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B pa60Te - Ha npHMepax - HCCJIe.llyeTCg, qTO eCTb xapaKTepHhIe oco6eH
HOCTH KBaBTOBOrO cneKTpa .llHHaMHqeCKH cToxacT1PlecKoH CHCTeMhI. 

The paper demonstrates, through examples, what are the' characteristic 
features of the quantum spectrum of a dynamically stochastic system. 
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L.B mITepaType paCnpOCTpaa:eHbI yTBep.iKJlemHl, "tJTO CnCKTphI, CTOX&CTH

qeCKlIX CRCTCM OTJIH"tJaIOTC.H OT CneKTpOB lIHTerpHPyeMhIX LIBYMH OCHOBHhIMH 

OC06eHHOCTHMR: 

(1) IIOCKOJIbKY CToxaCTH~eCKHeCnCTeMbl He HMeIOT npyrmc HHTerpaJIOB ,lum:
LKemUj: KpOMe 3HeprlIH, TO Bce 3HepreTBQeCKBe ypOBHB CTOXaCTHQeCKOB 

CJl[CTeMbI HeBhIpolK,lleBbIi 

(2) cncK'rp cTOXaCTlPIeCKOH CHCTeMbl BeperYJlJlpeH, B CMbICIIe 3aBHCRMOCTR 

3HeprlIR OT HOMepa COCTOKHIUlj 

UeJIh aacToXlIl;en 3aMeTKE: COTOJilT B TOM, QTo6bI nOCMOTpeTb, B:EJIIOJIHSllOT

ca ffiI 3TH yTBep)KJlemU[ Ha npOCTOM npRMepe. Toro pann: paCCMaTpHBaeTC.H 

MOneJIh MaTlIHJlHa ([1]-[3]) - MeXaHlPIeCKaJI: cnCTeMa C nByMH CTenCHKMH cnD

60.D:bI C raMl1l:JIbTOmIaHOM: 

(1) 

RCCne.ll:OBaBma5IC.H paHee aBTOpOM [4]. 
II. .JlHHI:m. ypOBHil ee IIoTcHe:unarrbHoH 3Heprnn CYTb paBH06o"1ffihIe rn

nep60J1Ill BO Bcex qeThIpeX KOOpnlIHaTHhIX yrrrax. CHcTcMa 3Ta IIOJIHOCThIO 

CTOXaCTn'tlHa; ce enRHCTBeHHhIM lIHTerpaJIOM ,n:BlDKeHlIK ilBIIKeTCK 3Hepnu: E. 
OllHaKo y Hee eCTb H H36paHHhIC (MCphI HYJIb no Ha~am.HbIM YC1IOBliaM II He

yCTOH'tlHBbIe) 3aMKHYThIe TpaeKTOpl'lH, B TOM 'tllICIIe - CHMMeTplPlHhIe. 

ECJIrr TpaCKTopnH 3aMbIKaeTCR IIOCJIC Tn "OCIJ:HJIJIx:c::wl" no oAHon nepeMeH

HOR II n - no npyron, TO YMeCTHO rOBoplITb 0 "MOne (rn, n)". TaKl1Ie MOnbl 

6blJIH: nplI6mDKeHHO rrpOHHTerpnpOBaHhI B pa60Te [4]. KpoMe Toro, B KIIac

CHKe BnOJIb oceft Ox H Oy B03MO.JKHh! H IIH¢lHHHTHhIC ,UBH.JKeHHR, olI,HaKo eCTe

CTBeHHO O.JKH.D:aTb, 'tJTO nOCJIe KBaHTOBaHHJI COXpaHl2ITCH TOJIbKO ,UHcKpeTHhIiI 
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cneKTp1 nOCKOJTbKY IIH<pmmTHO<..:Th B03MO)KHa TonhKO .rr.mr x IIJTll y TO./K,lleCTBeH

HO TO'tIHO paBHhIX HyJIK), 'tITO B KBaHTOBOM cny'tlae 3anpemeHO COOTHOilleHIIeM 

HeorrpelleneHHOCTeH rrpR E < 00 . 

3aMKHyThIe TpaeKTopmr 6bIJIH npOKBaHTOBaHbI no Eopy-30MMep

<penh.n;y, l:(TO IIpRBeno K cneKTpy: 

37r ) ~ (371") ~4 2 4 2 4
E= .M li3(2nz ·2ny)3= .M li3(2m·2n)3k 3j2nz ·2ny =2.2N( 16y2 16y2 . 

(2) 
r.n;e m II n xapaKTepH3YIOT Mony, a. k = 1,2,3, ... - CTerreHb ee B036y~eHHH. 

