
I I
 

INSTITUTE OF THEORETICAL 

AND eXPERIMeNtAL pHYSICS 

29--93 

V.G.KsenzO'V 

FERMIlAb 
OCT 05 19YJ 

LIBRARY 
, ON THE VACUUM ENERGY DENSITY 

AND NON..PERTURBATIVE EFFECTS IN SIGMA MODELS 

MOSCOW 1993 



..
 

UDt 539,145 .-16 

01{ 'lHI V4cuua moar DIftSUT AJtl) lfOJf-P!R1'tTRB4'lIVB "~:IO'8 D 
SlO_A _ODBtSa Preprlnt tRIP 93-28/ 

XsenZQV V.C. - •• , 1993 - 5p. 

The vacuum ~n('rgy density is obtained for O(N) nonlinear sigma models. 
It was shown that non-p<'fl.urbative contribut.ioll is connected with Casimir 
operator of the group O(N). 

Pig. - , ref. - 6 

(Q) MHCTBTyT TeOpaTaqeCROa R aRCrrepKMeHTanLHo~ ~5HRH. 1993 



After the discovery of nonperturbative fluctuations the question about their 
fuitction in generating o(physical axp.plitude is of particular concern in the field 
theory. The most ell'ortgoes into investigating these effects in the Yang-Mills 
th~ry, in which we are still far from a. complete understanding because it is a 
notoriously difficult task. Therefore there is sense to study these problems in 
a simple theory to get a new insight into the problem. Such simple analogy . 
of Yang-Mills theory is two-dimension8.1 sigma models with fields transform 
according to the vector representationol the group O(N) ill. These models 
provide a possibility to .perform .tbe analysis conserving hope. that obtained 
results are interesting in actual physics. 

For along time it has become clear that tile dynamics is in some v.'ay related 
to& complicated vacuum structure, therefore investigation of the vacuum 
st.ructure turns out to be the key to un~rsta.nding actual dynamics. 
. In this paper, .we will disCuss the influence of non-perturbative fluctuations 

Ott the vacuum energy density C"tIC in the framework of the two-dimensional 
sigma model. We shaIJ-demonstrate this by considering thelargeN limit. In 
these models, non-perturbative effects take place and do not depend on the 
existence of instantons (or N > 3. 

Remind what physicists know about nouperturbative effects and CIJGC in 
. sigma. models. Lorentz iuvariance implies that the vacuumcnergy denSity 
may be defined as 

gl.vG1IGt: =< 0 J 0"" I0> ; 

where IJ~ stands for the cl1('rgy-moul~lumt{"nsor. 
('onfol'ttuir.Jtonla1y we arrive at ., . 

1· . 
E...., =2<0 181'P J0 > 
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Thea the vacuuin ~Dergy may-lSeWrl*teJI as & 81QIl of two terms in sipa
 

'models at large N­
, • - N , . s < a » 

E"=811'(~M +~, 
- ,- , 

M2 is regulator mass, (lis Lagrange multiplier and < a > is eoDltam denot"
 
bym2.J'ii. The firs'term is connected with. the pertllrbativefluctuation in the
 
wc:uum, while the second one is due to non-perturbative ftuctuations. These
 

'results were obtained in ref. [2}. Let 118 1lO~ that < a>is a funda.tnental
 
value oC the theory also in the case of phase tiansitions [3].
 

To demoaatrate how the non-perturbative eJrects enter into· the value <.
 
a >+ 0 one employs the Lagrangian .
 

- 1. - 0- .. ' N 
L_=i{(8p~)2+ J1I(a-a- -' I)} (1) 

~. We wam to aecomposea4(~}&Dda(%)v. 

~) == ~(z) +q-(z) (2) 
a{~) = ac(z) +Gp(~) , 

where e-(z) and·~(z) areslowly Varyins fields, ,!,hile rt(t) and a.-(~) describe 
fat ·~fields. . .' .- - . . 

The eqll&ticta& of motion for slowly vuyillg fields are 

. did'" = af!I' . . (3) -711 
. N 

cP(:r;)c"(z) =7 . (4) , 

...(zjv'N .. _(8~c")2 • (5) 

- The equation (5) may be rewritten in a linear form for (811e-). UUI the
 
-eutrent symmetry .~ and- the constraint (4) w:~ get
 

. N ­
(~f = J<8,.t!')% t (6) 

-where .Jt = f!&8,ac! - a"t!'" t!. , ancl 

- ;);) =(~Jt)2 (7) 
......... ,..
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The ac(:I) 'tu!u'oal to be Casimir .~. of the.(I01Ip.Q(N). 
'V~theeq.tioll(5)with~toa"e- ad takiag ~ 0(1)­

caa obWD a IUl'W equation. . . 
, .. '1[· ­
8"e" =-~t!(z).~ (8) 

DeriWig Eq.(8) we followed the procedure whi,ch: may be applied only for 
a special form 01 the equation. 

