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,LAt present l/n-expansionis widely used in various quantum­
mechanical problems, see e.g. tefs.[1-10J and references therein.­
We consider below the version of the method proposed in [7], 
which is applica.ble not only for discrete -spectrum, but also 
in the case of quasistationary states (resonances). The en­
ergy eigenvalues which are complex in the last case (Enl = 
Er - if/Z), can be represented in the form of expansion in 
powers oC the "small parameter" I/n, 

(1) (k) 
, ." (0) E _E 

E = E - IE = € +- +..... +-;:- + ...., (1) 
. n n'" 

where _n = n.. + I + 1 is the principal quantum number, I is 
angular momentum, t' = 2n2E",is the "reduced" energy of 

-nl-state,E" =n2r nl and k is the order of I/n-expansion. 
The behaviour of the coefficients l:\"l at k :J> 1 not only 

presents some theoretical interest, but is of considerable im­
-portance in calculating energy Enl with high accuracy using 
expansion (1). It is known that divergence of perturbation 
theory series (PT) in quantum mechanics and field theory is 
connected with the instability of the va.cuum state when cou­
pling constant g changes its sign (the so-called "Dyson phe­
nomenon" , establilihed f~r the first time in QED [II} and later 
considered for the anharmonic oscillator [12,13J, Stark {14-16] 
and Zeeman [17] effects, and oth~r quantum-mechanical prob­
lems). 

As a rule, the asymptotics of large orders of PT has the 
form: 

I , • ,,~ CI C2 ) -' 
E/; ~ (ka).a fC"'(co + k + k2 + ...... =0 

.­

2 

== ~ka +,8)!olo(c'O + ~ + ... ~.), (2) 

where E(g) = EloEitylo, z! == r(z +1) a.nd a > O,~,a,co,cl etc. 
are calculable constants. 

.In eq.(l) the expansion paramete):' is l/n (instead of coupling 
g), which does not enter the hamlltonia.nexplicitly, and the 
coefficients E(k) are rather complicated functions of g, contrary 
to the caseoC higheI PT orders. So, some modification oC 
Dyson's arguments is needed, which is given below. 

~. Asymptotics of large orders of ] /n-expansion. Using re­
currence relations I), we have computed 30 + 50. coefficients 
E(k); eq.(2) for them was checked at k » 1 and parameters of 
asymptotics a, a, .... Wl're determined numerically. These cal­
culations have been done tor the following problems: the funnel 
potential 

V(r) =_r-1 + gr, g> 0, (3) 

the Stark effect in ,hydrogen and its spherical model (which 
corresponds to 9 ..... -g in eq.(3)), the screened Coulomb po­
tential, 

V(r) = -r-1f(x), :r: = lJ:r, (4) 

where p.-I is radius of screening and atomic units are used, 11. = 
m = e = 1. These examples embrace a wide class of pot~1.ials 

used in physics, including the short-range Yukawaand Hulthen 
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potentials 2), thl' confining potcntial (3), frequently used in 
QeD, and pot(~nt,ials with a barrier. 

In all the cases c011sid~red it tumeJ out tllat 01, == 1, e.g. 
. e(k) '" kL The dependence of tile parameter a in eq.(2) on pa.­
rameters in the problen,;s is also of some illterest, aud II =n 2J.L 

is the right parameter for the screened potentials (4), with 
J.L = gl/2 ::..nd f{x) == 1 - x2 in the case of potential (3). Fi­
nallY1" = n2f:1/2 == F1/2 for the Stark pro!:Jlem, where F is the 
"reduced" electric field (F = c!Ca, e is an external·elect.ric field 
and ell "" ;:-2 ,..... n-4 i9t.he atomic fidd itl the electron orhit 
with princi1)al quant1.lm ilUmber n). 

lin-expansion is constructed around the classical equilib': 
rium point XO(II) in the effective potentj~ including centrifugal 
energy. Here we confine ourselves to the I == n - 1:> 1 sta.tes 
with no radial nodes. ThequaSiclassical momentum is 

.p{r) == .!.[-<p(y, 1'»)112. <p == y-a'_211,,"1J(vy} - e(O), (5) . n . 

.where 11 == n-2r and £(1») is the energy oi a classical particle at . 
fest at the equilibrium point, %0 == VYo. The quantitIes 2:o(v) 
and iOl(v) are determined by the equations [7] 

v =%f - %21'.' E(O) =(z/')2 - f2 I..=ao . (6) 

We assUtnethe effective potential to be of the form shown in. 
Fig.I. The width orille highly excited,n ::> 1, leve1sis (within 
the exponential accuracy) 

" 
l'J 

r .. ~con8t.e:tp(-2nQ)n". Q(v) =![<p(y,v)P!2dy," (1). 
Ml 

.. 

4 

where Yo, Y2 are the turning points, see Fig.I, and cr depends 
on the problem considered. Supposing the a.nalyticity in the 
varia.blc >. = lin and Ilsing dispersion rebtions ill A, we obtain 

e(l) :::::: k!al-J('+l eo[l + O(llk)], k ---+ 00 (8) 

It = [2Q(II)rl , .
 
Wheny -+ Yo, then tp(y, v) = w2Yi'(y - YO)2 +..., where w is
 

dimensionless frequency of vibrations 3) around the equilibriu~ 
poirit :l:o(v), For sufticielltly small values of II tIlls point is teal, 

.as well as all the coefficients eel} in (1). With llincreasing the. 
value v = v. is achiev~, when the collision of two classical 
orbits OCClll'S, corresponding to the stable (~o) and unstable 
equilibrium points in the effective potential. The value v. is 
determined by the fim of eqs.(6) witp x = :t~, while :1:, is a 
root of the equation f - :ef - %~ r :': O. It can be shown that 
atv -11. ' . 

w'= 0{1 - "JII.)'-1\ tl{&') ~ A{-:J, - vlv.r"'!'" .(9)
 
where
 

. ' .. ' '. 5 
A =al{l +~il3r I.=~JII' =960', (94) . 