III. lf3 (2) BHnHO, l:(TO l:(eM CnO.JKHee Mona, TeM BbIIlle HaTIHHaeTCH OTBe'tla

IOI.I.(fIH eft crreKTp - cn02KHhIe MOJlhl C 60JIbillHMl:I m H n "BhUKHMaIOTCil" BBepx 

nO.3HepnIII. A TaK KaK He3aMKHYThIe - BCTHHHO CTOXaCTH'tleCKlIe - TpaeKTopIIR 

MO.JKHO MhICJIIITh KaK npe.n;en 3aMKHYThIX rrpH Tn R n CTpeMKIlUIXCK K 6eCKO

Hel:(HOCTII, (nono6Ho TOMy, KaK IIppaIUIOHaJlbHOe qIICnO MO)I(HO ITpe.n;CTaBmITb 

<..:e6e KaK ITpc.n;cn P~OHa.rr:bHOrO ~ npii B3alilMHO rrpOCThIX m II n,cTpeMsrnntX

C.K K 6eCKOHelIHOCTH), TO neCKOlIbKO JIIITepaTypHo M01KIIO CKa3aTh, l:(TO npB 

KBaHTOBaUBB CBOB:CTBO CToxaCTIPIBOCTB CBCTeMbI BbI)J(BMaeTCX Ba 

oeCKOBe'llBOCTh no 3BeprBJI. 

IV. PaccMoTpeIDIe (orr.KTb, KOHeqHO, npH6JIIDKeHHoe) TOft iKe 3ana"tJIi ITO 

BOJIHOBOH MeXaHllKe ITOnTBepJinno 3TII BhIBO.n;hI C TeM YTo~HeHBeM, "llTO Te

nepb MO.IKHO 6bIJIO yTBep.IK.n;aTb, TITO paccMoTpe:H:HhIii no Eopy-30MMepepeJIbJlY 

Knacc CHMMeTpH'tlHhIX 3aMKHyTblX Op6HT IIC'tlepIIhIBaeT (c o.n;HJi:lM yTO"tJ:HeHl?fCM, 

pe'tlb 0 KOTOpOM 6yneT HnTH HH:JKe) Bce CTan;nOHapHbIe COCTOHHJi:[il cnCTCMhI. 

LImr cmeprRliI nony'lanaCh Ta 2Ke $opMyna 

rllC n x , n y = 1,2,3... ,
 
TOJIbKO C 06hI"tIHhIM .no6aBJIeHHeM ITOJIOBHHOK.
 

MI:aI BII)lHM. "tITO CITeKTp, KaR rroJIy-qeHII1JIH ITO rrpemmcaHHKM Eopa-30M

McpepCJTh.n;a, TaR II H~eH.HhIii:113 pememnr ypaBHeHliIil illpe.nIIHrepa, Hapyma

eT nepBYIO oco6eHHOCTb, llplPleM 3TH HapymeHll.S[ nBO.H:KOrO pona: 

60-ncp6blX, 3Ha'lJE:'HIU 3HeprHlI He MeH.H:IOTCH ITplI 3H.MeHe n x --+ n y ' 3TO RhI

p0)KueHIIe - o6il3aTeJIbHOj OHO 06yCJIOBneHO TeM, "tITO XOT.H: B KJIaCC£PleCKOH 

MexaHlIKe paCCMaTpIlBaeMaJI CHCTeMa H He lIMeeT llPyrIDC. HHTerpanOB nBH

2KeHIIK, KpOMe 3HepnUl, IIpH nepexoue K KBaHToBoMy paCCMOTpeBlIIO y Hac 

IIOHBJIillOTCJI B Kal:(CCTBe coxpaHuoIUIlXCK Ha6mo.1laeMhIX orrepaTopbI UHCKpeT

HbIX ClIMMeTp.rri'I (B uarneM CJIyqae - rpynIIhI C4v ); 
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BO-6mopblX, B (2) 3BepnUI OKa3.bIBaeTCSI O.nl1IHaKOBOH .nJISI nap (nz , n y) H 

(n~~ n~), ecmr 

(4)
 

3TO, nOBHlUIMOMY, SIBmleTCSI apTeepaKTOM HCIIOJTh30BaBmerocSI npH6JllDKeHHSI, 

TeM 6oJIee, qTO H3 (3) CJIe.nyCT Y)I{e neCKOJIbKO lIHoe yCJIOBHe 

(n~ + ~)(ny +~) == (n~ + ~)(n~ + ~). (5) 

O,n:naKO KaK CaMO B03HIIKHOBeHHe TaKlIX YCJIOBIDI COBna,n:eHHSI, TaK H me MaJIOe 

pa3mI"£IRC n03BomlIOT .nYMaTb, "£ITO TO"£lHhIe 3Hepnm: CBSI3aHHhIX (4) HJIH (5) 
nap ,n:OJI:lKHbI 6bITb 6Jm3KH. 

V. IIoCKOJIbKy KpaTHocTh ypOBHSI 3HepI'lZIlI (B IIpHMeHeHHoM rrpn6JIH2Kemm:) 

HJIR rpyrrilbI 6JIH3KlIX ypoBBeiI (B TOqaOM peme:mm) onpe.neJISIeTCSI 1lUCAOM. cno

C060B, ?ComopbZM.U ~eAoe 't#,UCAO N Mo:»cem 6bzmb pa36umo 'Ha dBa ~eAbZX M.UO

:>ICUmeAH n z U n y (UAU ue1lem1toe ~eJZoe 't#,uCJZO (2M+1) M,O:>ICem 6blmb pa36umo 

B npou3Bedeuue dByX '4eltbZX M'HO:>ICUmeAeU (2n:z; + 1) U (2ny + 1) ), TO SICHO, 
2 

