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Neutrino scattering on atomic electrons due to weak and electromagnetic moment 
interactions is considered. We have found: 

•	 nonzero cross section beyond the kinematical limit, 

•	 logarithmic collinear divergence for electromagnetic cross-section, 

•	 that electromagnetic cross section tends to a constant at T -+ 0 instead of the
 
liT behaviour,
 

•	 reduction of the t.otal cr08S section in comparison with the free electron CMe
 
scattering.
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Introduction 

The well-known deficit of Solar Neutrino Flux can be explained by suppos­
ing that neutrino has a small magnetic moment ("V 10- 10 - 10-11 J.LB ([1] and 
literature afterwards). The value of J.Lv. affects several astrophysical and cos­
mological phenomena such as white dwarf cooling [2] or red giant evolution 
[3]. The existence of the neutrino magnetic moment also implies a new physics 
beyond the Standard Model of Electro-Weak Interactions. 

The interest to the direct measurements of the neutrino magnetic moment 
arose during the last decade. The modern design of the neutrino sources 
includes radioactive isotopes, such as 3 H, 55 Fe, 117 Pm [4] with low-energy 
neutrino spectrum. The neutrino energy of those sources is of the order of 
K-shell energies of the atoms Xe54 or 153 , which are considered in the neutrino 
detector proposals [5]. 

Measurements of the neutrino magnetic moment require an accurate knowl­
edge of the differential neutrino cross section behavior but, the well-known 
approximation for the neutrino scattering on free electrons can lead to quite 
big errors in the cross section estimate for low-energy neutrino experiments. 
\Ve could find only two papers on the subject ([6] and [7]) , both making 
different conclusions. 

Weak interaction 

Consider first the weak interaction of a neutrino. If (WI, l~) and (W2' k~) arc 
the energy and momentum of the plane wave functions of the initial and final 
neutrino, E 1 = me + E- t- is the energy the bound electron with n, i quantumn, 

numbers (En,l < 0), and (E2 = me + T, P) are the energy and momentum of 
a recoil electron moving in the selfconsistent atomic field, one can write the 
formulae for the weak neutrino cross section on the bounded electron as 

[ IMr l2 d3k2 d3p 
datl = :Er 2 WIl 27r5( WI + E1 - Wz - Ez) (27r)32 W2 (21t")3 (1) 

and the differential cross section as 

(2)
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Here we write in (1) the usual expression with the energy delta function, be­
cause the initial electron has a momentum distribution. The matrix element 
of the weak neutrino scattering with charged ~V+ and neutral ZO currents is 

In - 1( ) - [ alaI ]Mfi = 2v 2 GFUkllai 1 + 15 Ukt U2 gLI 2"(1 + 15) +9RI 2(1 - 15) VI . 

(3) 
We use the bispinors V1,2 of the electrons in the first order of v / c expan­
sion, with the Hartree-Fock and Coulomb wave functions in the atomic field, 
respectively: 

UI = ( ~1 ) tPn,f(T) ; V2 = ( if~2 ) 'l/Jp,l (T) (4) 
E2+me W2 

After summing and averaging of the polarizations we get 

~- 2 2 2 Pk2... ) 2 ( Pkl-+) qO2]IMfd2 = 64GF IJI 9L WI W2 - E + 9R W2 WI - E + 9L 9R 2 ' [ ( 2 2 

(5) 
where: q = (qO,V = k1 - k2 and J = J(B, 01

, <p') is an integral of the wave 
fUllctions overlap (see Appendix 1). Factorizing the functions into the radial 
and spherical parts and integrating over r we obtain: 

J(O,rJ',<p') = 47rL(-i)12Yi2m(O',<p')!z:/B) (6) 
12 

where: r/, <pI are the spherical angles of p with respect to qand () is the angle 
between k~ and k~. For definition of the function [12 (8) see Appendix 1. Thus 
the final formula for the neutrino weak scattering differential cross section is 

d(J"~- f 2G}me 1 f [( 2 2 q2) -f 
d;' = Er 7r WI dcosO 9L WI W2 + 9R WI W2 + 9L9R2 sS'­

where: 

(7)
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-I ?sr, (0) =o.J/ii WI w21P1 E [fV+ I{2 112+1 - W_11J I2-1] , (8) 
7fy3 lz 

are the dimensionless functions (shown in Fig. 1) and Wi are Wigner-like co­
efficients (see Appendix 2). The value of the cross section of the antineutrino 
scattering is derived by the substitution 9R +-+ gL' 

Equation (7) tends asymptotically to the free electron case, if we take into 

account that S?,l -t sgJ, because ",T+ rv - vV_ -t V3j2 and 112 is the smooth 

function of the l2 , and that the distribution function sg,I(B) of the neutrino 
scattering angle with the fixed recoil electron energy is the 6-function of B: 
6(cos(0) - cos(8191=IPl))' The illustration of such transition of S;,t(8) is shown 
in the Fig. 1. The maximum of this function corresponds to cosB1ti1=IPl' i.e. 
momentum conservation. 

