(321',4 ' 
~ .-' , 

~_ T.. rd,!l~wla-!"Ir~(~ · ", 

h, 
t.

1., 2'· (,.a.,.) .. .
wit. we teIton the·....ia '
. " 

-'jIi==r"_ I' , 

.,~tII4t~owrii,:~:iiia,'" iJr~.'!l~4c,.~',~:_' " 
~ call be coaatrl1cted _ the ~'lJe~,'.,,~.!Qltb;r#l!" 
~ valae of;;.	 . ." , ." . , 

.lL......1J'. ,r:.12 (. ')2).	 (..ft\ " <rrlfi ="w, HI"" ,- ,.,.,.. . ".:-1 . 
, . " '. . .'" '.' .'.".'- '" '\',.' c' 

IDeerliD.g this expr~·for V iDtot.beeq~32)one~-olIr: ••i"..~\ " 
(29). ' . , .' ~: , c'," .• .. 

w.~'tbat·the ~OWft'• ..l;".effecCi"'''''',te:..' '
 
r~eDtofthem·by~-extreDum:I;,""",-

, TJIe: nsultiqadioa(30¥.~ia,B,u~;i.,.. '.'(114 WJU l$l:y.
 
rewattaM (here'Pt =Pt.-=".,mt ='"t;~,....)
 

rr m%t. 
:. 

' "
. 

'.' '.' .". -' .' 
A= k dT{:-; +i{t.l1.R' +24i1(&al-2tl(.RP}- 2o,(",)+~,+~U (3')( 

wheft-we Bue.·..-il.=.B,,+(P -1/2)r~ to.....,tb .....,GfJt,r.We
 
hawiDUoducedtD, tonGwiai:~ . .
 

,.. -;:a'r t#3(211 +,,,), 4a'~ {tdP(!!:,+fJJ.-=-.11~}1.. . _ J. ..~.. .' 2:'. . 

.. .'.,-' ,-	 .., ... ..
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. ,... .' . (nJ) .... (,.P) = l)	 (50) 

(rp) =4), (51)
 

where P,. is the total mom.emum of the·strillg &ad
 

(rf)' I
 
p,..=(f,.- ,,.a fOP) Nl .	 (52) 

• Q!e,reJative momentum of the sUijJg. 

The aeccmd"CODStraiJit (51) meW thai only tiaoavene, ~ of" 
fmter" the action. The same canatraintslloppeat in the, caJlOnica1quantization 
of the maigh~line striDg [14]. . 

'.. Consider the rest system of the meson Up == (1.0) and transform the' eJt

pressiODS from tbeEudideaa.to iheMhUmw~apace 

... _iIlTjf,	 (53)' " 

,r 

16
 
. It follows from eq. (49) that the ~tonianolthe ptoblftn;

1<:;:'\ I{ 2£J ,'--2/.d./3 4 1}':' H\II.r, = i Nl fI +..- . ".,r + Nl (54) 

where i =(i' X p) is the operator of ~ lUll_ GlODlIltItQI'D. 
This hiuniltoiliao docs not «::ontain 'theradia! part of the meticter$'Bo'
 

that the field ;tJ is not a dynamica19oe.· Noticing'that tke:;integral tJYeI'~ ..
 

the Corm (A;13), one concludes that in the effective 8ctio4urdy the UitaJliUa>."
 
of ;tJ contributes. So th~ after solving the equatioa oI.tDot.ioQ (for .. bid:;',
 
value oC~orbitai momeDtum) ~
 '.	 , 

.1('+1) 'ca, dIS,' c. ''';.k
--Nt +.,g2!,- ",,4t.	 {cc.\"'~'"iN'. 'II"	 ~'i"'.. ' 

we arrive at the final expression _·thehanlil~.~ 

9(11,1)= t:. +O'~I~NUI(l+l). 'i~)(~ ... .. ," "... ,;,-,. 
The Itmetion lJ(P) has the. fOna"wliidL &iWlS·tIle,~ofthis ......~ " " 

Diaa(fOr details see ref.{lJl} 

Pr(.8} =(!t'(l+11-JUt .~ i 1.'. .', .' 'r(J7).; 
1rJ _ Jl-~~.,.. 11"" h': ., .
 

