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ITpe,lJ;JIaraIOTClI cyrn;ecTBeHHhIe YTOqHeHHlI H 0606meHHlI TeopeM 0 JIOKaJIH3alJ,HH crreKTpa 

MRTpHIU>I. IIoKa3aHo, KaK MO>KHO yqHThIBRTb 3HaHHe co6cTBeHHoro BeKTOpa H HHBRpHRHTOB 

60JIee BhICOKRX paRmB ,lJ;JI1I 6o.nee TOO:fHOH JIOKa.JIH3aIlHH. B rrpHMeHeHHH K IllHpOKOMy KJIaC

cy KOHeqHhIX n,erreH MapKoBa aTO n03BOJIlIeT rrOJIyqaTb rrpOCTble 3cPcPexTHBHhIe KpHTepHH 

perYJilIprrOCTH n:eUH H on,eHKH CKOpOCTH CXO,llHMOCTH rrpon;eCCOB. IIpHMeHeHHe rrO)106HhIX co

06pR)I{eHHH K TeopeMe BpRyapa, li!l HeCKOJIbKO 60JIbIllaJI aKKypaTHocTb B ee )lOKa3RTCJIbCTBe 

,llaIOT, B qaCTHOCTH, cymeCTBeHHO 60JIee TO-q}IhIe HepaaeHCTBa B H3BeCTHOM yTBep>K,ueHHll. 

3)leCb rrpe)lJIaraIOTCSI HOBbIe KpHTCpHH HeBbIpo)l{,lJ;eHHOCTH MaTpHUhI H ROBaS! TeopeMa 0 pa3

,lJ;eJIeHHH cneKTpa KOMllOBeHTaMH MHO:lKeCTBR JIOKaJIH3RIJ;HH. 

Crr~coK ~T. - 8 HaZM. 

C£) HHCT2TYT TeopeT2~ecKoft B aKcrrepBMeHTa~bHo~ ~~3~KB, 1996 



1 BBeneHue 

OTKPhITaJl f'epml'OpRHhIM TeopeMa [1, 3, 4, 5, 6, 7,8] CTaJIa HaqaJIOM pa3.ueJia MaTpR'lHoro 

a.HaJIR3a, nOCBRUleHHoro JlOKaJIR3anRR cneKTpa MaTpHIU>I [4, 5, 6, 7, 8]. CpenR HaH60Jlee 

R3BeCTHbIX pe3YJlbTaTOB B :3TOH 06J1acTR R ToopeMa JlOKa.JIH3anRR Epay3pa [2, 4, 5, 7, 8J. 
UeJIh .uaHHoH pa60ThI - npenJlO)l{HTh HOBhle HanpaBJIeHIHI o606rneHHSl :IiI cymecTBeHHoro 

YTOqHeHRR TeopeM f'epmropHHa H Bpay3pa :IiI npHBeCTH HeKOTophIe :IilX npHMeHeH:IilSI. Hc
CJIenyeTcR B03MO)l{HOCTb yqeTa 3apaHee H3BeCTHbIX COOCTBeHHhlX BeKTopOB H .upyrRx HIlBa

pHaHTOB. IloKa3aHo, 'ITO neHoii He60JIbUlHX BbIqHCJIHTeJIhHbIX 3aTpaT MO)l{HO 3HatIHTeJlMIO 

CY3:Ii1Th MHO)l{eCTBa JIOKaJIH3aUHH. TeopeMa Bpay3pa yCHJIHBaeTCR B HeCKOJlhKHX OTHome

HH.SIX H, B tIaCTHOCTH, npenJIoX<eHO BeChMa npOCToe H cymecTBcHHoe yTO'iHeHHe 06LIl.JHOH 

epOpMyJJHpOBKH. IIpHBen;eHhI rrpHMCHeHHi[ K TeopHK KOrrel.JHhIX neneii MapKoBa. 

