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1 iutroductiun arid 'Description of the Model 

In this note we review and clatify the hidden Uq( 812 )-symmetry st1'1lcture of' 
the Hofstad'ter model established in (I], with la.ying special emphasis on cyclic 
(unrestricted) representations of the q-deformed algebra. 

Iiofsiadter modelis the commonly used name fur a peculiar model of Bloch 
particles inmagnetic field [2], PI, [4},[5]. The spectrum of this t~dimensional 

lattice system has &11 extremely ,reach structure of Cant.oTset and exibits a 
-multifracta.l behaviour (4], 161, [7) (see also {S} for a renew). The model bas 
~physica1applications [9J, [~, [IO}, (11] and it has been extensively 
studied for some time. Recently, we revealed {I} tile hidden dyna.D.rical sym
metry of the problem.- The qant,tW.l,a1gebra. U,(sI2) 'acts in the space of states 
of the model, aHowiDg one to get a partial exact solution of the ~ 
type;. '. .. 

The hamiltonian 'of a charged particle on a tw&-dimensional square lattice 

With iDteger coord.iDates-ii ~ (n:.:~ "11) in homogeneoUs ntagnetic field is (cl, en 
are usuaJ creation-annihilation operators) 

H = 2: An.meiAc.4 ckcm, '(1) 
<11,m> 

n eaAc,.:::;: ei+ 
~dk 

where. is the magnetic ftux per plaquette: We suppose that the (real)hoppiDg 
amplitudes An.1ii in (1) are non~zero only for Dearest neighbour sites: ~ ~j = 
A., Aii.n:t:f. = As, (i. and iI/are unit vectors along Z &11d Vdirections). ~BotiDg 
A.~ii) ='~.;i+i.' A.(ii)::II A~ii+r.,we rewrite (1) as follows; 

H -,\ r ei4(ti)c.t c "+ l "eiA• fn)~k - +' ~:C (2)- -L."., iI ft+1. II '-- "ft+l" u,;". 
n n 

The WI!We' functioJss. of the particle in magnetic field form a representation 
of the Jf'"l1 oJmagraeht'~121: let ~rs of ~ translations be 

. Tp(n) = eiAc..., J n>< n+p t 

(hue;; -=:i. or ':i:-i.)~ 'They fonnthe aJge~ 

Til := T:i, TaT.. =,-iik"'Tiil+fiu 

TvT. =' q2T~TfI' T"T_~ = q'''~_.T. : (3) 
~ 



2 " 

where we have denoted T~ = Tr.. , Ty= Ti, and 

1 ' 
q= exp(ii.) (4) 

Below we assume that p
• =21rQ (5) 

where P and Q are coprime integers, so· q is a primitive root of ±l of degree 
Q. This algebra is also known as the finite Heisenherg-Weyl group. .The 
hamiltonian (2) therefore is 

H = ..\:(Tz +T_:c) + Ar(T, + T4/) (6) 

As it was shown iu [11, the Uq(sI2)·symmetry becomes the most transparent 
in the lattice chiral gauge (this gauge was also considered in [12): 

A cj( A..( . 1,'-,).nz :;: - Z n~ + n~), ~ = 2' n: + nil + I}. 

The Scl1.rOdinger equation corresponding to the hamiltonian (2) in the first-
quantized picture th.en looks as follows: . 

lZ'e-1(,,#+n,h~(n: + 1, n }+ A.e"(n#+YJ7 -1hlt(n - l,n.)+tl z 

+Aye-~(n..+n')~(n ..,nr -1) + Ayeif-{nc+t&.+lh;(n...,ny + 1) =-E't(n..,n.) 
(8) 

Due to periodicity of the coefficients one can lind solutions in the form of the 
Bloch waves 

(9) 

where 
1 

n± = nz ± ny, P± = 2'{Pal ± Pr) 

are light-cone coordinates and momenta. The equation (8) is then reduced to 
the following one-dimensional discrete equation for Xn =Xn(P+, p_), (n = 11 +): 

eip+(~l1e"''''+f-ip- + ~~e-!f-"+ip~ )Xfl+l+ 
(10) 

+e-ip+(A~e't"-!f--tp- + ~ye~"'n+ip;. )Xn-l :;: EXn' 

Xn+2Q = x,.~, n =. 0, I, ._-, 2Q ..., l. 