Thia·sobi.tion comspoads~.•·sptdnm~,the;~,~"" " ',' "
 

,s:-=·/tiIr>-.4i<l.¥l)'"	 .. tM}i
•	 - '>":,l/ 

which agrees with the result obtained for.straiPt.Jlae;Ittiq••·~ 
'_~(14)., " ", 

Expressiea (51) CO'QIcJ:be,vkPieaJlY,~Jf_'''';dIM;.;,...., 
~.' " 

1I(PJ-!l(fl-,11'll(B) . 
plays'the ·ro1eo£tbe velocity o£.the·,.ClO~I'·~pieoe.•.., ,
 
string:. In this _y formula (~,cu be'·rewri~_ ....~... '
 

/If' . <fI}iI!(p) =-'l-W,), 

'. 

.. .4"	 "t
'~	 .'" "" 



.
 
.~,... . :'>;c~Jt Co 

ri . 
...;" .(~)l/2~ic.tI.-~IQ8I_~ ••__mt.hltllt~. . ." . 

. Tc._dudetliia sedioa let. us Pe the P1lli~ ~.of."c 
... -.art (50). which thowa *t. (in ~ JeSt."nea) the rel&iiwtimci --a.
, ~tlarthe dynamiCII ofthe l"lNstraighi-liJle~.The'~~ 
o(d....doflSll't iadude iakr:oal~OJlbe\ween neighDouring poiD.ta 
~ lilt that th~ is DO physjcaJ. exchange along the atring~ Beeawre 

, 
,. 

'."

. '. ~ 

..
_

......

. .. 't.... 

. '.

. . .••

, ~ 

01 ~ ftd ..·tIaen is. DO ueed' for the iahod1lCiion of reIati~ timedyoamic:s.·
 
~ '

'ne pneral.CQe ofike QeD atriDg ~ quarks 

;••'•.~~ 'of our paper. In this section we shall demoe thi 
'.'~ha4li1tuiau for- the' general cue .of the maight.Jine QCD-BtriDgWiih 
~,and abaU find. the spectrum of the probleQl. All it 1&u been done in 

.".~ prmoua section, we itltegrate over '1(Tt,8)~ expandUlg it in ortho'gQnal 
.~ p..(,8) with weight V(T,IJ) Arter this integration and integra.tiQn
..• x. in the (..m. systeln U = 0 we obtain for the equal ma&& cue (J'I(T) = 
~(r) :;JP(T» 

. . . T,r , 1 ,.(T)/
s= ftlr(-+p('T)+~ . +-, (61)• Jo&(T) . 2 2 . 

!<P_l/%)awp(;X rr +Jrrdl3'-+f~} 
~ v 

~.wiI"" thebuia or oar fnrthft. __~. 
~ h a,treued, that the ~e of the depeu.dence on the relatiw 

.. ,.(~,-( dae so-called inaiantaneous iaieracti_) doesJl't.~ of couae 
..... efilctive don • indUced· by the inieradiou between qaarb ami 

~d.ariug81l iDfiniiely. tlma11 time internll. 
··Actaally. we liaw uwaaged to tmnfoml the integration over rO(T) imo tile 

_per). AIId. it ~ the peculiar property of the CODSidered i'Bterac:tion 
aft.-·... traDsformation ODe can (under the approximation discussed 

..bovet arrive at aJocal tJuee,.dimeDsiona1 dynamics. , 
. We.1iJla1l now CODSi.der fint the cue of heavy ~ aud tho. arbitraz'y 

with i increasiDg from C~ 0 to L= 00. 

._,,-tl, 

.. ,(.
.!., - .., .' 

...., ,... ,..",,-.-;- (. 

/..'~" 
..iaIit-..t. ..' ": " ...18-' 

.' ~"ll.t!!"*,,,··.·.·. . ". JU!r 
.T1dsis.· .~.J,i;"'" 

-~.>XJl'>'· .~.r--'.. '"... .. ~: .,
All exkeural equati.OJt,~ 11.("") 

f!A2 ,f' 
.~, ) -1+ ~ . ·f~)·,..,'" ~.. 

gives after taking iDto acco1IIIC'a ~«••Cj., ~. ._ 
, . ':J:" .'.". . ",'>,

.~.."f",<'t·· . .··.. f_.' .. 
~~-

the simple I01uiitm iatJa.eleadiDg-'Urd.r' 

#'(.,..) ::;,,. (el: 

From th4ll extrematamditi.f$ fat' ~1"t,8) 

~. .... ·.~.•t¥,~~· 
_. '. ...~·,. __....•.. ffj:}f",=l+(ft-l~

:"t: J '. , ~ 
I" ,"' 

one obtaiDa iu tke leacIhIt ~ 

fII(f1., T) .trIP·' ..:'tftlf 
. . 

-~ 4'-_11 ..L_ • • ..L_· lIllItiOD .:. . __ ua_1 UMr lM:tiou m, URI __appMII~•. 

