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POISSON STRUCTURE o~t t10mLI OP PLATCONN"ECTIONS m\ RIlmA..~ 
SURFACESAIiD t"'- rt1ATRI~: Preprint ITEP,92-72/' --, _ . 

V.V.Pock, A.A.Rosly - N., 1992 - 20p. 

We consider the space of graph COilDfdions (lattice gauge £elds) whkh can be en
doweci with a. Poisson structure in terms of a ciliated fat graphs. (A ciliated fat graph is 
a gra.ph with a linear order of ends of edges fixed a.t each vertex.) Our aim is howmter· 
to study the Poisson structure of the moduli space of locally flat ,-ector bundles OIl'a.
Riemann'surface with holes. It is shown that this moduli spaceC&J1 he obtained as, a_ 
quotient of the space of graph connections by tbe Poisson action of a lattice gauge lrOQP 
endowed with a Poisson-Lie structure. . I 

Jig. - 8. ref. -14 . 
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POISSON STRUCTUHEON MODULI OF P.LAT COftNECTIONSON RI~~ 
SURFACES AI~D "/"'-. blATRIX: Pr~print ITEP.92-72/ .' . .... 

V.V.Fock,A.A.Rosly - N., 1992 - 20p. 

We consider the space of grapbcoiln~ctions (lattice gauge fields) whkh can be en
doweti with a. Poisson structure in terms of a cilluted Jtd graphs. (A ciliated fat graph is • 
a graph with a. linear order of ends of ed.ges fixed at each vertex.) Our aim is how~er; . 
to study the Poisson structure of the moduli space of locally flat ,"ector bundles on"a' 
Riem.ann surface with holes. It is shown that this moduli spacec~ be obtained a!i.a·.· 
quotient of the space of graph connections by thePoissooaction oia lattice gauge ~1'OQp ..... 
endowed with a Poisson-Lie structure. . . , 

lig.· - 8, ref. - ,14 . 
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1 Introduction 
The moduli space of Bat G-bundles a RiClIlalUl surface is the classical phase space for 
Chern-Simons gauge theory and thus it is in a. sense the c1a!lsieallimit of WZW conformal 
field theory. This means that quantizing it olle can get A quantization space which turns 
out to be isomorphic to thl! space of conformIII blocks of the corresponding WZW theory. 
This statement has Mil checked by sever,,1 autnors (d. (~l ,lUJ) by different quantization 
IChemes mainly for t']e calle of Riemann surfa.c{'!S without oollnda.ry, Moduli space of 
fiat connections hIlS many similarities with the space of projective (W- [structures [.5J ' 
quantiution oC which is believed to give quantum (W. )gravity_ Apart frOID this moduli 
spaces of flat bundles as well as clOt!ely relatt.'ti to them moduli spaces of holomorphic 
bundles (ef. lS!) ~ttracted much attention from the purely mathematical point of vieW 
(ef. (3, 7 J)~ 

This paper consists of two parts. [n section :I we discuss in detail PoisSO\l st,ructure 
on tbe moduli space of ft~t bundl"",oll Riemann surfaces with holes. Tlten we consider 
by analogous methods the moduli space of projective structures. As a by-product we 
get a. more or less explicit constructiou for coadjoiut orbits for complex Virasoro algebra. 
In the section 4 we construct a Poisson structure on the SPa.<'.e of ,;raph connections in 
such a way that the action of the gra\)h gauge grOl11' iR, Poissonian w.r. t an appropriate 
nontrivial P()isson-Lie structure. The consideration~ of this section are illspiroo mainly by 
constructions of refs. [10, 1, 2J where a discrete analog of c1ll'reat algebra was suggested 
andlnvestigated. Theu we prove that the quotient of the space of graph connections by 
the gauge gt'~up coincides with th~ moduli space of fiat connections on a Riemann surface 
determined hy the graph. The quantization of PoiSson algebras of functions on these "	 manifolds and re!ate..! generalization of 1'uraev's knot algebra [It1 will be considered in 
a forthcoming paper. It will be ,holYn th"re that the correspunding quantum algebras 
bave the spaces of \VZW conformal blocks a..' their representation spaces. 

;~ '

2 Ciliated fat graphs and Poisson manifolds 

the moduli space of flat connections on a compact Riemann surface i~ by definition a 
subquotient of a topologically trivial space of all connections. This description is useful 
also &ince a nontrivial Poisson 1l1anifold (which i~ the moduli space, or the orbifold to 
be more precise) reprt"'cnted as a result of it. reduction of a trivial symplectic manifold 
(see sect. 3) for details. The btter has plenty of convenimlt parp.meterization unlike 
the former. The only disadvantage of this description is that the space of connections 
is infinite dimensional. In this paper (,ect. ~) we con~ider all alt.ernative desl.Tiptioll of 
the moduli space in whkh tile role of tn.. spa'"" of illl rOlllled;Olls OU a Riemann surface 
is played bv a finite dimensional rnauifold. Tilt' id.." is q"i t.' fa llIiliar hoth fIOlfi lattice 
gauge thea;)" and from tech cohOlmlogy. :'-i amely con~i(i('r a triangulation of a compact 
Riemann surface S (with houl1aliry, in genera:). Then we get a graph formed by the' 
edges and the points of this triangulation. B:· a gmph connecf.ion (or lattice gauge field) 
we mean an assignment of a group element of a gaugel?;Tonp G to ~ach (orit:>nted) edge. 
'The group of lattice gauge transformations Gl ~ting on the 'pace of gr..ph connections 

._-.- .-.. _...... ..,.....- -_..'-See also A.A. Beilinson,V.G.Drinfeki lind V.A.Ginzburg, Differential OPmltors 

on Moduli Space (If G·~u:,idle •. preprint. 

\ 
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in a I1lIturai way is ,limply a. {l~uct of several copies oC'G, one copy for each vette'll of tb<i 
graph. A flat graph conneetion satiltfies the condition that the lIlOIlodromies arOU1ld all 

, the faces of t,he triangulation equals to lEG. (The rnonodl'omy is the product of group 
elements corresponding to tbree or more edges of Ii face. whatever shape of faces is used. 
One has only to_acc.ount for the orientation of the edges in an obvious way.) Now, it is a 
standllTd assertion tha.t the moduli space of (smooth) llll.t connections on S is ieoroorphic 
to the .pace of fla.t graph ooanections modulo graph gauge transformations. (This is in 
fact nothing but the statement in Cech cohomology that this space is represented by 
Hi(S. G).} If we deal with a surface with holes than one can say that some faces of 
the triangulation ar~ left empty and one does not have to require anything about the ' 
corresponding mono·dromies. It is important w note that if a graph f is obtained from 
1\ tria.ngulation of a .urface S it can be endowed with an additional structure which 
(together with the graph it-seT!) r.ontains all the information about the topology af the 
~urfac.e. We suppose that S is oriented. This orientation induces a cyclic order of .the 
Ponds of edges incidl."Dt to each vertex. A graph I with a given cyclic order at each vertex is 
called a flit graph. If, S has at lellSt one hole the most economical way is to consider a fat 
graph with all t.he fac.Cl\ empty, what is always pOSllible. Conversely, given It. fat graph I 
the corresponding surface can be restored hy replR.C.ing ed~es of 1by strips gl~ together 
at'vertices respecting the cyclic order (d. fig. I). Summarizing, in order to <ksctibe 
the moduli space.Nt of flat connections on a surface S with boles we choose a fat graph 
corresponding to S (this choice is not unique) aDd consider the quotient of the space of 
gt"l'h connections Al by the action oC graph ~atlge transfonnations, M = A'jG. 