0603H&'1eHHJI. BClOay HH)KC HHJleKCbli,j, k, I, m, n npo6eraJOT MHOJlfeCTBO { 1,2, ... , N }, 
N ~ 2. Bce MaTpHIJ;bl KOMnJIeKCHble, nopJlaKa N x N. CHMBOJI 6ii - CHMBOJI KpoHeKKepa, 

px = (p,x) = Li PiX·i. ECJIH J1. - l.lHCJIO.H a - MaTpHIJ;a, TO O"j.I(a) - cneKTp a, H3 KoToporo 

J1. yaaJIJleTCJl B CJJyl.lae, Koraa nOanpOCTpaflCTBO OTBel.laJOIU.HX Il c06c'l'BeHHblx BeKTopOB a 

oaHOMepHO. aT - TpaHcrrOHlfpoBaHHaJl K MaTpHIJ;e a. 

2 0 TeOpeMe repmrOpUHa 

2.1 YqeT JIHBeHHOro HHBapHaHTa 

PaCCMOTpBM CJlenYIOmee yTOtIHeHHe TeopeMhI f'epUlropHHa. 

TeopeMalllycmboaKblM.ampuqa(ai;li.j=l+N).ee .M~6bnl co6Cm6eK1tbltL aex;mop 

(Pi I i = 1 + N), u nycmb yPia;; = IlPi' 

A. Ka:HCooe co6cmaeuuoe 1l.UCAO >. E O"j.I(a) npu KeX;OmOpoM. m y006J1.emBOp.Jlem 6ce603

MO:JIC1tblM coomUOWeHUJfM: 

~ ~ia;m - - >'f3m I$ L I~ ~iaii - - >'(3; I· (1 )TlPm TIP; 
I r#m II 
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B 'l/,acmuocmu npu uc'X:OmOpOM m SbmOA,'IUlemC./l ua60p YCA,06UU: 

1.\ - amm +TlPml ~ L lamj -17Pil, (2) 
j-:f.m 

\.\ - au +17Pkl ~ lakm -1]Pml- :E laki -1JPil, k 1= m. (3) 
j-:f.m,k 

E. IIJI,./l 6CJ{1l:020 A Eo-,. (a) u A,'I06020 ua60pa 'l/,uceA, (1]1,"" 1]N) npu uc'X:omopOM m 

6bmOJl,UX'IOmc.Jl 6CCS03MO:HCUbIC coomuomcuu1C: 

I ~(amj -1]mPi)!3j - A!3ml S ~ I~(aii -1]iPi)!3i - A!3il· (4) 
J .#m J 

llOKa3aTeJIbCTBO. A. Y BCj£KOro A E O",.(a) cymeCTByeT npaBhIH COOCTBeHHhIH BeKTOp X, 

OTBe-qaIOmHH A, H TaKOH, -qTO LPiXi = O. IIycTb 
i 

Torjla jlJIj£ mo6oro 1] HMeeM: 

B03bMeM a6COJII0THhIe BeJTJil-qHHbI 06eHX -qaCTeH H BOCnOJIb3yeMCj£ nOjl 3RaKOM I: HepaBeH
#m 

CTBOM TpeyroJIbImKa H oueHKoH IXil :::; 1. 
COOTHomcHIU (2) H (3) nOJIy-qaIOTCj£ H3 (1) CneIlHaJIH3a.I(HCH Pi = Ojj C j = m ]if j 1= m. 

6. llpo.nOJDKaJI jlOKaJaTeJIbCTBO, OTMeTKM, -qTO BCj1KOe A E o-,.(a) j1BJIj1eTCSI co6CTBeHHbIM 

3HaqeHHeM Ka2KjlOH K3 MaTpHU bij(1]) = aij - 1]iPj, K eMy UPi! Ka}KJ],OM BeKTope 1] COOT

BeTCTByeT JIeBhIH c06CTBeHHbIii BeKTOp b(1]), y KOTOpOro TaK>Ke HMeeTC$I KOMTIOHeHTa, He 

yCTynaIOIII,aJI OCTaJIbHbIM no a6COJIIOTHOH BeJIH-qHHe. IIoBTopjI.H BbImerrpHBejleHHhIe paccy

}KJ],eHH.H, liO C TpaHCnOHHpOBaHHOH MaTpHUeii: b(11 f, rrOJIy'JHM (4).0 

3aMeqaHHe 1 llpu P = 0 uepaseucm6a (2) oa70m meopeMY repw2opuua. Hepa6cucm6a 

(3) ma'X:xe U36ecmUbi [4]. 