1!'" . . . 

5= fdr"{2Ja+V+nlfIt '.:::.~~j,', 
t" . 

-j;"L: 

as 'au caD· e:xpec:& fl'Om' tbe·very;~. 

The PIl_caae. The Ua1lsiiioDf!e -p*!dalm.e\·> ... 
to the string dY!J.!!Dks. •'" ". 

We sWt with 1he cue I =& udadQUaq' .......' 

L1J.- (FM "1=0: .' (69) 

Ouob&amarrvm (61) witIl· ....help dS(66)~ 



rg 

T m2 J.&(r):J 
S = I0 dT[J.&(T) + per) + -4-" +0' I rlJ (70) 

In the Minkowski space-time the action (70) yields the Hamiltonian 

(71)H =p(T) + jP:':(.+0' Irl 
and the extremal condition fbr JS(T) if 

JS(T) = .,ffl +m2 (72) 
~ , ,There(ole we arrive at the ronowing Ha.miltonian in the case 1=0 
"'\ ,"j 

l1(j,;t) = 2Jr + m2 +(7 f;1 (73) 

where Y = (FJ2/~ =~ 
This expression is widely used·iD the context or the so--called "relativistic 

quark model" (ll). As wall di8CU~ in (2,7Jth& eigenvalues or (13) differ 
ooly a little from the approximate version of this Bamiltoniaa WJed bY' ODe 

of tIM auth0r8. There eq.(71) has been used with IS indePendeBt of T. As 
a. coasequ.ence, the proced1l1e wu to find first eigenvalues of (71) E(JS} as a 

, ~~ofIS, and then to minimize E(JS) with respect to 1St Le. to find l' = Po 
bom f ~ Of and to calCulateE(JS = ISo). As!C&D be seen from Table 4 of f2}, 
the eigeltYalues €fl of (73) and E..(Po) differ at most by 5% for lowest states, 
while eakoJatiODS of E(Po) are much easiu *0 do; especially for many-quark 
and g!uon states. . . 

, Let, uadiacuss how the potential (T I r I obtained in the rest frame is 
tra.uaformed tUlder Lorentz boOsts. One should keep in mind that It is iDduced 
byth& azealawofWillson's loop, which is aLorentz sc:ala.r. Th~it is not 
di1tiettlt to. verify that this potential is a Lorentz scalar also, and in arbitrary 
Uauut it, can be represeu.ted as 

. of~ - (7J~ )1/2 

wllere P is, *he total 4-momeDium of the hadron . 
In.tIle caR of small values of I, the string coutributiOll to tbe kinetic Part 

of the edicm (and to the total orbital momenilim) 

jcp -.1/1)%u(p)dfJ(;x...rj2 (14} 

.. .' 
... • ~' 

':, y ... 

" 

• 
·~:v~, 

..... ',_ 
,).' 



~. 
I. 
I . 

!
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l"i .. ~ .. 
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.where.
 & 

. P=~~Ff=#· (81) 
. ... TJU.e, .. the te8'UltiDg~toIU_ for \he. QCD ~liDe *iDgwitil 
9f,azb. . . . -. . 

:~I,COIl8ider.UOJl olthiB general ~ to future papers let .... 
..coiU:eutta&e 011 tile traDBitioo of the dynanUCs nih the potemial cue fAr 
-an, with the' Hamiltoman (73) to the c:ase or luge It which we taD the 
abiDs~CIJ.· , 

. IJlUeWtl - 00 one Q1ltmp&Dd the poteJWa.l part of the Hamiltcmiau 
(19) . 

1 . 12
/"" .r ,.'

1<(~/2+ 1({3 - Ij2)2W.(J) + [ -;;tIp;: ) (82) . 
iYOlmd the extremum .ill Irl 

..-1' =-(1(1+ 1)/(p,/2+ lCP-l/2)211d{J) 'l:dfJ)I/2 (83) 

K~ 0D1y quadratic terms in (1'- t1) O.Ile tete =mad of (79) 

. B:Sl'2{~~~ +2P(~)+Jr4+ (84) 
• . . .... M. 

2( .., ..tr,czyo+ l!)Lf M)l~ +41:d,8(1 rl-t1)2} 

~.• show lbat in. the limit I - co the ~cal masses p, and". ~
 
.tAe COndition
 

. ,t < p,>«II> (86) 
Itt. ifU··C$W.~ eq.(83) in p'/"r we shall obbtin theetrmg.dynamiar 

. tetPme and iht leading B.egge trajectory of the Nambu.,.Goto form . 