Having described the moduli space all a manifold we a.re interested now in describing 
its Poissod structure, Let ItS forget for a moment that we can defin a PoiRllOn structure ou 
M by reduction of the space of all (smooth) connectiolls onS and try iostead to deno(: a 

~ 

Poissou structure on A' in ~uch a way that it can be pulled down on.M 1 We would lik" 
to nave such'a Poisson structure on A' that the projection A' ~ .M will be a Poisson 
map. This can be achieved if (;I will act 011 AI iu a Poi>sson way (SE'e me. [101 for the 
definition of Poissou group actions on Poisson manifolds). For this aim we have to define 
first a Poisson-Lie structure on GI itself. The group of graph gauge transformations Gl 
is the direct product of several copies of G on" copy per each vertex of I. The Poisson - ;,., .~ 

structure on G' we define to be the direct rroouct one built CrOOl Pois5QU structures 
on each copy of G in G'. The latter can h" dcfiued independently at each vel-tex. (To 
defiue a Poisson structure on G one. has to choose a c1...sical r-matrix.) Now we look for a" ' 
Poisson structure on AI. The reqnirement that t.he action of G is a Poisson one ia almost 
sufficient to determine the Poisson structure on AI. The'amb~uity amounts in f<let to 
choosing a linear order of ends of edges at each vertex. The,refore instead of fat grap1Js we 
have.l0 deal witn graph~ with linear order. Let 115 <;all ~ucb graphs cili4ted fat grnpM. A. 
('iliated fat graph caii be considered as a fat graph with an additional structui'c {the fat 
gra.ph underlying a given ciliateu fat one is ~stored uniquely}. This additional Btrudure 
(linear order at each vertex) can be represented by picturing t.he underlying fat graph 011 

a sheet of paper ill such a. wa)' that the cyclic order is everywhere, say, counterclockwise 
and by placing a swall cilium at each vertex separating the minimal and the nlaximal end 

'A. it will he proY'Od ill ."d. 4 •• oblaill in lbi. "'ay lh• ...me P""'1l .metale .. 4.flaed by ilie
 
redlletio1\ pro«dute (rOIn smooth connediou.
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iu..i,I''1lt to H, lit wrtC"x: ". il was nl<'lIl iou...1t: f'll ~aph ,I.'fi",', " ('iliah,.1 <urr,,«.. Ihilt 
is All "ri.'III,,1 "urfa.·.. wida 110.1•.,. \li~. 11:.a ,·.ilial....1ral !l:r;>\,h similarh' .Idill'''' ,UI <)ri.'"",,1 
""rran' \\'illt hoI..,. ~u,i wilh ",.tI .., (",!"I" IlIu"'"I,," I hI' l..tIlll.l" 1':'. (Ii~. :!l· nlU< for ,.,.•"'y 
.'ili,,1.',1 fat p;r"ph Wo' ha"r all ,,,,,,,,,.ial...1 Poi......lu ntll'li(,.Id; lIatll"ly II..· Sl"~"" uf p;mph 
t.UIlIl...·tiou t'fl{h"....I.. "':: I. r-mat ri~ 1'l\i~"'lII "Irn,·lllre..It lila." h"iIl"""1 111' "" /II,.,..' I hat I wO 

,Iilft'n'ut .-ilia,,·,1 grai.l", lI:i.,;·,· i"'>oI"II1>11i, I'"i"""" nwnif"I,I. o( ~rlll'lt ('I'lIl1""" i"II., Om. 
,'au sh..w how.",,,, tllal th,· hoolllnrl'hislII d"." ..r "risinp; r'"i.<"')11 \IIAlIif..hhl'·p''1I,I. "Illy 
011 I h,' c1ilf lI1....l'h;.1II l'las" uf Ilk' <'"rl't"",,,,,oIill~ ,·ili"I,·,1 ""rf",·.·. 

It Illil)' I wurl h 11I.'ul i••ning ....n....1i.lilll/ouisl.... I..l(lIllll'\,':'of j!;raph.. '1II.1."rrt"'pol'dinl1; . 
lIlanif"ld•. '1'11.·I',,;s..)/\ .il"~lIifolci ,·.,rr''''I'''u.liu/l I" a #ap1l ('Olls;.t ill/!.llnly "I' two ""rli.·,.,. 
ami "u.· .·,IS" (Iilf. :Ja) ,·"in('HI,.,. with I h.· I'lIi~""I1- LH' groujl G I,ro\·i.k·,j Ih.· r·m..t.ti.·..... 
rhu:'c'll ..I II,,· ...·rti.·•.,. art' rc·lall..1 h)' II..• "1...,.,,1;"11 ,j 1"'l'11ll1lation of ll'1lsor f",'t.ors ( 
rl2 .... rnl. Wil h III.· ~am.· ,·."I.litio" Oil ;,.. mat rkt'!l. a graph ('on"i"l in~ of IWo YM'tk«,"" 
Itlltl 101',1 ... Ig:..~ (,'JlIIlt't'lill!l: Ih"ltl (iig., :11.) yi.'I.ls lIlt' 1II""if,,1.I G x G ''IuIO\wd'''itn a 
t'O\l!!lOIl-I.it- .tru('lun' ('oillci.ling with 'hal of thC" dOIl!>I.. D_ ~ G x p. If w(' take tll(,
"""l<' ,.·matri.·... at l\\:o \~,.tir,.. w,' g"\ D. a. 'I1Ir p"i.......'" tIlauil,,:,1 (~.... rt·C. [IOJ fur 
dditlitiotl8 of ,kmbk'll). Filially. 11M" l/.rilllh ,·",,,isl i,,~ of on.' w'rt(-). anti on" ~dgt: (fig. 3c) 
rorrt,'llpun ls 10 Ih.. I)oi••on manir..ltl G", Ih...Iuftl J'oil'l101l- Lie groil!'. 
. ThC" r",w,.;in! opt'rIllio"" wilh \"a"b. are iltlportant 10 ,lillt'uHs: i) ('I'Altllre of All t'dge 