41 = 2-1f/t .·rlf4 .5 = 0.19961 

Noteth&t asymptotic! (8) follows from the dispersion relation 

l-r: 
e(k) = -1-".d)" ).. = l/n.'. 1f )...10+3· 1 

. a '. .
 
and frOIIl eq.. (7) for the widths of highly excited states with
 
,.. ;. 1 To obta.iD eq. (9) one should consider the integral (7)
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for Q(v) in the case when the turning points Yo, Y2 are nearby, 
and the function 'P(Y, v) is considerably simplified. The details 
will be published elspwhere. Another way to obtain eq. (9) is 
discussed ill Appendix A. 
• At v > v. th~ coefficients €(k) and parameter a(v) become 

complex. Evidently, this 'solution bas no direct physical sense 
in classical mechanics, but proceeding to quantum mechanics 
it allows one to calculate easily, within I/n-expansion; not only 
the position E., but a.lso the width r n of quasistationary state 

. (see ref.(7-9]). 
3. Some examples.
 

a) We begin with tht' potential (4), where
 

l If (x) = ezp( -x) . x· - , ,\ > 0 (10) 

(>. = 1 corresponds to tile Yukawa potential, >. = 2 - to the 
exponential potential). The equations for Xo and w take the 
following form: 

w2 = ,\ _ xo(I -'- A+ xo)
[X~+l + (2 - >.)x~]e-~O == II, 

'2 - >. + Xo '
 

hence
 

x. = >. +~[(I +4>.)1/2 - 1], 

v= -!'-tri + n + 4>.)1/2]x.l+ I e-"· (lOa)• 2>'· ". 

A = 5 f1 + 4>' _ (1 + 4>.)1/213/4 
!l(j l , . " 

see also eqs. (A.!.')), (A.I6) and Table 1. 

"',.'liI" I >"l1 -(. 
'rp .~. ' -.kC.f" 

6 

/ 

IS) Another example is 

f(z) =ezP(-~/I3), 13>0 (11) 

In this case 

(zo+~+I)f(zo)::: V, 

, B 2P 
,_ [1 + I3xo - %0 ]1 /2 

w- 1+4 ' 

, ,z. =: [(1 + ~2 )1/2+ ~]I!2, 

A = '!'l,B2 + 4+ (f3 - 2)(f32 + 4)1 /2]3/4 (Ha)
96 ,. _ 

Here f3 = 1 corresponds to the Yukawa potential, t3 = 2 - to 
the GausSian screening (No.3 in Table 1). 

c) For the generalized funnel potential 

1 9 rv .
V(r) = -- + -TO N> -1 (12)

TN' 

we get (g < 0) 

II. = (N + l)(N + 2(~, A = ~. 2-17/4(N + 2)3/4 = (13)
3 

= aJf(N + 2)/3]3/4, 

where at is the coefficient in eq. (9a). 
d) Consider the Stark effect in a hydrogen atom.£or the 

(nl,n2,m) state, where nl,n2,m are the parabolic quantum 
numbers and n = nl + n2+ I m I +1. Using the results of 
papers [8,9], we obtain at n > 1: 



7 & 

a= -,-P[-E(O'(F)t1
/
2/J(F), (14) 

where EIO) is the first term in expansion (1), F =n4e, 

du 2 3J(F) = ~ 7 (AI 
- B'u + u - U Jl/2, (I4a)

• 2:., U 

A' =m2F2[~E(O)t3, H' = 4.B3F[e(O)j-2 and f3'l = ~(F) is the 
separation constant corresponding to the parabolic coordinate 
1f=r-z. , 

Hence, in the region of weak fields 

a:: ~F - 4
9 

(2n,z+ Im'l +1) F'J InF + O(F2 
) (15) 

.. h ' 

The (O,O,n -1) states correspond to circular ele<:tron orbits 
pe:rpendiculat'to the direction of electric fielde. In this case the 
integral J(F) can be expressed through elementary functions 
and 

1 z~ 
a;= 2[% + '1/1 _n- Arthzt\ (16) , ' 

where 

z =(1 - 3r)I/2(1_ r)-I, ' r(l- r:l).::== F, 0 < r < 1/3(17) 

The collisiOn of,~ classical80IutioQ occurs at r = 1/3,or 
F.. = F- ,=212 • 3-9 :: 0.2081, where the parameter of the 
uymptotics bekava sUn..arly to eq.(9): 

, a(F) =Ar5
/ 
4(I + bJ~2 + bJ! +.....), (18) 

A = 2-3
/ 

4 .3-3
/
2 .5 = 0.5722 and J = 1 - FJF. - 0 (for 

calculation details see Appendix B). ' 
e) The formulae for the funnel potential (3) can be obtained' 

from the preceeding ones when substituti.ng 9 -.+-g, . 

II = :eo + Z~l z .... ~ = [(1 + 3x~)/(I + z~W/2. (19) . 

So, z'> 1 and Artlu = Arthz-1 ± l1ri. Therefore, the asymp­
toticaJ, .parameter a becomes complex, which' correspon,ds to 
osCillations of the coefficients t(.) with k .:....00. In particular; 
at 9 ~oo we have: ~ _ 31/.2, 

a(oo) =![3J/l~ In(2+ 31fz}.+ i1rt1 ,(20),2, , 

a.tu1ra(ooH... OJS.~(compare ,nth Figsia.nd 3). / 
Thepataaletm'G lot the Stark effect, spherical ID9del (12.) 

withN:;; 1 aadt•• faanfd potential{3) ~ sllowuinFig.2: 
- cums' 1,2 imd 3,COrresPOhdingiy. NoSe ~t>a.(v)""oo, 
when 11- ,v.~T~ua,theco;dlicients~.1{1'}',~'.$tOw, u.4 
I/n-exp&Dsion, itself' i.110 Jpqu appli4ble~~~~.. It 
was obBerved ~ady intliefint ai~ts ~ ...,~&(l) 
for 11. RS'.V. (71, a.nd the.ll11derlYinl·~Jl'lJk~i'~~e.r fi:oM 

F'lg.2~ However;," &t > p. th. pUaniettr (\(v) d~aaeswith 
II increasing, and applicability of 1/n-expansion is restored. 
Inihis region the c04lficients E(l:) i:I1. eq.(I) are comple~, thus 

'the first few termi oC expansion(l) determine the, width of 'a 
quaaistatio~ary state .witha reasona~lyhighaccuracy. 

