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In a presence of eiectron cooling system stability of the hadron beam dipole
oscillations in the storage ring is determined by eugen values of the ring transfer
matrix, including the cooler transfer matrix, which is calculated with account of the
coherent electron-ion interaction. MathCad code calculating these eugen values is
applied to two rings: antiproton storage ring “recycler” (FNAL, USA) and ion
storage ring ACR (RIKEN, Japan).

KOTEPEHTHAS [UTIOJIbHASI HEYCTOMYMBOCTD B HAKOIIUTEJILHOM
KOJIBLIE W3-3A B3AVUMOIEMCTBUSA LIMPKYJIAPYIOIIETO IMYUKA C
[IYYKOM CUCTEMBI SJIEKTPOHHOI'O OXJIAXKIEHM ST

I1.P.3enkenua

CrabHIBbHOCTS AMIIONBHBIX KOJeOaHMi agpoHHOI0 (Iy4Ka B HAKOITMTEIbHOM KOJIbIE
B NMPUACYTCTBHH CHCTEMAI SJIEKTPOHHOrO OXJIKACHHUA ONPEACIACTCA COOCTBCHHBIMU
YHCNIAMA MATpHLBl NEpelaid KOJbHA, BKNOYANONMIEH MaTpHIy nepefavd Iroi
CHCTEMBI, DPACCHMTAHHYI0 C  YYETOM  KOIEPEHTHOTC  3/IEKTPOH-HOHHOIO
p3aumoseficTeug. [lporpaMma id BEMHCHCHHS COOCTBEHHBIX YHCEN STOH MaTpHim,
HamcaHHas Ha askike MathCad, NpAMEHEHa K ABYM HAKOIMTENLHBIM KOJBIAM:
aHTUTIDOTOHHOMY  Konblly  “pecadtwnep” (FNAL, CIHA) w  worHOmy
HaxonurensHoMy koney ACR (RIKEN, Snonns).
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Influence of the electron cooling system on stability of the transverse coherent
oscillations of the ion beam in the storage ring is widely discussed at recent years /1-
4/. In our previous paper /1/ the transverse coherent motion of the intense ion beam
has been investigated with account of the electron drift in crossed longitudinal
magnetic field of the cooler and transverse electrical field of the ion beam. This
analysis has shown that the coherent interaction of the ion beam with the cooler (for
long wave oscillations) can be described by four-dimensional transfer matrix M.
This matrix was derived neglecting the influence of longitudinal magnetic field on
ion beam motion (for zero ion Larmor frequency and without account o f fringed
field of the cooler solenoid). For oscillations stability the following necessary
stability condition should take place: detd . <1. It was shown that this condition is
valid for typical cooler parameters.

However, this stability condition is not sufficient, and in common case it is
necessary to investigate the eugen values of the transfer matrix of the ring; for
stability moduluses of all eugen values should be less than unity /2,3/. Such analysis
has been made in paper /3/ for a case, when Twiss parameters of unperturbed
transfer matrix of the ring (calculated in absence of the c ooler and c ompensating
solenoids) are symmetrical (beta functions and phase advances are equal, alpha
functions are equal to zero). For such “degenerated” case the complex transfer

matrice of the second range describes the ion coherent motion in the ring. Analysis
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of this case has shown that one of two modes is always unstable; the expression for
the increment has been derived and investigated.

A goal of present paper is analysis ofthe beam s tability for n on-generated
case; moreover, the increments in designed ion and antiproton rings are calculated
with account of effects, which were omitted in previous work.

Dipole motion of the electron and ion beams in the cooler (for the round
beams) is described by the following equations /1/:

dv, ;dv.
L+iQ, —ds' +Q, v, =0, %,
AY

d’v L dv
v?;—iQL d—;+Q,,’vc =Q.%,

(M

Here v, =x,+iy,,, x)y are transverse variables, s is longitudinal variable;

frequencies are defined by
2 2nln,r, 2 2nZngr, i_ Z Be e Be
ToApy T BT AprE,) T B,

where Z, A are charge and atomic numbers of the ion, B,y are relativistic

Q @

parameters, r,,r, are classical radii proton and electron, E,,E, are corresponding rest

energies, B is magnetic induction o f longitudinal magnetic field ofthe cooler. In

drift approximation (valid if Q,” >>Q,) the second equation can be written as

follows:
&y +iQy, = Qy, » 3)
ds
Here the drift frequency
2 (1]
0= Qﬂ- - 2nZzn‘.;;E, (4)
Q,° Br'eB

Eigen frequencies of the third order uniform system of linear equations

(Eq.1,3) are
0 = T4 [T 400, 20 (5)
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Eq. (5) is written for positively charged ions; for negatively charged ions (for
example, antiprotons) it is necessary to change here (and in all further formulae) Q;
on -0, Let us mark, that at this case eugen frequencies can become imaginary,

Ion motion (for zero initial condition for electrons) is defined by:

(el

where elements of C (complex matrix of the second range) are given in Appendix.
In real variables the following second range transfer matrix describes the
motion: |
M, =[_AB ﬂ )
In Eq. (8) the second range transfer matrices 4 and B are defined by
A=ReC,B=-ImC . Elements of the real transfer matrix M, are givenin /1/.
- Determinant of real matrix Mc is connected with determinant of the complex
matrix D by
detM =det D]’ : ®
Usually for typical cooler parameters all phases oL <<1 (@ =,Q,,Q,). Expanding
C,,(Eq.7) on these small parameters (see Appendix) we can find the following

approximate expression for determinant:
L‘
detM . ~1 ~EQ,FQ(2Q- Q) )

For negatively charged hadrons (for example, p-bars) it is necessary to change
the sign before subtracting term on plus.