3aMeqaHHe 2 T..facmb 5. TCOPCMbl 1 MOXUO ymO<f4UUmb: npocmpaucmso N -6c'X:mopos 

npeacmasUMO 6 6Uae ma'X:020 o6..eauucuUJ[ N 3aM'X:uymblx MUO:HCCCm6 {HI, ... , HN }, "mo 

y 'lCa:JfCaOZO A E O",.(a) uallaemc.Jl UUOC'lCC m, 0.4.6 'lComopozo ucpa6eucm6a (4) 6bm0.4U.81OmC.Jl 

npu 6CCX (111,"" TIN) U3 ue'X:omop020 IIi. Ka:HCaoe Hi coom6emcmsyem UOMCpy MaJl:CUMaJtb

uo'l1 no a6coA'IOmuoii. 6e..m",uuc Jl:OMnOUCHmbl co6cm6cuH020 6eKmopa biJ{,.,). 

PacCMOTpHM B Ka-qeCTBe npKMepa MaTpHIly: 

a = (~-~ ; ) , 
2 7-3 

OTMeTHB ee 3pMHTOBOCTh H HaJIHqze co6CTBeHHoro BeKTopa p = (1,1,1). CTpOKM CJIenyIO

mIle MHO}i{eCTBa JIOKaJIlI3aUHH cneKTpa /76(a): 
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°
1) Kpynl. reprnropHHa (2) rrpH TJ = AaIOT MHO}KeCTBO [-12,6J;
 
2) y"leT (2) H (3) npH Tf = 0 naeT [-12, -8J U [0,6];
 
3) nOJlHLIH yqeT T/ B Kpyrax (2) naeT [-10,2]j
 
4) nOJIHhlH ytIeT TJ B (2) H (3) npHBO,UHT:K MHolKecTBY [-10, -9] U [0,21.
 
3aMeTHM TaKlKe, "ITO COBOKYllHOCTh HcpaaeHCTB (1) Cyru:CCTBeHHO cylKaeT MHOlKeCTBO
 

JJOKaJIH3aJU[H cneKTpa Ii 6e3 ytIeTa 3HaHBJI BeKTopa p. HanpHMep, nycTh MaTpHua HMeeT .n:JHI 

KalK.n:oro m JIeBhlH c06cTBeHHhtii BeKTOp, B KOTOpoM m-aJI KOMrrOHeHTa CTpOro npcBOCXOnHT 

a6cOJIIOTHhle BeJIBqHHhI OCTaJIhHblX. Tor.n:a, npBMeHHB B (1) B POJlH (3 JIeBhIe co6cTBeHHbTe 

BeKTophl, MhI nOJIy"IHM B KaqecTBe MH01KeCTBa JIOKaJIH3aUHH CaM cneKTp. 

2.2 UenB MapKoBa 

BalKHaJI 06JIacTh rrpHJI01KeHHH TOOpHH MaTpHll, rue Bcerna 3apaHee H3BeCTeH OUHH c06

CTBeHHhIH BeKTOP, - TeoplUI KOHetIHhIX, OJJ.HOP0,/J,HbIX BO BpeMeHB, He06phIBalOlUHXCJI neneH 

MapKoBa. 

ITpHMcHHB OIITHMH3auHIO IIO T/ B (2), rrOJIyqHM CJIeUYlOlUee yTBep1KueHHe. 