.':f 

, ':. 

:­ ,."'" s;......,!\'t'( 
...... ; ~"",' '," ".!~~:¥') 't-~' ("~ >~t~~ 
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Similat results were obtained ~ for the YUkawa and Hulthen sh01lfS [10,19,20) thate(l:) gro~ as factori&ls at k -+ QO, while
 
potentials [18], see FigA and 5. , the parameter a = a(R) increases at R ..... R., see Fig.6 t~
 

4. lin-expansion and the problem of two centres. from ref.[19]. Here we present a few analytical results.
 

The nonrelativistic problem of two Coulomb centres, IC 0 < R< R., then (ref.[21) and Appendix C):
 

V(r') = _ ZI _ Z2 
a(R) =-~(A"th ( - ct1,(,== (1 :.. 3'1")1/2(1_ T)-1, ' (2:)rl ,r:! ' 

and r =T(R) is detetmin~din the preceedmg equations. 56,rl,:! = [p2 + (z ± R/2)2P/2, ' p = (x2 + If) II:!, (21) 
the singWarltyof the Borel transform [20] clQ~ to the,origib
 

is encountered frequently in different branches of phy.sics. in­ is at 60 = 1/2a < O. The ,series (1) is alternating,in sign and
 
cluding the theory of molecules, It-catalysis, etc. In this case e&nbe summed up with the help of Pade approximants; In a
 

:(the coefficients E(i) depend on the internuclear distance R, recent paper [20] the dependence of 60 on 8. was established 
where the first term e<O) corresponds to the electron energy numerica.lly with ,a nigh accuracy. The' values of the Bore! i~~['~j 
on .the classical orbit which is determined by the equilibrium parameter 60 , given in(~CJ, a.re in a very good 'agr~ment with .,'.•..:::-.~~:.~ .. 

. condition of the forces acting on the tllectron in its rest fr~e. • the analYtical formula. (23), as can be seen from Table 2. 
Here we confine ourselves to the case Zl = Z2 = 1 (tb.e molec- When R= Be, the three classical orbits (stable and unsta­ .... ':,;~ 

'."\.~ 
•ular ion Hi). For the states. with m ~ n - 1; n"'" 00 (or, ble) coincide, so' the rearrangement of lin-expansion OCCUni at 

.'"~"lequivalently, ,for n = 1 and D -00, where D is space dimen­ this point. If R > R•• we" have , 
t 

"; 

' ~

~ 

sionality) the equations 'Can be 'Written in a parametric form, ") 

a(R) =i[~(1 - (2)-1 - Arth cr1 (24) , ~:., ..,','E(O) = .,...2(1- 1l{1 +T), ,'h. 
c,;""""j
i ' 

(1) = 2(1 _ T)3{( 2nl + t)[l + (1 +3T)1/2]_ and . , 

,1
i

-(271a +1)[1 - (1 - 3T)1/,l]), ,== (~-2)1/2, R= 8T3/2(1-T)-1(1+Tt 2, 1/3 <T < 1.. 
~-T • . :1 

1/2(1 
-~ 

2 In this case a = 1/260 > 0, so the tetIllS of the l/n-expa.nsionsR == ".-'1.R = T - Tr , (22) ·1are of the same sign. The derivatii)u of eqs.(23), (24) follows. jwhere 0 < T < 1/3, R < R. = 33
/ 2 .2-2 = 1.299 and E = n-2E is the same lines as ill eq.(16), ~d is given in Appendix C. It is 

.the electronic ternl e:lcrgy, while T = cos2aand Q is the angle notable tha.t the singularity of a(R) differs from eq.(9) and is I 
at Z vertex in a triangle (Z, Z, e). The numerical analysis ~no longer symmetrical in tms case: j 

;­ j 
J 

:'~ 
•: 
l 
I 

j 
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a(R) =:. Ax 11 - R/R. r 3
/ 
2

, R ...... R., (25) 

where A+ =3-1/ 2 at it > R. and A_ = _(2/3)1/2 at R < R•. 
5. Thus, large orders of lin-expansion increase as factorials 

4).' This explains why in Illany quantum mechanical problems 5) 

it is necessary to cal~ulate '" 30 + 50 coefficients €(k) and to use 
one of the summation methods to obtain the energy Enl with the 
accuracy required far experiments. At present the summation 
or divergent series occllring in quantum mechanics is developed 
fairly well and, in prinCiple, presents DO insuperable difficulties. 

The authors would like to thank D.Popov and A.Shcheblykin . 
for their help in numerical calculations, and Y.n.Mur and 
V.M.Weinberg for disclissioD. of the results obtained. One of 
the authors (V.S.P.) is grateful to Professor D.R.Herschbach 
and D.Z.Goodson for useful discussion at the initial stage of 
this work. 
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Appendix A
 
Higher Orders of the lin-expansion
 

Let the potential be 

VCl') = -;!(x) == _~-It1(i), (A.l) 

where Ti = m = 1,%'= "''I'',1'(x) = 1(%)/%,,,.-1 == R is the 
screening radius; energy E...I = : /2'w .n = p +"1 + 1 is prind~ 
pal and p-radial quantumnumbers.The Sc:hrCidinger equation 
takes the form . 

.­
.!. et2.~ '+ (ZO )i{f + 2v'u(xol 1 + (n-I/2})_ 
n dt:~ 1/ ,,' \ . 