"£ITO 33,BHCHMOCTb BeJl}fqIDIh! E ::: Ns OT rropsr.nKoBoro HOMepa II COCTOSIHHSI 

He MO)J(eT 6h1Tb rna,lUCOB, TaK qTO BTOpaH o6cy)K):{aeMaJl B JllITepaType 

oco6eRHOCTb cneKTpa CTOXaCTlPlCCKRX CHCTeM BhlKJIa,uKaMH Hamero npHMe

pa rrO.D;TBep)K):{aCTCSI (CM. rpaq,HKH 1 II 2, na KOTOphIX -- .n;nSI KBaRTOBaHHSI 

no Bopy-3oMMepq,eJIb,uy II KBaHTOBaHHSI C IIOMOIIJ;bIO ypaBReHlZUI illpenHHre

pa npHBe.n;eBa 3aBlICHMOCTb onpe.n;emII()]I~HXypOBHH 3Hepnm: "tllIceJI 4N HJIll 

(2M + 1) OT IIopMKoBoro BOMepa COCTOSIHHSI 1I). 
VI. HnTepecHo, O,ZJ;HaKO, IIonpo6oBaTb nOHRTh, r.n;e ne2KllT neHCTBHTeJThBaH 

IIplPIHHa 3Toro SIBJIeRlI.K. PaCCMOTpHM Toro pa,uH TOqHO IIHTerpllpyeMyIO 

clIcTeMY C ,lJ;ByMJI CTeneUJlMH cBo6o.z(hI: KBa.npaTRyro nOTeHIJ;HaJIbHYIO SIMY 

C 6eCKOHf:''tlHO BI:.ICOKHMH CTeHKaMR. LIJISI Bee IIOJIRaH 3neprHSI E eCTb cyMMa 

napIUIa.JThHhIX 3HeprJiIH lJ;BHLKemr.K no x H no y: 

(6) 

K3.lKlJ;aJl 1I3 KOTOpLIX npOIIOpIUlOHaJIbHa KBa.n;paTy COOTBeTCTByrom;ero KBaHTO

Boro "tll?ICJIa 

(7) 

H MhI OUXTb CTaJIKHBaeMCSI co CJIy-qaeM, Kor.n;a KpaTHOCTb ypOBHSI 3aBliCHT 

OT. TeOpeTHKO"1lllCJIOBOH XapaKTeplICTHKlI - Tenepb OT 1JHCJIa cnoco60B, KaKH

Mn "£IReJIO N M02KeT 6h!Tb npe.n;CTaBJIeHO B BH.n;e CYMMhl .n;Byx KBa.n;paTOB. B 
pe3YJIbTaTe 3aBHCHMOCTb 3HeprHll OT O,lJ;HOrO :rrnaHTOBOrO lJRcna II OUSITb OKa

3hlBaeTCSI ReperYJUrpaOH (CM. rpaq,ms: 3) .II TOJThKO "B cpe.n;HeM" YKJIa,UhIBaeTcK 
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Ha nJIaBHyK) KpJiIByK>, npHTJeM TenepI> 3TO y}Ke TOTJHhIH pe3YJIhT3T, He ncnOJIb

3YIOIlUIH HHKaKIIX rrp1Zl6rrIDKeHl:rii:. 

VII. I1TaK, rrraBHhIH BhIBOn 3Toro c006meHH.H,: 

HeperymlpHa~ 3aBMCMMOCTb 3HeprMM CToxacn,~eCKOM CMCTeMbi OT HOMepa ypOB

Hft onpeAemteTCft BOBce He ee CToxaCTM4HOCTblO, a TeM, ~TO 3HeprM~ CMCTeMbi C 

AByMft (MnM 6onee; npM OAHOM CTeneHM CBo6oAbI CToxaCTM4HOCTM He 6b1BaeT) CTe

neH~MH CBo60AbI BTMCKMBaeTCft B npoKpycTOBO nOJKe OAHoro KBaHTOBoro ~Mcna, 

1 ECJllI CMOTpeTI> 3aBHCInvIOCTh 3HeprHH OT HOMepa ypOBH.H . '. .. TOJIbKO 

,ZJ;JUI O,ZJ;UOH Onp~eJIeHHoii: MO,D;hI C ctJUKCUpOBaHUhIM ~, TO OHa liB CTO

XaCTHTJeCKOM crry-qae OKa3hIBaeTC.H COBepmeHHO perymIpHo:a! 

VIII. MhI npOBeJIH rrOCTpoeHHe (rpa<pHK 1) 3aBHCHMOCTH onpeneJI.HIOme

1'0 3HeprHIO 'IRCJIa 4N = 2n;v x 2nll OT HOMepa COCTOKHJ2U[ v cncpBa ,UJIH 

(npI:I6JlWKeHHJlro) KBa3H-KJIaCCH1:IeCKOrO KBaHTOBaHH.H no Eopy-30MMep<peJIl>

ny. IIoCKOJIl>KY nn.H 3Toa 3aBHCHMOCTH OKa3aJIllCb CYlUeCTBeHHhIMH TeopeTllKO

"<I:U:CJIOBhIe CBOHCTBa 'llICJIa N, TO IIHTepe(:HO 6hIJIO nOCMOTpeTb, 'ITO H3MeHlilTC.H 

Upl:I uepexone K BOJIHOBOR MexaHHKe, Korna 3HeprH.H 6yneT onpeneJI.HThCX "tlJ2[

GIOM 2M + 1 = (2nz + 1)(2ny + 1), TO eCTh npH Y'IeTe HyJIeBOa 3HeprHH 

KOJIc6aHRH no Ka)KJ{OH KOopnHHaTe. IIoKaJaJlOCh <.:OBcpmeHHO eCTeCTBeHBhIM, 

qTO rrpn coxpaHeHlIliI o6mero xapaKTepa cneKTpa neTaJIliI HeperyJI.HpHOCTH CO

BepmeHHO H3MeHIIJllICb. 