This is a gauge equivalent form of the famous Harp~'s equ.ation (8]. 
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.2 Representations ef.Ug(sI2) at Roots ofUmty 
The algebra Uq( 812) ( a q-deformation ~f th~ universal enveloping of the J12 al
gebra) is generated by the elements A, B, C, D, with the cOIIlDlutation re1a.tions 
{13J [141,[15J,{16J,117] 

AB =qBA, ED =: gDB, 
DC = qeD, CA·'=i= qAC, 

A~-D2 
AD= 1, rB,C} = 1 • (11)

l . q_q_ 

We assume that the deformati()1l puameter~ isa root of±l of degree Q. In 
the ChL5sical limit q - 1, Uq(8[2) turns to U(s12) (universal enveloping of the 
Sl2 algebra): (A - D)/(q - q-1)_ Sa, B .... S+, C- S_. . 

The central element of this algebra for general <J is a q-analog of the 
Casimir operator: 

1'· 1.)2 
(12)c= q-2A - q2D +BC. 

.( q _ q-l 

When q is a. primitive root of unity of degreeQ more central elements appear. 
If Q is odd these pperators. are 

(13) 

They are connected with t.he q-Casimir element (12) by the algebraic equation . 
of degr~e Q: 

Q-1n (c - c<m)(q») :::: xy + (q~ q-1 )-2Q(f + c 2 - 2) 
m=O 

where 
q<rn+1)/2 _ q-<m-t)/2.)2 m + 1

c(m)(q) = 
( 

= [__]
q_q-l. .2" q 

and the last not.at.wn means the "'q-deformed numher~' (m + 1}/2. 
TIl<' reprt's~ntation t.heory for U~(.d2) at roots of 1 wa.·, d{'vC'lop(~ in '114]. 

[18}_ H('T(, we describe in some o.etail only the I'f'pres.,uta.t.iolls which ar(' 1"('1('
vant in the Hofstadt<'T model. 

·First. th('f(' is a "'r(,~\ll<l.r" sPrit'ti of fiuit.{'(lim{,llsiollal iu('dnc:ihh' f('pic~-\;--n:'
tt\tions (.:ha.rad('ril.t~d hy 'an int.eger or half-iut<'g('f 11ll11l1wl' j ("Spill"'), j = 0, 
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1/2, 1, ..., (Q - 1)/2. They caa be expressed in the weight basis where A 
and D are diagonal matrices:. A ~ $4g; (qi , .••, q~i). The wlues of. the central 
elements (12), (13) Ulspin':'j .representation are: z=y =0; t =:i::l,. 

. (ni+1/2 _ -i-1/2)2 .' 
" 

C = '1 q = f.j + 1/2]2. (14)q _ q-l -. q 

These' representations- can be realized. [14] by difference operators acting in 
the linear sp8£e ofpolyuomialBF(z) ofdegree2j: . 

AFez ) =q-iF(qz.), DF(z) =qiF(q-1z),
 

BF(z) = z(q _q~l )-1 (<Ii F(q-lZ) _ q-2i F(qz»),
 

CF(z) == _Z.-l(q ~ q-l)"':l (F(q-1z) - F(qz») . (15) 

Then Fo(z) =1 is the lowest weight 'VeCtor whereas F2j (z) = ;iti is the highest 
weight vector, i.e. CFo(z) =0, BF2j(z) =0. 

The realization (15) isa smo·oth q~eformatiOIl of the well-known repre
sentation of the s12 algebra by first order clliferential operators: 

53 = z d~ - j, 5+ =-z(2j - z d~)' s_ == :z' (16) 

There are no irreducible representatwDS of the allebra with dDD.ensions grea.ter 
than'Q. 

