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. hnk-:t::i: ::::e~:~'i~h;::~:~::n:;:1t;t:::~:~•. ifi .' :~~f 
.. 0: 18<VKK <0.26 in the Aip~ theoiY.ltlre than that it is, fowu:!~.4\ 

~. that the behavior ofJ(X-scattering has "quasl-fr~ctal .. .': 

. charaet.erin the impact ve!octty' .Space. The bound statll f~'~1nk~:'"~" 
. ; , ,,'., "', ,, 

ant1Jcinlc-lcin/c Cl:J<K)System was found in '8'.lfere numerieallyfor' "'I 
' " , " ", :i 

antiS)'IIIIIettieal KKK systelliS1twas examed the inttiallc1n/c' ., ';;.;~~ 
. , .\ '~,,' ,~ 

velocity interval 0.05< VKKK<0.9. It was fOwu:!,that the boU!ld'~~$l 
state of m system has taken place for the·. initial ."ve~;it~~'~C' i,: 
Vm <O.'l2and for O. ~ ,< Vm <O.764 "'here were fq~,it~ ~ 
rasonances structures slmllar to t~~ KK scatt~r1ng. , ,',,','<~, .j 

, '", " l' 'than four 'kInts .'! . . ylnmetr ical case and for more orequa· .' ..';; .: X::,~

scat~: l~~her~ is the Arriol' ddiCfus!;on . has taken place WItl~T~'E'~ 
tocha t1-1edthe process of boUnd 'state formation... ".',. ;;.;, ..~:~;1:_':',>:2-.!~ 

s ,,' ISn. t:e AP"pen,dlx it is tegarded' the example' of. three-SOHto~.:;¥,~;::~'l 
' ' '~"l~ ',' , .. 4,.. "" , ' '" .." ", 

bound state for theXl¢1 .theory. '. '>;'i 
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1. Introduction 

So~ numerical and theoretical results of resonance 

KK interactions in the classical one-dimensional space ~¢~ theory 

are.known '1,2'. More careful investigations show that whether a KK 

interaction settles to a bound state or a two-soliton solution 

depends "quasi-fractally" on the impact velocity '\3,4'. 

Here it is continued the systematic study of multikink 

resonance interactions in the nonintegrable Nj!4 ·field theory. 

The model is defined by the Lagrangian density: 

fex.t)=l/2 a~~ ~~-1/4 e~2-1)2. el) 

As it is well known esee e.g. reviews '6,7'} among solutions 

¢Cx.tJ of the Euler equation for the Lagrangian denSity (1): 

~tt-¢XX-~ +~3=o e2} 

there exist two vaCUUh1 solution~ ~t=tl, and the static kink CK} 
and antikink eKJ solutions: 

~e K) =tth [(X-leo) /'Y'2J e3) 

they are stable topologically. The multikinks interactions are 

described by follOWing initial conditions: 

~x.O}=th[ex-xO}t3J-thexn2)+th[ex+Xo}(31 , e~aJ 

~tex.O)=-V~ [eth[eX-Xo}(.3]}2-eth[ex+xo}{3J}2r, e~b} 

here V is the kink velocity and (.3=[2 el-v2}J-1/2 esee Fig.ta) a,d 

for four kink interactions we have: 

~ ex.0)=th[ex-x1)(.31]-th(ex-xO}(.30J+lh[ex+xO}(.301-th[ex+xl)(.31]+1 eSa) 

here l3o=[2el-v5)]-1/2. 13r=[2e1-'1)J-1/2•. VO.V1are initial velo­

cities of kinks and antikinks esee Fig. Ib). In the problem (2)-e5) 
the energy is conserved: . 

...,.-.- t 
" 
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j 

I 
J\,. 
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\, 

E=I dx W(x.tJ=Idx (1&/I/alI2/2+I8lP/ax\2/2+cqf-D2/(. J.• eBb) 

2.Numerical results and theoretical discussions 

Earlier investigations of the KKK bound state have confirmed 

~ that there 1s the one in the impact velocity region 

V=O.75±0.03 ein light velocity un1ts).Here numerically for KKK 

system it was examed the initial kink velOCity interval 

0.06< V<0.9 with the step AV =10- 4 and it was found that the KKK 
bound state has taken place for V< 0.72. For the region 0.72< V< 

0.76~ we have resonances structures similar to ones which had 

been found for KK systems. For this purpose it was computed the 

eq.(2) with the initial conditions e4a),e4b).It was used the method 

of cha-acteristics '8' earlier it have been applied in ~.The 

computed results are shown at Fig.2 as the dependence on 

V the energy flux FeV) through the plane xf=15 at the t f =l50.The 

rest kink mass Mis equal to: 

co 
M=I dx[1/2ea¢K'ax)2+1/4e~-1)2]=~. (6) 

-co . 

