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V. D. I'.Iur, V. S. Po lJOV, Yi.l. A. SiiHonov, v. P. "lu.rav b., 1992 - 3G.p. 

Starting from the QeD Lagrangi~n and taking into ae,count both 
perturbative and nonpertuI'bativ~effects,w'e lis,e the method of vae
UUlIl correlators to derive the Dira.e equation (rigorou~ly for the CO'.lloIT'JJ 
'interaction and hcurj~tieally for the confining potential) for system 
consisting of a light quark and heavy antiquark. 

As a r~sult the eOllfil1ing potential is a Lorent.z scalar, and the 
Coulomb part --- a fourth component of a 4-vector. The {energy spec

. ttl.lm of the Dirac equation is considered for zero mass particle intera.ct
ing via these pol.entials. Numerical calculatiolls of energy eigenvalues 
E ~ En". andeigenfuuctionsare performed and some exad solutions 
of the Dirac equation in the case of E :.= m ::.:: 0 are found. 

The cOiUledion with experimental spectra of D and B mesons is 
briefly discussed. 
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1 . Introduction 

The qnarJr.-AIItiquark syste!1"lS consisting of one heavy qnark (antiquA!'k) Q 
and light ant.iquark (quark) q iVe the QeD anillogue of the hydrogen atom 
and simllary to Jhat are at fnmlariJental importance. 

Recent.ly tbe iwnre tlfthc beavy-ligbt bosoM has become & topicot a. vivid' 
interest both)n the analytic and Monte-Carlo QeD stndies [I]. 

From the theoretical \'iewpoint the interest of bea\'y-light systems lies in 
~e\'eral aspects. First, in· t.he limit. of one.infinitel,r heavy quark. ma& ODe 

hopes toge! a dynamics cf a lightqul1rk in the e"ternalfi~d of the beavy 
one.. Th."\t \\'ould be similar tl) thft picture of the hydrogen ,tom. 

Second, since tlle cxerual fj(~ld is time-independent, one ma'y hope to 
obtain a'static potential in QCD log..the.£ with 51~n-d'1l'-~deut forces, as it 
WA. done for h"a\'y cl11l\rkollia !2].-·· 

An important, issue ill this connection is the .Loren tz oatu.'e of the con
fining p"rt of t1w pol.e"t.ial, Argument,s ill famur of its scalar charactcc are 
found in the form of inequalities [3], and also iii the form of spin-dependent 
ternl~ [2,iJ. . 

Third, in tbe heavy-light S)"Stem olle may Iftudy hoo,' tbe thiralBymmetry 
breaking "(CSIl) affects t,he spectrum. When one qu&rk.mllllS i.B van$hillg, in 
the cbiralsymmetric C'lSe thesl'cdMlm ,voldd eoosist of parlly c1oub~s, and 
the CSB lifts' the degeneracy. . . 

Forth, using Dirac equation we implement ~pljcity relativi"ticdynamies 
and. may. study relath'istic prol'ert if'S of the spectrum, e.!.'!n tbe ClUe of 
vanishing quark mass, and .,lSo relativistic: spill splittiugs in the spectrum. 

In particular, in our .ca~ tllc spin symmetry widely discull.'led now (11 is 
p£<1...,.t, since the SPIU o(the hellv)' qnar" is decoupled. Hence e~y state 
of the Dirac equation wilh a given jand patit)'. corresponds to two almost 

df'generat.. statCll of the{~) syster.nwith; Bnd the hea\'Y quark ~'Pin 5 = f 
addiu~ ,"oJ =:= j ± r . ... . '. 

Our final point is trial the Dirac eqUAtion de8(.'r.ipt.ion )'ields ~ dynam
kill fr2.m('work for the heavy-Ii;!It mf'SOIlS which can be used. to calculate 

. DlCSOr., matrix 'elelTlCnts and fomr factors to compare with experiment and 
Semipllcnornenologico! approaches ';idely used now in this fUntc:d [I,$J. 

IIcre we aHempt to deri\-e e.xpl.icitlY the Dirac efluation for "tile bC\lvy
Iigh. quark system starting from the QeD Lagrangian ~ud incorporating both 
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. , 
pertrubative and l\O!Iperturba&ive efeds in tbp. framework 01 the V_ 
Corzelator Me*~ (VOl) [~8]. 

. In the coline of derivation we-'use _ approximatioos which are deKJ 
stated At e.dJstcp, e:g.: neglect of virtual quark pair. (q~1PPfOX' 
imatioo), keepiI13 the ~(qnAclratic)cuIDuJallt iD the duter expauion 

, ud the ~lirni~ of}ocaldynamics" 121, T, -+ O. where T, ill tbegl_ic vanum 
,correlation Il"Ogth. We distwss phyllical implications of these approxiDliltione 
in the main text below. . ". . 

Ev~ with those approximations wi'- lOre "nable to prove ri~'tJte 
apPearance of thc ~tatic scalae confining potential, bU.t we give strong arp" 
ments in favor of it. The sitllation is much better fw' the perl1;frbative- part, 
and the existence of the ext...rnal vcctorpotel\tial' iri the ljmit of one heavy 
qUlltk ma.<.~ is explicitly shol~n. . 

. At this point we 8tlOrt with i~ Dirac ~\fl\tion containing a "tlCtor Coulomb 
part and a scalar confining part and J..tudy properties Of it. spectrum..For 
a comparison we ha.ve also considered t\lVO Qther <:MeIl: i)a "CCtor confuU1ig 
and the Coulomh pArt; ii) both parts of potentialtransfonn aa sc:aIartl. 'We 
are explicitly interesed ill the limit of /l. vanishing light quark 1B&11f18IId spin 
dependences of tqe energy eigenValues. . ' . 

W.., show explicitly that reasonable w>etnJIn ocCtJrs ~Jy for scalar qlIl' 

finin~ part. In this ~ the scalar pot~ntial breaks explicitly chiral symmetry 
. and the states '''it,h opp<Aite parities are not degeoerate. 10 the c:ase of VE!C:toc 

c6rifining part only quaSistationarY states lIave been found. 
: We bave written down possible general syuunetry properties of spectral 

sta.tes and inpanicutar cases ofzero scalar potential and zero vector pOien- . 
tial, and of zero masa. . 

We all(O find some ,exact lI.Dalytic solutions or the Dirac equation which 
occur for E ='m = O. This eltahles us 'to find an equation, defining l,he 
value of the Coulomb ooQstl\l1t <=<-, for which tlJe (-n;I) discrete energy 
le\'el reaches the value E =O. 'We note an analogy .of this problem with 
l,he relativistic Coulom,b' probl"m of an electroo in the field' of .the hea\'y 
supercritical iJucleus with Z > 137 {9-11}. '.' '" 

The pap<'lI' is orsanized· all folIous. III Section 2 _ 1IIlI the FeyBlnan-. 
Schwi.r .~t.ationaCthe 'luark-antiquarkGn:en functiorl. tG derive 
the limn of ond iafinitely heavy maaa. . 

In Scctinn 3 we Compare this limit with. ~he Dirac ~uation&Dd (liscuss 
the Lorentz natllIe of the ronfifling interaction: . ' 
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'in Stortion " we' d~\IIIII d... propert~« tlMo spt'ctrunt of th,' Dirac <-qua· 
.' tion. 

In Sfoetioo 5 '"' diK_ s)'mmctry pI'OJwrt.i.... oftb.. "J""drum. iu particular 
· chiral proprrlM-.. 

In Section G Wt' discuss IIU1~Cal results for the "l>cctnffll of the Dirac 
equation intlk" limit of vanishing lisM quark ~. 

In Section 1 \1'e invr.llt~ the euct allalytk.IIOIDt~of Dirll;C equatioo 
wbic:h occUr for E = ID = 8. ..' 

In Seaioo 8 _ lIUmmarize OllT miDI.... anel ~ tbe Dirac spectrum 
obtained here with experiment and ol.br.r approacllett.. This enables: lIB to 
diacuas •.bfiavy _ comdions. 