Dependence of detM. on L is plotted at Fig. 1 for ACR parameters (see
Tablel); solid curve corresponds to exact calculations, dotted curve to approximate
Eq. (9). We see from the figure that for small L both curves coincide.

Stability is determined by eigen values of one-turn matrix:

M,=M, M, (10)
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where M, is the ransfer matrix from the beginning of cooler to its end.
Let M, is an unperturbed transfer matrix for the central point of the cooler.
As a rule ring in calculation of Twiss parameters are all solenoids are considered as

drift spaces. If the cooler is located in the beam crossover, unperturbed one-tumn

matrix M, is
M. 0 cosv, L ﬂ”" sinv, L
= =] si L
Mo ( 0 M, ]’ M., =_ H;IX‘: cosv, L ()
LY
Then one turn matrix can be written as follows:
MT = ML M ML MC,, (12)

Here ML is the matrix of drift space with length L/2, ML is the corresponding
inverse matrix, matrix M7 =F-M_.F, F is a matrix of edge field kick at the

solenoid entrance. For oscillations stability moduluses of all eigen-values of matrix
M7 should not succeed unity. These eigen-values were calculated numerically using
MathCad program.

Let us mark that by use of the complex second range matrices for partial case
of symmetrical focusing system (B, =8, = 8.9, =@, =¢) it is possible to find the
following analytical expression for the increment 5 :

Q. Q0

1 242 lﬂo
S=4 |-1=—BQQ° L =~ 13
‘ ! 4 0 i 4 QLe ( )

For insight in the physics of the effect let us rewrite Eq.(13) through the
incoherent tune shifts of the ion beam: tune shift due to ion-ion Coulomb interaction

AQ," and tune shift due to Coulomb interaction of the ions with the cooling electron

beam aQ, “. Then we obtain:

2 iy e
8= zr. EAQ:c AQ_W 14
2".0 4 ﬁOQL‘ fc ( )

Here f.=L/L

ring »

L. is the ring circumference.

ring
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For non-equal beta functions and (or) phase advances we should use four
dimensional formalism and values of increment can be found numerically. The
results of calculations for ACR ring (parameters are given at Table 1) are plotted at
Fig.1 and Fig.2:

Table 1. Main ring parameters and results of the calculations.

Ring name ACR FNAL
Kind of ions R T p-bars
lon energy (GeV/u) 0.4 8
Number of ions 2.10% 2.5-10"
Nominal tunes 2.62/2.81 26.22/26.22
Circumference (m) 130 3000
Cooler length (m) 3.6 20
Electron current (A) 4 1
Electron beam radius (cm) 2.5 0.6

Ion beam radius (cm) I.1 0.4
Magnetic field in the cooler (Gs) 2000 100

p function in the cooler (m) 10 30
Electron drift frequency Q (m™) 0.0627 1.32-10°
Ton Larmor frequency @, (m™') 0.0287 3.4.107
Ton-electron frequency @, (m™) 0.0137 1.57-107°
Increment per turn for nominal tunes | 3.09.107 9.27-10°°
Increment per turn for equal tunes 373107
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Fig.1. Dependence of the increment on horizontal phase advance (vertical phase

advance is equal to 3.9).
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Fig.2. Dependence of the increment on normalized magnetic field (HN=H/H®,
where H is magnetic field, #° is nominal magnetic field). Solid curve is result of
exact calculations; dashed curve is proportional to 1/ 4 .

We sec from the Fig.l that increment has resonant character and sharply
decreases with enhancement of the phase advance differencelp, - ¢,|. Fig.2 shows
that increase of magnetic field (and, correspondingly, increase of Larmor electron
and ion frequencies and decrease of the electron drift frequency) results to decrease

of the maximal increment.
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Estimations have shown that for existing rings incoherent tune shifts and,
correspondingly, increments, are small. Therefore we have considered more
ambitious numbers corresponding to designing electron cooling systems: e-cool
system of ACR ring, which is now under design in RIKEN (Japan) , electron cooling
system of antiproton recycler (FNAL,USA). Main ring parameters and the results of
calculations are given at Tablel. We see from the table that maximal increments are
very small and can be suppressed by tune difference or by increase of the cooler
magnetic field, as well as by standard methods (Landau damping or feedback).

In conclusion author would like to thank A. V. Burov for useful remarks
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Appendix,
Elements of the matrix C are defined by:

exp(—iey ) -1 l exp(—iw,r) -1

1
G, =1+—| ]
" A @, A @,
c _i exp(-ia),r)—l_exp(~i(ozr)—1]
27A Q((Q—mz) @0, (Q -} (A1)
G, = i—[exp(-ia)zr—exp(—iw,r)] )
C. = 1 exp(—i(o,r)ﬁexp(m)zr)]
TA (Q-w,) (Q-0)
Here 4 = L
-w, Q-o,

Usnally for typical cooler parameters phases oL <<1 (@ =, ). Expanding C;;

(Eq. A1) on these small parameters we obtain:

_o'r v QlQ+Q,)L . QQ+Q,(Q+Q,)+Q )L

C, =1
2 6 , 24

2

c, =L(1~iQLL~QL L )

2 3 2 2 26 ‘ 2yqr4 (AZ)

1 2,2 8 (Q+QOL QI [Q+Q,(Q+Q,)+Q,.)]L
Cy :‘E{Qi L-i— 2 - : }
2,2 S_0in ‘0 2 1_0n2
C. =1~iQLL-—QL2L +i[Q" Q, é—QL+Q)]+{Q‘ Q,°(3Q2, -;jQQL-i-Q Q9]

In complex form elements of the solenoid matrix is defined by

1-exp(~iQ2, s)
s<|' T, | R (%)
0 exp(—i€,s) .

Edge fringe field matrix

10
F{o,mL 1) (A4)

Real matrices can be found from equations (Al- A4).