It is seen at Fig.2 that the flux is less than the rest kink mass 

for the V <0.72 so we have KKK bound states with well detected 

radiation flux. There is no monotonous dependence of the flux on kink 

velOCity at the interval 0.72 < V <0.764. Here we have the 

resonance structures similar to ones esee e.g. Fig.3) discovered in 

'1.2'-. The "quasi-fractal" structures are also presented here as 

much as in the KK-scattering esee Fig. 4). It is seen through 

computations of eq.2 that. the KKK-scattering is similar to the 
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K'K+l't1J-scatlertng as it is shown at Figs.Sa,b.6 for V=O.7600,50 

It is possible t.o discuss "quasl"'"SuperS}'lIIIIletry" here having taken.
.	 . 

into account that. a lc1n1c has the "fermion nulllber" which is equal Lo 

t.M	 va1u~ ; 

eK" (4't'.~-:9"K'-at>1/4. (7) 

The kink escape to the infinity can be det.ected from ,t.he 

Fig. '{ if we compare the lJlOl'lOt.ony of f.he energy flux for t.he 

t.hree~kink bound strte with lhe jU:lp of the flux when t.he kink 

passes through t.he plane xf . Here we have for comparison of t.he 

resonance st.ruct.ure wit.h n =7 for V=0.7600 CFig.5a,b) and t.he boundv
st.at.e Which is sit.uat.ed at. V~,7590 (see Fig.7a,b). 

Earlier t.he bound st.at.e of KKK-syst.em was observed in t.he 
<) 

paper '5" at. VW. 75:!:0. v3.We can suppose t.hat. it. was one of the 

long 11ved resonance st.ruct.ures such as it. is shown at. Fig.8 fur 

t.he lnit.ial velocity V=O.7646,here t.he st.rongly perturbed kink 

escapes t.o infinit.y. 

Here t.he comput.ed results of typical four-kinks int.eractions 

are shown at. t.he Fig.9 for init.ial conditions VKK =0.99 (we used t.hat. 

t.he ~-interact.ion had t.aken place and t.he bound syst.em KK 
int.eracted with such ot.her one),There is no KKKK-bound st.at.e because 

it. is not.st.ochast.ically st.able due t.o addit.ional degree of 

freedom if comparing with KK- or KKK-syst.ems bound st.at.es 't.he same 

expl anat. ion is correct. for mult.i-kinks bound stat.es ).For 

estimat.ing t.he t.ime living of t.he bound st.at.es we use t.he t.ime 

living formula of the Arnol'd diffusion '10' : 

Tn '" -1 -1 -aWo l: expel: ) • . (8) 

here 

a~2/(12(~3N+14), C~N(N-l)/2 

and: . a is t.he function of degrees-of-freedom number N ; 

wo is t.he frequency of unpert.urbed osdllations (here we 

suppose t.hat. it is equal t.o t.he one of KK'- osclllaUons or 

KKK-osci~lat.ions or multi-K[ ones J; 

t; is t.he paramet.er of pert.urbdion for t.he energy,(here 

we can use t.he ratio of the int.ernal K-oscillallons energy t.o 

t.he energy of int.eracted mul t.i-kinks ). 

Thebound st.at.e is st.ochast.ically st.able if t.he degrees-of 

-freedom number is less or equal t.o t.wo and t.he resonances are not. 

crossing ~ver'10'. It. is fulfilled for t.he KK-syst.em far from t.he 

crit.ical velocit.y Ycr~ 0.259 (see Fig. 4) and for 

ant.i-s~met.rical KKK-syst.em it. is far fromt.he Ycr~ 0.764.But. if 

we' exam t.he KKKK-syst.em t.hen t.here are t.hree or more degrees of 

freedom always 'and so such.syst.em is ::ochast.ically unst.able. 

