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The receritly propOied flnt ..ymptotic&u.y (at la.rge tor amallLap1acepaWpll&er·· 
A) exactly 1011lbJll modela or multidimen.lonal oscillation. in multidj.meilaio@lraadoin 
media are considered. In this report we form~e a'n18pectivevenlon of tbe te1Ilmmt 
potential mathod J!.Ild &how that it gives a true uymptotic: exp&llaUID in X'and l/tfOi .' 
averliged propagator of thie modela. . 
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1 Wave propagation 

in disordered systems is a topical problem of physics. Among many processes of th.is kind 
we see at least two processes related to the neutron scattering. The first one is the dynamic 
neutron scattering itself. The second process is the phonon migration which can be observed 
by a neutron scattering. It is the subject of our work. . 

The mean-field-approach is one of the most popular in the theory of disorder. The coher
ent potential method (CPM) (see for example [1]) is one of the most flexible and profound 
version in this approach. Nevertheless this methods needs a permanent confirmation. The 
best way to check it is an application to exactly soluble models. 

The theory of small oscillations in disordered media is not rich in models having exactly 
calculated long-time asymptotics of averaged solutions. As we know, the fir!1t essentially 
multidimensional nontrivial system has been proposed in [3). 

Here we will consider the CPM in application to models of oscillations from [3]. We show 
the possibility to obtain long-time asymptotical expansion within this formaliRm. 

2 Our models 

have follO\ving description. "Molecules" of unit mass oscillate near the sites x = (Xl, X2) 

of regular lattice Z2 with an even sum Xl + X2. Each molecule int.eracts with two nearest 
coordination sphere from the same sublattice. The displ<\cements u~, n = 1, ~ satisfy the 
equations: 

rfuldt'J. = -~+e~u, u = (ut, u2 
), u(t = 0) = v, duet = O)/dt = w (1) 

4>"''' _ ( alV'~ - O'b1v~ a2v~ - ab:! '\7;1/ ) 
%11 -:- bl v~.. + 0'01 v~ b2V~y + ua2V:u 

(e)~n = e;nh~II' V:1I =Dr +en ,!/ - Dr - e ,.,,,, el = (1,0), e2 = (0,1), u::= ±1. 
Here a, bare real vectors. The disorder is reflected in an array {e", ; x E Z'i) 3:1 +X2 is odd} 

of random, independent, identica1lydistributed, positive definite, real symmetric matrices 
which must have finite negative moments < (!zt N > for a sufficiently l~e N. 

It is easy to specify the case of isotropic models: a, = 02_ b1 = -b~. a = 1. and distrihution 
of !o commutes with rotations of the la.ttice.Moreover, in this case the averaged (over {e.,}) 
long-time asymptotical solution of (1) in a continuum media approximation isiirvariant to 
tw()-dimensional rota.tion group 5(2) R). 

The formal solution of (1) may be written in Laplace representation (u(t)_ u(..\) = 
It'JCJ dte-:tAu(t)) as 

(2) 

The small Aasymptotics has been obtained in {3] by means of expansion of u(..\) in powers 
of ..\2(1/{_ < lie». The asymptotics of u(>.) at ..\ -+ 0, ReA> 0 gives us the long-time 
asymptotic of u(t). 

The correctness of this solution may be proved by methods which are described in 12J. 
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3 Coherent potential method 

starts with decomposition: 
(3) 

A::: >.2 - ¢!+e~!!~, B"::: ~+({"J! - e,,)7I";r;~, (7I"z)~n::: 8mn8x1l811Z; 

here we see the neffective field" (e~JJ )~n = (e~!! )mnbzll , which will be defined below. 
For the propagator P we have an expansion: 

N de! 

p = (>.2 _1)+{~)-1 = G + GE 'E t"lGt'"'G •.. tZrtG + RN+1' (4) 
n:::1 zl,z1· •..zft 

de! 

t Z = B Z(1- GBZ)-l, RN+l = G E lZlGtZ1 G ... eNGBzN+IP, 
ZlZ1···%N+l 

de! 
where G =A-I and L denotes the summation with the condition z. f:: Zi+h i = 1+ j-l.