(lig.· "1. in ('Ontradion of an reg.. \fi~, 5). ami iii} glu'in~ graph(s) (fig. 6). l'hdillcAi" 
«tJ,..,... at t1K' \·C"tIi<'e8 tOl...tw..1 by ~tJ ..h all o"''1'atioll (k...·,·,1l1 froln th~ of tlit- original 
graph iii.• mow urI- obviott.w~1)' (r£. figs. ~,1i.6). W.. haV{' to 111l"lltiolt only that t.hC"l't' 
lIft'ill u.et two WilY" to COIltractlln. t'tlgt' wAkbdilftor ill what happt'IIS to the cilia. The 

'.	 ~>C"ratioQ ..Cglning dcR.on't'll lIt;Ml1t' t'xplallation. Giwn two vn1.Ke 01l.a gf'apb with the
 
...1IlP. AlInd>cr N ofl'lldlo of Ed.,; incitk,nt 10 tbelll Wt> CAll fonl1 a n_ graph by erains
 
both Vl'tlk~ and 41t1ing t~her thllllibt.,.at..d crlgMl. (The k-tb t'lld Iiberat~ a~ ~
 
~r tt"lC iIO talK' gl~ to II....·(N - k}-th ~(hlthe otlM"r \·rrtex.) Not... Ihat wilh 1wI" oJ
 
thit~pcratiOll oue (an gillt' tog~ht't' t~'O dilTt"Il'tIL graphll obtainiliS a sinsle Dew one.
 

For the Qperat.iontI un graphs jufi described thm· exitltnatllral map. bet~t the 
COf"",pbndirtS apllC"" of graph, (onn«lioqs. Thf'ae, maps are in fact ptOjeaiona in <Ii. 
reetiotb> abownby the arrows ill figs. 4,5,6. A pieaaallt feature it. that tbt!8e maplI turn 
out I<>'be PO;.oIl map.. Mom precilCdy, itt cue of gluillg one huto· require ~bat the 

· ,.malmftAt t.-o Vt"ftK-ell to be glued aft" related ~ pt'1'mutalion 0{ tenllOr factors. Con
~ for ina.lance a.ntap (ortl'~pon<liuS to g1uiul{ together t.WQ lIimplCl>t. graphs (fig. Ta) 
eam of "'hieh rt.>pft't1eDIs lhe Poi8:lOO-l..ie grou!, 0 (an edge with two vertices). The 
n:;'ult of gluing Ul again the &taph of the ROte lIhape whiw the cortetlponding map of 

.gaph connectiOM, (J x 0 ... G ill simply the group pt'O<!u(1 which i. kllOwn to be a 
P~uon one. SimilArly, ll1uins together -the graphs rep1W<!nting D_ gives lbt- Poi8llOll 

.map D_ x D_ ... D_ {fig. Tbrcotmlpt)lldillg to the ~IP mul'iplication. Contracting 
· one o!two edges 0{ the D.. 'graph (/ig 1c) one obtains the Poisson map l)- .... (1". A. 

a Pois8On manifold the dual &roUP G" can be ideati6ed wiihtbe coset D_1GA, where 
0 4 is thli! diagonal sltQgroup in D.;. ~ G x G (llf. rer. {1 )).. The ilOmorph~tn of G" 
witlt tIN! c08et.. D_fG. sbows that theore is a PoiaBoIl Mtion 0( D... OR G".. i.e. & Poisson 

· IIPlI'.D.. xG" ... G"wbich apin can be described by gJuingp-apl!& (•.~ iaBs .7d). ~ 

~h8at t\Jepictures ~ .ugeat. ~~~~ 01 theDOUan ... 

..., 

4
! 
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,1.;,,1.1,'. Nail"'!.\'. lN~ ,·a,,·.t.·fitlf' a Po;."'lII-I.ir ~"""p. ('"11,,.1 HI ~''1'''I' ..1a ,olyu61~. by -thc' 
"ilia"';,1 f'll I':r..,,11 "'lIIsislifl~ of 1m:; \·f>fti,.ps ,,11.·1 ..~\'l'ral NI,;'" ('tlull(':;'ji.njl; tli"m (anll~ 
I':,,,.;I.\' I" IhI' ('a",: of 1.1,,· .k,uh'" tI r-m"tr;ct'S ill Iwo verticrs shoul.1 lir.relal('(1 by tbc 
cll".tati<lI\ of ,,,,rm,,I,, lioll •.r I'·n r f..dol'll. \Vhil.· HI" m.ler of .·",1, should be Opl)()llltc;' 
Ii",. i.'). Au ill"Il.. lial.·.."'·r\·ation is lhat on 1h.. SpM'" or ,;rllph .·ollllt..-lions At ror an 
..rbit.rary ..iliat,,«1 fal /!;ra~'" I th''1'.. ill j( I'oi'''on action of II. po)ynhl" Pin) adjllstcd to 
.."l'll vC"rh')( J\ ("'.... fig. if). Thlls tilt' "1>""" A' is Il hOIll..~.·,I(lcltJS spa.'" for th.. grulIll··pt 
wlaid. is lliC" dii't'd 'pro,lud (in tll"li<~Il"" 'If P"i"""n groups) of P(n)'s. Note also that the 
lIJ1lUp o{ g"t''' !\aug<' ~rltIlHforn1a'H)JIS G'- which giv(", us til.. moduli space.M lC A'lG" is 
a PO"';fIll·tlllbgroup'ill pt. (AllY illilivi,luil polyuble·P. disr,~aidinp; I'm' thr. moment UIt' 
l'oilitlOll slnlCtttft', i. a product G x ... )( (j and coutaills the diagonal subgroup which 
I.im'" Ollt 1.0 lit' II 1'0;,.,,0.1 " ..b,;rollp.) . 

Filla.lly. it is "'01'1 h mt'litionilig tllat.sonIC particular C;u;('S of Poi""oll manifoM" dC"fined 
hy gral>hs Ila"!' 1......1 ..." ..s;,It·tl..1 ill lit..ralure. NAlllf'ly tlJ(~ Poi"""n rhanirold of gr,ltph . 
C"I\1"...t.l0Ilfl on a. grl\l.h .."rr....I...Jllllillg t.o t.he boundary Qf ~ polygon WlUI lllfggeHlM .in 
r.-f. (1111 lIS IL .Iis<:l't't .. IlpproxinmliOll of cur",,"t algelml. coadjoint spacC". (&., alllOrefa. 
[1,21 whp.tC this c1iHctP.t.l" approximation waH lI~tO inv''>ltiga.le WZW conformal modeI.)· 

, -~'4;. 