-(1 _ 2p + 1 + p(p +,1»)(1 + cn- 1/ 2r2h =0, (A.2) 
.. n w . ,.:~ 

which is convemeut when n ...... 00 and p = 0,1,2... is fixed. 
Here v =n2J.l' :r =:to(l +{n-1i2) and %0 = %tl(v) is the clas­
sical equilibrium point determined by t.he first or eqs.(6). The' 
variable ~, unlike r, is bounded as n .... 00. Expanding the 
quautities in (A.2) near % = =., one obtains: 

x:v'(zo) =-v, . 

E(O) = :c'v'(:n,' +2v) I.....;.: (:l:f)2- /21=0 (A.3) 

and the equation for an anharmonic osciJIator, 

.tPX r (ll. .
 
dez +{( :)2[e{11+ -;i- + ...J+ (2p+ 1) - wze+
 

._-- ... 
•.. .-t. ) '1'& " ,. \~. 

--~ ..... ~ 
I 

~-- ~ .~-
~ 



~ .j.'

\0, /,. (~ .. ,t.. t 
~-"'-­ "" 

<] '.... 

+n-I/:l[0'~3.;,. 2(2p+ l}el- ![2(1 + ~)~4_ 
,n 3 

H = 1/2(;1 + w2:J:2) + g(a:z:3+ al:C) + g2({3:c4+ ,OI:z:2 + ~), 

-3(2p + l}e, + p(p +1)] +O(n-3/2)}x= O. (A.4) 
g-O, (A.S)

The notations are [10! 

then15 3 
w = [3(t +v:)jlJ2, (J == 4(1 - V3), T = 2 (V4 + '5), 

2 21 a a 
Ep ::: (p+l/2)w -l{g[30P(p+ 1) + 11]w4 + 2:'2+

• _ 2 b_I dbv dv 
V~- :z: -/ I (A.s)(k + I)! dx lc ax I:;:Q(II) 

3 (2p + 1)aal 3{3+---- - -[2p(p +1) + 11_
Eqs. (A.3) define the :1:0 dependence on 1/ and the initial term 2 wi 4w2 J 

of I/n-expansion for the "reduced" energy €. Eq. (AA) with 
2p + IfJ } ( 4 .n - 00 gives --.-)- 1 -.f3.z +0 g). (A.9)_w 

Here Ep is the energy of the pth oscillator state. ~ simplest 
f(1)= (2p+1)(w-l)(II/XO)2. ~ (A.6) 

case al = (31 = ~ = 0 is considered in ref.f22J, p.132. The 

and d2x./dE.2 +2(£ - Uh: =0, where general case is easily obtained with the help of the shUt. x ­
:I: - c, and the change of oscillator frequency, w - w + .:lw,

• ,1 Xo tt:!) E(3)
E = (p+ l/2)w + :)(_)1(_ + -0 + ..;), where 

~ 1./ n n· 
gOtl.J ? 3aQ'1 01

2U({) = w~e - n~1/2[ere - 2(2p+ 1)€]+ C = -2 +O{9'), ~w = -g-{ ~ ..,.. --) + ... 
. w .~.. ~, 

CC> ,
+ L:(-1)'n-·/2[(s+ 3)(1- V.)f+2- The equation [10] for e(1) follows immediately fro~ the above 

J::,l equation3 (here g = n- I /2). Tli~ next coefficients ..J~) can be 
obt.ained in a similar way, tllOugh thecalc~tlat.iQns bet'Jme .more"-(2p+ 1)'(5 + 1)€" +p(p+ 1)(5 _1).;'-2j (A.7) 
cumbersome. For this purpose one can use re!:urrence relations 

'The' coeffidents of anhannonic terms a.r~ small at n - co, which are very convenient. for a computer. 
which provides the applicability of the perturbatinn theory Now let us discuss eqs. (8}, (9). Thz asymptotics of the 
(PT). If the perturbed ilamiltonian is . higher orders of PT for the anharmonic oscillator is well known 
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,/ 

[12,lJj. For i!lstann'"ffir the: energy or the ground state Eo we 
have 

Ea(g);Eo~~ + fell, (A.tO) 
.. 1<=1 

where ~'(:t) ;; 1/2w~~2 +gxJl and 
. .". 

CI: ,.... COll.s~.(ka:)!a"JcP, k .... 00, 
1 1 

0' ;::: -(1/ - 2) ~ == - ­2 . ,~. 2' 

a • __ !w4"'{r(~)/r2(~)]. (A.ll)
2· v-Z v-2 

The term ex. n-'/%el+:£ In (A.1). IUds to contribution ,.." n-(Ao-l; 

in the energy when it it taken in the q'" order PT, q == 2(k­
l)! ,. The corresponding cOntribution' to asymptotics of the' 
coefficient e(k). i!l ,." {k - 1)!W-(l+"{I)lo, see eq. (A.11). .U w 
is finite, a.U the cODttlbvtionl (, -= 1,2, ..•) are of theBaD),e 

. order of '.llagnitudt and· are essential. However, if frequency 
~ - 0 (0111 - II., see eq.(9)and Fig.7), the c:ontributiou from 

•	 B = 1, i.e., froni thec101bic term in (A.7), dominates. The cubic 
auharmomc oscillator' was conlidered in det~ by Alvarez [13]. 
Using his results, we obtain that 

lj.1I, ,.., Jt!.$".1:-3/ as k ~ OQ; (A.12) 

a =- 15u;/8w5 =A( ~r s/" 1/ ... II., . (A.13)v. . 

.' !1& 

where A is the coeffic:if'ut defined in eq.(9::l). and (7; = o-(v,). 
This result is valid for an arbitrary potential VIr) and shows. 
that a = a(v) ha~ the power singularity at v = v •. It expla.iuli 
the lack of cODvergeucc of l/n-expansiou for ~ '" II. [7·91. 

Ip the case of the potential (10) we have 
, I.', 

1
C :: [1 +41 .... (1 +4.\)1/2J1/4, q. =-C"6 -, 

. 5' . 
A == 9611 +.4A - (1 +4AW~J/. . (A.14) 

lD particular, {or the Yllkawa (A =1) potential eo? = l-zil (1+. 
:1:0), 

~ == ~(1 + v1), v. =z~e-'" =: 0.839 96~•••.. 