'l'be FeyDman-SChwingerrepresentation for 
the heavy-light Green's' functioD i 

· Consider thr quark-antiql1llrk system of_hravyantiqllm (with _ fftt)
 
aod a ligl1t quark of a mucb smaller mass mh which we 1lC.-gled in some UISC1I
 

~. .
. 
The Green's lunctign 0 o( sq("h a sy.iem wi.h quarks iUitiaJly .tpoints 

J, j and finally at points.~. i is givm by tbe palll iJltegral OW'l' femrioIUc aod 
sJUOlIic: field. and i. \\'I'ittm <Iown in Appmdix L Pmbnllillg (crmi.onk int,e;. 
lI'aIe and neglecting the (ermionic determinants (quenching Appt'OXiinaliOu) 

· for simplicity, one .rrhw lit tilt' amplitude, depicted gr~kaIJy in Fig.l. 
w1Jere Ai is tbe quark Green's fullction with qulirkDW18 m.. &ad r belong 

. to the·initial and final· wa\'....fuIlCUona: 

.(" j) = «,lr(" j)q(j)
 

aad aoaIo&ously for .(a,.)•. Thus we can write
 

G(.' Iri) =< b'{I'(~;.)AJ(.,J)r("j)~;'i)l> (1) 

1'htl anplarbnlcl:ettl here denote tlle intcsratiOll O\w· glaooic ·fields. This 
integrali<.n we pErlorm using the duster expansion (6. '1']. as discllssed in 
debtil in Appeodix 1, and _ arriw at the following expreil8ion in\'Olviug 

1'''''1''''' tilll" alld I'"th int.,;rals for 'Itauk (~, z)."nd antiol'lM'k (j,z) 

6G(= ID)"" f 6 f uD:.Dze-K - x (2) 

~r.(.l - bUlndr.(",,- bI'»). 

w!Non! 

K 1 [.J......t 
. = lIT••-1-+ 4 • Z 

.. I 1[.,X=Wljj.+ - Jr"
4.• 

In (2) r•. r. ref"r to the Lomntz stNd._ iAinitial aDd linAIlllate8, fj.il 
Ilh'mld 00 expt'elIII'(/ as is (A.15) lUld'ar is &iv<!Il ill (A.14). wbkhwe ft.-write 
here in t1m (nrm (in tbe Iowcst«H'fl"r ofd1lStc:r CXplllll>-1oo, ".re pcmubAlive 
and nonperturbetivi! l:UlltributimL~ factorize {Sj, _ ~.(A.I~:J) ) 

,'air" I!%m:-f f if".,(w)tlf,.1>(tl) < F_(.)F~.'J >} . (3) 

wIMft 
of...(.) .s. tb.,{a) -i.,.f~tlf' +i~tIf (4)· 

and < F F > is the gtll(Jnic MrlelatAJr which i.an 1M! split ;ntu perturbative 
and ftOnperlurbatn.e pIIlt as in (A.13). 

N*, that one t'houId kn,. dlf" proper ordering of spilt iodi<les under the 
signoltp in (A.H;). e.g. spin iJKliccs of ';'11 in 11% euter to the Jeft air.. 
while ~ of ';") to the rigbl of r;,. . . 

No-.we diAcllss the limit of _heavy _. JR, -- 00. IittbiB e-e. .m-: 
m. is Dluch larger than the interaction streugth. tblt putide 2 ;" mcmac 
along the straight line trajec1.ofy 

",=;,.+"';"'•• 8~'S.•· (st 
/ 

. . T. a.
a..-,..lE.T; "':' =2m,. ;4P=~_; . _. 

......... '"" .. - position. iii spate d. ~2.
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.0n0Ii eu.._*t in tbislknit tile siN" in_adiou of par\kle 2 (tenD8 ,J.fl 
. 41'). - 0 (l/.f) allCl CAlI be~. '. . '. 
., TM peitutbative part of tlle clUtlllIant (A.13) CUI be writknu 

r> ...f .,..(a)f .~(a')·< F,..(a)"~(a') >,....= 

.. ,aLb,.L~ <. A,,(~)A,(z') >....= (6) 

c.,-', d I~-, = 41" Jc ~J> Ie (a .,- J1' 
wlJelll~ is the qu.lldratie Casimiropera.tor.. C,INe '" 3) "" t and C ia 
tJre 'dO.d. toIItool' depjdtd in "11-].' The intpgr.al· m(6) isc diwrgeni aud 
is leIlilaMed by the illlleftion of the, Z factor in trOllt ~ the e~jal in 
(3) _-..I introducing tbe minirrutl di~tNt~ 6 nl the poiDU • aDd ;' in (6). for 
deUiluc:e (l4). ' .. , . 
.' . TtterftOll! we can POW Study tile IIilu~tion 'When only pertllTbaaiWl inter
adioO i, ~t~ .m tlte Grt'CJI·.. Illllaioll loob like 

G(ri I,;l";"[ d.Du'.:·T-~.t~·1r\r.(MI + ii) x (7) 
'0' ····01 '.' .. ' .' 

.. 1iIetlp(-i /(.",,(,,):" f-C~.)d-~(a') < '",,(a)"--Ct/}>,...} x 
, '.' , . xf;(Mill -14m 

".. ·...eweli8.w Jl&lIlceted ~of IlelIiDteradiclo'al par\lde 1~ 
. .Our pl'.DOW is to rewrite the ~xponeat iii (7) ill' tbelarm 

: apfig!(A,.(:)4z. + ~pl":U",.;..)} (8) 

, .-.~ (. simHar derivation br QED w.tk- in 115J) ha~ dc1\l\ed fo!· .
hnria& (~)' " , 

. . ..... '. '. h'., ... 

.4(·)= " f< .y.)A,(~'~ a~ ~. {!a I (I -:-~ ~ (9) 

. ·~ig~CI 
. 4wll-RI 

'-"~ '! ,. J'~~ .'_" ,.-" '-'1 ' 