3 Poisson strueture of moduli spa~ 

III this ~diclll w.. sha1I'd~ribEo fI ;PoiR80n structure OIl the f1pace of flat OOllnedior!s 
m.xiulo ga\tg~ ttlUlsfonnat.iollfi on Rif'm/Lnn surrll.OOl with ho\eAby mt'4l.tlli 0{ a rednctlW of 
tht' ApI\('(' of' all smooth ronnediollJlOO them. Then we sllii! give an analogous d<'..scription. . 
roc the space or pmjc¢tive strnctM.~oU such surlucs. . . .' " . 

Le~ S be aC6mpBt1 Rie!ll&nl1 8UrfAce with hOles. Let A be. space of all (J-alMectiona . 
on it (where (J is a complex Lie z-p with Lie a1gebr. A P9ll1ellliiDA & DOn~. 
invariant quad'lLtk 'fotmwhich we denote by',.). The space 'A is· iii a atur'" way & ~. 
sy.mpIectiC lJWlifuJd with the sy~tic structure '. 

~ 

n .. ,,.f 6A.1\ lA,	 (1) . 

where A E A is a g-vaiued J-form 00 Sf I is lIII extema! differential on ';A, ".ia t~ 

Killing form on " aad A is a llhqrtband way to ~ the ~geproduetboth on A and 
on S. 'Tbis symplectic titnldnte is wdl UoWn \0 be iu\lari-.nt with respect totlle poge 
tfansfonllatiol\ll . - .	 . 

. A .... g-IAg +.-1",.	 (2) 

where 9 i. a G-valued function on S. 
Now let us trY to define the momestum mappins for.this action. One c;an easily check 

that. infinitfJllimal pag", transformation ciaperated by the Hamihoniu funcUon 
,r;~. 

lJ. =tf'o.J. c(<U+ All. A)+ t,. f.. eA.	 (3) 

--::'::::----~------.1Wt<Wieafe ~	 X;v.I'lQ'a" 

'j~ 

...	 
" 

";"j~~~; . ,	 :..(,j .,f!;'JL~~.LI!rit: ../··	 ",.aii*'"".;,t;~- • .-', , '~"''''.'	 
,~ 



.~ 
-~'t~ 'Ill<_. t, ... ". \ .. ~ .t...,.

• 
•
 

5 

The HlWJ\iltoBi...-.tiog .. given trauforrIwoion is defined only up to a.n additive 
CIlIIAaDt IoD4 tb~ the Pois_ brackets between them ill general reproduce the 
QIIDJDI/*aliclll ·rel.tione bet_n the elements of \he gauge algebra ooly up to a cocyde: 

{N... H..} := H{c....l + c(et, E,). (4) 

In our c_ 

" c(et,e,) = tr J8S,E1tM.1' (5) 

One C&ll prove that this eOcycle is nontrivial a;'d therefore we can define the momen
tum mapping not. for the algebra of gauge tra.nsformations itself. but only for its centrad 
extension by the '.:laurer-Cartan cocycle (5). 

Let gdenote the algebra. of gauge tran~formatjon~ centrally extended by (5) and let 
{j be the corr....pondillg group. The space g is the space of pain (e, :), where E is a.n 
element of the gauge a.lgebra a.nd : is a complex number. Let UM r.onsiJer the space 
go consisting of triple~ (R, B,z) where R is a g.valued two form em S, B i. a g-valoed . 
I-form on the boundary of Sand z is a complex number. Ther~ is a ~D«ate 
pairing <, > between g and g

«R,B,z),(E,z»=tr LeR+tr r eB+:u:. (6)s .' J8S 

The momentum mapping for the "ction of gcan be defined now all Amapping A - ir:, 
5iven hy curvature and the re<!triction of. connection .ferm to the boundary. 

A>-> (dA+AAA,Ales,lj (7) 

Now consider the Hamilt.onian reduction of .A with respect to Go, the group of gauge 
transformations eqlial to the identity on thebollnaary, over the zero value of the corre
sponding momentum mapping. The reduced space .Mo is the space of fiat connections 
on S modulo gauge transformatioll' from Go. This Sl)il.ce can also be considered as the 
space or bounda.ry restrictions of fiat ~oIlllections. It i•. well known that the space of 
G"1:onnections on a circle can be identified with the coadjoint. space of the affine Kac
IIIoody algebra with tile stonda.nl I<irmo\' Poisson .lructure. The following proposi tion 
shows tha.\ \hese two Poi.son structures iIre related; 

Proposition 1 The mapping. from th.. ~poce .Mo to the Kac-Moody coadjoint repre~en
tation SJ1Gce lending a flat connectIOn on the Riemann Inr/ace S to it" 1'eltnction to a 
component of the boundary i.s a Poulon mappin9' 

Proof· This mapping is essentially the momentum mapping for the action of gauge 
transformations. 0 

Noll' let us consider the quotient of the space M o by the whole group G (the group 
G acts on M o because the group Go of ga.tge transformations equal to the ideritity on 
the boundary is.normal in 0). The quotient space M j,. a finite dimensional Poisson" 
manifold. Its symplectic leaves are in one-tCM>necorrespondence w,th the coadjoint orhits 
of the centrally extended group of gauge transformations which in turn are parameterized 
by the conjugacy classes of mallodromies &I'Ound the noles. Thus we have 
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Proposition t ~.- .,,·1Jll jIdt·G-.e<>anecti_·~ gtJllge titsMfomllmbflS on
 
OJ R1em_ stJI'{occ UIit/& 1&olu iMeru. 0 Po""" Bfr'advt from the .trpGCe tlf tall G

CO'Medi6M. n~ .,mplec:tic NaVU of this etnlctvt GrC parometttUeJ .~ the conjugGC'
 
cllu... of mnIld"""iu. Iaole•.
 

As an example let us apply this construdioo in case when the Riemann surface S is 
an annulus. Its boundary consisiB of two connected components and therefore we have 
two Poisson mappings I't~ : M. -+ k* where k\is the dual space to the Kac-Moody 
algebra k. 

PropasitioD 3 Tvw PIJiutnama:nm,.1',-~ ""' -..z. 
Here the duality ma.us tbt the space of functions on Mrrommuting with aU the 

functions pulled back by on~ mapping i. just the space of functions pulled back ~y the 
other one. Dual pahs are ugeful to describe symplectic leaves of Poi8llOll ma.nifolds b}' 
blowing up the puints (_ [12.] for details). In our ~ it means that every' symplectic 
leafof k* can be represented all l'11'i1(z) for same z E k" I.e. they are the sets of ail 

• connections on ooe boundary ~omponent of the annulu. which ca.n be extended in a Rat 
way to the whole annulus giving .. fixed connection QIl the other boundary component. 
This gives, of COI1rse, a wflll known answer thai. sympu~ct.ic leaves of k" are just the 
gauge orbits. We hAve considered this trivial example in order to illustrate lUI analogous 
construction for the Vir&llOl'o A1,1lebra in whiclfcaRe the answer is less trivial. 