Similar distribution functions were observed in the Compton scattering 
measurements [8], where the distribution of the atomic electron momentum 
lead.s to the spread of the photon energy at fixed scattering angle. Such 
measurements were used for the reconstruction of the electron wave functions 
inside atoms. 

If we substitute the previously mentioned angular delta-function instead 

of S~,l and Sr), we can get the well known formulae of the cross section for 
the free electron-neutrino scattering [9, 10J: 

d(Jt~ 2G}me [ 2 2 ( T ) 2 meT]
-- = gL + 9R 1 - - - gL 9R -­
dT 1[" WI Wf 

W d Wd;;e = ;,;,e (9ft H gL) (9) 

Electromagnetic interaction 

We can write the electromagnetic neutrino scattering matrix element as 

(10) 

where: 

(11 ) 
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and the magnetic moment Pile is in Bohr magnetons. 
There is no interference of the electromagnetic and weak interactions, be­

cause of the different final states - in the first case the scattered neutrino is 
left-handed, and in the second one it is right-handed. 

After summing and averaging of polarizations we have: 

4 

L IMfiJ2 = J-l~e ~2(2me( WI + W2)[( WI + w2)E2- (k~ +k~)PJ+q2meT))JJI2 , 
0'10"2 meq 

(12) 
where function J is defined in Eq. 6. The procedure, which is similar to the 

previous section allows as to write the final formula for the electromagnetic 
scattering as: 

2dO":,r _ 2 [ a: 'Jr /1 pii,l(cosfJ)dcosO 
(13)dT - J-llle _L - m2 1 - cosO ' 

m=-l e-l 

where pii,i(cosO) is the regular function of 0 at () ~ 0: 

1 { [( W2) 2 W2T . ] it iFit,l(cosO) 1+ - E2 - -(1- cosB) So'­
4 WI w2 WI WI 

(14) 

[1P1( Wiq1+ W2) (1- :0] sri} 
An asymptotic transition to the free case can be made by the replacement of 

s3,l and Sri by c5(cos(B) - cos(BIq1=IPl)) that will lead to [9, 10]: 

~J (15) 

Numerical results and discussion 

Our method of calculations has been checked by the photoeffect cross sec­
tion calculations for different atoms H, He, Ne, Xe [11]. In that article we 
considered the influence of the electron binding effect on the cross section, 
and we compare it with the experimental data. The agreement is good for 
0.7 - 20keV of photon energy range, but for some shells the difference is 
about 50%, that can be explained by invalid Hartree-Fock functions. 
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All the peculiarities of the behavior of the neutrino weak and electromag­
netic cross sections follow from the binding of the initial electron. It leads 
to the collinear divergence of an integral of cos( B) (B is the scattering angle) 
for the electromagnetic cross section Eq. 14. This divergence is logarithmic 
and it is restricted by the neutrino mass. The integrands from Eq. 14 are 
shown in Fig. 2, where the left peak is at cos8,qJ==Ip2! i.e. at () value dictated 
by the momentum conservation law and the right peak at the cos8 --+ 1 is the 
divergence we are discussing. 

The second consequence is the nonzero cross section beyond the kinematic 
limit: 

22 w
Tmax = 1 (16) 

me + 2 WI 

This phenomenon occurs for both weak and electromagnetic cross sections. 
Resultant curves of the differential cross sections of the antincutrino 
(WI = 100keV) weak and electromagnetic scattering on the atomic electrons 
are represented at Figs. 3,4, where we can see the influence of the binding 
effect: the less the shell energy the sharper' edge of the electron kinetic energy 
spectrum. 

The third influence is the reduction of the cross sections of the neutrino 
scattering by a factor whose value is the larger the larger the binding energy. 

The differential cross sections dafeM IdT , da"Z'z IdT for Xe54 atom sum­
marized for all the shells and normalized on one electron are presented in 
Fig. 5 together with the cross sections calculated for the free electron. The 
differential cross sections for a few neutrino energies are shown in Fig. 6. 

The reduction of the total weak cross section (integrated from Tmin = 
0.5 keV to Tmax = 100 keV), as compared to the free electron cross section, 
~fter averaging over the Pm-neutrino spectrum (Emin = a keY, Emax = 
220 keV) is about 9% and afe = 54 x 292. x 10-24 barn; o-f;ee = 324. X 

10-24 barn. For the electromagnetic cross section this difference exceed 15% 
and o-~~ = 54 x 93. x 10-24 barn; o-fr~~ = 109. x 10-24 barn. The 
reason of the stronger reduction of the electromagnetic cross section is that 
the main part of the total cross section comes from small T, but the binding 
cuts the divergence of liT and it tends to the constant. So, a binding of any 
kind cuts of the divergence. Besides this liT divergence we have the weak 
logarithmic divergence of cosB Eq. 14, but it is unessential. 