~ 
~~~~:,~7 "''t, 

-t), 

6. 

, Similuly '.... :IF"-~. ' '(l0) 
. One CUI 1110 check that from tbe expncit ~~ for < , , >..,c, which 

0Qe "blains from tbe Feyumul pqe prope.ptor (f) . . 

< A.(JI.>A..<I) :>....- 4~'(~~"')" (11)
 

lleftce we can wrl'" the 'If G~a rundioll. \;eepius only poil41uNtive.Wer
~_u 

G(rit W) "" "'If.Gt,.,)r,Iet(} - "Fell' ,(12) 

where we have defined .' \". 

, G(•• ,) = f uD~'J'I- b(A»e--:·-tr."dt+<.J;~J::-''''';.. 

=a< a I[ 4I(1Il~ - ~A».-o(".2-'(f<.I)") 1,,>- .(13) 

. *~ .·1 tMt+ b(A)}-1 I,~ 
and weoo.emtbat 0(••,) ~ tbe Dinc~ioD' 

. ;~ .......
 " 

('lilt +b(.J»G(a.r)= ~.I(Z - ,) . (14) 

to the IIP.Xt aeetiQJ;.wetNfllltOdy the e&ct of ......tNWw: iuterac- '
 
tiol1. "
 

3. Conflnios force and the Dirac equation 
)~2 ;1;.

We now tllm' t~ theuoOperlurbariW ~nteradit1n••hidt~codoemeot
 
due to .tbe~,of the .,cia! (Kr~ft') stf!l(tBft! iatlle qudratic
 
~tlt (6j, N~edius apill ~ lidJiDlArar.tidl\ of ~ partic:1eo We ha~
 

. tbestlDH! form of."1)11 .. in (n. but we ahOuld add~ to < y, >~
 
., theDOllperWl'bathoe part < y.p>_.. , w!Hdt.cqlle-iL1en IIlI 161
 

< ',...(.)'~a')~ (6;"1.,,.,-6~)Dt.-s")+ ('15)
1 /j '.', ..' , 

.+'21a.,. «.,~.')-"- - (a - _')" .,.) +,.,~: IIl1-Dala,-.') 

;',,:., 

it 
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i, was ..hown [6.1). that only D(antl not Dt ) yi..ltIs toolbWlIK'Ilt (the area
 
law of the Wil"oll I~'I'): alld we ronn'illnlrlirl't on this t.,rm••lilll't'gardiug wlKore WI' han! "'-fil~ as in (19,8J
 
al90 the spin term "I~ in (T). WI' ha,... ..":'
 

IJ 
. ",.(a) = a,.(a)~ +~,.(')( I - (J), lit,. = Di-" (19) . /4,...(11) / J••,A(.') < F...(v)F•.\(.') >- / II...(.)"....(.')D(. -'.') +... 

1',.(1) = z..(t) -i..('); 21't = T/•• . . (~ 

tIsing the same argllllK'lIt., a.< in [6],OIIe (lin ~ that w" gt't the area-law . Taking illtcllltCDunt (5) we have .
 
exponmt in (7), namel)' for large arcl we hll,-e
 

ezp:~t1S_),1I a iff'.0(-) ; (17) . ~;(I)= 2l(i). (J +;9;(1- ~); Ro ... _"(20) . 

where S_ is t~ uUllimal.vea insidr the contourlormed by, the straight-line -.cll= .~t)· ~ +(r. +1)(1 -IJ) 
tra~tory of the hravy particle alld the path z(f') of thr light one. . "(t) :;:;'(1)-,9 = ri(t).{J; ... == i.(l)·{J+J ~{J 

W... are now facillg a fundamental question: i) whether the h-rlll (17) can 
, Fffilowing the sall1epro.:afill't~a.'lin 119,8] we obtain from B (conllidf,red as.be llISOt'mteil with a local pOt.ential V, atting on partiele 1; ii) what are thl" 

an adion) the prupcr-time lIamil~oni~,depending oit the. dynamkal maa..Lotnlb propcrtietl of this potent,ial -- dotos it, trausfoim l\!I .a sralaror as a
 
wetor?'. , "
 I't- 

. 1"I'i .. ' l'BI-
To anSM'r I,he qu....tion i)ll"{: ,halnol!OI\, thl' al'gummts giYl"JI ill(2J a1uf B(I'.) == ~ +2' +'" 1'1+;:;-(----".) (21)

thereeore _must turn ·to Ihe e)(pon..ntilll (:I), d..fining the dynamic~ of the . "f"l . . ..,., 8r' 
systt'm. Thl" inteMal in thecxl'0neul, of (3) i. OVl>r tim slll'f'l("t" illside th" qlluk . Tile e1genval~or'H("tj1s ~ bemi~imized with rtSPen W J'hwhich .
 
and au~iquI\I'k tTajcct<>ri"; Ih.. (·bllTact..r$tic I(mgth or tbl.'M! trajo>ctoricll is de1inC!l tli., finai value of "t- ,

T,. I pl'riod of qt~dt orbiting. . ' .. T!lUs we see thilt indeffl the oolJpertllrbati"" rorrrJator < F F >-,.rt
 

Being at sOllle pOint zero) on the trajr.rtory. qi.al'k isintlllellcedby the yidds a potmliRI~tYI>etr"1l in lit" pmpCr-~me HMliltonlani plVVidro T. ia 
fields Mid throngh tbem hy.hill partlK'f. Th.. radill¥ oflloitlocality of the fields small [2/ and the CXI,,,"sion of the square-root term in{J is'dOiJC as in [19\, 
is given by the correlation Irngth T,. defining bellaviour or < ·F(v)F(.') > whid. amounl" to ...10% ACcuracy_ 
i.e. by functions D(~), Dt('f.!). . .... . . It is more dillicnlt to answer a!lOt\J,et question - abont the LOrentz nature 

TbereCote the t'riterion of local dynamics iR r. :> .T, [2.16J. In the opposite of this potential, since cq.(2l)·it: writte(t in the C.m. systl!m and we do not 
case, T. ~ T., t~ qUI\I'k ·f('('ls· all the fields lind a1"O iootioil of antiquark know .bow this expl'($.<ion transforms under l.orelltz boosts. To set a pertial 

. during all his history. Thi.. is the nonlocllitlyuamics, which cau be treated un«Jc.'rstanding of this point, let liS compare bow vector IIlMl SCIIII\I' potential 

by the QeD sum Titlcs (nl; TIl(' h.uice r/llculalions yit'ld T, - 0.2 +. 0.3/", enter in the "'rynnian-Schwingcr represm4-tion fox: the Grerln func:tiouol a
 

(18J, whil.. T. both ·for 1i3i1t and heav)' .tuarks is T,.~ II"'. Tilerefore the ....a1ar quark (i.e. neglecting spin term - ",tl in (19».
 
I'f'alistie situation is clORe to the Ibcaldynamin.
 We can write for the sclliar case 

Regarding the first point,' we shllllprocced as in [8, i2J,' fonniDg the . ..... ~ 

minimal surface "i" .tll'! conno.dion or 1'= i = ~ =~,.wheref =,. ~ ,•.. G(z,p) - !IIDzezp{- [. y'(z(r»"r - ",'. - [!.h) . (22)
•.• • <IIn this ca8ecombininr; all exponents in (19) aDd (28) we obtain
 

while lor the ~ t:alIe wtl have
 
. . ~ .
B ~ f dI( ~: +~t +~t~(a) +II £4(JJ,;,t •1" - (Ii,.r,.)') (18) 

O(z,p) .... f aDze.p(~1ra'. -J: -:th +iJ: v,.la,.) . (23) 

".., 

\·;i 
... 1-' 

~- ....... -\,,;;~ 
.t'.~. ~',\,. 
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'The main dilfel'l'ott lies in the fad, that trajectories of the Z-type de- . repr'ClMlllWion the Dlhlc f!qualion with the ac:aIar peteatial, ill the WB8' we ' 
pietro in Fig.:J (~irltu" )l3ir creation) give dilterent contriblltiOtI in scalar'and ~"e done it fM perttKlJ!ti\'\l C_1o:nb interaction•. 
vector calW!. For thp Kalar cll8C tiM! proper tiDlP.' intervals ~T, ~TJ and ~'1) Therefore in the next Sections we simply postw.ie the [);rae eqoation 
an' posit,ivp and ad" t.~dl~r to suppr~s thus the pair c1\"ation. whilp in the with the conftning potential of the scalar type (or ~ type- tc.c:beck it.s 
vec:tor Ci1!'C ~z~'}, A%l alld 4:~'} .troll&ly cancel.each other. making pair inconsistt'IICY). . 
cI'('ati"'lI e""y. In oth"r words, for the 8CalarpotentiaJ aJl parts of a trajectory /, 

... Id arith'l\"ticaUy, while f,;r the veet.or one ~hould take a \'flCtor sum of all 
. inter.vakalol!g the IrajectOl'Y. 4 The properties of the spectrum of the Dirac 

tuokingM Qllr proto!ype.of 1,Iw (lot('utilll, the last term in (IS), one CBn equation 
SC"e thaI ill this caS" oUI'.actllally adds a scalar «uantity 'utIt.; (".., remind {'"." .
 
that tit is not, tltp f"'It,h cOllll)Q~nt of \..,.;Ior, but rath<:r the proper time tl'r, As we have sho..lYn in thelilst 5P.ctiODS, the color Coulombillter~ion between
 
whiclt is scaIM). 1'ltlls we ""'III to he jU~lili('(1 in trCllting the (olliining fort'e qnarks is of a \'eCtor type, and 'we hi\~ ~u<'d that the con&nias interaction
 
c\.'4 a ~,;,cillar and HOt. V'f't'tor. .
 ill a s('.alar. It";s il'lsttuctlve, nevcrthde:oe, to c:onsMIer both. JIOSsibilitit:a of ", 

Theil' .up additioual argulrn-nts in f,t\1:lIIr of this r..oncluiJiOh. inter.ac:tions, scalar U anti ve.:tor V; a.nd study properties oC 1lOIutiOlH of the 