OnHaKO KpOMe 3Toro OKa3aJIOCb, TJTO - Ha rrepBhIB B3rJI.H,n COBepmCHHO rro

pa:U'1TeJIhHhIM 06pa30M - ycpenHeHHhIH no HeperyJl.HpHOCTJIM crreKTpa HaKJIOH 

KpHBon (2M + 1) = f(v) YMeHI>illHJICK npHMepHO BnBoe CpaBHHTeJIbHO C Ha

KJIOHOM KpllBOH 4N = f (v ). HH1>1MR CJlOBaMH, npH nepexone OT paCCMOTpeHH.H 

no Eopy-30MMep<PCJIbny K ypaBHeHlIIO illpenl:IHrepa l:Jucno COCTOJlBIIH v C 

3BeprJlei:, He 60JIbwei: E(v), B03paCJIO npJlMepaO B ,D;Ba pa3a!. 

IX. 06bK<.:HeHlIe 3Toro rrapanOKca OKaJaJIOCb HeCKOJIhKO HeO~aHHhI.M 12I 

npBmJlO -qepe3 Ba6JIIOnenlIe Toro q>aKTa, qTO B llccrre,UoBaHHO.ll: 06JIacTR, ,LJ;JIK 

(2M + 1) < 200, 60JIbme nOJIOBJmhI COCTOKHIIH (199 R3 o6m;ero 'IHcJIa 345) 
OTBeTJaIOT HJIB n 3: = 0 l2IJIB Tty = 0, TO eCTb TOMy, TJTO nD;OJIb onnon 113 

oceR nponcxo.n;j{T TOJIbKO HYJleBhIe KOJIe6aHIU. Ho B Teopllll Bopa HYJIeBhIX. 

KOJIe6aHlIH BeT, n03TOMY TaKl2lM COCTOmlZl.HM BOJIHOnOH MeXaHBKll B EOpOB

CKon MOneJIII lIOJDKHbI OTBeqaTb cnyTJaB, Korna JIlI60 x = 0, JIlI60 Y = 0 - HO 

Torna (BeD;b COOTHOmeHlI.H HeOrrpeneJIeHHOCTeH neT!) D;OJI)KHhI 6hITb B03M02KHbI 

ITyT yMecTHo BCIIOMHlITb, "<ITO q,OH HeHMaHy [5] y.z:talIOCb C.lleJIaTb BepHm'i TeopeMy, 

06paTHyIO TeopeMe 0 J>:oMMyTaTHBHocTH .llByX q,yUKUHH o.LIHoro onepaTopa, TO eCTb TO 

yTBE'p:tKLleHHt', "ITO JII06bIe .llBa. KOMMYTHp)'IOIIUIX onepaTopa [CKa)KeM, OD@paTopbl KOOp

.lJ,HHaT x II y] CYTb ¢lYHKIIIIJ:l'I HeKOToporo TpeThero, TOnbKO IIeHoH rrplfBJIeqeHFrg TaKOra 

cpe.n;CTBa, K8K KpUBaJI lhaHo. 
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HH<lJBHBTHble ,IlBHlKeHHK B,IlOJIL .npyroR OClI C 1II060H (nOCTOgHHOR) CKOpOCTbIO 

- TO eCTh n;OJI.JKeH 6hITb KyCOK BenpepblBHoro cneKTpa. 

HMeHHO COCTOHHl2UI 3Toro HenpephIBHoro cnCKTpa COOTBeTcTByIOT B BOpOB

CKOH MO,D;eJll:I "IUIIIIHHM" COCTOKHIUIM BOIIHOBOMeXaH1PleCKoro OIll'lCaHHK. 

BhIBOllbI. KaKyIO MOpa.rrb MOlKHO 1I3BIIe% H3 paCCMOTpeHHhIX npHMe

pOB II npOBeneHHhIX pacCY2K.Ilemrn:"? 