Now let us proceed to the genera1izatiOn of the above COI\lItructions to the cue of 
moduli space of projective structures and discuss ~siblfl generalizlIotiQll8 to the spaces 
of W,,-projective structl1l'es. This was done in [51 for the cue of closed Riema.on llUTface< 

(i.e. without holes}. Bricfty, the relation between the spare of 5L(2,0) conn~tions 

and the space of projective structures stated in [5] i8 the lollowing. Let us cui an 
SL(2, C)-<:onnection A to be nondegenel'Ote if for a.ny real tangent vector 11 the element 
in the upper right corl~er of the matrix i"A is nonzero. Then the space of projective 
structures is isomorphic as a symplectic manifold to the space of ail nondegenerate flat 
connections modulo}ll'on strictly low~r triangular gauge tra.nsformations and diffeomor' 
phisms. This statement can be easily generalized to the case of a tuema.nn surllwe S 
wi th houndary. Consider the space Po of all nondegenerate fiat ~Qnnectionson S modulo 
dilfeomorphisms equal ~o the identity on the boundary and lower trilWgula.r gauge traI'.8
formations. boundary. One CM check that it is a symplectic manifold with symplectic 
structure inherite,!.' ffom that of the space of all 8L(2, C)-connections. Note that a non
degenerate connec~ion i-form modulo gauge transformations restricted to thebouuduy 
can be transformed in a unique way by & lower triangular' gauge tr&nsfomui.tion t.o the 
form 

A= (; ~). (8) 

The group of aR diffeomorpbisrns adll on Po and AllaIogoualy to the situation considered 
in the fir.t p&l't of this section we have,to extend the diffeomorphism group in order to 
define t.he momentum mapping. On theLia algebraic level this extension is givenby the 
Gelfand-Fuchs cocycie;. 

. (9) {H""H... } '" Ht"'~1 + f. .\ltI(1/J
8S 
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___---~~lit AIId ... Art' 1_ \.....,.... fidd~ <Ill S lll.lll';t"llt tv th<o h,nnllll'ry. z i. a ",..,rdillilh' un	 is d ..,.., tltat ,'wry g,-at,h ",,,,"..cli,," ('an h,- ..onl-inu.",sl)" "KI"I~d"<f to th.. sllrfllCf' and 
thr b"'ln<!ary allli ttl" IIAnriltoniat' fUllction. ill'" gi\'('tl l~ tl"'....fur.. tl... 'p'"c'" "f graph conll.-.:tion. A' ,.,.n I", r"pn'St'nl",1 M " '1IlQti,.nt 

ll. = I tiT, i 10) AI:: {A E ,AlclA + A 1\ ~ = O}/O,.,. (13)J8 • 

Tm. lnon\l'ntlltll, m"I'I'in" 8i\'.~ u. a lWt of tnal.piflg' 'P. ~ Vir" ..h....• V '"is t I... 
Vi~ltlIt)ro Illg,-hr".	 for I IJ,. ,'_ or S h..iug an aUlIullls ",•• 11,'1 " ,1,,1\\ p;.ir nl Pois""n 
1OIll'ItiltV "n..",in" Us 10 colI.trtlt'l \'ir"""r" S~'JlIIII,"'1 i,' I",,,...,,. '1'1", itll>\,·.'r is Ihal n 
.YIlI"..... I;.. It·",'.. i. a st)t of all COtIlI<'t,ti<ln. of tit.· f""llI (:,) SI,dl t lI<It, 11l••). 'call h,- ,'xlq..I.~1 

ill .. tJa~ 1k11l11,>g"lIcrat(- Wol} fl\!U1 0I11~ hOlln,l"ry cOIIII,om·1I1. of Ilw nl,n"lus to th•.• \\'holt' 
iUlIllIllI. gil'in,; a fixetl ..onn....tioll on tht' otllN 1l<",".1nr~·, Noh'. that this wnstr',l'!ioll 
gh..,. Ihe .uts.....r for rvml,I(·x Vira.oro CI>atljoint orbits. "'h,''': th...Ian,li...d IIl1'thod, .II> 
not work breau'l! tbf' romplPlt Vir......co group d<lt'S not <'xist {Cl"(tJl) • 

Note that tlti. C:Oll.trll<tioll could Iw gt'fl..ralizt"t! for tlte Wn alg..bra ....'Ie. Th.. onl)' 
problftn is to fonnulldr. an :iflpropriah' nolion of nondegl'll('fac)'. 

4 Gtaph Nuneclions 

In tlti. __tion we sMIl ron.trud • Poill8On structure Otl the spAC" or gral,h connf'CtiOl'ls 
~_ in 511(;' a way that lite lalticeO~uge group endoWed with nontrivial ;'-matrix Li.... 
Poill8On .t.ructu~ lid. on A' in A PoilUl()/1 war, 

LC't lbe a ..iliated fat .graph homotopkaUy equh'illenl. to a RioMann surfac.. S wilh 
holes. Denote by E(f) the tel of end. of 00""" of laud by N(l) the lI"t of it. vt'tlices. Bach 
ekm,,"t or N(f)corretpottds to with thto su'-t of E(f) of ends of edgf's incidf'lltto the 
siYe11 verteX. In whu l'ollow. wuhall identify e1el11l!tll.s of N(l) .with the. correspoo<ling 
subsrt•. A mappins which 5e11d. all elld of an edge a to the opJ>Ot'i~ end of the sMIle 

edge a"is all'iR""lutloD of thto lIf't B(I). The cilIAit'd fat graph .tructw' of l drlines 
llG orUin, ull:ide each _ E H(l}, One can easily see th..t slIch datil - a set divided i1lto ' 
order...t 8lIbseU and an ilWOlution of it withoul fixed points - lInambigooualy ddine a 

ciliated Cat graph. Let 1-1 ~ the. Vfl'lex ~ntaining (I and [a, Q"] be tbe edge linking Q 
and aVo 

Call a ".,A ......mn on a graph l an _illnlllf'nt of au element A.. of a llrooP G 
to each a E E{ f) such ttt.t 

. A..v == A;'. (Ill 

The lutice gauge-group (1 is a product of finite dimemional groups G - ODe Cor 
ea.·h vertex of the graph. The gtoop (j ad. all A' in a. natural way: 

A., ... ~A.,&.	 (12) 