A'= ~(' - JS)3/4 = 0.111646".. (A.15) 

and for the exponentW potential:'..(=2, w = (3 - zO}l/2, 

%. =: 3, v,. == 27e-;1 = 1.34425••., 

A=: 2-17/ 4 . 3-1/4 • 5 == 0.19967.•.. (A.16) . 

(A.15) is·in. a.ccordanc~ withaur numerical calculatioits of the' 
parameter a(v) near II = v. (Fig.3). 

Finally, for the Hll1theu potential: 

f(~) =:~/(e:IJ -1), 

, ~ 

c .. -" ...~.1\. '4<-	 ...... : ' .. A:" ( .'" . :~)'\ ,,?'t·... • ,-.Jc ~. .: .. , J',	 ,.;'...:;'~~.~--, .. ~.10! r 
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. ~l e~ (eZo -lt2 = II, W = (3 - :l:~~2oW~~!JA.17) Cakula.tiDg the integialin eq.(I4a) , we obtUa 

The value ~. is deterrilined from the equa.tion: e:-".= .' 
(B.I) .= (1 - n/(1 + i), wnt>nce a= cl.t/J(;) ,

"'""'.::t 
.> ~. , (. 

v. =1.523·1, C == (%~:... 3)1/4 =1.3801~ Z3 .. 

~.z:) = z + 3{1 _ z2) -~A,.tA.% == 
A = 0.13709 (A.IS) .
 

2 .~( . 10 2 5 4 )' . . 0 ( . )
The numerical val~ of V er , v., C and A (i.e. thl' ':'f)effici~iD. - 15 % 1+T Z + ~z +.... , z......, B.t· 
eq.(9)) a.re gh-en ill1'able 1. Here Va corre.spollds to ~O) '= 0, i.e 
to the point at which a highly excited level with I ~ n - 1> where c = 1/1. for the Stark effect in a .,....... while t)e 

'l. crosses die boundary B ::; 0 alld escapt':~ to 'the continuous dependence of .; and energy f(ll) on the redaeecl electric Wd. 
spectrum. The v'llues of Vcr for the potentials f:rom sect.3 a.re: F == 112 = n4e, is de.tennin~ parametrically, ~" ,. -(1 + 

, 3T2')(1-r2)2 and eqs:(17). For the spheric:ll model(aee eq.(U} 
2· ('>./e)\ for (10) with N =1 and 9 < OJ we-get: c =1/4, 

lie_ = { 2 . ex])( ...,.~3~1), for ~(1l) 'Y~~;, 

(e =2.718... ). &I, Vcr < v.for an th~ cases considered. z = [(1 - 31')/(1 - .,.)l~/2, . flO) '= -(1 +3T}(1- or), (B.3) 

T(I-'ll::: F 

Note that. in both cases i) the foat' T= T(F) - 0 a.t F -+ 0 
shoul~ be chosen, and l' ~ 1/3 Corresponds to the collision of, 
two classical solutions {stable and unstable equilibrium points).. 
It occurs at P-= F.., wnpre F. = 21~ _3-4 = 0.2081 for the Stark 
problem [81, F.. ;;:: 22 .S:-3 -= 0.1481 is the ease ofits spherical 
model. At F -+ F~ ~vep.ut T = t(l- t) and obtain from 
eq.(B.3) th~t~ . . 

/tJl
.1 
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f = 

t2 + ~t3 = ~ f z = [~t/(l + !t)jl/2
:3 3' 2 2 ' 

1 - FIF• ..:.... 0, while eqs.(17) yield 

(BA) 
Appendix C 

Here we derive the formulae of sect.4. 
Proceeding to the elliptic coordinates ~, TIl If [221 

2 ! J -12 9 _ ~f _ 3 1/2( ! )-1t + 6t + ..... + 2. t - 9' Z - zt 1 + 2t 

From eqs.(B.l)-(BA) we obtain 

z = (31)1/4[1 - 2· 3-3
/ 2l/2 +0(/)] 

( )B.5 (? 
. {= (r1 + r2)/R, 11 = (11 - 'f2)/ R, 

l~{<oo, ~l:£t]:£l, 0:£",~27l", 

and fulfilling the scaling transformation 

Hence, eq.(18) follows, where 

A = 5/8.31
/ 
4 =0.4749, 

i' = >.z, il. = JlR, E = >'E, >. = -2­
1 
- ~ n­2 , 

m -1 

b = -20/7· 3J
/ 
2 == -0.5499, 

(in the· case of the spherical model). 
for the Star~ efi'ect giv. 

61 == -0.6699 (B.6) 

Analogous ealculati0I!-s 
. 

T/J = [(e .... l}(t ­ ,,~jl/2X1(~)X2(11) ezp(iU¥), (C:l) . 

we arrive at the one-d.imensional SchrOdinger equatiOns (or the. 
functioas Xi, . 

..... 

A =5/z'/4 . 31)2 == 0.5122, b= -0.4170 (B.T) 

These values 7) ate in agreement with the ~ in FiS.2. 
The parameter a of theasymptoti.cs (8) in the weak field re'­ . 

gion can be calculateQ, when substituing expansioIUl of ~O)a.nd . 
J(F) at F -. 0 into eqs.(14). In such a way, for an ~uary 

(nll ?a2, m) state in a h)rdrogen atom, we obtaiu 
. 3 3' . . 

a(F) = 2F(1 ­ ipF InF + IcF + ....), (B.S) 

.\2~ +2"(e~U(t)X1 ~ 0,.' (C~2) 

(l • analogous to th Planck coDataut R;.\ _01.'wherethe . 
eJfec:tive enave &DcJ elfective potentialS ate 

1e-:;a -Elf 
4 ' . 

where Ie =H3+(31nZ_2)p-4[(p+p) '"(p+p)+(p~p)ln(p''' 
p)}}, p == (~n2+ Im I +1lin = 1- (01'"- ?as)/'" andp == min. 
Inpanicular, p =1 pd Ie= 3.579 for the (O,O;n -1) states 
with n> 1, p = 1 and ,,= 4~619 for the ground state~ n = 1. 