Bo-nepBhIX, 060CHOBaHa Ta TOTIKa 3peHlHI, TITO HeperyIIKpHOCTb CIICKTpa 

He IIMeeT llpKMoro OTHomeHHH K CTOXaCTIrIHOCTH KJIaCCH-rreCKOH CHCTe1vIhI, HO 

BblTeKaeT H3 1I0rlPleCKOro pa3BHTHK Toro npeBHero 3aMeqa.HIU, -rrTO B KBaH

TOBOR MexaHlilKe IIOHHTHe -rrHCJIa CTeneHeH CBo60,IlhI CHCTeMhI CTporo rOBO

pK Tep.KeT CBon CMhICII, nOCKOJILKy (eClIl'( cneKTp .nHCKpeTeH) Bcer.na M02KHO 

nepeHyMepoBaTb Bce CTaJJ;HOHapHhIe COCTOjIHHK O,ZI;HOR nocrre.nOBaTeJIbHOCTbIO 

HaTypaJIbBblX 'tJHceJI II C-qJ.JTaTh HX c06CTBeHHbIMH COCTOHHHHMII e,ZI;HHCTBeH

HOH .IlHHaMlI'IeCKOH nepeMeHHOH, KOTOpaK 6y.neT nOJIHOCTbIO ormCliIBaTh CHCTe

My.(YnOMHHaBIDaJICK 06paTHaK TeopeMa 4l0H HeiIMaHa pacnpoCTpaHjIeT 3TY 

npon;e,IlYPY Ha RenpephIBHbtii cneKTp). 

MhI rOBOpHM Teneph, -rrTO TaK CueJIaTh, KOHe"IJHO, MO)KHO, HO 3a 3TO npu

.IleTCK 3annaTHTh nOTepCH KaKOl! 6hI TO HH 6hIno perymrpHocTll B 3aBlICliIMOCTlI 

3HeprHll OT HOMepOB 3THX COCTOHH:IDi.MMeHHO 3TY {(eRY II IIJIaTHT, KOr.IJ;a pac

nOlIaraIOT COCTO.KH11UI CTOXaCTl1PIeCKOH CllCTeMhI TOJIbKO B nOpK,ZI;KC pOCTa lIX 

3Hepnm:. 

BO-BTOPhIX, B CJIy-rrae KBa3HKJIaCCHQeCKOrO KBaRTOBaHIDl no Bopy-30MMep

q>eJIbny CIICTeMbl C HeCKOIIhKHIvIR CTCneRHMH CBo6o,IlhI BTHOpl1lpOBaHBe KBaHTO

BhIX QIlceJI paBHhIX RynIO MO.JJWT npHBO,IlHTh K nOTepe IJ;eJIhlx 60JIhIImX cep:m'l 

peaJIbHO cymecTByIOIIlIIX KBaHTOBhIX CocToSIIDiIn. 

.uonOJIHeHBe.
 
IIocTpoeHHe 3aBHCHMOCTH E = .f(v).
 

TIOCKOJIhKY OlKH,IlaeMaH 3aBl1ICHMOCTb ::mepnul oTRoMepa COCTO:KHIIH Hepe

ryJIHpHa, TO ,ZI;JIR ee IIOCTpOeHH.K ReT HRoro cnoc06a, KpoMe KaK COCTaBIIeHHe 

Ta6IIIIIl, CmI3bIBaIOlIUIX IIOHBJUlIO.IUReCK B paCCMaTpRBaeMbIX 3an;aQax Tpll cop

Ta n;eJIhIX "KBaHTOB:bIX 'tlJ1lceJI": (1) naprUIaJIbHhIe KBaHTOB:bIe 'tlllCJIa n x H ny, 
OTBeqaIOIIJ;He ,UBIDKeHIUIM B HanpaBJIeHHIDC Ka)K,IloH 1I3 KOOp,IlJ1lHaTHhlX oceiIj (2) 

Bhlpa2KaIOIIJ;HecH Qepe3 HlIX perymrpHbIMll q>opMyIIaMlI: 

N = nx . ny, (2M + 1) = (2nx + 1)(2ny + 1) ?L1Z'lJ. 

ueJIbIe TIHc.na N, M 1I P, "tJepe3 KOTopbIe OIISITh-TaKIf peryJUIpHO BblpaJKaeT

ex 3HeprlIH (cp.(2) ,(3) J1l (7)), II (3) q]Z[CJIa v, HyMcpyIOIIJ;He Bce COCTOKHlI:K B 
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nopH.n;Ke B03paCTaHIU lIX 3HeprlIII (B1IyTpH MYJIbT1IllJIeTa HyMepaIUlH npOH3


BOJThHa).
 

Ta6JIIID;a 1 CBH3hIBaeT HOMepa cocToHHri v C "lllIc.rraMH N, xapaKTepn3yIOl1lI2I


ME: 3Heprmo E f'V (4N) f LIJIH MOLIeJIH MaTBH.KHa npn KBaHTOnaHIDl no Eopy


30MMepepeJIbJlY·
 

Ta6rrHua 2 yCTaHaBmmaeT Ty iKe CBH3b C -qRCJIaMH (2M +1), onpe.n;eJIUOI.IJ;HMH
 

3HeprHID E f'V (2M + 1) ~ npn KBaHTOBaHIIR 3Ton Mo.n;eJIR C nOMOI.IJ;bIO ypaBHe


fiR.H IIIpeLIHlITepa.
 

Ta6JIHua 3 - c -qnCJIOM P, onpe.n;err.KIOIQHM 3HeprHK> E f'V P ,ll;mI MO,ll;eJIH KBa


.n;paTHoK nOTeHIJ;HaJTbHOH ilMbI.
 