.Mf-z-l. (811) 
NqW- we proYe Uaat .thealwlDaii:ve .rep.. 

<p>.><.> (~ 

yiflld8laqer ... values aDd· therefote it ia.~···~..a.m 
.... eq.. (83) ~. caB simply estimate thai the regime 

. .< fIi.>>< It> 'It}··. 

.'( .. 
~ 'lI "(.'. 

22., 

••p.lIIiNe ..i"'"t Clfil ........W'",.,,'iIits>

.<".,......,,>_. 
. wbich~ totbe'lliillatieB1Jr'hea..qurau,U1Ie..~*~ 

of ·thetO$elenergy,{..~~)CQIIlpUablewiilt.""("""". 
tiOll. . 

In this. case one ClIJl·treat· ~ terQlI(P~1/2)~~J..~' 
with.the value 1'1 . 

rf=(!;~cr2I~)'I*· . (II). 

ami exploiiiq a. Dmtdlti<:aDy"'~. 

J(ft'~lt1!flfJ~4:· 
One ratutDfltO the H~DiaR(9i2,.~.1eadatothe;_jee_..·. 

W-·8ri··· E9t) 
with a larger~. Cor a ghenlChaa iaeq.. (~:$ ~ttiat • 
relativistic potential r~.~ distAYOared•. aa.~~.totfae··,,~,~~· . 

We come baGk now to thelltrblg dyna:uIk$rep.;(M) .....;,~. . 
the ends carr:r .. am_I patte!,.tobi......·(~~••l·of 

. the hadrpu- In-~ .~. ~tioa··~ ~~··tU·· 
~~ ~... . ,..

'-~ 

si~=;1(!IJl4fJ+{~~)~)* . (.). 
lJ ~". !fA . 

Theedhmlll·__Gf»(1".{J}·~~..la.~ "~QIIle· 
of the pUre sb:ilg(63) . . 

1 1 . . . .!q%l(1 +1)111 .'. ..' ... 
. ,&10}:= i t~)dI3+{ its. :'lJ2lW6uI8)1Jj.. . j93) 

uaiheue.·· 

. ,r.t~<m~(!'j!l:~)}1/2)1I2(l~:4(li~i/%)')~1I . .. (~) 

,d*\'l._ ........t,.
 
~;'" '.~:,.'1 

i; 

. ! 
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\.·1,:.... The correctiorUi,tothe eq.(92) are col18idef\.-d ill AppendixC.tt Shouid~ . 
';:'.' r;.r_ stressed that whUe the qualit.atiw dependence oIthe dynamical mas. < iJ> 

,J'';011 t is reasonable 
. 

'< I' >-1"" a:> It 1- 00 . (DS) 
' 

, . 
< 1£ :> J <". >-: 0 f - OD 

!;.) ~quap.ti~ve results are out or the.accuraq or the siraiglat-liue approD- . .. , 
JPtiOD;•
 

....~
 
".':"':1,~..•. (~;;.:nc..:.: _L~-,-i;·

: ',." ' ." 'f'7' ~Il.
 

t;~'r'" .' . . '
 
~);;.t: .'. 'We bYe applied ill this paper the path: integral mdhod to quantize the quark
!> ~k aysteDt. interacting uOnperturbativcly. We have ugued thu Ute ." 
,I .•. ~...tit'" appearence ofa mii:limalltriog between the quarks a.t.larp! .. 

....•.11,>7;, wllfte T, ~ 0.2[m. the correlation length bl the,'faC1IUJl1. 

.':; ... . it.. ,. -aGar atartiug ~gian ~D8ietsof kinetic1mns for quarb 
. (iadudiilSQeiela.U¥e tinle term} and the Itringpart. Using the Dlethod· of' 

'. M~~, ODe geWaD effective adion quadratic in .coordinates aDd its 
d~ The auxiliary fields are ~arlidpatfug in the ·final acti011 and the 

, . intepatioD measure fin them is found. ,We haw sho~ that for the spedrum 
..~ aulotulta to taking the loc:al mrcuuunof the action ill the 
valu.uotauiliary fields. 

..0..:. otthe hnportant problelDS dealt with in the paper ia tile qv.es\ion of 
the ~'Wl time. We have mOWll that this questioa is resolved for the case 
of the·}Jite· .traigJrt-lme string due to the 'reparametrization'invariance of the 
·~Oll.	 