First of all, in the llonrd~tiYist,ic derh'ation of sIHn-·<!t:lJendmt torccs'in Dirac equation in these cases. . 

nnlllwrturbative QeD [2], t.he sign and magnitude of the spin-orbit term, As.llming spherical symmetry, we shall look fQl' llOh.tiODJ of the Dirac 
(IcItell.ls 011 whdlll'l' tlw l:ollliniul! pot('n~ial Is cboHen as scalar, tIC Aft a """. equation in the form '. 
tor [IJ. In tile "PP':lIix n we qllot,~ the spill-dr.pcnd"nt. It'rms obtained in 

.' _I ( G{r)OJIJI )	 (24)[2). for th" ,:a",' of two llOIIrclat.histic quarks. One can noti('(· tl~ asymp = P iF{r)lljrll 
tOtically dominant l;ont.ril:>I1tion <;om:ing from V;•.which contains only scalar , ' 

where 1+1' =- 2;, and fi- spherical tpillOfS {21).
contribntion lII1l1 )'id(l.. Ih.. IIcgali,·(' codlkictlt of the spin-orbit tertn ls. Equalionlt for radial wa.w fnndiolll are 
('hara,.tcr;s! ir for tit<" ThoJlla... l'f('~";on .. 

IG II' .Ilr>l.lts ol:ta,incd 7" [21 "sill~ th.. ,.hlslcr l'X1)o1llllion IInti area law ul\ambi. , -- + -G - [E +tft + U{r) - V{r»)F = 9, (25)
gio,,"ly prt,lit-t. Ih.· 5l,in-orhil force l'<>rrrsl'ontling tl) the Tllotl1Jl5 prt'CCl'lSion	 • r' ,

tlF II . ' ktln. \\'hl~II was also inl,ro<lncl' l'rc\'iously nsing the string !,ictllre {20}. All..	 • - ;F +IE - m - U(r) - V(r)JG == O• 
tla~1 "(,l're'pon<!;, to th.· ,;c'a!M ·cn"IlI\l'IlIt.'I\t. ' 

";,';:"" 

Sl'l'O,"I, thef(' a'" lli,I.·p<"'lfkul. j\f'gnllle'nl; in [:1), I.."ding to incl]imlities. where E and'" are the energy ADd mass of th~ light partkle (m ;;;; '''' in die 
"'hkll at.. ""'isfic<1 ror th., sralar confining po'.elltillf. alld not satisfied for. notation. of Section 2), ,,=-(,+ 1) for the states with i = I+~, II = 1 (or 
\'.~:hw".qp, F'ill,lIr tIll' \'Pdol' n>IIfiilillg potential is I~lie'\'cd to cause th.. '" ; =1- ;,1lO that j .. 1=; + ~ '"" 1,2, ... We coosidet" three choices. 
Klt'in "MI,d,,:;: [1(I.l1J . III Chapkrs ,J amI 6·\\'c study IMlth scalar ond \·('('toc a) Assume 
cOlriinill;l ,}\'l<"llt);;I i1lltl indl....<1 ,how ,'"alytit'allya\ld n.inx·rkaJly that only 

_in t !It·, Ii,,,! ni·'~ olic obtains a phrsic.al1~· musL~teot spet.'!'rum, corresponding U{rl =M''r,V{'r) =_f,MJ == tr,{ = ~3a•• (26) 
. p .t.) <',lllE"'""ll1'lIt whil.., in the '5<'1'000 case Oll~ has 001)' qu..sistationaly st;\tes. 

";,Ie "l ~i, ,.jl.nlltion is,rdahl 'u \h,. 1l'l,..,allt,1 Kitlin I>l!flulox [10,11). Thus '\'C give Putting 11\ = 0 and introducing dimensionless yariahles: 
'1. .. 51 rollg argl1m"lIts ill f",·our bf'thc 'etllnr mnfining potcll/.ial. VufortUll..tcly :oJ =Mr,t: = BIM, we arrive at ..at 1,1", momr,,\. we "ro' still unahl", ,to t1Cl'i\'" from I.h... Schwinger!.Fcyn~1I 

G' +,~G -(t: +JI +(. JI-I)F = 0, (27) 
\-:" 

ill	 • 

\ 

'~ " 



:.:." .' 
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" . .' 
p'.- -·P+(e- z -t(.z-I)G=O. 

z 

il...re:lrt.-r th,' prill1" ,h·lllIf<.'o the d,-riv"liw' in z). 
Ld 1I~ find Ih.' aSyll1plotk. oC r'ldial fllll<'liolls at zero alld illfillily. ~'or 

z .~ O. ill'('rtill~ tl..• ,'xpm"iolls G '" Ar" + .... P =. Bz~ + ... illin (2i), we 
oblain 

" :.: (K' •• (')1/'. i118 =I'-I(K' - (,)1/2 - 1 (2$) 

Tl,.. wan' flllH'li uII is n'~II""' :It zero Cor ( <I I' 1= j + ~. while Co~ 
( > j + ~ I.hn,· n~('lm' a w..11 \;nowlI ill 'Inalllll1l1 lI1edmllics -,collap:,e 1,0 thl' 
c,·nl<~l'· r2~:::?:l1. Th.. di.lfin,lly is adnally of a formal dlaril,·t"r 'and nm 1)(' 
rpl1\o,""l introduciug a ,'nt·ofT of th,' (:0111011\1> p(Jl<'lItial at small <li"lann's, 
Z' < "0 - in Ih,- ,an'" wa}' ..;. ill QI~D wiill t.h.. dli.rg.. Z >a-1 = J:li. 8<'<' 

r..f.. [~)·Il. ~.f.~!il. 
Til.· h"I'a"iour of w.,,"e rUllcl,ious al infinity is more·coinplirat"d. from 

(27) il (ollO\ys Ihal G, P - ap(±~z') as z -. <:>0, and the ""IlIl,ion with a. 
po<il,j\'(' ('xp.-",..nt is dearl)' uol admissible. 

\V(~ i\cc-llnfingly ~·ritt~ G, It itS 

G '==:' A'ezp{ -(u..:' +br.)}ziJ(1 .:.. ~ + ... ), (2,9). . z 

F ~ B'ezp{~(az' Hzl)?(1 __ S. +...). 
. z 

. . 

Irw"rting II..,,,,, expansion, .into '(27) WI! fill,l after ('.!"Tlll'ntary (hO\\~'"cr 
I..<liolls)· eaklll"tiolls' . 

.. 1 . J 
A'=-B',4 == 1/2."= 0.13= ;;/.CI '" (-I/2)e:,c~:: (~+ 2)C'''' (30) 

Thl\~ th~ wave fl:lldions (w.f.) f"ll ofr 'II.. infillity mostly in tit" same way 
M in the cnSf' oC hanllo;lic ',,"cillnh>r in ltolll'l,lath'Hie <lhalltlllTl nU'dumics. 
The soluliou satisf~'illi; the <'OIulilions obti1i'l(~1 .,ho\'<:', (28) and ("9), exists 
<illl~" ror ~111(' <!"l1l1ile vahw8 of e = e"«,~), and th.. w.c. isnortllaIiZi\hlc. 
ThereCorf f"r,the Dirac ."<Iuatioll oilly the discr..' .. spectrum <'Xists. 

'fltis eO:ldusi(>u hold.. for any s.:dl.r !,ot.''IItial which grows at iltfinity, 

G(,.).F(,.) - ezp(- [U(r')d,.,),,. -+ 00 (31 ) 
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E\"'II fnr tl", 1'1~"rit.ltllli,' l'ol"utj,,1 II ... w.c. ,11,,'1"'''''' ,,syrnr101ic;,lJy f".,i,;r 
than <,Xlk'lI"uli"lly: 

G, Ft•..•""} ... ap( - grh.,.) fur If(,.) = gl",. (:J:!) 

b) \\,I...n I.otlt illlt'riU'tiol\s lire of a ",,,'tor Iypl', i.... 

U(,.) = 0, Vir) ;: _(,.-1 +AI'r. (:S:i) 

- t.he sysh'lI\ of r;,dial ('(I,,,,I,ioll" is 

,..,. I'.{ 
v +-G - (e t 

z z 

p' - ~F + (e +~ 
·z z 

In this ~a.,,' at z -. Ii 

. 
.- z)F "" 0, (1) 

- 2O)G ;: O. 

" = {,,' _ (')1 /', !tiD = "If~ + (I(' - <')'/'1, 
. '. 

whilt" lit.. Vill'nnwl,'1'll ill· the ('q.(:!'.) ;<'SlIlIIe the \'"hu'S 

AI = ill', a ::i: -;-i/?,b = ie.fJ =-i( 

.II"..., we d",SI' a soilltioll sill.isfring the SOll\lIlcrf,,1<! r;,di~tio,,· <:ondilioll, 
i.e. having an 0111 !',.,ing WilW 1\1 r .-> 00. thus 1'01' t.I", illt"'radjon(:J:I) the. 
dis('J'f'ksp(',·tnllll is 1'),S"lIt (~'(' also t.ile (,lIr\'e b ill Fig.'!} alld all M,JIII;oIlS 
or 11",·Dira·c ''''lu~lioll, if apy, ilre 'Itlilsistat.ionary. III the ~1l{'Cial ea3e uf tbe 
red.;III/!;ulitr wdl Olll' can ohtnin an cxact 'l.nalylk c<Juation ror thl' spcctrtim 
[26J. TIll' wi,lthoC th('St' '1"n.,istaJiolary .tat". d.~fin<" 11'0(' ppblll,ility of ·the 
sl'0ntulI(.'OUs I~ir ('real iOIl ill tit" pot.elltia! (:13). Tllis l,hl'llornellon is closely 
~onil('ct<:'<1 wit.h th(' s"..call"JKldn Pfll'i"I(,x [10,11J. Physit'ally it mcnus thal 
the pwhlern' is now of IDl\lIy-'l,artide type. but actually the Dirac e'JlIl\tion 
i~ ~till appli.,nhl". 

c) Gonsid..r for "OIn"lclt'lI('S~ abo the ease of I,urely S('a!ar illt..raetiolls, 

U"; ..J(,,-I+ loP,., V = O. (3S) 

In tltis case we have at " -+ 0 instead of (28) 

/I = (ICJ + ('}1 /', AIB = [Il _ (~' +(')1 /2]/( (:16) 

, ~~ 

...' ' ... 

~- r J
~'" . -:.. ., <11:'. 
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Thus the ~colll!p'le t.o the center~ does not occurs for arbitrary large values 
of the Coulomb parameter (. At infinity Ive obtain t.he beha,~our 'w1licll is 
analogous to (29): 0, F - e:rp( -lM 2,.2), therefore the spectrum is discrete. 

Hence the character of the energy spectrum ,lepen<ls crucially on the 
assumption about the nat·Ilr" of the confiuillg interaction'M2

f" (scalar or 
vector). 

The rea.'lC>fl can be lmdeCl'tood quaJitativf'ly \lsi ng ille melbod of the ef
feclh'e pott'ntial.[25,27].' 

The system (2!j) cOfl'espondsin the '1uMiclassical approximation (neglect