U(e):::. t _ jZ~+ IJ. 
%(e-l)2 . e .... l' 

V(ft.) "'" 1 . R-Z-il-fJ 
'f Z(t-"ap + . 'I' . 

. 
(C.3) 

... 

lL..~ .. . ;3 c , ..#" -.,. 
.(. I'." I '­
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Zi: = !(Zl ± ZZ), and f3 is the separation constant. Further we 
put Z+ = 1, Z_ = 0, which corresponds to Hi ion. . 

1) R > R.=1.299 038 ... 
The potential V(7]) is shown at Fig.5, i.e. it reduces to the 
case of double-well potential [23], which has symmetric and 
antisymmetric states with diffe'rent energies, but identicaI1/'R­
expallsions. In this case the Borel sum of series (1) has imag­
inary part r /2, whichcorrespQuds to the tunnelling from one 
vacuumto another [24,25] (calculation of large orders of per­

. turbation theory is considered in [23]). 
When n - 00 and n( = n'l = 0, the four equations follow 

U{{o) = V(71o) = e, 

U'({o) = V'(r,o) == 0, (CA) 

the solution of which is 

_ QcJ 
[(3e~ - 1)({~ + 1)]2R== 'l',,0 €o =,«(5 -:-1)({~ +1)2' 32eg 

TJ - (3{~ - €6}1/'J. - [1 _ (_2e)-1/'J.]1/2 (C 5)
(} - 3{~ - 1, - ,. 

1 3{~ - 1 2 - r--n-: 
e =-;-(-4--'), {3R =y-2e

2 eo. - 1 

({o, 7]0 are elleptic coordinates of the classical orbit, 1 < eo 5 
31/2,-00 < e,~ -1/2). Since V(71)-V(TJo) ~ -e[(712-1]~)i(1-
7]2)]2, then ­

" ,.~ .".' \ .. 

-", 

.,~ .. 

'21 ' 'oj 

. -" ' 

'lO. 'lO 

a-I = ~ ! IP" i d'1 = 25
/ 
2 !rV("70) - V(7]W/zd'1 = 

'\
-'lO(} . 

=~( ,'70 2- Arth 11o) (C.6)
1 - 110 

,~;(instanton contribution). We put T == ~02 ~ 1/3 and arrive a.t 
eqs.(24), wh.ere , := '70. In particular, at T = 1/3 

~o '== 31/2, '70:= 0, R= R. == 33/2/4, e =~1/2 (C:7). 

and €o = -32/27. Ncte that at TJ - 0 

V() V(O) ~ { ~(";-2e. -1)TJ2 + ..., e'< -1/2 (C.8)11 - -!%11• + ... , e-- -1/2 

''-'J,So, the effective potential ch.anges its shape at it = R.: 
2) 0 < R< R•. In this case -1/2 < e < 0, 

''12 1 
IT(TJ) - YeO) = (1-712)2[2 + e(l - 7]1)] ".; 

2( 2 2) 
2 = ~1 ~~; - = (e + 1/2}71 + (e + 1)1]4 + ... . 

~ .~ 

So, the equilibrium point is 110 = oand the turning points are 
.complex, 71I = 1 + (2e)-1 < 0, where e = ~foR2, as before. 
Therefore, ' 

23u-:' l = 2l'''('l! ~ r:T/2 

d" = (), (C.9)/ -2(Arth ('­
0' 

i 
i 
I 

'! ~ 1 

I ,­

'i. .J 
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where ( = (2e +1)1/2 == (1- 3r )1/2(1_ r)-I, see eqs.( 23). Con­
trary to the previous case, the equilibrium orbit is symmetrical 
(TI = T2,T/0 =0), so 

r == ~;z. = cos'l.a, R = 2'flcosa, 

and 31
/
2 :s ~O < 00, 1(3 ~ T > O. 

3) Compare our variables with that of ref.[20], where large­
order dimensional perturhation theory for Hi is considered. 
Note that 

D-3 .' D-l 
1= --, n = l + 1 = -- -+ 002 .. 2 

(n,. = 0), the dimensional scaling factor in [20] is 

1 ( ) 2? - 3 ­
f =-D D - 1 :::J -n­ f( = R/j:::J iR (C.10) 
. 6' .3' 

and the expansion parameter 6 == 1/D :::J 1/2n.So, e(AI} ~ 
2:-(k+2)EJ, at k -+ 00 (see eq.(3b) in [20)). Let the Borel trans:­
form F(6); 

• 00

E E'tc5l: = / e-t F(6t)dt, 
boO o' 

has the singularity closest to the 'origin of the typeF(6) ex 
(60 - c5tp

• Then, thecoefficients Flo = E',./k! ex 00l:kP-1 and 
e(lt) oc canst· k!(260tl:kP-l, k -. 00. Comparison with eq.(8) 
gives 

_a = 1/260, (1 =p - 2 (C.11) 

It was shown numerically [20J that 60 < 0 and p = -1/2, 
if R < R., which corresponds to a square-root branch puint 
of the Borel transform at 0 = 80 • The· agre,ement between 
calculation results of r"Q20! and our fOrIllllla (23) is exellc.>:nt, 
see Ta.)1le 1. 

. ~ .:,­... ,C0_ · .. ..l ~/ ,f'l',' .~- \ <: 
ow ~ .....\: . 'l \ 
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Footnotes ° 

1) See tel .[18}. The numerical methods we l\&.ve ued' win . 
be described in detail elsewhere. . 

. 2) When /(z):: e-2 and z(~ - 1)-1 in eq.(4), weobtabl 
the Yrikawa and Hulthen potentials, frequently used in nuclear 
physics; I(z) = Z UJ'(-zl) conesponds to the Ga.ussian p0­

tential, I(z) == 1-~ - to the funnel potential (3), etc. In fact, 
'. an arbitrary central potential V(T) can be written in the!orm 

of eq.(4), if the condition 0 <1(0)< 00 is ignored. . 
. 3) Note that 

, 
'fl2rdlnll

•. ,2 -1 _.", 
- -. - 1- zf =... d:c ' 

where z :: ~(&I), eq. (6), and II. =:z~r(z.). 