IIoJIy-qaIOnmecH R3 3THX Ta6Jll1IU 3aBHCHMOCTH -qnceJI 4N, (2N + 1) H P 01' V
 

npmJc.n;cHbI Ha rpaepnKax 1, 2 H 3. 113 HID{ HarJI.H,ll;HO BH,ZJ;HO, -qTO Heperyn.SlpHbI
 
TOHKlle JleTaJIH 3THX 3aJUICliMOCTeH. ECJIR OTBJIe"ThC.H OT HRX, TO Bce TpM 3a


BHCHMOCTII - Ha pacCMOTpeHHblX yqacTKax - np:a:6JIH)KeHHO YKJIaJlhIBaIOTC.H
 

aa IIJIaBHbIe KpHBhIe, a HMeHHO:
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Ta6nBua 1. llocTpoeHHe cneKTpa Mo,neJIB MaTBHJlHa 

no Eopy-30MMePflJenb.n;y 
na60pbI n x , n y HOMepa co-N 

CTojIHHii l/ 

1
 (1,1) 1
 
2
 (2,1 )(1,2) 2,3 

4,5(3,1)(1,3)3
 
(4,1) (2,2)(1,4) 6-8
4
 

5
 (5,1 )(1,5) 9,10 
(6,1 )(3,2)(2,3)(1 ,6) 11-14
6
 
(7,1) (1,70) 7
 15,16 

17-20
8
 (8,1)(4,2)(2,4)(1,8) 
9
 (9,1)(3,3)(1,9) 21-23
 

10
 24-27
(10,1)(5,2)(2,5)(1,10) 
11
 (11,1)(1,11) 28,29 
12
 (12,1)(6,2)(4,3)(3,4)(2,6)(1,12) 30-35
 
13
 (13,1)(1,13) 36,37 
14
 (14,1)(7,2)(2,7)(1,14) 38-41
 
15
 (15,1)(5,3)(3,5)(1,15) 42-45
 

(16,1)(8,2)(4,4)(2,8)(1,16) 16
 46-50
 
17
 (17,1)(1,17) 51,52 
18
 (18,1)(9,2)(6,3)(3,6)(2,9)(1,18) 53-58
 
19
 (19,1)(1,19) 59,60 
20
 (20,1 )(10,2)(5,4)(4,5)(10,2)(20,1) 61-66
 
21
 (21,1)(7,3)(3,7)(1,21) 67-70
 
22
 (22,1)(11,2)(2,11)(1,22) 71-74
 
23
 (23))(1,23) 75,76 
24
 (24,1 )(12,2)(8,3)(6,4)(4,6)(3,8)(2,12)(1,24) 77-84
 
25
 (25,1)(5,5)(1,25) 85-87
 
26
 (26,1)(13,2)(2,13)(1,26) 88-91
 
27
 (27,1)(9,3)(3,9)(1,27) 92-95
 
28
 (28,1)(14,2)(7,4)(4,7)(2,24)(1,28) 96-101
 
29
 (29,1)(1,29) 102,103 
30
 (30,1) (15,2) (10,3)(6,5 )(5,6)(3,10)(2,15) (1 ,30) 104-111
 

(31,1)(1,31)31
 112,113 
32
 (32,1)(16,2)(8,4)(4,8){2,16)(1 ,32) 114-119
 
33
 (33,1)(11,3)(3,11)(1,33) 120-123
 

(34,1)(17,2)(2,17)(1,34)34
 124-127
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N Ha60pbI n z , n y HOMepa co-

CTOaHHH v 
35 (35,1 )(7,5) (5,7)(1,35) 128-131 
36 (36,1)(18,2)(12,3)(9,4)(6,6)(4,9)(3,12)(2,18)(1,36) 132-140 
37 (37,1)(1,37) 141,142 
38 (38,1)(19,2)(2,19)(1,38) 143-146 
39 (39,1)(13,3)(3,13)(1,39) 147-150 
40 (40,1)(20,2)(10,4)(8,5)(5,8)(4,10)(2,20)(1,40) 151-158 
41 (41,1)(1,41) 159,160 
42 (42,1)(21,2)(14,3)(7,6)(6,7)(3,14)(2,21 )(1,42) 161-168 
43 (43,1)(1,43) 169,170 
44 (44,1)(22,2)(11,3)(3,11)(2,22)(1,44) 171-176 
45 (45,1) (15,3) (9,5)( 5,9)(3,15)(1,45) 177-182 
46 (46,1 )(23,2)(2,23)(1 ,46) 183-186 
47 (47,1)(1,47) 187,188 
48 (48,1 )(24,2)(16,3) (12,4)(8,6)(6,8)(4,12)(3,16)(2,24)(1,48) 189-198 
49 (49,1 )(7,7)(1,49) 199-201 
50 (50,1) (25,2)(10,5)(5,10)(2,25)(1,50) 202-207 
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Ta6nun;a 2. IIocTpoeuue cneKTpa Mo,nenu MaTHHJlHa 
no BonuoBoH MexaHBKe 

!vI 2M+l na60pbI n x , n y HOMepa co-

CTOmBR v 

° 1 (0,0) 1 
1 3 (1,0)(0,1) 2,3 
2 5 (2,0)(0,2) 4,5 
3 7 (3,0)(0,3) 6,7 
4 9 (4,0)(2,2)(0,4) 8-10 
5 11 (5,0)(0,5) 11,12 
6 13 (6,0)(0,6) 13,14 
7 15 (7,0)(2,1)(1,2)(0,7) 15-18 
8 17 (8,0)(0,8) 19,20 
9 19 (9,0)(0,9) 21,22 