%1%2··-Zj 
{For convenience we give a simple derivation of the chosen form (4) i.e. the main CPM 

decomposition. In an obvious relation: 

(A - 'EBz)-l = G[l + EB"(A - EH'l)-lj, 
z Z q 

the following equation must be itera.ted: 

B"(A - E B9)-1 = BZ(A - BZ)-l[l + E Bq(A - E Brr l 
], 

q 9, q:l" r 

and all evident relation BZ(A - Bzt1 = tZG should be used.} 
The next standard step of CPM is the definition of e.JJ by means of equation: 

< tZ >= w+ < ({eJJ - ez)1l"zlf) [1 - Glf)+(e~JJ - ez)1l"z~rl >= o. (5) 

4 The following properties of CPM 

are important and sufficient for the solution of system (1) for A--+ 00 and >. --+ o. 
A. After averaging of (4) we obtain: 

N de!

p=< P >= G+GE E < t ZI Gt"2G ... enG> + < RN +1 >, (6) 

i.e. decomposition begins with n ::: 4. It follows from the mutual independence of different 
~z-e5 and (5). Properties of this expansion at A - 00 (or t - 0) are evident. 

B. Due to the same independence only those terms contribute to the sum in right hand 
side of Eq. (6) in which each value z, is repeated a.t least once in the string (Z11 Z2, • .. ,zn). 

C. The asymptotical smallness at A - 0, ReA> 0 of averaged terms in (6) follows from 
point B. and relation: 
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= <1>+ Dz[I - (<I>G<1>+)""D"t l 7rz<I>G<I>+7r QSq
,	 (7) 

where Dz = ~eff - ~'" tq = <I>+7rQ Sq, z =/: q. It is evident that 7r"7rq = 0, (7r Z )2 = 7f% and 

= 1r%<I><1>+[A2 - ~eff<1><I>+tl7rq = 7rzC/r{l + A2[A 2 - ~efJ<I><I>+rl }7rq = 

= A21r3~;rJ[A2 - {"jJ<I><I>+rl7rq. 

D. Simplifying the equation (5) we have: 

< (~ejJ - {z)1r"[l - 1r"<I>G<I>+({eff - {z)1rzt l >= 

= 7rz < (~"jJ - ~z)[1 - (<I>G<I>+)oo(~ejJ - ~,,)rl >= 0, (8) 

(see the derivation of (7)). Taking into account that at small A limit <I>G<I>+ ~ €ejJ -1 we 
obtain: 

~ejJ(A ~ 0)-1 ::::< ~,,-1 > . (9) 

As a result we may check the main asymptotical term in (6) for the system (1): 

(10) 

The last relation coincides with result of [3J. 
But if we have exact or approximate solution of Eq. (9) and if this solution is exact at 

least for A --} 00 and A --} 0 then Eq. (10) produces a uniform approximation for P which is 
exact both at A - oo(t --} 0) and>. --} O(t --} 00). 

If the distribution of {% is invariant to symmetries of Z2 (rotations and reflections) we 
have: < ~z -1 >mn= ~-lbm.n. In this case the "effective" matrix of forces has the form: 

<1>+ {eff<I> = /I; <I> + <I> = 
_ (a2(\71)2 + b2(\72)2 (a2 _ b2)U\71\72) (-2U\71V2 (V1

)2 _ (V2
)2 ) 

- ~ (a2 _ b2)u\72\71 b2(\71)2 + a2(\72)2 + Kab (Vl)2 _ (V2)2 2u\71V2 . 

In the above mentioned isotropic case of model (1) when u = 1 and ab = 0 we obtain the 
lOUOWlllg eiiec.Llve rnaLrlX 1.6. = I. V')~ -t \. o:yJ.t) : 
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