ing Sl')in~orhit and spin-spin forces) to the following relation between energy 
and m.omentuin 

p2(,.) = (E _ V(,.))2 _ (m +U(,.))2 +...2,.-2 == 2m(E - U.fI), (37) 

wh..re E and U.II afl' effP.<'ti\'e ellNgy and potential in the nonrelativistic 
Schri:>dinger e'luation: ' 

2 
.lo 1 2 2) . 1 3 . ic

.',.	 z,=:--(E -m , U.I/ = 2mCU - V
2
) + U -r :J"'"J_m,. (38)

2m _ 
Til the ~onrelativistic limit (E "" m and U, I V !< m) We have: U.I! "" 

U + V +(I + 1/2)2/2mr'~ Then-fore, all three cases (a)- (c) <:orrespond t1.e 
funllPl potential VNR(,.) = _(/,.-1 + 6r, which is oft..n used iu QeD. 

HOlI'e\'er for large U and V, the sitllatiolJ is drastically diffcrent for ollr 
cas,-s a) ~ t). This Clln be understood from Fig. '1, whel'ethe qualitative 
helvlYiollr of U.I/(") i~ 8howlI. 

. 5	 Symmetry properties of the spectrum of 
the Dirac equation..' . 

Here Il'e ,ii,cuss s)'mJl)el-rM-:S of soIution.s of the Dirac equation for particles 
of zero mass. 

Ii i. clear that ill case wh"" both rn an,1 U are zero the Dirac e«l.ation 
(and the cofles!)ondillg term in the Lagrangian) arc cbir~lIy symOldric, i.e. 
do not charge IIl1d..r a globallransformaf.ion: ' 

It' .... e""" til , .~ ..... .j, eio~	 (39) 

From the point-of view of the spectrum the chiral sj'metry means that all 
st.at.es a,re parity degf"nerate, i.e. ma.._ of the st.ates 0+ and 0- (or 1+ and. 
1-) are the same. . 

Tt is easy to demonstrate that the syst..m (25) with m = 0 is invariant 
under eVlm more general tr<lnsfonnation when U ~ 0: 

E ..... E,I' -1',(7 ..... -U, V ..... V, (.10) 

OCr) -F(f"), F(,.) -> O(d. 

It follows from «to) that for U == 0 the spectrmn i~ degenera.ted with 
resp:xt to the sign of tbe Dira.c quantum number 1<, Le. it depends only on 
tbe tota.l momentum j, and n9t on the way I and s are coupled (the chiral 
degeneracy). 

Another symmetry of the Dirac equation is 

E ..... -E,It. ..... -It,U-..... U, V ..... -V, (41 ) 

G(f")'" F(f"), 

which in contrast to (40) connects the states with positive and Ijegative 
energy. Tn pacticular, for II == 0 (scalar interaction) there is a doubling of 
s~atcs with a given I En I, E.. =±.I E.. I, and WI' can ahvays consider E.. > O. 
In the sprcific case E '<= 0 (~ro rnvdesj there is , a" th.. first sight., a chiral 
degeneracy of stat.es. HowcI'cr, it is (,<lSf to sllow that th~ degenerate states 
with' = 0 do not exist at all. Ind•.,w, J'lultiplyirig the first eq.(25) by 0, 
t,he s«ond - by F and int.egral.ing ti,e d',ffercilce from r = 0 to ,. == <)c, we 
ohtain an id"ntit.y: . 

[ C02+F2)~ = 2K-1 [rE - V)GFdf" (12) 
oro 

(we have used in the derivation that G and F vanish both a.t ,. = 0 and 
,. = 00). From eq.(42) one can see for the purely scalar inter1\f:lion, the 
absence of solut,jons with zero energy. 

6 Results of numerical calculations 

Here we report onr resnlts of numerical calculati""s, In Fig.S is show.. the 
dependence of ~ig~nvalut'S tn. = E",./M 011 !!le ratio (/ ! ,,", for the p<>tcntial 
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, (26) ( ;;olid.lilws corrl",pond to the lowt'St states of a given valne of Ie, n = 
I; tile. dashed lilies arc for the first excited states, n = 2). The energy 
eigl>nv:\lues dl"CreaS(~ monotonically with the growing Coulomb paramder" 
and for ( --I " I they havft a s(jlhue-root-type singularity. The latter is 
cnaracteriStic for the potentials witlr the Coulomhic behaviour at r ..... 0 IUld 

is connected to the phenomenon of "the collapse t.o the center" [10,1l]. 
In Fig.5 one can see that the levels with" > 0 lie much higher thRll those 

with Ie' < °(for a given n). The physical meaning of this effect becomes clear, 
_ when one remembers that the centrifugal barrieT is proportional to "(,, +1) 

and e.g. is abl!ent for" = -1 in-contrast to the case of ~ '" +.1. The energy 
of the leveb are also listed in the Table for several lowest levels. 

We note, tlrat the singlllMity at ( =1 " I call be rem~ved when one intro
duces a cut-off of the Coulomb potential V(,.) == -Or at small distances:! 

V( ) _ { -(,....t,r >"0 (43) 
. r._ -~f(r/ro),O < r < 1'0 

where 1'0 is the cut-;)ff..radius and j(O) < ~. 
. In case of ro < A/-1 the inll"ence of .the cut-off '?.n the energy levels is. 

essefltial only in the nearest vicinity of the point ( =1 " I. Hcre the level sinks 
to the boundlllY ! = 0 (it corresponds to 1\. boundary 1':= -m for~ ~ 0) 
at sOme VAlue ( = (_ >1 " I, which depends both on 1'0 and oil the concrete 
form of the eut-;)/f function f(r/ro) in eq.(43); . 

With the further increase of ( the le\'l!l-goeson down to the region of 
negative values ofenergy, hut the spectrum stays discrete (this 1s in contrast . 
to the Coulombic problem "ith the vector pOtential [10,11]), whiclr means 
that the pair creation does not take place. 

7 -- Exact solutions .for E == 0 

In QED the solutions of the Dirac equation simplify considera.bly {or E == 
±Tn, whim corresponds in otlr case (m = 0) ~o E "" D. Eqs. (27) in terms of 
IinCl/of combinations u:: G +F, tI = G - F assume the form (£ == 0-) 

lIlI cue 0( Ib' __i l..eIa wilb. It < 0, 1'ot ..1dft c(ltl- 0 ill II.. limit <-lit I ( 
Fic.6). Ihis sillilaladt,' cu be d.ri,et aulylically- ".below eq. (~)" 
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"+( ,,-(
u'- zu + --v = 0, v' +:1:11+ -·-u "" 0 (44)

Z :I: 

At ( =-Ie the first equation (I'll be ~olv«l <'xplicitly, u =Oe%p( f), which 
yields C = 0 and hence G = -F = lv. The normaliz()d waVt~ functions are Z 

1G(..t:) = -F(%) = fr- / 4etp(_~2 /2) (45) 

U~inll the perturbation t.heory ill the paraml'ter (,,' - (')111 <: 1, ont.' can 
define the behavior of the energy near ( = "",,; 

,.f' 

£(() "" 1l'-l/Z(1 _ ('/ ,,2)1/2 +... (46) ',r 

(for details see Appendix: C). Co~plltationsconfirmthi, a..~YlDptotic exp'w
sion - see Fig.6. 

Note, that the solution of the type (,15) exists only £Qr the states with 
/c. < O•. Incase when ( == " the equations (44) have & flOnl"A"to solution 
G = F = COIl't.e:t:,(%~/2) which is not Mll1issible because of the exponclltial 
growth at infinity. . 

These results can be generalized to arbitrary value, of ( and.,,~ Solving 
i~ (44) Cor one of functiOl1li 1£,11, We rome to the equation 

l' . "I _ (2 . 
III" +.;-' - ~2 +70' +~1- = 0, (41) 

where the upper (lower) sign corresponds to the f~nction 'U(v):We sball 
consider the case ( >I "I, when the cut-;)ff of the Conlomb part of the 
potential is eSsenti"l. Solution of these equatiOQs for l' > r~ dcci·ca.sing At 

/ 
infitity,can be expressed through tho Wh.it~aket functions [28], . 

/ 

u =Cl:1:-1W_l/I.i.(a:'), tI =0~-lWZ/Z.i,(%2), (48) 

where g =((Z ,..,,1)1/' > D, and 01,0, are lOme constanta~ . 
Insertion of (48) into the first of eqs (44) yields the con~tion between 

Cl,O,: " 
C1.= 2{lt + 00, (49) 

2ThiI mull t&1l be .uiIy geaeraillCd to Ik• .-"" :;. 0 aDci .rbilrary 1Caiar· po&olltial 
U{r). . 

.
 

., '<1 it" 
~. ..,. ...• ~,. ~ 

.o:t~·· 
, "'.:~ 

>~ •. ~~. 
.,'0.•• " >.........'~....!.l.
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In the internal region, 0 < r < ro, the Dirac equation should be soh'ed 