The splICe of graph colUlections can be conJIidered M a qIJotienl space of the space of 
flat cOllnections pn .. 'IIrlace S. Indet!d let liS blow up the fat graph in order to obtain 
a Il\lrlace S wilh the graph dr..wn un iI, Then for'8 (smooth) connection A on S we can 
construct a graph connection on I _igning to a .~ E(l) the parallellt'lUlsport operMor 
aloria t~ linkme QV &lid Ck. Thie graph connection d.- not chl\Dge if we traarionn 
the COll_tioa'A by 6pl1P t.taar.,rmatioD equal to the idetiity at the wttka. It 

"'h...... 0, i. th.. 'KrCH,!, ..r ~'U!!" IFaJ,.runll .... ioll' ....1".1 10 th.. id'·nf.ily 011 v..rtices. OC 
..o"r~ lhi, r..I ·~.>"t"tio" i. ".·/iu..I""allJl.iI;1I01l.ly·uI' to II..· adio" of '.lIl' ~raph gaugl" 
grulll> allci t1 rl'r.~·c· II", isolluII'l'hism I.·t""-,, l.h.· 'pan'S M a",1 A'/a is ...."unical. 

- J4 priOM 1.1,.. "I'ar,· Al h.•• 110 1'0i'''1II .t·....(·t....•• wl,il.. tIll' "pan' A'tG dIM'S. Our ainl 
i. 10 intro<)u('" it I'oi,,,,," ,tr..dllr,· un A' ronll",lihl.' with tlll<lon A'/G and wilh @raph 
gaIIg.. I':WUI' ...·l.ion, 

I....t liS fix Cor "/lfh \'..rll'l(" of th,· ~ ..apl,U~ 'Ollltioll r(n) E g 18 g oC I.hp. Yang· Baxter 
('(Illatiol"	 

httn l,t"3(nll'+ [7'U(n),7'23(")) + frl.ln), r ..(n)) "" 0 (14) 
soch Ihat 

r,,(n) + "21(71) '" t,	 . (15) 

whrr" t E g 3 g is th.. qllAdratic C""imir; 

t:: L:~,ee"	 (16) 

where {~} is &J1 orthonormal b...i. in g.
 
Lct us define a hivector field B OIl ,4':
 

B == E ( E 7"i(nlxt' 1\ X: + ~ L: ,-'i(nlA;" A Xi) (11) 
..€.N(/I .._",4 2 DO;" 

....h<:re Xf =; L: - R:". L'f·MJd ~ Me respedivcly the leCt~ andright·lnvarilUlt VECtqr 

fields correlli.onding to the .Iemo:nt "i E 9 on the grO'IP &llsigned &0 <l e E(I) and l"'i(ta) 
is an ...matrix chosen for the ~ 11 written in the basia {Ci}. Note tlult thewctor • 
tre1ds X!, are dloseu to be conlli.te'nl with the eq.(1l). 

. Pl'OpOfJitiolt 4 II) T1le ~cUJr P leftau cP"...~ OJI .A'. 6) TIu f"I'I9' <1
erad_d IlIItI& lIIc. tlir4ct ,,*wd Pou.llfto£ie ~ ads OJI ~ ill AI P'" 1lIGf. 

The. proof can be obtained by a MJ'8ighUorwMd cltec:k, 

P.-oposition ~ ~t [a, a"} he an edft -J n .... WI'ta! ~a. s."o., I1Jot 
[aVI ¢ R. Theft the qtIotient A' IG('4) q Utmlilrpltic f4) Ute Poiuo.. raemfolil A"; w_ 
I' q II fNpft obtlJinedfrom I by CDfttI'Gctill' dat e4p!a,a"}_ ..ch I1Jot IM~' 
~ etad et llIe ~rtu [aV

} become the ~ Ofte for iM new ftt'iu, < 

'!'he l:!Oll1orphism heing evidl'llt ftom repre!lentation of graph colUl«tiOlla as quoi.icat
 
oC all cOIlfteetiollt., the proof can be !iwn by a dir~t coordinMe cbeok olcoiucidtmee of
 
two ?oiSlIOR .strictures.
 

Let us proated now to the <X>r~eneebe.t"eeA spaces·Of graph. ~ oUlc1
 
8p&CA!8 of ordilltltY.l:OllJJel;tiont. '. ," . .
 

•
~ '1:.	 ; . 

,~' .' 
'~> 'lI(.,.:-t-~ ..", .	 ,.;' .. ~., ;~:~~~ ,:{,1 .. ..j"

" .. ~ >};. ~'c,-';.o~;\' Ii ~~--	 .4'.L·.&:~~ 



,,_'-'c~.. ·~,..··--:",,(or·~' -?\"'-'-'
,~,~. ~ 

"-~'~':, , .. 
,F'.. ;, '~~'..~ ~~" ... 

~..r;:;'Jf~~ 

-. 
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.Pf'OPMitio.. 1Jae pefiIml ~tItc lIJIdce of"""~ /,ytht fJ1'II1IA~ !Jf'I1U1t 
ilr ilrotMrp6ic .. G PriM",. ".."qoltl to ~~ of tM .- of all jict conmtfions 

OR tAe --'0.'" nrf4C& by I1IegG. group.~

1Umcnl Before giving the proof let us Do\e that this statement showl! that all 
&1J1bisuities in the construction of the space Al - such as choices of orderi~ and of 
r-matrices - do not inftuence the Poisson otrudure of its quotient by the gauge group, 
though it is imp<lll8lble to introduce a Poiseon strudure OD AI r,ompatible with that on 
the gauge quotient without fixing nontrivial r-matrices. Note also that as topoiogicaHys 
.these moduli s:pacess are always isomorpl).ic to a product of several copie!! of the group 
G modulo the ovcrall G-conjugation, though they' are not. isomorphic to each other as 
PoisIbDmanifolds. For example a sphe", with three holes and a torus with one hole give 
tOpCIlagicaUy the same spaces, (G x Gli Ala, while tile PoisSon structure is trivial for 
the fOrmer case'and nontrivial for the latter one, . ' 

Proof· Fint of all let us describe a lineM basis in the space of loll f\1nctions on .A!, Let 
, us assign llD irrep ll'. of G in a space Va to l'..ach a E E( I) in such a way that 1I'aY = 11'; and 
assign an intertwi~1' Cft E Inv(0aEftV';) to each vertex n. We can ';"neider matrices 
from EndV... as belonging to V == ~aEEJ(l) Va and the illtertwiners Gft as belopging to its 
dual V·. . 

Let us call the data {Cn,lI'a} the coloring of the. graph. Define for further needs an 
operation of contracting an edge of a colored I;raph. The coloring of a new vertex of 
the graph with th.. edge [a, a V ] contra.cted will be < Cia] ~. CIa,,! >a, where <, >.. is a 
natural pairing between Va and V;. . 