10 21 (10,0)(3,1)(1,3) (0,10) 23-26 
11 23 (11,0)(0,11) 27,28 
12 25 (12,0)(2,2)(0,12) 29-31 
13 27 (13,0)(4,1)(1,4)(0,13) 32-35 
14 29 (14,0)(0,14) 36,37 
15 31 (15,0)(0,15) 38,39 
16 33 (16,0)(5,1)(1,5) (0,16) 40-43 
17 35 (17,0)(3,2)(2,3)(0,17) 44-47 
18 37 (18,0)(0,18) 48,49 
19 39 (19,0)(6,1)(1,6)(0,19) 50-53 
20 41 (20,0)(0,20) 54,55 
21 43 (21,0)(0,21) 56,57 
22 45 (22,0) (7,1 )(4,2)(2,4)(1,7) (0,22) 58-63 
23 47 (23,0)(0,23) ,64,65 
24 49 (24,0)(3,3)(0,24) 66.,.68 
25 51 (25,0)(8,1) (1 ,8)(0,25) 69-72 
26 53 (26,0)(0,26) 73,74 
27 55 (27,0)(5,2)(2,5) (0,27) 75-78 
2'8 57 (28,0)(9,1)(1,9)(0,28) 79-82 
29 59 (29,0)(0,29) 83,84 
30 61 (30,0)(0,30) 85,86 
31 63 (31,0)(10,1)(4,3)(3,4)(1,10)(0,31) 87-92 
32 65 (32,0) (6,2)(2,6) (0,32) 93-96 
33 67 (33,0)(0,33) 97,98 
34 69 (34,0)(11,1)(1,11)(0,34) 99-102 
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l'vf 2M+l Ha60phI n z , n y HOMepa co-

CTOKHnn v 
35 71 (35,0)(0,35) 103,104 
36 73 (36,0)(0,36) 105,106 
37 75 (37,0)(12,1)(7,2)(2,7)(1,12)(0,37) 107-112 
38 77 (38,0)(5,3)(3,5)(0,38) 113-116 
39 79 (39,0)(0,39) 117,118 
40 81 (40,0)(13,1)(4,4)(1,13)(0,40) 119-123 
41 83 (41,0)(0,41) 124,125 
42 85 (42,0)(8,2)(2,8)(0,42) 126-129 
43 87 (43,0)(14,1)(1,14)(0,43) 130-133 
44 89 (44,0)(0,44) 134,135 
45 91 (45,0)(6,3)(3,6)(0,45) 136-139 
46 93 (46,0)(15,1 )(1 ,15)(0,46) 140-143 
47 95 (47,0)(9,2)(2,9)(0,47) 144-147 
48 97 (48,0)(0,48) 148,149 
49 99 (49,0)(16,1)(5,4)(4,5)(1,16)(0,49) 150-155 
50 101 (50,0)(0,50) 156,157 
51 103 (51,0)(0,51) 158,159 
52 105 (52,0)(17,1 )(10,2)(7,3)(3,7)(2,10)(1,17)(0,52) 160-167 
53 107 (53,0)(0,53) 168,169 
54 109 (54,0)(0,54) 170,171 
55 111 (55,0)(18,1 )(1,18) (0,55) 172-175 
56 113 (56,0)(0,56) 176,177 
57 115 (57,0)(11,2)(2,11)(0,57) 178-181 
58 117 (58,0)(19,1)(6,4)(4,6)(1,19)(0,58) 182-187 
59 119 (59,0)(8,3)(3,8)(0,59) 188-191 
60 121 (60,0)(5,5)(0,60) 192-194 
61 123 (61,0)(20,1)(1,20)(0,61) 195-198 
62 125 (62,0) (12,2) (2,12) (0,62) 199-202 
63 127 (63,0)(0,63) 203,204 
64 129 (64,0)(21,1)(1,21)(0,64) 205-208 
65 131 (65,0)(0,65) 209,210 
66 133 (66,0)(9,3)(3,9)(0,66) 211-214 
67 135 (67,0)(22,1)(13,2)(7,4)(4,7)(2,13)(1,22)(0,67) 215-222 
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1\11 2Af + 1
 Ha60pbI n;c, Tty I	 HOMepa co

cTOKHIrii v
 
137
68
 (68,0)(0,68) 223,224 
139
69
 (69,0)(0,69) 225,226 
141
 227-230
(70,0)(23,1)(1,23)(0,70)70
 

71
 143
 (71,0)(6,5)(5,6)(0,71 ) 231-234
 
72
 145
 (72,0)(14,2)(2,14)(0,72) 235-238
 

147
 239-244
73
 (73,0)(24,1) (10,3)(3,10) (1 ,24)(0,73) 
74
 149
 (74,0)(0,74) 245,246 
75
 151
 247,248(75,0)0,75) 
76
 153
 (76,0)(25,1)(8,4)(4,8)(1,25)(0,76) 249-254
 