At the "critical" dimension Q, in addition to the"regular" representation 
with spin (Q - 1)/2, there exists a. continuous 3·panunetric family- of irre-" 

- ducible representations- having in general neighter highest nor lowest weight 
[18). They are called cyclic (oJ' unrestricted) representatioDS. The continuous 
parameters a.re 'values of the extra centnI elements (13). In general, the cyclic 

" representations can not be realized in Uleromorphic functions on the complex 
plane (at least, such realization is not known). Au explicit rea.lizatioD. of the 
cyclic representatioIlS by shift operators on a finite ring-like lattice with Q sites 
was obtained by Sldyanin f14] as early as in 1983. 

Recall that q = exp(irrP/Q). Below we restrict ourselves to the case of 
evenP and odd Q. In other cases some- details of the a.rgtiments should be 
modified. Denote 

W :::: if - q....-t =2isin(7fP/Q} (17) 
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for brevity. The Sklyanin's realization is the following: 

A = _ie i6 ql I2T+,D = ie- i6 q-l/2T_,
 

C =w-le-rrq--ft(ei6+MT+ - e-i6 - M T_),
 
B =w-lei-rqn(ei-6-M qT+ _ e- i6+M q-1T_). (18)
 

wh<>re 6, "y and Al are continuous parameters. We will choose 

M = -i7(/2+ M' 

where AI' as well as 6 , , are real. The shift opera.tors T:t act as follows: 
.T±/n = In±l (fn+Q = In), the commutation relation with q" being T±qn = 
qn±lT±, Let us denote these representations R"'(,6,M" As a vector space, R-,,6,MI 

is Q-dimensional:dimR"'(,1i,M; = Q for any /,,6, }vI'" It is easy to find values of 
the cf'ntral df>ments for (18):

c = w- 2 (<e M ' _ e- M ')2,
 

x = Zw-Q exp( -i1fQ/2 - iQ,) cosh(Q(.l'1' +i6»,
 

y = -2w-Q exp( -itrQ/2 + iQ-y) cosh(Q(M' - i6»,
 
t = -iQ+P eiqil. (19) 

In tlH' caS(' of gf'tlt'ral prn;it.ion x. y arenon-zt"ro and t is not equal to ±l. . 
Such rf'pf(>sf>utat,ions art> dulffi QTli(' bt'nll1Sf> tlwy have no highf'st and lov.est 
wf>ight v('ct:~rs. \V!leu.r =y = 0 and t is lloteql1a.l to ±l olle obtaines 
tIl<' on('-J>araIll('tri(~ s('ri('s of "llilp()tr>ut" r('prr>st>ntaHous "'ith hothhigbt"sf. and 
}o\\,('st w(lights, (It. can 1)(' SCf'll from (19) tbat they art' not rralized in tilt" 
H~)fstadtf'r 1lln~ld). \VIWll J' :;:; y :;:; 0 RU<1 t == ±l (Jf = O. !J = i) OU(' 

~f'ts tlw rq)I'('S('utatioll of til<' '"regular'" Sf>rif's (15) which ("all he r('.\li ....('d in 
l)()l~·umllials. 

Tlu' f('alizat.iOlf (18) is uot uniquf'. Th('rf' is ill1othl'r uS(·ful rr>Ali7.a.t.ion on
 
il fiuilt' Q-l)t'riodk Inttin':
 

.4 =q-n+I'. D == qn-IJ..
 

C =l,i.,-l qo(q"-1/2-,, + (q'" _ q-"') _ q-tl+I/HIJ)T_.
 

8 == _"",.-lq~"(qtHI/2-,. _ (q" _ q-tJ) _ q-n-'/1+/J)T+ (20)
 

wlwrt, Cl. I', ((.\,ft' lmranlt·tt·rs. Thiloi rc-alii'.ation is a ··sylluul'f.ri7'l'(f' (with f('! 


sJtt'('t to tb"at,tion uf D aud' C) vrt'sion of tb£' more familiar oUt' [181. \Ve
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deno"te the representation (20) as FlU '14,t?< "The central elements are; 

c =: W- 2(tT 
- q-'!?,
 

x ==_w-Q (_1)P/2qa Q (qPQ -q-IJQ _ (_1)P/2(qdQ - q-tTQ)).
 