·It leads,to the c:oDBtrUnt (Pr) :;:t 0, which correspond. to the ..dition 
lJ--Oin the'~eat SfSkm. We UCUed that for & .Uiog with quarb the same 

. .COJI8Q:Ilint6dd be used ill'order. to ma.l:e_the Itraight-line approDaatloa &r 
.. ~··leI(cOlUlisteat..Ii coiteIpoDds·~o .the choice of quark &rajedotiea 

. ~t·\ta4ward motion' in tim.an.d defi.net the ~ quri' &pplOXima
...~·.·thiJ·eia.ofnajectorifs it Ja'poaibleto eIhomate the _tive time 
,"t,1ie~'~8: inYarianctrorth~'8triDg tetm':resiJlting in a HlIDIiJ... ~,.~e dynamical m.uaes Pi(r). This led \0 the tnNd'",-*"", 
. af'.,W1iJt ~ t:iDetie wrms.ta.*I"''' IQOt *Jpe....' 
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'. ~.,' 

-	 ',' ,,' 
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TltftlWcha1lc ~lM tht.~icmal~~·.~;.,
 
vaiiab1csCOIUlettedW'., ~icaJ""''''''(IIit~»~~._:,.,.'
 

. etfKt.ive dyaamical8trillglBalll ~~"t')'- ...•' .. ' . .' ," "".
 
, Tile specUlIID depeMs 011 tke~.role:GI~~P4~~~;.'~I~.A;i:~:
 
of1i:eedom(d.o.£} .•. ~ Juds1io .tfieeae..., di'.ea&":4_,_.fi,· .
 

··fe~i. \Ve~BYeO.t~bUlditaaa1~~ ~t_,&i i~•.~t'"
 
. Wittftbe,*Dtai aiiguIat~,J :=Gi ....;"fI&e~.~ip.{
 

'WitiOA CQd' '.~ q~'.pee89I~~JIliIe~ ...._
 
.-, &hle: m~ ptri~aamelJ,.eucJ;"~~{2'be ~
 
~p.,a19··be.~liai:Je the ~cr·~"':~·fUJ;··
 
ei~~~within ••C1U&tyof_modtlwiUt~Gf*"
 
·iiaie···~·.[.~ ·here···' __ Bot·~,_*):n'l'liWi""
.". " ..''.' '. ~.J. '. Ht? .' .'. ~.". . .:' 
relaliviaticregi.e (wllea t.hellUill&'__9II1t a ~....· 

.	 momeDtmnf of the ·1UutfoB) is '..... 1IP...;~~.' ~:;I".
 
ioWn&. tii, stritIg-tike ~ioeaC larp t(ii)FOr~"'~·:,I,.~,J.
 
.tr.jacd~ ~l:freedom~..&e. Tbi:,...~~,~;........ '
 
o#ta.r.~e~tUD\,-.~·be~~:"',~''''';~i;;· 

.. eifedi_lIamilWDiaai fi»!_ar~:af~,]j:~~i~,:ft,) 
~·.·it';Jields onlY ·~·~~to··.~4N1('i}:":;<i;:':l:'· ~";; ..; 
'.,	 ·...:is· ..;r..,;..:..ton'.•..Oi~. iJlta .... <.'..":::.......~ ..\..:
.... '~..... J~{;i. . ~gJa-,,"""6 ~" ..... ... egg.:. pe.~~" .".. 'I
 
...-.."
:;"ftn.. (2'll'q)-I'

'.' I
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.._~ .' .,e,. ,.U8 ,"".. 

woUld get from the ~·"$ne(i)-'11n._""'.~<JdJ:-''t;~ :... · ," 
as was obtained long ago. in t.he8G'<8J:ledllt1ati,..~.-t'~ :,;;· ....~ 
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been treated in deiail in Secti011 .. RetAd ~; ~k:'
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~dt a 71' 
, ,fiezp[-2(t + I/llL=2(2;)1/~e-4 (A~13) 

tor I.g(ll~ r/'l, we arc to chooee (taJdDg iDio account eq. (A.S» 

• 
,.- .#,:'<~: 

.·IA. the same way ~·it.. has ·bteu. d: Cor tIM! ut.e Parti~\~r~~
.,. " 

'.•..
eq.(A.I0) illw eq,(A.I5) ,~JUq::an prove.tWU1"expr~OR ~~.l$.)~ ~, '.=--~~...,;'.
U8Ual relativistic1tamiltoaian ort~ particle in elttdmallield . , " 

ReP ,i .4.) = ....,.40(£:.;.) of JCi+,A(i,1i)2 +11&2 .' (~'/ 
" ~.1 ' ~ I, . • ,' 