77
 155
 (77,0) (15,2) (2,15) (0,77) 255-258
 
78
 157
 (78,0) (0,78) 259,260 
79
 159
 (79,0) (26,1 )(1 ,26)(0,79) 261-264
 

161
80
 (80,0) (11,3) (3,11)(0,80) 265-268
 
81
 163
 (81,0)(0,81) 269,270 
82
 165
 271-278
(82,0) (27,1 )(16,,2) (7,5) (5,7)(2,16) (1,27) (0,82) 

167
83
 (83,0)(0,83) 279-280
 
84
 169
 (84,0)(6,6)(0,84) 281-283
 

171
85
 (85,0) (28,1 )(9,4)(4,9)(1,28) (0,85) 284-289
 
86
 173
 (86,0)(0,86) 290,291 
87
 175
 292-297
(87,0)(17,2)(12,3)(3,12)(2,17)(0,87) 
88
 177
 (88,0) (29,1 )(1,29)(0,88) 298-301
 
89
 179
 (89,0)(0,89) 302,303 

181
90
 (90,0)(0,90) 304,305 
91
 183
 (91,0)(30,1) (1 ,30) (0,91) 306-309
 
92
 185
 (92,0) (18,2) (2,18) (0,92) 310-313
 
93
 314-317
187
 (93,0)(8,5)(5,8)(0,93) 

318-325
94
 189
 (94,0)(32,1)(19,2)(7,6) (6,7)(2,19) (1 ,32)(0,94) 
191
95
 (95,0)(0,95) 326,327 

328,32996
 193
 (96,0)(0,96) 
330-337
195
 (97,0)(32,1 )(19,2)(7,6) (6,7)(2,19)(1,32)(0,97) 97
 

197
 338,33998
 (98,0)(0,98) 
340,341199
 (99,0)(0,99)99
 
342-345
100
 201
 (100,0)(33,1) (1,33) (0,100) 
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Ta6nll:Qa 3. nOCTpoeHlle cneKTpa 
KBa.n;paTHoH nOTeH:QllaJIbBOH JlMhI. 

..

p= n; +n~ Ha60phI n x , n y HOMepa cOCTOilliJ!li v 
2 (1,1 ) 1 
5 (2,1 )(1,2) 2,3 
8 (2,2) 4 
10 (3,1)(1,3) 5,6 
13 (3,2)(2,3) 7,8 
17 (4,1)(1,4) 9,10 
18 (3,3) 11 
20 (4,2)(2,4) 12,13 
25 (4,3)(3,4) 14,15 
26 (5,1)(1,5) 16,17 
29 (5,2)(2,5) 18,19 
32 (4,4) 20. 
34 (5,3)(3,5) 21,22 
37 (6,1)(1,6) 23,24 
40 (6,2)(2,6) 25,26 
41 (5,4)(4,5) 27,28 
45 (6,3)(3,6) 29,30 
50 (7,1)(5,5){1,7) 31-33 
52 (6,4)(4,6) 34,35 
53 (7,2)(2,7) 36,37 
58 (7,3)(3,7) 38,39 
61 (6,5)(5,6) 40,41 
65 (8,1)(7,4)(4,7)(1,8) 42-45 
68 (8,2)(2,8) 46,47 
72 (6,6) 48 
73 (8,3)(3,8) 49,50 
74 (7,5)(5,7) 51,52 
80 (8,4)(4,8) 53,54 
82 (9,1)(1,9) 55,56 
85 (9,2) (7,6)(6,7)(2,9) 57-60 
89 (8,5)(5,8) 61,62 
90 (9,3)(3,9) 63,64 
97 (9,4)(4,9) 65,66 
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F = n; + n~ Ha?'0phI rt:x;, n y HOMepa COCTO~ v 
98 (7,7) 67 
100 (8,6)(6,8) 68,69 
101 (10,1)(1,10) 70,71 
104 (10,2)(2,10) 72,73 
106 (9,5)(5,9) 74,75 
109 (10,3)(3,10) 76,77 
113 (8,7)(7,8) 78,79 
116 (10,4)(4,10) 80,81 
117 (9,6)(6,9) 82,83 
125 (11,4)(10,5)(5,10)(4,11) 84-87 
128 (8,8) 88 
130 (11,3)(9,7)(7,9)(3,11 ) 89-92 
136 (10,6)(6,10) 93,94 
137 (11,4)(4,11) 95,96 
145 (12,1 )(9,8)(8.9)(1,12) 97-100 
146 (11,5)(5,11) 101,102 
148 (12,2)(2,12) 103,104 
149 (10,7)(7,10) 105,106 
153 (12,3)(3,12) 107,108 
157 (11,6)(6,11) 109,110 
160 (12,4)(4,12) 111,112 
162 (9,9) 113 
164 (10,8)(8,10) 114,115 
169 (12,5)(5,12) 116,117 
170 (13,1 )(11,7)(7,11 )(1,13) 118-121 
174 (13,2)(2,13) 122,123 
178 (13,3)(3,13) 124,125 
180 (12,6)(6,12) 126,127 
181 (10,9)(9,10) 128,129 
185 (13,4)(11,8)(8,11)(4,13) 130-133 
193 (12,7)(7,12) 134,135 
194 (13,5)(5,13) 136,137 
197 (14,1)(1,14) 138,139 
200 (10,10) 140 
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