TeopeMa 2 IIycmb Be'l.qeCm6eUJUlH Mampu-qa ami 'U.M.cem oItEBblll co6cm6euubZll Bex:mop p = 
(1, ... ,1) u J.L = Eail' Bee co6cmBeHHb.e 3Ha"teuUH >. E ul'(a) oIte:JICam 6 o6",eouueuuu 

MJI.O:JICeCffl6 Gm, x:a~ooe u3 ?l:Omopb.X noolty"taemCJl eolteoy'JO'l.qUM o6pa30M: 

pacnoolto:J#CUM HeOuaZOHMbHb.e 3J1.eMeHmb. m-ou cmpo",u 6 nop.a07Ce uey6bZ60UUJl U no

""y1tUM {arn(l) ~ a m (2) ~ .. .am(N -I)}; mozoa 

npu "temHOM N 7Ca:JICooe Gm ccmb 07CpY:JICuocmb 

{ -\ I I>. - aim + a ffi (N/2) I ~ :E jamj - am (N/2)1 }, 
#m 

npu N He"temUOM Gm -. nepeee"tfuue 06YX oJqJyxuocmell 

{ >. I I>. - amm + am((N - 1)/2)1 ~ :E lami - arn((N - 1)/2)1 
#m 

I>. - a mm + affi((N + 1)/2)1 ~	 L lamj - am((N + 1)/2)1 }. 
#m 

llOKa3aTe.nbCTBO. BOCIIOJIb3yeMcJI HepaBeHcTBOM (2) TeopeMhI 1 rrpH p = (1, ... ,1). ITo-

CKOJlLKY 3JleMeHThI KalK,/J,oH CTpoKH JIelKaT Ha O,/J,HOH (BemecTBeHHoH) IIpJlMOH, OIITHMaJIbHhIii 

BhI60p IIapaMeTpa Tf npOH3BO,/J,HTCX Ha TOR >Ke npJlMoH. ECJIH MhI 6yneM, MeHJlK Tf, npo!lBH

raTbCK CJIeBa (COOTB. CIIpaaa) K cepcmme Ha60pa TOqeK {am (1) ~ a m (2) ~ ... ameN -I)}, 
TO KpyrI!l, onpC,/J,CJIKeMhle (2), 6YUyT YMeHhmaTbCJI, OCTaBaJiCh BJIOlKCHHbIMH B upe.rUf)lyIIU'1e. 

OTCIOn;a H rrOJIyqaeM yTBep>K,/J,eHHe TeopeMhI.O 

3aMeqaHHe 3 O'l4eu"u TeopeMbl 2 me,M 3!p!pe",muBHee, 1teM MeHbtue pa36poc 3Ha"teuull ue

oua,WUaoltbHblX 301teMfHm06 6 ",a:JICoou cmpo?l:e Mampu-qbl. B npeOf.l&bUOM cJl.y"tae, "ozoa 6 

",axoou cmpox:e HfoUaZOUaoltbUb.e 3.1&eMfUmbl oOUUa?l:06b1., M.bl UMeeM. 7l:0Ue"4.HOe MUO:JICeCmBO 

oItO?l:aoltU3a-quu. 

PaCCMoTpHM em;e O,/J,HH Ba)KIIbIR CJIyqaH, Korua YKa3aHHaJI B TeopeMe rrpon;en;ypa 3aBeAO

MO 3q>q>eXTHBHa H na.eT 3KCIIOHeHUHaJIhHO y6hlBaIOIIlHe nonpaBKH B llpeneJIhHhlX TeopeMax 

nJI.sI KOHeqHbIX ueneH MapKOBa. 
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TeopeMa 3 JIycmb aij - a60JlxocmOxacmu1LeC"aJl J.Lampuija. EcJl,u 6 ?Ca:HCaOU cmpo'K:C (UJl,11 

6 "aJICaOM cmoA6qe) Mcuee ileAt [(N - 1)/2] UYJl,C6blX uea11a20UaJl,bUblX 3J1,eMeUm06, rno ua 