Thus we qualitatively confirm the results presented by Fayans et al. [6], 
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where they used in calculations the relat.ivistic wave functions for 1'1042 and 
F9 atomic electrons, and we disagree with the statement in the article [7] 
about the increase of the cross sections. 

In the Fig. 7 we show the dependence of the ratio of the electromagnetic 
(/-ll/ = 10-11 /-lB) and weak total cross sections on neutrino energy. So one can 
see that low neutrino energies are more preferable for the neutrino magnetic 
moment measurements. 

The authors are grateful to K.A. Ter-Martirosyan and L.B. Okun for en­
couraging discussions and to B.V. Geshkenbein and D.V. Chekin for the valid 
comments. 

Appendix 1 

J = f ¢fM2 (T) eiqr'l/Jiii,Tt (T) d3 r . (17) 

J can be represented as a product of two factors, because the wave functions 
factorize into radial and spherical parts. The function 

1 
'ljJii{iil (fj = Riif(r) ll-:m (El, 'P) = 11m(0, 'P) E CI,j Njrnj 

- exp (-(jr) 
j 

is the Hartree-Fock wave function of a bound electron with quantum numbers 
itim (12]. The wave function of the outgoing electron in atomic field is: 

¢p,l(T) = Rp2l2 (r) (21 + 1)~(Opr) , (18) 

where Pt is the L~gendrepolynomial.The Rp2lz is the solution of the Shrodinger 
equation in an effective self-consistent potential inside the atom: 

Rp .l2(r) = x(r) Ir ;
 
d2X [ 12(12 + 1)] .

dr2 + T - 2meU(r) - r2 X =0; X(O) = 0 ; X(oo) = szn(pr + <5h ) 

(19) 
where <5l2 is the phase of the wave, which is not necessary in our consideration, 

since we are interested not in the asymptotic behaviour at r -t 00, but in 
the values of the function at the atomic size, which define the dynamics of 
the interaction. The atomic potential U(r) is given by the Hartfee-Fock wave 
functions: 
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2 00 (.t)d3 IZ
[ '(.) -. e 2 / 11, 1 ,r
IT =--+e ... (20) 

r 0 Ii';> - Ttl 
where: 

is the electron density that comes from the Hartree-Fock wave functions with­
out the contribution of the recoil electron. Discussion on the accuracy of the 
Hartree-Fock electron functions can be found in [13, 14]. Using the Yim or­
thonormalization we can get: 

J = 41T L }12 m,(Btcpt) (-i)l2Jl2 (B) , (21) 
h 

where: 

(22) 

with 

00 

Jrad(lr) = / Rp,l2(r) ill (1<11 1') Rni(r)r
2dr, (23) 

o 
where jl(X) is the spherical Bessel function. 

Appendix 2 

The product of two spherical functions is a new function of (J and ep which 
can be decomposed over the spherical functions basis, i.e. according to the 
momentum sum rule: 

1 it +12 (11 1 l)
Yi1ml Yl2 m 2 = . IF L rn 

2 
1n llm' (24) 

V '±1T /=1/1 -121 } m2 

where Tn = m} +m2, because the projection on the z-axis must be conserved. 
So, 
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( II I2 1) = V4if }llml }12m2Yi~dO (25)
mi m2 m 

Normalization 1/.j4; is convenient to avoid 1r in all formulae. Using the 
formulae from [15J we write: 

! v Yi v* dO - (_l)ffl ilr+h-l (I II l2) X
Lltmt {2 m 2 L lm ­

-m ml m2 L 

x (l II 12 ) [(21 + 1)(2I1 + 1)(2I2 + 1)] 1/2 
(26)o 0 0 L 41r 

where: 
! 

X [(ii + mI}!(il - md!(h + m2)!(j2 - m2)!(h + m3)!(j3 - m3)!Jl/2 x
 

(_ly+ir-i2-m3
 

X ~ [ Z!(ji +)2 - i3 - Z)!(jl - ml - Z)!(j2 + m2 _ z)! x 

x (i3 - j, + ml + Z)~(j3 - iJ - m, + z)!] (27) 
In the text we use the following notation for W±: 

W± = (~ ~ I,~ 1 ) (28) 
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Antineutrino week cross-sections on Xe subshells 
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Electromagnetic cross-sections on Xe subshells 
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Differential anti-neutrino cross-sections 
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Differential cross-sections for calculated energies of neutrino on Xe atom 
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B.A.MopryHoB ~ ~p. 

C~a6oe ~ a~eKTpoMarH~THoe CeqeH~e paCCeRH~ff R~3K08Hepr~qHHX 
HeMTpMHo Ha 3~eKTpoHax aToMa. 
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