4) Large orders ofthe usual pcrturbation.theory E" (in pow­
ers of the coupling g) may increase as (lea)! with an arbitrary 
value o! a. For example {12], . 

. 1 
E/, ex (ka)!a"J!, Q' = 2(N - 2) 

for.D =.1 anharmonic occillatot, V(z) :: ~Z2 + g~N. 
On the other hand. in the case of 1/n-;xpansion a=:1 and 

€(k) oc k! for aU the problems considered. . 
5) For example, when calculating complex energies of qua­

sistationary states (n1112m) for tIle Stark· effect in hydrogen 
[8,9]. 

6) The dependence of the variable z on F1F. is shown in 
Fig.S and is quite similar in both cases. 

7) The analytical 'value of the coefficient b for the Stark 
2problem is b = -85/63. 23

/ ~ -0.47702. 

A· ft!· additional rtmriCI;
 
t) After this ~k 1II8S OCIIIIPleted and submittedforpubltoatiOD.
 

we beoaae acquaintedwtth the paper .by Up&z-Qlbrera•."GOOd$on~
 

Herschbacb and Yorpn [oot .in whicb 1arf&-or~rdi..i.1
 
. .... .... 

pertUrbationtbeory for H~. is de.eloped. UsiDC. the advanced DI1­

ID8rical tecbaiq\l., incl\ldi~. the Borel transforation and'~­


d'-80rel suuiE.tion,. ~he authors sbow$l that' the' eoeHicitDlts·
 

Eli) grow as k!, k ~ GO, and det~rtlimtd the depeDdence.of
 
. ~' ....• '. 

tbeBorel par811!8ter 6;=1/24. on the scaled distanee R ( ~ .. is
 

thepos'ition of the sinrularity in the Borel fuactiODF(t.> clo­


$&$t to the origin). How.ver, the analytical 'forala.. (22)-(24)
 
. . I 

are not given in ref. [201. The muaerical values 1)t S from . . ~, , ' .. 

[20] are in an excefient agreement with our eq.(23), see Table 2: . 
. . 

Note that 0'+1=-1.5 ineq.(S> corresponds to the sqU$Te,..toot· 

sfnpladtyofthe Borel transform. P(&')VJO;- $) liz (if R<R • ­
. ~ 

t <0). In this cas" the quadratio Fade analysts is 'nry .
 

a;propriate [~] and gives the correct values ot J;and 4(R)
 

with 5f8 significant figures, a.s is seen fran Table 2 .
 

2)Lef us give some' expansions in the two-eentra CoUlomb probl881 .
 
~ . 

At R....,.R.. 

"Iz .:,. z. (1'3,.3' L1-'-, + -It - - n +".) /'l7'"1-Q). f~ 298 
(11):= E • . , (I') 

E -.f- ? '" h.z- -f / .3 ~ f - :£/r. -(- f - "9 It -t- ... ) h? - 0 

N ~ 

where E~ ==-32/27 and h=(R-R.)/R~. The singularity of tl..{R) 

is not symmetrical, which di Hers from the case of a. spherically 

symmetric potential, eq.(9); 
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) 
-~~ ~ {+i.o h,+ ."

. 

,17 -;to rOuri) =A-f- IIt I . . (2') 

.i + .(3 h+ 'fA J It -?-o - ~o 

- 'Si ' -I(z., ' 
where A~=3 and A.. =-(2/3) ..From eq.(23) it follows that 

a == + (3')-; [11 - ((- ~/~) 1-1 
C)(A~; 

where A '= -61(l11</- and I<~' 0 . 
AtR-cO weput'Z""=I-2t, t+Oineq.(24). then 

, t (.f- t) 2. ~ . (ti» (-f-tLjJl. 
_---:- ;; 2, +2 -= p E .:: 
.[(-..tt) ¥z.. ,) ) .:tr-f-:-.it) 

,.' "-~ " '-( ./t.~ 
'lith z~t(-f-~t) ) r==,- ~7[' If z~rl' then' 

; z; .i ' 
t-= 7- f J' " 

(4') .r--) .f( , --:f 3, '/% "'3" G. ~l 
~=: -X 1+1fJ -vtfl .. 7ft + ttl/ 
Using the Lagran\re's formula from the tbeory oJ analVtic . fuacti­

ons, we finally, obtain *); 

)t) Note that the co~fficiants CA,can be calculated .for arbHra.. 
, ' 

ry k. For instance,' , ) 
. . (c+( (3/.:-3 .' 

C = (--'1" . !r; q4t1. / I , /_1 .... I) :;r A • 

28 

~ r(J~+ 'i), ~J
 
d."I: 1 -+ }I L 1./ r(J.I.+Y+f) ('-f .~
 

l7:'f
 

_ ;( - y! z +j, )1(~,!, s) f "; - a •• , 

~(·)(R) =Z ~fi _ -1-5' +ff3­
~ =0 

, , ,'. 3 .~ S". f' C -(f.3 1- 3 
-- p -.- j . + " + - f - to . .~) 8. . --(6 ) 

a =·fr [1'+f~f + O((f(h~)4)] 

,
(5 ) 

" " + .. ·J / 

.Dartt':';: 

7 (bere I. is the root of eq. (4 
/ 

)_! which --:: Iat R -:;'-' 
'. 011 ·theother haiJd~ tbe expansion. of the elJCtrcmi~ 

'. f 

for tbe two. CoulOlllb ,centers, Z1=Za.~I. i~ .ell, knO'ltn: 

, t:{Il.) :: ._;". -f +~ (1-k-1f~ ­
. ' 

~ ({+~-1 [J;(f~{;.)tq ... t\!,;tJ~f.}tt-
'({-fat! - .[ '-~J','f'" € +·'O''/.f'''''lolJ,.