6e14ecm6euuou np.JlMoiJ.) cmpoco 6uympu "pY2a c 14eurnpoM 6 0 11 paauycOAt MeUbWU.w. 1 
Jl,exam Ata"CUMaJl,bUO yaaJl,euuble om 0 mo",x:u MUOJICeCm6a Jl,ox:aAuaaquu aJl,l1 (11 (a) 11a aa

"JI,KJileUUJl TeopeMbL 2. 

nOKa3aTeJIbCTBo. B 3TOM CJIy"t{ae Mbl BHnHM, "tJTO BhI60p TJ = 0 (CM. n;OKa3aTeJIhCTBO 

TeopeMhI 2) eme Be OilTHMaJIeH, XOTJI yEe BBOnHT MBOEeCTBO (11 (a) B npe,ll;eJIhI enHHK"tJHoro 

Kpyra. llpH ,Il;aJIhHeHllIeM nOCTeneHHOM YBeJIHqeHHH TJ .JIOKaJIH3YIOIIJ,ee MHOEeCTBO OKa3hIBa

eTCSI CTpOro BHyTpH. 

TOqHO TaKHe )Ke paccy)K,Il;eHHSI npHrO,ll;Hhl ,Il;ml TpaHCnOBHpOBaHHOH MaTpHUhI.D 

3aMeqaHHe 4 lloc?Co.4.b"Y 6 YCA06UJlX CJI,eaCm6UJl pe'll.b uaem 0 MampUije, 2Aa6uoe co6

cm6euuoe :1ua1Lcuue 1 x:omopoiJ. UMecm npocmy'lO cmpy1CmYPY (CAt., uanpUM.CP, [6]), mo aJl

u6pau1Lecx:aJl ?CpamHocmb 2Aa6U020 3Ua1LeUUJl pa6ua 1, U uawu oijeux:u MOJICUO ucnOAb30

6amb aJ&Jl 3d)d)ex:mu6uo2o nOJl,YileU11.Jl 3"CnOHe'H.ijUaAbHO y6bl6aKJUJ,ux nonpa60X: 6 npeaCJI,bHblX 

rncopeMaz aJ1.Jl coom6emcm6YKJw,ux Mapx:06cx:UX npoqecco6. 

2.3 YqeT HHBapHaHTa BTOpOro paRra 

TeopeMa 4 IIycmb aaubL Mampuqa aij, u ma"aJl CUMMempU1LUaJl MampUija B, aJl.Jl x:omopoiJ. 

aTB +Ba = 2f.LB. 
KaJICaoe co6CrnaC'H.HOe 1LUCJl.O A E O'I"(a) npu UC7l:0mOpOM m yao6J1.Cm60pJlCm 6ce60aMO:JIC

HblM coomHOWCHUJlM 6Uaa: 

IE.8imaim - A.8mm - (Bmml :$ E IE(.8ilaii + .8iiail)/2 - A({3il + {3'i)/2 - (Bill· 
i (j.I)t(m,m) i 

(5) 

IE {3im aim - A - (Bmml ~ E IEC8ilaij + {3ij ail)/2 - (Bill· 
i (i.I)'I(m,m) i 

nOKa3aTeJIbCTBo. Y KaE,Il;oro A E (1,,(a) HaH,Il;eTCJl HeayJIeBOH c06CTBeHHbIH BeKTOp x, nJHI 

KOTOpOro (x, Bx) = o. ne.HCTBHTeJIhHO, B YCJlOBHllX TeopeMhI ,Il;JUl Ka)K,Il;oro x, TaKoro qTO 

ax = Ax, HMeeM: 

2f.L(x, Bx) = (x, (aTB + Ba)x) = 2A(X, Bx). 