with the cut-olf potential (43), wh.~l'e one can neglect linear potenlial because 

0:"0 <: 11M. For the simplest case f(z) == I (a s'luare-wdl type cut-,off) 
the solution is found anal)1,ically and tan he exp..psS(>d through tile Dessel 
functions witL half-integer'index. ' 

the energy spectrum is found from the matching of the interllal aud 
external solutions at r = ro, Inca~ of the Dirac equation aile can mntch 
the ratio F/G instead of logarithmic derivative. 

As a result we have 

2(11 + ()W_1/',ig(Z~)/Wl/2~I(z:) .; (, (50) 

where e= u(zo)/v(zo) is defined frolIl the inlernal solntion and depends
 
on Il, , and the cut-olf Dlodel. E.g. fo'r the states with II = :r1 in the
 
square-well-ent-olf casc we have
 

. 1 - «l +ctg{) 
(II: -1) =-1/((" = 1) = 1+ «(1 _ ctg() (51) 

Th~ equation (50) <,an be solv<'d numerically and it defines the d~ndence of
 
the Coulomb constant C-, for tit.. ,.·tlt level sinking to the boundary ~ = 0,
 
on the cu(;olr radius "0 (for a certain choice of the cut-olr function f(z)).
 

Discussion and conclusions 

In conclusion we dillClI88 the structure of tbl! resulU.ng spectrum, briefly <.0111

pare it to the eX(ll'riment and summarize our resnlts. 
We start with tbl!' I10IIrelativistic spL'Ctrum and IIllC the formulas, given in 

Appendill.B. \\'hich yield the s(H:drum shown iu Fig. 7". ,111'1''' the splitting 
bctwre'n the S = 1 and S '" OIL = 0) Ic\",ls is .h.c to t hI' hYprTlinc interaction 
and,' as is lICCII in Appendix 8, is proportional to (mlmZ)-l. When both 
masst'S aT£' largf' (m; ::. M '" 0'11'), all splittings are sm.'tn including spin

. spin (O((mlfn,r·1) and spin-orbit, which contains tl'rms O(mi"'), O("'i") 
and O«mlmz)-I) "hid. one call 0:1,,"01"18 (LSh, (L5), and (LS)n - sec 
Appeudix B. .. .. 

ttl the case when zrlz :> nal .... M, Fig:it), the intt'rvals of (LS)I bC'OOme 
the largf'St a~d, the spectrum transforms in lIuch a way, that the coupling of 

i'j1~' 

18 

the spin of particle 2 becomes very weak and in the limit mz -4 00 it finally 
dC(:ouples, which results in the Wise-Isgur symmetry [5]. Namely, the states 
can be clas~ified by the total momentnm of the light particle i, while the 
states of total momentum of the system! '" ; +S~ are degenerated with 
l'espect to the direction of 9,. 

This is what one observell in the Dirac spectrum, see Fig. .5 of our nu
merical carculations, and Fig. 7c, giving a schematic description of the Dirac 
spectntrn. Here the degenerlltion (Is~r-Wise symmetry) is complete. 

This'should be compared to the experimental pictnre Fig. 7d, where for 
the charmed mesons the order of the le~1s is the same as in Figs. Tb, 7c, 
but the splittings are "till large. For B-mf'\lODS tlte splitting of lowe:ot levels 
is 3 times less (52 MeV) as it should be, sjnc~ the mass of the c quark iii 
:Ill 3 times smAller IbAIl t,hAt of ~ quark. We also note, that, the experimeutal 
splitting f).,E - 450MeV betwren i = land j = ~ states, is reproducible in 
our results, when {JDe takes .,fi .... a.WeV And ( - 0.6 +0.8. 

Thus we can conclude, that the Dirllc equation yields a l'easonable qual-· 
itative description of the reAlistic spectrum. We bope to discuss this point 
in more detail in future publications, where we also give predictiontl for the 
Ds. B and Bs mesons.. 

Summarizing our results, we have derived the Dirac equation from the 
Feynman-Schwinger representation of the quark·antiquark Groon's function 
in case of the colour Coulomb interaction. 

A881Iming that the confining interaction (:llD he introduced into the Dirac 
equation. sjmHarly to the Coulomb inteTll(tion, we have clarified the l.orent,z 
structure of the confining interadion COIInecting a light quark to a heavy 
antiquMk. 

The analysis of the llOlutions of the Dirac equation sho.-s that the growing 
at infinity potential yields confinement only if it is the scalar and not the time 
cOmponent of the 4~v~tor. In this lIlIpcct there ill an essentil\l difference from 
.the nonrelativistk case. 

We have also sttidie:l the dependence of the charge <in the critical region, 
, -~" I, and found its dependence on the t'Ut-01T of the Coulomb pote-nlial. 
We hAve computed energy eigenvalues for severalloWC!lt levels and have com· 
parod it with noorelativistic spectnull and e'lrpttimental ~ults. 



19 

~J~.:IIi1ix A 

'rhe .'eYllInnn-Swinger ;..,...r....cntation of the qnark-llnti'lUark' 

Grl'"n's f1Ult"tion. 
'1'1". I.rohal\ility 31l1I,lit.II,I" of ,!"ark n,,<1 .'nlifl"ilrk illil;;'U.v al poilil' y, Ji 

ill tht' stal<' \II(y, y) = iii (ylr(y, y)\[I(y) 10 r"aclt tht' points :r,z in tit<· statc 
ojr(I,;IO) "" llI(z)I'(J',i)"'(Z) is ,;i""n hy th,' pMh inff'Sral ill th" Euclidt:'i\ll' 

spaCr-·,illl" 

G(zz: I yy) ""k! DA~D'I'D>\I+ 1~+(;IO,i)\II(y,y)e-s, (A.I) 

wi ... "" w" h",·.' omitk,l for simpl«:i'ty gilugr--4hing and Fa'.ldf'<''' . Popov t"I'III'. 
N i. tl", (\..illali~i1ti,," rador ann the F."r1i,!"iln ;,,·tion is ' 

s = !.rz~r~F;" + "'j(DI +mlll{li + "'j(D, + m2)'~2i (A:.!)
I 

P,1'forlllil1g tIl<' f"l'mionir 1',11'1. of path llltrgrati"n \\'t' oht.ain 

G(:ri IllY) = / DAe-s,,(A1det(Dr +mtJ· 4et(D1 +m,)(II - IT) (1\.3) 
, 1 2 

wll!'rt:' mzz IYY) =tr£'(i:r)~I{z:t)b'r(y, !i)~,{!iY), (A.4) 
1 • 

II(zz I yli) = trr(zr.).<lt(z;y)f(y,li).<l,(li,i:), (A.5) 
2 

and ..1;(z,y) =< z I (D+md- 1 !y >. 
Not., that nl i. "1>117,"l'O only for ml = m, and in tht:' singlet' f1a"our 

"'1011111<'1. n. rOl'r,'spQnds to th.. "i~omlCct.l·ll 'l"ark:"line rliagram Fig. 2. 
whid. ,!<-scrih"s ,,tit' 021- [or1>i(II'(('1\ ';I'O("e'gS,... while Th contains o/le 'luark 

,O/ltour in Fig, 1; and <l,"rrib,'" I.h<' OZI allow!'d procesSes. 
.\It \<-n", ill (:I). i.e.det l ,det"I1I,n, should he Tcgl1lal'iz('(l. and \\'('shall 

disc,," Ihis proc..dlll'f' <'"plicity below. 
Th,' ,kkn"inal,ts in (:l) corr"spond to additional qnark loops; this con

trihutioll is snPl'r..ss<:<! ill the' timi! of lar1\<' No and n,,!~krt of it (th,' so
rall...1 'ln3<'Ilching approximal,ioll) seem' to b" a n,asoll"bt.. approximation 

20 

ill 'Mont., ('arlo 8im"latiolls. TIt"r,'{orf' in wlll'~ f"I1""". W4" disrt"ll",d·tbe dO!-' 
t.,·rlllillants ill (:l). . 

N"w w" /tr" inl"",,,, ...1 in tb,' rlt"C wl,"n ma 1t1l.1 M1 lit,· dijf,.r.-nt (11,,41 
"")r.'O\1..,"ml -- 00 wt,i\;· "" i8 ,fix..1or ,·...lIi"hi,.,;). III tl,isn",' "I vllni,,1ws 
and ,,'t', ar,~ I,'ft wit.hthe ". a",r,,~,'tl lJw.'f gl·nouir /i,·t,I,S, AS in ca) 

G(~i I,,) =< m~z 1.1 >.. (A,G) 
. • J 

Wf' now tum totht' quarkpl'OfJltl':aior A(z.,) a.f"I ...t' for that the Fcynman
S,hwillg.... rcl'r~nta~ion II II . 

a("",) = (m - D) fO .L.t!~( ....-tl')o = (A.7) 

(m -b)'1: hD;t-...·o-~ I.' i"(T)oIr7,.(2il' I·A)
o . _ 

wh"re • 6Ometiml'll j~ ulled the pmfH'r-·time. ho":"""r It.i~ nAme aho••ld be 
ralh"r giv.'I1 to the pilrillllf'ter "r in the eXflOltent Ol,(A, i). 

7.(Z., I A) '= ~(re,,)Pez1!f.t: d8. j(z(G'),y)}; iA.8) 
I • '. 

!(z,yj'=+(31,Z.)gEF(z)''''(Z,y); il>i'z.y):;Pe1:p{ig[ A,;i.:.. } (A;9) 
. . .. 

Note that the phRse integrals '", are taken aI":ays along tlte quark trajec:
~~~ - ' 