'If .~ ....~ • '.' (J J . 
, '"', )
 

(see raf.[26] and eq.(4.59J in (27] with n,"'n=O, m-n-l).At;
 
, . " J.., .. ' "," 

n~QOthes1x first terms of th~Lexpansion~ <.5') and (?') . CC)1'D~ 

oide. 

" ,,'.. 

_ar-- ....... ". "
. .,. 'c<J" .)..' .... - .a;'l. ',~.. 
. " ....;:~ ~" \ - :m .• ~'.........-'- , ._ ••• _ •• M
',>, ''''. 
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, 3) For the potential 
I 

(8 ) 
_ .L \"

V(~ -- --~ 
'" ,J.. .. 

'Ne have (21) 
, - t'4(1_.f..::1') , ~, , . -Irs ).- f,.3 1t- _A'i tit 3,~ l~.f. 

.a -: £. ({_iJ.~~-a"<:r;;'(I-~'J"'% 2-2+.%..J(9') 

:':( fa 1!;t/):- (1-3/10) ~ ) t."' )I)'.)
 
. ' {-Ko '..t. P'3 a.nd ,,_ y J V.. ~
 

. , '1/ -: h '3 ff • ,. ::t. 
-).($ -~ , 

Jl~r1J '. Kit- :.;l.. . , '11{:2 .3. J. ~.4?27 and e~tJ,­

wbail 11 --:" v... Since tl = !J.?f -s .... O(~ "'J) at 

2-70 ,we obtain from eq.(9') that . 
,~ -- "If ""/traf-j"? V.) ~ A (f- {) , A:=5fs· 2 -0.2478. (ID ') 

.1nch is in l1.ccordance with the gefietal eq. <r2).,in ref. (2I] . 

. . 4) Analoqously, for the Za~~n 9tlect in hydrogen we have (28) 

1- f
.( 

is 
~ 

.-r.,,) 8~o 
-( 2. .;
 

~ +-8~ -// fJ> ­
~ '1' 

) 
'0 _. ~ )~ 

:i _-~ 

tJ-

- {. (t3!~ z) S ~ flo'" 

I"',.

f'/~) /2,1£- f 3. (~-2 (J ~l ,t(.-f.; oJ ,.' 
_, _ . It.~ .n ... "'" (n

. 

)a - (~a_f)" ' &,'n'2 - 7 . -' 
. , 

~ (A~ 14 '! ~..-.-!. + ""':)' , "~ 

;0. .3~ -r ~ 
where 

~ : (~'-3'ltl) Y2 {<~<.i. ' (I21):'~ 
. ') 

(z-r at B~ 0.' z",,2 a t3 gil ). In tbi s case th~j asymptotical pa.. 

'rueter &{ (8) is complex, so the series (1) is .UerD&.ting u.,. 
, . ~. 

sitn. The dependence of the parameter a. 011 B is' she"n' 7) in Fig'_G',; 

Tb case 01 a hydrogen ~-tom in both fi&ld~ .Ew B.~ 0.'
 
considered analogously (see eG.(3) in ref. (2tH. determiniD¢:'
 

tb, radius Zp -= 2
11 

~ l .8) or the cla.ssical equilibriUlll orbitL
 
As an example of calcUlation of the asymptotical flU'ameter ..
 

let(l) 8) i. see Pig.IO .
 

'/ 

" 

. wh"rtl -:20 is the radius 0 f thE:! classical electron orbi t. Let 
\. f .

1/ :-(B!?') ~/.J K' =- }' i • th~n, ;( +)( = v . It can oe/ - ..c.. t.: o. 0 o c . 
( ­shown that. 

, 

" ' ...... 
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Tabl" t. 
Tabla !~ 

_. j 

j 

-.,.. 
I,i I 
! 

.'f{x) .yet'" ~+ G A. ,po ten t ii:ll The values of the Borel parameter ~ 
; ­ ,.J' (1 

for thH molecular ion H (R<R). . 2 • 

=I/2~ 

"j 

--r 
I I '.!'KO(-JC) 0.73575 O.d3~'~'b 1.28'1 O.III6 Yukawa I I. iI I .jmethod or I 
'1 I ~/( e" -r! T. 2~h~<? 1.52344 1. 381 0.1371 Hul tl1l:!n II 

I . 

'I R 1 - s: '!calculation' i
.3 \ ~XP(_(2/~) ~.213~6 1.~86~O 1.682 0.:2478 , . I 
4 I x·exp~-x) 1.08268 !.~4425 I.565 0:1997
 

2 I 0.2 ! 1.,720 950 i aq.(23)
5 I (I,.xr 0.5 0.52815 1.033 0.0574 Tietz
 
I 0.4 \' 1.062 376 _H­6 I x.exp(-x2.) 0.73576 1.08268 2.000 0.4167 I Gaussian I

I 0.6 . 0.705 527 ' I "
 7 I I+x 2 I - 0.38490 I.565 0.1997 I 'S-pherical modal 
I ' I ~ 0.7 I raf.[20J 

'(, 

8 I - - 0.45618 0.8660 0.2406 i Stark effect 
0.8 I 0.474 800 620 I aq. (23)H'_ I 

0.474 ?95 nf ;[20J . 

1.0 0.313 841 I91 eq.(23}
Footnote:, HXJ is the scrgenin~ function in (.4), A and C - the
 

0.313841 2I ref.[20J
 ,I coefficient, entering aq. (9). 
1.2 0.197 5J:6 £21 52 I 9q. (23') 

I
 
0.197 516 6I8 76 ref .[2OJ .
 

I.4 . 0.112 '797 9Q.(23) 
.... 

1.6 I 0.(62 563 -"­
1.8 . 0.013 569 : -"-' 

I !, I
 
"
 

Footnute: Note that the definition of the scaled 
. ~' 

internuclear distance R in ref.[20] aiffers 

from ours by the ,fa.ctor 3/2, as it is explaineCl' 
. S/2 ' 
In eq.(C.IO), so hereR* =3 78=I.9~ 557• 
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