Il03ToMy npH A i- f.L HMeeM He06xo,ll;BMoe paBeHCTBO. ECJlH)Ke c06cTBeHHoMy 3HaqeHHIO 

A = f.L OTBeqaIOT XOTJl 6hl ABa ae3aBHCHMblX co6cTBeHHbIX BeKTOpa a, TO B nopO)K,Il;aeMOM 

IilMB nonrrpOCTpaHCTBe TaK)J(e HaH,Il;eTClI Tpe6yeMhlH BeKTOp X. 

Bhl6paB aCKTOp C YKa3aHHhlM CBOHCTBOM, npennOJIOEHM, "t{TO 

IiI BOCnO.JIh3yeMclI paBeHCTBOM: 
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L [EC8ilaii + {3ijaid/2 - >'({3j/ + {3li)/2 - (Bil] XjXI· 
(i,I),t(m,m) i 

B3JJB a6COJUOTHhIe BeJIH'lliHhI 01.' 06eHx -qacTeH nOCJIe,/lHerO paBeHCTBa, ITpHMeHHB B npa

BOH -qacTH HepaBeHCTBO TpeyrOJlhIillKa non: 3HaKOM CYMMhI ITO j,l H, Y'lTSl COOTHOllIeH.He 

IXjx11 ~ Ixm l2 
, nOJIy-qHM HepaaeHCTBO (5).0 

3aMeqaHHe 5 TeopeMy 4 M.O:HCno npUMeUHmb 6 zaMUJtbmon060U Mezauuxe npu u3y",euuu 

x6aapamU"t,nblz (npu6Jl.u:HCeuuu) 2aMUJl.bmOUUa1t06. B CJl.y",ae H(x) = (x, Bx) ypa61teUUH 

a6U:HCe1tUH UM.e1Om 6Ua: dx / dt = JBx, zae Mampuqa J 7COCOCUM.MempU"t,eCXaJl. B uccJl.edo

6aH.UU cne7C'mpa Mampuqbl a = I B, (mo"t,Hee Z060pH: MUO:>ICeCm6a (To(a)) MOXHO 60CnOJl.b

306ambCH coomHou£eHueM aT B + Ba = 0, m.e. :ntepzueu 7Ca7C UHmeZpaJl.OM. a6UJlCeuUH. 

B Ka1:IeCTBe rrpHMepa npHMeHemUI n:pyroro pO,D;a npHBe,D;eM 0606JueHHe TeopeMhI J1eBH

lleCIIJJaHKa(-A.llaMapa) [4,5,6,7,8]. 

TeopeMa 5 llycmb Mampuqa aij npu Xa:HCaOM m ya06Jl.Cm60pHcm XOmH 6bl OaUOMY U3 

YCJl.06UU: 

IE {3iaim l > ~ 1~!3:"aiiJ 
• J,tm • 

UJl.U 

IE 1':.aim! > ~ E IE(1'iiaij + iijail)I ' 
i (j.l)~(m.m) i 

mozda Mampuqa o6pamuMa. 

.IlOIca3aTeJIbCTBO. BbInOJIHeHHe npHBe,/leHHhIX yCJIOBHH, OTpHnalOJ-UHX paBcHcTBa (1) H (5), 
nOKa3hIBaeT, 'ITO y OTBeqaIOmero HyJJIO COOcTBeHHOl'O BeKTopa He HamJIOCh 6hJ: MaKCHMaJIh

HOB KOMnoHeHThI.D 

B KaqeCTBe llpHMepa pacCMoTpHM CJJy'laH P:" = Oim, 1'ij = cimOLi-mlajm. 

CJIenCTBHe 1 llycmb Mampuqa aij, npu 7CaXaOM, m ya06Jl.em60pRem xomH 6bl oanoMy U3 

YCJl.06UU: 

lamml> E lamjl, lamm l2 > E lamjalmalm-ll + amlajmQlm-jll,
j;;pm j.l~m 

mozda Mampuqa o6pamuMa. 