Y = w-Q ( -1)P/2q -aQ(rfQ _ q-14Q +(_1)P/2(qtTQ _ q-trq )).
 

t =: qllQ.	 (21) 

The expressions like qli'Q are to be understood as exp(iirllP). 
Equivalent representations havp identi(~a1 ValUf's of J:, ,I), t nude. So, to 

identify R..,,6,MI and Ro.,~,fT one should compare th<> values (19) with (21) and 
find how the new parameters are expressed through old onCt'i. 

3	 Some Exact Results in the Anysotropic 
Case 

Let us recall the representat.ion of the quantum algehra Uq(.<;l'l) in tpl'lllS of 
magnetic translations [I}: 

(22) 

where 
>.=>.,,/>..~.	 (23) 

is the anysotropy parametet. The ,-Casimir operator (12) for (22) is equal to 

c =( ,\1/% _.>'-1/2) 2 
q _ q-l 

This representation allows oile to realize U q(sI2) in the space of sta.tes of the 
model. In particular, t~ hamiltonian (6) is expr'~ssed through U'l(!i12) gener
ators: 

(24)
 



? 

Substituting (18) into thiS haJniltouiaa we get the Harper's equation (10) 
in the cbiral gauge with 

P+ :: 6, p_:: -"(, A=-E:%p(-2M'), (25) 
. . 

One concludes that cantinuous parameters of the cyclic representations 'are 
identified in this way with two components of the Bloch momentum of thE' 

J particle and the lattice anysotropy parameter. 
./ Let us start with the isotropic case: M' =0, A~ ::A~ =1. It is possible to 

show that due to the gauge invariance the spectrum of (10) with Az == A~ =1 
df'pf'nds on only oue parameter A =A{p+, p... ) that for PeveD and Q odd 
looks as follows {IJ: 

A:::: CDS(Qp+}cos(Qp_). (2~) 

The value A == 0 is known to· correspond to the mid band spectrum of the· 
hamiltonian (6) with ..\.2' == All == LIn.other wordf4 solving (10) CorA =-0, one 
gets Q solutions Xn which occormng ~ (9) yield eigeusta.tes of (6) fot the mid 
points of the bands. . 

From the point of view 01 the representatioo theory the value A =0 (6 ~ 

P+ = 7f /2, p_ is arbitrary)mea.ns that one deals with a representation of 
thf' "regular series" (I5) (with j = (Q -1)/2). To see this, it is sufficient 
to substitute (25) into (19) at A =0. Using (15) one rewrites the spectral 
problt'Ill {or (24) in the £ann of the difference:equation 

i(z-l +qz)F(qz) - i{Z.. l +q-1z)F(q-1z) =EF(z) (27) 

wich. by constractioD,mus' have polynomial solutions. The original equation 
(IO) at p+ :: if/2 becomes.equi~to (27) after the substitutioa 

x" ~ F(e-ip-q"). 

As it is sJaown in (I), tile ansatz 

Q-l . 

F(z)::: n(z - z.. ). (28) 
mel 

\ :. gives asolutiOD to (27) withtbe eDAqy 

q-l· 
£= i(q ,- t~l) L, Zi, (29) 

1=1 
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provided the'Tootsol F(z}-satisfythe system of algebraic Bethe E'qu&tions 

zl + q Q:-l , qZt - +m 
2 + 1 = - n , ,1:= 1, .."Q - 1. (30) 

qz, m~l,m¢' Zt - qZm 

To see this,onesbould divide both sides of (27) by F( =) and <:lWCE>} thf' n'sifhu's 
in the left hand'side. 

A simpl~ generaliza.tiol1 of the above argument allows onE' to obtain SOUlP 

exact results in tbeanysotrapic case as well. Let us recall anodwr r('ali:r.atiou 
ofcydicrepresentations given by (20)' aud plug it int.o (24): 

w(e _ B) == q-O(q-IoI+l/'1+n _ qI'-l/2-n _ (qet _ q-IT»)T++ 
(31) 

+qO(q-,,-t/2+n _ ",+]/2-,. + (q" _ q.-"»T_. 