AppeDclix .8 ·TIoo~__"" "'111
 
To.' deveI.0,.' •a __proced.11ft-1..._of ~...of.. <.. 29).r"l,l'){we ue." tb4Mu1"ti.'.'M'y~",..il·.".;..•.:.·~·.-.:;··'..•, 1%__ ~n. • .'-- .b.i.. ~ . ! •.. __....18 _YUUlle III _ - ......-3'... ~.. .., 'j:';' 

Let as rewriie (29) as , " ' . .~~~•.. , 
." "'. '." ". .' ." '1~<~,' 

. . _ ,,_ ".' ",~-I, ',"," ,~:.tl .\.' ::~4,~;i~~~,:;~,'.-l,,'" ,,:' 

G = I Dr DR D". Opf-K' ... J:1 ~~IV'1iJ'€J' ..' (B.l).~.;'r~ 

. . . . . ••, ". ..' : .•.. "~', '.1 ..•.. .. '~'.. :'/ iff'~;:~;>' 
-4(8.~~- r...(t» - JDr Dll;1J1tw; rDJl·.....::..".j J'""AiPm; ~ \'7~'" 

."~" <- (' - ~ -~-?;;~:i 

'-1Cp[+I:.th>.../J....i.! ~~~~~ ...~\.~ttf~; 
',~~ 

wbere . ;, ,jtl-e =tJ::,i{J t 6 -,. ,6={1, k !!Ii.... . "(JUi<" 
'1 

..hl~ pme ~.,~wJr~ tJw.">""M.I~~''''~('J,J : . 

.iPal:ialRUDder~1'~J{1'.fJ) ~_' '.' ;': '" 
, ~ /if .. . , . 

-,.(7,(1)- w,,(f{,.,"',fJ) ,lltlh'~fJ) ... "li:;l'tl(Jttfj), J~~F 

,hu('r,t'} _(~~h~j,,), ~h-t,P):'" hD(/~.fJ~c 
witll the faDcUoa 1(1', /3) aaii8fyiDt the c:oaCWeaa 

:'" ~;' ~fIt(1) -0; '1:(1,Jl)~ 1,8f~fJ»~ (IL.) . 
,,'. "'.' ~ 

BUIM&D:~·be~~ftO~·.(lit,' 
- .' - "",',-, .', , 

.. (lJ.sr,~{)"~l+~f) ." 

i 
!. t4&(r.)

D#J(r) -n'~/2(~)' 
l; .. , 

I:,',:',' ; .After the iatesraUon owr ~r) OIle 'obtaiDa lol' G 
""', ..)'

T 
'" ' '"....'.,. /' 

~ G=IDZ(r)Di e2lp(i f cfr(p7- JiP + nr)] 
. ~ . ,,8(~;~~~i;' 
~'~1" ,;: , , ..... expoaeai ill given by th~ extremwn 'I&1ae or p(r): 
';~i't: 

:"". ~.' . '... ''''•. ,-. 
:"\>.'-.', p(.,.) = JiP(r) + m2 

. The expreesioa (A.1S) is the a&1ial CIIIloBical repreaeataiioD • i ..~~ Gteea 6mctioa wi~ the BamilwDiaD. 

II:a JiJ+,r , 
fa-tbe~mum rep&ellm1uuOll oaell" iDatead ehq.(A.3) 

I, 

GCPt , P1) - 6J (Pi - ~)(Bl ~ ';if+m2r1 

. Thutlae CODt.ribution of the irajectories wRhout bacba'rd meUcm itequiv
Ueat.(tDr.tree p&nicle) w the sepa.raiioll of the poaluw frequency'pan from 
.the. re1atiYi8Uc prOpapior. . 

. ~. take ... tllec:ueof.particle ill the eDema1 field A,..• III Ul auIogou 
'way &om iJle staadard form of the Green'. £unct.iOR ill the erlemal field 

'O(%t :'I·AIl) .... f~1!~ap[-i id1( i<~2, - i.i:l- g.i,.N)} ", (A.IS) 

o.·~ia the c:1aa aftrajedoJif!lf(A.1) the fa1lcJwiDs G~ frJaetioiia 
.....·fleld . 

G'-!~7.! 14)- / DI'('Y}Dz,.!7)ap{-i Imiif;~) +1'('Y}.(1-1»-gA~P)] '. 
. . ' ~A.t9) 

(A.14) 

(LIS) 

(A.l~) 

&be quatum. 

(A.l1) 

, .. ' ,,;' r ..,M • '&' s,·~ .. ~I~ "'. .?' 
~ ".~. 