2.4 lIpyrHe B03MOlKHOCTH 

IToKaJKeM, KaK MOJKHO HCIIOJIh30BaTh 60JIee 06J-UHe MaTpK'iHhIe COOTHOllleHHJJ. 

TeopeMa 6 llycmb aaubl Mampuqa aij tl Mampuqbl B, C, D, au 7ComopblX UMe70m Mecmo 

coomuowcU'u.8 aT D + Ca = BuD +nT +c + CT = a(B + B T ) 

Ilpu a = 0 7Ca:HCdoe co6cm6cuuoe 'l/.UCJl.O Mampuqbl a, U npu 0 =I 0 7CaJICdoc >. E (Ta- 1 (a) 

npu HCXOmOpo.At m ya06Jl.em60p.H1Om 6CC603MO:HCHbIM coomnOmeUU.HM 6Uaa: 

lL {3imaim - >'Pmm - (Bmml ~ E 112:(!3ila ii + {3ij ail)/2 - >'({3jl + {3'j)/2 - (Rjll·
j i (j,I),t(m,m) i 

(6) 
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lloKa3aTeJIbCTBo. IIycT!> ax = >.x. B CHJIy rrpe,lJ,IIOJIO)KeHHH TeopeMbI 

(X, Bx) = >.(x, (D + CT)x) = a>.(x.Bx). 

l103TOMY (x, Bx) = o. na.rree CJIe.n.yeM ,lJ,OKa3aTeJIbCTBY TeopeMI,T 4.0 
IIpHBe,lJ,eM YTBep)K.l!.euHe 0 JIOKa.JIH3aUIlH IIap c06cTBeHHblx 3HaQeHHH. 

TeopeMa 7 IIycmb Omtbl Mampu~a aij U Mampu~a B, O.lUI KomopblX cnpa6eO.ltU60 aT B + 
aBa = f3B. 

Ka:JICoa.a napa >., /.I. co6Cm6eUHbJX 'ltUCC.lt a, 6 c.n.y'ltae ec.ltu (>' - fJ)(/.I. - 13) -; a 2 >'/.1., npu 
ue'/£omopo'i1. nape uuoe'/£co6 (m, n) Y006.n.em60p.acm 6ce603MO:JICUblM coomUOmeUU.HM 6uoa: 

1~(fJinaim + 1'imain) - >'fJmn - W'/nm -1JBmn - BBnml ~ 

~ L IL(.Bilaii + "}'iiai/) - >.f3jl - WYli - TlBj/ - BBlil· 
U.l);l(m.n) i 

.uOKa3aTeJIbCTBO. IIycTb ax = >.x II ay = /.I.Y. YMHO)KajJ rrpe,lJ,IIOJIO>KeHHoe MaTpH\:l.HOe 

COOTHorneHHe Ha x II Ha y, IIOJIyqaeM paaeHcTBa: 

f3(X, By) = >.(x, By) + a/.l.(Bx, V), f3(y, Bx) = /.I.(Y, Bx) +a>.(By, x). 

CJIe,lJ,OBaTeJIbHO (x, By) = (y, Bx) :::: O. 
IIycTb IXmYnl = 1 = max { IXlYll, ... , /XNYNI }. PaCCMOTpHM paBeHCTBO: 

- [~(f3imain +1'ina im) - >'!3mn - WYnm - 1]Bmn - OBnm] XmYn = 

2: [2:(!3i/a ii + "/ijail) - >'f3i: - JL"/li -1JBjl - BBli ] XjYl· 
(i,l)i'(m.n) i 

lIaJIee 6epeM a6COJIIOTHhIe 3Ha-qeHHiI 06eIlx -qa.cTeH nOCJIe,nHero paBeHCTBa, npHMeH2eM B 

cyMMe IIO j, I Hepa.BeHCTBO TpeyroJIbHHKa II yqHTbIBaeM COOTHoweHlire: /xjYII ~ 1.0 

3 o TeOpeMe Bpayapa 

3.1 JIoKaJIB3aIlHJI H o6paTHMocTL 

B KaqeCTBe TeOpeMhI JIOKaJIH3a.IlHB "BTOporo rrOpgn;Ka" xopomo H3BeCTHa TeopeMa Bpay

3pa [2, 4, 5, 7, 8J. IIpe,n:JIaraeMbIe HH}J{e pe3YJIbTaTbI YCH.JIHBaIOT 3TY TeopeMY B HeCKOJIbKHX 

OTHOmeHBJ[X. 