Wf' have denoted a.~ in [21 

~B(z), i1~(':), ] . (A.!O) . gaF(z..) = 9 ( i-B(z), iTE(z), 

and E, Bare rolor":elect.ric and coior-magnetiC fields,' 
We 1I0W take into account that qz~~) (and analo~ously f(y,,)) contains 

the pha,,!' factor <I>(:ti) af..."g a fixrd contonr andtheretore n2CODUins an 
integral t 0 .....1' a dosed contollr,depictf'<l in Pig.!. Spin interactions have the 
form of insert,ions oC g~F ilt Stmlt' points of the contour. Abu the projectors 
(m; - D;) appear llt, tl}(' final (0" initial)· poillts z, z as additional insertiolls 
ill lhe tOlltonr. Withom thesc insertions (neglccting SpiTIS of quarks) one 

• 
, 
" .,j ..:.;

~ .i.:!::!'1- , ""'"" r 0---., ....-" ~ '" ,
.•~.,...... _,_~."~,.:.,.' __ " .:.."7J'....,__ ~_ ....' .•.••N ..,\"" ,J,iJ.... J....L...-. ~'...-...L~'~.:::,.;~:
<t:
 . ~'''':'' ,
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obtains th~t the ri G~n's functiori is proportional io an .average of the,
 .wherez,. is th~ derivative in T of the eOord;n~ie on the patb. Assemblingalt! 
Wilson 190P: terms tog~ther' in (5-6) we obtainf' :", 

G,(31C In) -~ W(C»A3E< ktf'Pez,{ig fa dZpA,,} >A" (A,H) . 0(312,11';)= [daf· ~~~:Die:'~f~-~r-~.f:"JT--tC"~x· (A.16) 
o o· .' 

. : . . 1-' . 1• 
. where the contour ais depicted in Fig.3. •~t7'[ra(ml +: 2zh..r~(mz+ ii)} . 

We can Ulle for < W > the clU8ter expansion [6-81 . 
In (A.l6) r. and r. refer to ,the Lorentz structures in. initial a.nd final 

< W(C»= ezp f,.(ig
); I dI1(1) ...~m)< F(1) ...F(m):> (1\'.12) states, f(zz) and l'{yj), e.g. for ~he pseudoscalar ch~nnel f~= r" = "Y.

l "01 m. '. . 

where the integration is over the II\inimal surface inside the contour C, and
 
< 'F(l)...F(m) ::> are the cutnulants of the order m. For simplicity we
 
shall keep only the IOM"!lt rumulant, m =2 and tAke'into account I that in
 
this approximation perturbative and nonperturbative coontributionst;nter .
 

. additively [8}. 
,', ... ~ '..... ' 

.< F(z)F(,) >= N. < F(z).(z,.)F(,)..("z) >= (A.la) 

=< F(z)F(y) >,... +< F(z)F(y) >_' 
Now one can talai into I(:count 8pin degrees of freedom in the terms "Y., 

e<j8(7,8) u8ing the formula from, [12,13] and keeping again only quadratic 
, cumulant . 

l' .. 
7,. 5< N. t,...,.(z,1' IA)t(JI,in.(Ji, i IA).(z,31) >..= (A.H)
 

. . 
... ezp{-~f(48"", (~) +~J.l)h· - ~J.2)fIfl)(.. i2 . 11M',""· 

. .' 1. " 
x(dap~.') +iJ~~}< F_(ujFp(u'»} 

where tr,.,=. -~h,."Y. - """"..), arid the superscrip.t i meres to spin va.ri~bles
 
of the i-th panicle.' ..
 

Fi~ly, wemullt include in (14) aloo factors (nit -D.).U8inS (l'2fone hll/l
 
the correspondeac:e ..'
 