CoDSidet the spectral PJoblem flO) with p+ = 7r /2, p_ = -1r/2 and ~tbi
trary anysotropy ..\ =).,,/>,,~, As we hawst"en. it is associatMI ~ith tht> (:ydk 
representationR./2.•/2....(Iotl-)l"l of Uq(sI2) given hy (18), Using rormula.to; (19) 
and (21) for the central elements one finds tbat th~ realization (20) ",'jtb 

q" =),.*1/'1, £ttl = i-PI'. gaO =±ei'IrQ/"l (32) 

gives an equivalent representation Rc.oII,'" So, thf> sp.('('tta of (10) and (31) an' 
identical. 

Now we use the following trick. Consid'cr "tnt> amdUary luunilt(Juj~ltl 

It turns out that the difference sppdral prohlrtn for (31) at. qtu+ I =: -1 m
incide$ with the sp('Ctral problf~lUJ()r (33) tak('uin tb.· r"})rrS('utfltiuu of tilt' 
"regul4l' series" with lipin j = ({l- 1)/2, Att.lle smut; tilllt', ntH' lIf lit.· \'ahws 
qDl = ±iq-l/2 is always containf·(l i\mOllg tll,f' solution,. of (:J2t, This llH'all!'< 

that tbP spectral prQhleUl for (33) ill th.· djtff'r('lu~f' Iwuizat.;oll 

(hrre " = ~-1/' - ~~/Z) }ftads. similarly t()thf·f·~l.....·(,otJsitlf'l·.·tl ahun" fe, tlu' 
fun«'Uonal Bt·thr ansatz, solutiOll in tin' anysotropiA' f·a.~".(::"\Hrf' fhat if ;\ == 
1 tb. spf'Ctrai prohlf'llt (33) KiVt~!'i the' saUlt' ri'1'illlt iL." in tb.· isotfopk .'iLtjt' 

tllougb thebawiltonian is slightly dUf..l1·rtf.. Tht> ~pla.uati"ui.. \·c·ry sltil1,1(': 
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the coe~in.froat of B and C can be "gauged away"by pvaJjDlthe 
functional variable % t~ does:o.ot change the'sPectrwn). 

After a suitable rscaling of the variable % in. the fu.actiosaal reaJizatioaof 
(33) we get the followingleSt1lt,in theanysotropie case. 'The~is" 
by: ' ' 

Q~l 

E =(q1/2 _q-1/2}(Ac - A~) +i.\z(q .... q-l) E Zj (35) , 
j=1 

where Zj '5 satisfy the system of Betheequations: 

(%1: - igl/2).)(%11 + iql 12) .' Q~ t qZlt - Z, 

(ql/2ZC +- i.\)(qJ/2ze -i) =-,~H;6C%I:,-qz, 

This result. coincides with the equations.ohtaiBed for -the ,.ysotropic case • 
[191 by mea.tlB.of a. completely ~method. 

We have explained h().w·the.~~a U4(~)actS •.the spKeof 
states .of the Hof.stadter .r.uodel. .FOr the' ~with -'Y50t!opy l thewl10le 
space of states V\ is & direct integral 

(37) 

of cycli<: representations (18) of the syIDII:letry. algebra ··over :Ul .elemeotUy 
"Brillouin zone" B. The hamiltonian is a. sitDple linear combination (24) of 
Uq( B~) generators. It's action respects'th.e decomposition (37),sotbe spectral 
problem can be consid~ in each 14.6,W separately.. Physica1ly~ thismea.us 
the reduction to Bloch waves (9). For some particu1at para.mete1's therepre
sentations R_f1-J'+',w ~ b~ realized in the _tire functions OIl Ute complex 
plane (these values of~eters iu isotropic case correspond to the midhaud 
spectrum) that a1Jow~ one to apply the fnnctional Bethe &USatz. . 

InCODc1u8~ let us· mention two ~t5' that .have aot been'disewreed 
in this paper. First, the Hofstadter model on the tiiaoguJar lattiee can be 
treated ill· u.e. frame .o£a.similac approach..In this·case the expressioufor the 
bamiltoDiall i& qWtdratic in U.(s~).·.generators.'Second~ it is possible to obtaiD 

..;, ~t expressions for zero mode wave· fuuetion.s iaterms of q-hypergeometric 
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series. For eXample, the midband spectrum always (for odd Q) contains a. zero 
mode~ .the ftt&espondiug wave function being e~essed through continuous 
q-Legeodre p.>lynomials. 
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