. . 
• ,_._.• .1._ ..... _: ........L.......... .........__ .. .. _ •... ,."_,'~.,' .._.,. _ , ...~...~••I"'~.~,i""',.';,:"'.c ._.......,...:l.:.l~. __ ~,_ ._J.'" _' ,.....,.,,_......... ~'., .
,," _..... _~- ...._~ -,,:~ ...."...:....L"€:~,~, ,'"'- --.-,._,,,._._-~ ...".._._._-,"'" J. 
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Therefore we have justified the equality (B.B). At first we notice that the action doesn't depend on 1(1,{3) which rellectll 
After that we obtain the following expression for G: the inva-ria.nce (B.23). So tbat the integral oVer Df(r,(3) can be factored out 

r ~.. and it is equal to tile volume of the rcparametrization group. 
In the standartway [121 we have introduced the physical quantity (1, which 

G = IDr DR DPI DIJ.2 Dh.. (--K' - K'l· (B.20) entere! our expression (B.21)
; : 

·e:cp[-(O'o - 2Q) I -Ihd2el' ezp{:-a ! -Ihhab8..w,.{}6WIWeJ .b' 
~.. 'J ( Ccnlst)

(1 =a 170 - 2a +-- (B.26)
with the new action which is quadratic in wI' and contains the new auxiliary E .~,.-

In the general case (B.1) the invariance (8.3) is lost so that wearele;~,:fieldB hob' 
Let us first consider the case of the pure string. The invariance (B.3) makes with a de~ndence of ii on 1,13 and have to restrict oursell instead or {B.2).'liJ;, 

J , ' it convenient to introduce the ncwvariables:i(,B), f(~), 71WT separating out (B.22) by a simple rescaling 4._ 
the collective mode ii(,B) and the field 1(1,.0), satisfying conditions (BA)t' 

1'& ~ ~2 = (T(1V(T,{3)}2 (~.21)t n== -4- =(T<1ii(,B»'J(81(1,,B»'J :,:;1
(B.2~)

h22 8"Y hl'J (B.2$) , 1&12, == h-n = (Tl1('Y,J3», and making a simple rescaling of n12. 

After that in the same way .we ~ve at the expression for G 

fi13(e) == ::: = (8/~,B»(T"(1,{3)} (B.22) 
< , 

I where,T enters the boun.daly condition. Taking into account the fact, th.at G= f Dr DR DlL DhnDrrDii(T,{3) (B.29)"

I xezp{-K' - K1e ZP(-«(10 - 2a)<1 J~(e)v(r,.8)drd.B]· 
Dhu Dhrl Dh1'J = D1'& Drc13 ~ Dh'J'J (B.23) 

1 
and using the welllwown formula (121 xezp{- JdT Jd{32 • «':;;)2_ 2'1t':r) + «ii<1l + 112)r2

)] 
o 0 v , . 

2 . const J r. 'J D1'& "'" ezp[-- vhd eIDII({J}DI(1,{J) (B.24) 
by (170 - 2a) (ii) an explicit dependence of ii(r,{3) on r (iii) by the pr~nce 

where lIE -A is the ultraviolet cut-off scale, we arrive at the following 

, E 
which differs &om (B.45) by three poiJlt8; (i) cbanJing !actor «(10 - 2a + -;") 

of kinetic terms. .~, 
expression after change of the integration over d1 by Td/(1,{3) == dT Finally after gaussian integration over hn ~ 0 we obta,in for tqe case- of. tht-, 

pure stringG =f D/Dh22D1'DRD"Dv({3)· 

G =JDR,. Dr.. DV(~)d"(T,{3)ezp[-Aml (B.3O)
.eq[-«(1o - 2& + const)(1 Jhrl«()ii({3)dTdp]. 

~- ,,-. , E where T 1 .
IT 11 1 8w 2 lJw 2 .

·ezp[- Jo dT 10 dP «a.,J -2"(81- 1' )+«V(1)2+:,,2)1' )] (B.25) A.t,.= f dr f d{3 ~[W2 + (<1ii)21'2 - 2,,(1i1r) + rt r2] " (B.31)
2V o 0
 

where trivial reacaling z,z -+ (~Y/2%, (~)l/2z together with a proper renor
 and in the general case (B.t)
malizatiOQ of mo, s in ](, /( has been done. ' • 

,G = fDR". Dr". DIS Dii{r.p)d.,,(r,{3)e:t:p(-A.cr ~~' - k'] (B.32) 

.." ,~I ""'0 • ,-or •'fJ ~) ". ,.f"(~" l ~'." ""', ." I/o. '.-'*'
\1

~ ,.,i.7,_\~i. I J, • ''"
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4ppeadfxC. 