Dia(Z) -+-ij,.(T)· (A.I5) . 
~ <.".' " 

, 
10. •• 
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~l'P';II~i.,,--~ 

Tilt' ·lhllln..idtidstic !'oll"'dnull of two part.idt's with all spin illt('rartinn:; 

t a.kt~u int~; fl('(~Utlltt ~"l\Jl he nbl(\illf~d in Hi(' 1)(1rt.urhat iVt· WitY (l/111 ~·xl;ansioll). 

, . (all tial) I de 1 dV'j
"' == md' ml + f,(n)+ < 11 I -... + -- (---- + -_.-) (B.1) 

. m~ m~I" d,.· 2,. dr 
. . 

(iii -I ~a)ll dVa alii,+..,..---.---- + -_·_-V.(.r) + 
:!mlma r dr l:!ml11la . 

1 ('I ~. - ~ - -' )"/ ) I+-;-;;---- '''111' "an - "ll7'a '3\r n> 
~ .. JTl:.lnl2 ~ 

Contrihul ions of tb.· scalar intt'fadion' U( r) == "r it r..1 Ihe ,·,,·to[ in!."[I\C.
tion VIr) == --~f.' iUk) Ih" spin splHtings are 

1de . " ,., 0, 1 I " !\I! = ~a,-- == - +;---; -VI'" --; r' :1 ;;:r dr r .1 r3 r r 

:l211'0, (3)" 40, . 
V. :.: -3-6 \f!; Va = "';3 (B.2) 

Tbe lIIain lliff('renec app"ar" in '11 ",11I'rt' only "cah,r inleracti~n enl"l's. 
Noll' thal.'th" mwall sign of spin.-orhit terms dne 10 J-he scalar (<7r) and 
vector (-1o,/r) pol"nti"l" i. di["I'"ol. 

2~ 

~I'J.)~~iJ( C 

LI'\ II.> "tlldy I II<' h,·h,trio',r IIf "I...rgy I"wls with n '-"' 1 31,,1 I< < 0 in tl", 
lilllit , -~ -I<. 

Assllming 

. p = (l - C/1(2)I/a -:" 0, t == C/, +01/,2), (C'J J 

G ~ ezp(-zl/2)[1 +119(z) +...1. f' =--ezp(--z2/:i)(J -\- p/lz) + ...J 

aflt:'f ju~c'rt.it)n illt.o (2;) we ohf (lin 

g' =" (z - I(Z-I)(g - fl.- c,J' = (z;...,cz-I)(/- g) +e (C.2) 

From(2S) it. follows lhal for z -:" 0 

9 = -KIn:: + 1/2 + ...,1 =.-(Klnz + I/'!. +...) (c'3) 

'IVII",,- olllilk,l a.re tit" terms v~nising at z -= O. Solving c'ls.(C.2) with initial 
collllitiollS (C.:\), we get . 

1 1 
c==-:r-1/ a, 9 = 2(k -- 1<1.), 1== -2(k +I<./j), ((;;,1\ 

where 

. 1«:1') =1f-l/%z· f e-~"(l -\- t)-1/2dt = 1I'-'1/2ezp(z2)f(I/2,za), (e.5) 

Il(z) =2 [ k(r)y-let, 

and rca, z} is the incomplete gamma function [~81. Tht'SC runctioll~ Jail off 
when z ~ 00, 

k(z) = 1I'-I/1z-1 +0(Z-3). 1.(z) ~ 2..- 1/ 2Z- 1 + 0(z-3). 

and for z -l 0
 

a
II =: 1~ 21t-1
/ z + .... II =2lnz - 4Jr-1/2Z +...
 

From (C.4) directly follows <lq.(46).
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.TableNote that 

p= fcPdf'/fF2df' =1-4-rr-1
/ 
2I'f e-">,(:c)dz+." = 

a a o. 

4 =1 - -,. + 0(1'2) (C.6)
-rr 

The fact th"t p is close to Uti ity t~lIs us that for energy e- ;::" 0 the motion of 
the pa.rticle is essentially relativistic. The exp;,nsions(16) "n<l(C.6) help to 
c!J(.'Ck nunwriral. ralclllations for the ,'alues of ( close to ·It.If' =±K. we hal"" g:: 0 in (~I. U.s) and [281 

W=ln,o(Z) = e-·/2zl / 2",±(z), (C.T) 

where ¢..(z) == I, 

.. t 
"'_(z) = z·1 e-'(l +-)-ldt = e'qO, z)J.a ZIf' = -~, then C1 =0, see eq.(·49), and G =-F reduce to the elem",ntary 

fuuct.ions (45). On th", other hand, at '=-It the fnnctions G(:c), F(:I:)"'; 00 

at :I: --+ O. due toil,,' pr"s"nce of W-I / 2,O. So, the Dirac ('Cjnalion in this case 
has no phJ'sit:ally admissible WIUI,iolls with 7.ero energy. 

.The result" ot,l.ain('(1 ahow arc easily l\cnerali"ed to tI,e case when V(,.) ",,' 
-(If' and the ,,-alar p(lt~'ntial U (of an arhitrary f,mn) gro,,·s at i"finit.y. For 
eXilllJpJe, we h~.,:f' 

f: '" 9' +..., c = {'.! 1." e:l:p[--2 [ (J(r')dr1df'}~1 (C.S) 

E.g. for U(r) = grN 

c= (_g_)m/f(N +2) (C.9)·, 2N +2 N + 1 ' 

Fur N == I amI 9 = 1 e'l.(C.9) yidds tbe pr('vionsly ohtained value (CA). 

11:=-3[LI;L' ~=·2 ~==i liD 11:=·1 , n=O n=O 0=0 0=0 n=O 0=1 

~OooOo 1.6U44 2.1:4652 2.56921 2.29~-:-10440 12.60263 
.05000 1.56569 2.10995 2.53971 2.25085 '2.61234 2.55910 

..101)00 1.51089 2.07305 2.51009 2.20663 2.63992 2.51585 
.15000 1.45497 2.03679 2.48022 2.16128 2.6a714 2.47102 
.20'l00 1.39787 1.99816 2.45017 2.11470 2.57397 2.42511 
.25000 1.33949 1.!I6lm 2.41992 2.06677 2.54040 2.37802 
.30000 1.21974 2.3ag481.92179 2.50542 2.:r.!gt)32.011'34 
.35000 1.21850 1.88301 2.3588-1 1.96626 2.47201 . 2.27006 
.40000 1.15563 1.81382 232800 1.91332 2.43714 2,22837 
.45000 1.09098 1.80121 229695 1.85829 2.40180 2.17512 
.50000 1.02434 1.76415 2.26568 1.80085 2.36597 2.11981 
.55000 .95648 1.72364 2.23120 1.74064 2.32962 2.062lt 

, .60000 .88407 1.68266 ~.20251 1.67717 2.29273 2.00i61 
.65000 .80971 1.64118 2.17058 1.937781.60979 2.25526 
.70000 .73187 1.59919 2.13842 1:53769 2.21718 1.86984 
.75000 .64976 1.55666 2.10003 1.459~Q 1.79673%.17847 
.80000 .56223 1.51357 2.073i9 1.37292 2.13907 1.71676 
..85000 .46736 I 1.46990 2.04050 1.27508 2.09896 l.62n2 i 
.90000 .36154 11.42560 2.00736 1.15918 2.05808 l.52224 
.95QOQ .23670 1.38066 1.97396 1.00811 2.01639 1.38173 
.97000 .17354 1.36249 Ul6012 .92573 1'99947 11.31089 
.98000 .13684 1.35337 1.95378 .87366 1.99006 1.27001 

1.3(421.99000 .09209 1.94704 .80561 1.%241 11.21107 
1.00000 .00000 1.33503 1.94028 .6400.7 1.97382 1.06895 --

I
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Fig. 5. The energy spectrum for ~he Dirac equation with po~chtiaJ (26). 
The sOlid. curves corresPond kl ihe .. = 1 states, the dashed ones  to n == 2. 
The values of K are shewn at the curvei. ' 
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.. Fig. 6. The Ix-bavioUr,.&(enl'l'gies or~h.e n == I,K < Ostates near (=f" I. 
Here P.::= (1- '~/.2)1/1 Ul? 6 =:,,111 . 
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