This equation asserts identiCally for all-C'"(z) which are subject tc> the con. 
attaint (f). These fields'ha\'e a special pro~rty:their tta~ma1ioaUJlder, 

t~tatio~.~.becom~JUQlted by global isotopic tra.DIt1Onnationsaad they
wen'mu mcu.d in [4]. 

The d"';cal~-IDome1li1Imieasor tall befOaacl.ha(') __ftC'ftw 
~ .. 

.,., =~(J;J: ~ t (J:)2}(9) 

with .appamat prvperiiea

I 

'-'",,-0-.,',. -0 .
I The -rU~Qq:lm..ot _,." tams- ou.t·to be,propodioilal.to the ~.
J
 
r qet of<oaetYMc:an-l'-1nthesemodela. ~.fads lite.·...1m... httbe
 
I &eld theory [$} ad mq1l8lltum mecbaaics {6}.
 

. To find tlae w.ea1am. e:aerv deUuy e_, wedefaed it ..
~ 
f 1 
! £_ - i< 81 '_I I) >-ljm<Of /tI2tf(z - ~)q-(z +~JO >. (10) 

. f 
I'r . The limit of the riPt-hand"8ide of Eq. (IO) is caleulated at ~ - 00 aad 

I 

~2_ 0 anduder ••pecialcoDditioR AI14" = Corut ' 
' 

i .I
j liaeq,aatioa (10) ~ 'ftrYins.hct1Iatiou tf'(z) an- no' olarhiu.y _ue 

ad>..- ...,tbe·eeuUaiml2]· 

~~+~tf' =0. (11) 

DiffereIl~(ll) and implyiaS rj'1J,d. = 0 (wlUdt is the first step ap­
proximatien) We obtain ' .. .. 

2[ . . , 
.8,..(8~Nr:.'" :(~) . 

We !law '$O~der(12) as an eDd equatioa..IadeetI.-':(12)weeaa 
see tbttf'8,.~= O. If there.mt felda ft·· with.~ t(-8,d': ",,0, we caB, 
pt.' 



,This',eqUation 'can'bereWriUoen as 

.tf8l'tf = - ~q't!tf811f.

U" c!V' lit: -k"lfwe haw 

q"'8"q"'(1- ~tii)=O • 

&llvingtbiseqilation,1Rbd tftf ='" but thiseolution coutTadicts to 
tbebuic usumpiionthat tf' desc:ribes suudl' flu<:tuationsand the condition 
tf8,.tf::f. O. 

Equation (12) counects quantum field ftuctuations and non-perturbative 
fluctuations. 

Our goal is toca1culate (10) and we cal: ;10 it knowing only equation (12). 
Indeed,we get . ' 

< 0 I(J,.,.I 0 >=lim~(O <IWqOqO \0 > - (13) 

-A,A.,M2 < 01 r/'ti 10 >< 0 \ (~f r:J~ i0> ~ •..) 

Using the ortbononnality condition we can conclude 

< 0 I (~j2J:J:1: 1'0 >= _9,..,601: < 0 IJf 10 >= +m2g,..,~OI: 

6°1 
<qOq" >= __ . 

411" 

Remind that H,e stationary value of o(r) is denoted bym'../N. 
,WelUisumcd that the vacullm is an eigcn state 'Or Casimir operator of the 

group O(N), but this statl'lIlt>llt call he provei!. However, we will not doit as 
t.h,is is beyond our !;hort report. 

In tb... paJX'r, we have concentrated on tll(' lIol1-lwrtllrh.."\l.ive ("ontrilmti,," 1,0 
the vac ••um energy density. It was shown that IIoll-pcrturhative O••ctHalioll!: 

"with ••~dal property determine non-p~turbativecontribution into £Ne' As 
a mater of £act, vacuum condensa1.e of < 0 > is vacuum conocnsate or Casimir 
operator of the SlOUP O(N). 

The .uthor is I"ateful to V.M.Belyaev aJJd V,A.Novikov fot useful discus': . 
BlOIlll. 
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