,', ,'< '. ,,'-, _ ,.', 'I4":; ", . • 
lD;.,~dh we (Jenve the efr~., BamiltoDian mr the loqitudiDal" 

exc:i~ calculate the ~DB to the string result (85). aaclcouider 
the 1.lehMio- of the ~ IIla88 P as a function of l. 

It .. eaaytO: prove that after taking into &ceount the longitudinal dynamia 
ODe obtains a small correction to. (93) of the order of 

j 

,.-1/2r3/4

Since 16 is W'eaJdy growing with " as we shall see below, one condudes thai 
at 1- oa the field v(r, (3) separates and is governed by its own purely string 
dynamics, o,nly weald.y perturbed by the dynamics of ,-2(r) and J'Cr). The 
lauer are "lMng" in the external field v([3). 

We BOW compute the longitudinal contribution to the energy of the system 
to the leading order in (U'). To this end ODe can use the nonperturbed value 
vi") (93) a.nci make an expansion in (83) as fonowa. 

.J 

9t ~l(l +1) J -£h )1/2 ~ 2( u21{1 +1) J!& )1/1 (C.1).*\~ + J([3 -I/2)'..,(01d/t J(f3 -1{2)2rAOlr1.{3 + 
, . '/I: (O'ZI(I +1)J ;$j)1I2 P 2 (qa,(l +1) J ;1)1/2 

+(-1) 2,(1(tt -1/2)1,AO}d[3)3/2 +3/4("2) (J([3 _ 1{2)211(Olrl.{3)6/2 

Imrenloa oC~O)([3) from (93) into (C.l) yields' 

(hD'{I(I+ 1»1/2)112- 2IL + 3·../2(p)2(O'(I(1 + 1»1/1t1/2 (C.2) 
. ~ ' 

auG &n.any Oll'e pis' 

'H= !~+m2 +2(221"0')1/2(1(1 + 1))1/4 + (0.3) 
. 2. 1A/2 ' 

p2' 12.;2 ~rl2(f' - rot 
.j- '. _. _... ." do + 23/2«((1 + 1))1/4 ] = ' 

=.Jifl +B1I') 
whMe Btl') is !'D" eJfective Hamiltonian for the radial excitatiODS of the 

hadroa 

fl .',ij.f1i-..",·' . [~.~.::'\r ~ , ~ 'tl :~ 

3i
 
der iuertioa'in tJUa' ~ of ihe, utnsDal __ ot. I'
 

p.= (r:~m2)l/S(#:)JIe (CA) 

we inaUy, obi_for the etIectiY,,~Bamikomal 

, H<?l = ~(34/\r~,)1/.(g + m~a+ (1r; )3/2f~1fS(T - ro'f . " ·{C.~l 

where the 8UbstitUtion (1(1 + 1»1/2 -I has beea 1$Uie.i1i the lUidt l,-:-+',~ • 
Let us consider the case of 1Da88Iess cummi, quaDs ,'.' . , 

m='O ,{C.t} 
, . . 

Introducing instead of (r - 7'0) a new. dimeDSiORleB8 -.DaLle.~ . 

(t' - 1'0) =3a/'f1/~( r; )112,1: (C.f) 

we represent eigenvaluC8 of the Hamiltonian (C.5) ja, ,thBfo~._ 
. \." . 

E11=r~IIJ(';)1/2~/IltJ(....) . ,.~, J~JI) 
.. ,'.j'"

where a(n,.) is the eigenvalues of the De. dimeasiolMJl.BWin"'~i,::,?,~ 

jj(P) =~(~ ~)2/) +Z2)' ',{~:9} 
In ortier to obtain the approxiIIWe value a(Dr} -we c~Jl8idereq~(<:,~r""tUe 
restricteci class of functions p indepencienton ".Suck ~,.~ 
gives accuracy about 5% Cor low lyiilg ,stat•• mthis way_ ~~F: ' 

',. -,..., ,', " 

a(",,) =2-1f' .3-JJ/J~... +I}.' -~(~ 
4 , . ., .',: ~' .'~ 

Substiilltmg this expreaion into eq. (C.S) we.m..aU~ ~"""ti" 
for the total energy E,~ of the hosdron, and",have fer .the mau.~ ',< .( 

Mr = 2ru(1 + c::onItl1/ 6(tap +1/%)f/6) /-'(0.11)' 
~ .' . . 

which is slightly different in tIt. case 1- 00 ftom""stDac,resa1t (8S). 

\ .\' 
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