For each coloring we can define a. function 'b on ,AI. 

tJ>({Aa})",.< I&l"Cn,~aUI(I)'Ila(Aa)> (18) 

where E,,(l) C E(l) is a set of ends of edges containing exaclJy one end of each edge. The 
ambiguity in c:hoiceofthis set is une!lsemial because of the condition 'lI'aY(Aav) = 'Il..(A.. ). 

The set ~f such functions determined by all possible coloring. evidently form. a linear 
bais in the space'of functions on AI, 

Note t\tat given a graph draWil on a 8l1rfa~e S each coloring defines also a function on 
the space.A of G--connections 011 S and on the space of fiat connections modulo gil.uge 
tramtfomlations .M in rartlcular. For the latter case the set of functions determined by 
coloIedgraphs fonnsin fact a basis in the space of all functions. 

!,TOW we shall calculate Poisson bracket.. of mch function. on A' and on A and show 
tlllt the'results coincide. 

Let UI sW\ with. the space AI, Rewrite the Livedor (Ii) in the form 

B = L(r,j(,,)Xf(n) ~ Xt(n) + E (n,u,f3)t i; Xi 0 Xf), (19) 
" ..~ 

, {I a>fJ 
where Xi~("l = l:..E..Xtt and (",a, 13) = Oa =(3 . 

, -I'a<8 
. The vector lields Xl~'(n) just generate t.he gauge tranllformations. Thus in calculating 
the brackets between gauge invarianHund.ions we can drop the first term in (19) The 

, 
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fiDal_~ for ~ wHl be 

(20), .•
'~"'''/} -< C S 0', T(nSU') > 

whim! C = s.,C..,C· = S"c:., n = S ..EA(,)1l'..(A.). ll' = ~~"(')r..(A.), rp ud "" 
are the functions determined by colorings {C... 1l'a} and {C~,1l'~} respectivel.y, 'f- = 
~.een...>jl t:tJ a.nd t~ is the Casimir elemeot represented in the spaail V. e Vjlud ' 
henee,lIaturally, in V ~ V. One can check tbat the vll1ue of this expreMion i« inde, 
pendeIit of the choice of the set E1(l). . 

This expression for Poisson brackets can be rep~ ~a.pbicallY.u follows. Let 
(l, {eft, "'..}) and (l', {O~, ll'a}) he two coI~aphsand let /I E E(l) &net a' E E(l') be ' 
some ends of edges of-t.he corresponding grapl!s. Defin.e a colored ~apli {I, {eft, 11'.})U_, 
(f', {O~; ll'.}) to be a graPh obtained ft'O/ll I and It by gluing t9gether verticea [oJ azW 
(a'J. 3 The new vert~x is to be colored by lOt-! e'Oi-'!)t.....• and the colon of ~ aDd 
of other vertices remain uuchanged. Thus we ha.ve 

{tid,'} =E E (",a,,8)(l, {C..~",.. }) Ua.e (I, {C'.. ll',}) -<21) 
n ..JSE,o 

- Now let lui proceed to the ~culatiQn of PoinoR bracKets in M reat.i~ on the deti-, 
nition of this space ~ven in sect. 3. For this aim Wff shall calculate the' brackets in the 
space A of aU connections w.r,t. its PoisBonstrncture, 

{", ..'} = r~l\ bt/!' (22), Js 6A 5A 

and. then restriet the result to t~ space of flat connections. The following pl'OP05ition 
gi~ an exprellSion for Poisson brlll;;kets of f'lD.lltiOlUl"on A given by a colored graph drawn' 
OIl the surface S. 

PrQposition'7 Let (1,{On,1I"a}) -a (l',{d~,ll'..}) k two trcmsHrsol colond ,..... .' 
dNJum on a surfoa S. Thon the· Poinon brucJceu of the conupofl>lling ~ .; 
and.,p' are given brl' the e:lp1'l!S8i.;1n 

{lfo, t/>'}= L (- )JJgrl('"~(I, {O...,1l'a}) U-:.)""("l (f, {e:,., r..}) (23) 
~, ' 

where a{z,J E E(l) Gad at,z) E E(f) at'e sudt ends of edgu tIu&t ill = (a(Il},a(z)vJ Ii 
[a/(z),a/(z)Vj and sign(r:) ,: 1 if the oriented edge [a(e),cr(z)"} intersect u.e oriaNell 
edge [c:r( z ), a(z )Y] from n,J&t to kit lind --/ ot4eraJise. 

One can check that the r ,h_s. of (23) is well defined i.e. it is independent of the choice 
of a(z) and a'(z). • 

This formnla. is inconsistent when applied tQ functiOlUl which are <!etem1ined by the 
same gr&ph. However lIJl far lIJl VIle are- interested 'only in values of funetiOll8 on-fIa& 
connections we can deform one graph in the &ur£aoe to make them transversal and~ 
the formula (23). • 

3W. hope \10_ wiJl be .~"dIeoperaQQa'cisbUa ia... :z. II-. _ ..... 
ideatUr \_-uees. ' • . 

-~ ~': 

'.>-. 
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Let uo d~s("ribe now 1\ particulM ol'forrllation which wiill!ive an exp~sioll for bmckPto 
in 1\ form, which l'an bt' compart'd to t"I.(:!O). We rot,ate e..eh edge sliAhtly arollnd it. 
middle in collnkrcloek~~.;. din·dion .. Tht'n Wt' plan' \'t'rtices of tht' deformed !l:raph 
b..tw....n the I!:l'l'atest ",1\1 'lIld th.' smallt'St "11,1 at the eorrl",pondin.~ \'<'rt,·x of tilt' original 
graph alld cunllt'("t et,eh end of the rotat..d ('(Ig.. with' tilt' forr""l,onding .hifted Y,-rtex 
in clockwise dirt'Ction all .hown on 11K. S. For this parti"ular tit-formation Wt' haw 
on.. ;nh·m't·tion ~;lIt Z(G.".' at tht' middle of .."ch edg.. -vith .ign("'I",".l) == I and one 
int.-r.c.·tion po;nl. "'"Jj for "'\I'h l'Ouplt' "f l'd/l:I'S infid'~lt to a vt'rtell: nand snch that 
" > i~ with S1 ..;n( "GJ)) = -1. Th"s the Poisson brarkets for coincident graphs can be 
"-'pl"-'8,...l in the form: 

{~(I,{C.,,,,,}),.p(I,{C~.lI'~}l) = l: ,p((I,{C".lI"})Uar•.••J.a;•••J (I,{C~,~}))
""AWl 