CHere we must. not.ice t.hat. t.he cryst.al-like st.ructures are 

st.ochast.ically st.able because t.hey can be described by one degree 

of freedom-lat.t.ice paramet.er). 
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4. AppendiX 

If we regard ot.her nonlinear equat.ions, for example t.he 

A/¢I n t.heory (n=4,6), which have solit.on solution t.hen it. is 

possible t.o have st.ochast.ically st.able bound st.at.es t.aking int.o 
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,ccount the Arnol'd diffusion. 
Let us regard t.he Klaln-Gordon nonlinear equation of type 

,11-15'. : 
~(~x.)#-<p /ift.c·-I-I/J rax.2 +m2¢rJJZrp ItI'I2 =0. (Al) 

rhere is well known solit.on solution for t.his equation of S<:alar 

charged. field: 1.0 
'" =_/!/ (m2-cl·)1r2 e-ll<Jt.eh-l[x(m2_(i~)1r2], (A2)
"'s fJ . 

here w is the frequency of complex field and the st.able solutions 

are for	 1/-.'2 ~ w ~ m. The soliton charge for CA2) 1S: 

as =8<JJ(ti-r-h1/?f.l--2 • (A3) 
"1\;" 

I f 'lie	 change .. t.h~~g..n. of ~~. frequency .-w then t.he(i) 

anU-soUt.on . Tge '<ftl\l be : . 

, QA=-<ls 0.0 k "I .x:. ­
As ~t is shown in paper ,16' there is exist the
 

sol1ton- liton bound state (SS) for wl =w.z=O. 95 and t.heir
 

interacti n velocit.y V1=-V2=O.2S. Here we demonstrat.e that it.
 

is possible to have the three-solit.on bound st.ate (SSS) for
 

wl=w.z=O.972 ~~d Vsl~-Vs3=O.70 '~s2=O(see Fig.l0b).For comparing
 

it is shown nearby t.he evolution for VS1=-Vs3=o.78,Vs2=O (Fig. lOa). -to
 
The possibility of eXist.ence of multi-solitons bound states
 

with four or more solitons will be regarded next paper. 

Fig.la	 The initial condition for KKK-syst.em. Here it.· is shown 

right. part. of the syst.em. the left one is the 

anti-symmetrical continuation t.o axis x < O. 
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Fig.2 The flux of ene.rgy through the plane xf=15 at the tiJll9 

At=l50 for KKK-system as function of kinlc initial velocit.y . 
.Fig. lb The initial Condition for ~-System. Hel'e the left. part V. Between point.s A and B the region of resonances is 

of the s~tem is S}'llIIlIetr1cal continuation to axis x < O. situated The dashed Hne is the-full energy of KKK-system 

at half-aXis x >0. 

I 

/ '\ ... 



rey
1.0
)

...,. 

05 

o .... 

.- ...... _. 

02SB (J.2GO '262. 0.26'1 /JUG (J.~G8 1(. 
The flux of energy through the plane x"10 and At-200 for 

the Kr-system as function of kink initial velOCity. There 

is shown the region of resonances accUlllUlaUon point near 

Vcr-O. 2598... (as the'resonances "windows" are too sull 

/J.25G 
F1g.4 

they are replaced by the ~hed 11ne). 

?! 

~ 
~ 
~ 

'" ~ 
~ 

. 

ft 
Q-

~ 
~ •.... 

,C) 

tL 

's 

5.... 
Ii' 
1-0 

!...
 
6 .... 
~ 
.... ~ 
~ .; 

c.... 
~ 8­
~ 5......
~ ~ 

~ I
 
's 5IS gI... 

i .... 
i& I... 
iCY) 

I~ 



I 

11 12 

f,f• -.-y;,o­
d" V.-D.• 

1# 

.. ~ 

., 
ID 

I!I 

a 

•l 
11 

6r+tt---f-+-j[-\-I-\-fItIO MOt 1flJ 

\fl· 
Ftg:5a The flux of energy as a f'unction of'. t.ime f'or 

. KKK-int.eraction for VK=O. 7600. There 1s well show resonance 

struct.ure with n p =7 andt.he jump of radiation equal to Fig.5b The energy density of KlK-syst.em as a f'unction of time 

rest kink IIlaSS M. for VK"O.7000 at. t.he po1nt. x=O. 

,':i .,I' u- 1, 



,OJ..... 

c 
.0 

-< 

:-U
i§ 
, .... 

. .,J 

. to. 

Fig.6 The energy density of K(K+K+l)-system.as a function of 

.time for VK,,-VrO. 7600. The resonances interaction of such 
system is similar to the KKK-one (see Fig.5b) 
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Fig.S	 The flux' of energy as a funclion of lime lhrough xf=16 

for 1009 ~iYing resonance structure KKK.The escaping kink 

is perturbed very much (see oscillations of flux).The 

initial kink velocily VK=O.7646. 
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