-~ E ,p((1,{C",,,,,})UQ,I1\I,{C~,lI'~}))(:!4) 
'" Q.8En;o>O 

fhen u.in~ the identities 

~'«(l. {C., 1I',}) Un,Q (I, {C~, 1I'~})) == "'((I, (C.. ,11',}) U"..... (1, {C~, 11'~})) (25) 

:lnd 

,/>((1, {C... lI',}) u",.. \1, {C~; i~})) = E ~(l, {C... lI'..}) U"., (I, {C~, 1l"~}») (26) 
Jelo>l,p,o.. . 

we come just to eq.(:!O) C, 

5 Concluding remarks 

In this pa,p~r we have considered only the case of a. complex group G. What's is about 
its real forms? If one wishe.. to Il:et II real valued Poisson structure on the space of lI;raph 
connections • corrt',pondilll'; to a real lI;rouP in~n onp. has to lind a real solution of th.. 
classical Yang-Buter equa.~ioIl (14). For some rea] torms. e.g. 1'01' SL(n, R), thJB JS 
certainly possibl.-, while for others, like SUln), lor insT.d.llce. it seems to be not the case. 
One possible way to deal with su,:n reiLl forms J" to consent to considering quasi POIsson 
manifolds with a definite vloiation of Jacobi iden~ir,y. which under quantization must 
lead to quasiassoclative al~ebras. 

AU the above consideratIOns to"ve been performed to prepare to define and investigate 
properties of the quantum moduli space of flat bundies. It is expected 1,0 De an ala;ebra. 
irreducible representatiolls ot whic:h are the spaces m' conformal blocks. Some evidenc\" 
for believing that it will bt- reaHy SO·oue can extract ju,t from classical collsideratioll. 
For example conformal blocks of WZW theory 11re labelled by irreaucib!e representatiolls 
of the ga.uge group G, which III ~urn are in correspondence witil conjugacy ciabses 01 G. 
Here we have observed that symplectic leaves oj moduli spa.ces of Hat bundles are labelled 
just by conjugacy clasl!eS. 

'T1aoup il mip* be only lhe moduli lpOCe £0, ..luollihe ,eal.ily «>JldlOiOIl 10, Pauoll lUu<:lllre is 
......llaI 
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Th,~ 'pan' of Jl:raph COIl!lf'~liO!lS was introduced mainly to siml>lify the consideration 
of thl' mo,flll; 'p"Cf'. Topolo/!;ical~ it is simply a. .product of groups, illstead of the 
mod II I' span'-which a pnori has no pref"rn'd paramett'rizatiolJ, The next step POllt.poned 
to II forl./,colllin/\ paper shollid bf' to 'l"aatim th,' graph connections ~pa.ces by tiOtpe 
IIJodili"atioll of 'llIa,lIt.nm Kroll!' technique allli t.h(·ri ohtain 'Iuantllm ITlo,]uli spac... by 
taking '1uoti,,"fs on t.he quantum lewl. Note that the consideration of the space of 
graph COIIIH"Ctions Ki vI's the modnli space of smooth Hat connections on Riemann surfaces 
without takill,K ~ny continuous Hmit. Nevt'rtheles8 it st.ill would he interesting to consid~r 
a contilluons \imit (d. [1, 21l. In the dasslcal ca....' this limit is helieved to be a space of 
all connections on a.. surface modulo gauge transfonnetiol1Jl and ih qu.antization would 
give a universal alg..bra connt'Cted with th~ space of oonformal blocks with any number 
of punctures. It is to be metltioll(·d hereon" more interplay between Kac·Moody algebru 
and the spa<:<~ of connections modulo gauge transformations. A generic (O,l)-eonneciion 
on the complex plane can·1>t' gauge transforrnt'd to zero by an unambiguOWlly defined 
gange trall"formation equal to the unity at the infinity. Thus we can paiamderize the 
~pace of all g connections modulo gauge ~r"lIsformatiollsequal to the unity at the infinity 
by (I,O).connections A(.:). The Poisson hrac.ket indur.ed by the symplectic: structure (1) 
IS 

{F, GHA) = trl A(.:) ":' A(w) [~;..!!!.-.] .(27) 
SxS Z - III 6A(.:) 6A('IlI) \ 

This is a linear bracket and thus it defines a Lie algebra structure on the space of ti_ 
functionals on A: 

'(A.(.~), A.(w)} == reoAC(z) - AC(w) ,(28)
z-w ' 

where r.- are structure constants of g. This Lie algebra is quite sinul&r to the loop 
algebra with r-matrix brat;ket (d. (SI) and oontaim it as .a subalgebra generated by 
holomorphic A's. 
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,	 Q, 
~,~ '. b 

c 

Ex.ample or fat graph, and Ilurfaces corresponding, to them. 
the cyclic onIenJ at vertices are understood to he counterclockwise, 
The graph (4) &ives the disk with two boles (b). 
The graph (b) ~lIes a torus with one hole (d). 

<::~ 

d
 

'~f~ .. I 

..; "" 
• 

1";a. 
"Ii:IJ"i 

\t){j) 

(Oi-	

"Q, 

<::':K,> 

(!	 d 
.. 

Fig. 2	 Examples of ciliat.ed' fat graphs aadcorrespondiDlciliated .urf... 
Cilia are indicated by small s~rokes at. the yerUees. ; 

The graph (0) tiws' the disk witb two·...{'). 
ThegrApb (1:) ,sives dle; &oruB with~e bole (iJ. 

e';.ry'" 
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a, b	 

LI~ '\ 
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\ 
Fig. 3	 TrIP graphs corrPSpOlldin« to
 

(ca) the Poist'Oll-Lie gronp G,
 
(b) its douhk D ~ G x G, 
(cl its dl!A1 Poillll(l(l·Lie group G". Fig. 5 Operations of cOtltractions of an edge. 

Land R are the two dif£~nt ways of contraction. 
£' cOIT~ponds to factoring by $l'uge transformation at the'vertex Ii£ 

R corresponds to factoring by gAug~ transformation at the vertex Bit 

r 

Fig. 4 Operation of erasing an edge. The shaded region rep~eseltts 
then:mainder of 1M graph. .. 

ffi&.60perah0B of jlui~ gaphs. 
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F"tg. 8 The particular "ay of defonning a graph dRwll on & eurfacewhic:h 
gives two transvenal ~aphsitlte original graph is sIlo.nb,. the 
brokm line. 

_i:;' 

r 

Fig. 7	 Some particular c_ of g1Uiflg graphs whicll .:on-eepolld to Datural
 
operatioos in PoidSOn-Lie groups:
 
(A) ml1h.iplicatioil in G, 
(6) multiphcatiOIl in'D, 
(c) projection D .... G', 

~;r (eI) action of D'oO a-, 
(e) multiplication in the 3-uble,
 
{n action of the 3-uble on l\"Sp&ee of graph connectiow;.
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