TeopeMa 8 Ka:JICooe co6cm6euuoe 3ua"teuuc >. Mampu-qbl aij (}Jt..K uc'X:omopo'i1. napbl (m, n), m -; 
n yOo6.lf.em6op.aem 6ce603MO:JICUblM uepa6eUCm6aM: 

I(amm - >.)(ann - A) - amnanm - f3(a mm - >')1 :-s; (7) 

~ ~ L lamjanl + am/anjl + L lamnanJ + f3amd+ E lamianml + IfJa~ml, 
i,l;lm.n ll-m,n il-m.n 
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\(amm - A)(ann - >.) - {3(amm - >')1 ~ (8) 

~ !a",nanml + ~ L lamiani + amlanil + E lamnani + paml! + E lamianml + lfiamnl, 
i,l,!m,n I,!m,n i,!m,n 

I(amm - oX)(ann - oX) - amnanml ~ L jamil E /antl-Iamnanml· (9) 
#m lIn 

Oc.n,a6Jte1l.UfM "a:JIC0020 U3 noc.n,ea1l.UX coom1l.0ULeuuU MO:»C1I.O no.n,y1tUmb 1I.epaaeHcmao 

U3aecmuou meOpeMb& Jt01CaJtU3a~uu Epay3pa: 

J(amm - A)(ann - A)I ~ E lamil Eland
#m lIn 

.uOKa3aTeJlbCTBO. IIycTb npaBbIH Co6cTBeHHbIH BeKTOp X MaTpHU;hI a OTBeqaeT A, m 1= n 

H X m = 1 ~ = max {lx;1 I j # m }. X n 

ECJIH Xj = Ii;m, T.e. aim = >.liim , COOTHOmeHRJI (7) OqeBHlIHbl. IT03TOMY Aa.rree C4.HTaeM, 

'ITO X n i: O. 
IIocJIe.uoBaTeJIbHO IIOJIyqaeM: 

(amm - A)(ann - oX)XmXn = E amianlXiXt, 
#m,l,!n 

1 
[(amm - >.)(ann - A) - amnanm - (3(amm - A)]XmXn = 2 E (ami ani + amlani)XjXI+ 

i,l,!m,n 

+ E (amnanl + fiaml)xnxi + L amjanmXmXj + fJamnxnxn. 
Ii-m,n ii'm,n 

B311B a6cOJIIOTHhIe 3HaqeHHSI o6eHX -qacTcii: rrOCJIcp;Hero paBeHCTBa, BOCnOJIb3yeMcR HepaBeH

CTBOM TpeyroJIhHHKa no,ll, 3HaKaMH CYMM no j, 1 npaBoH qacTH H TeM, 'iTO (j, 1) 1= (m, m) 

BJIeqeT IXiXd ~ Ixmxnl. HepaBeHcTBa (8) H (9) llOJIyqaeM orpy6JIeHHeM HepaBeHcTBa (7).0 

3aMeqaHHe 6 Hepaaf1l.cmao (7) Y'll.Umb&aaCm aCU....'MempU1O MC:JIC0Y m un, :ma1CU Heoua2o

HU.n,bHbIX 3JteMeum06 U 63auMooeucm6ue Mexoy 3Ha1CaMU 3JteMfHm06 pa31tblx cmpo1C. Hepa

6CHcm60 (9) no1tmu cmoJt" ;Nee npocmo 1Ca,c u ucpa6cucm60 EpaY3pa U oaem 60Jtee mccHy10 
.n,O'lCaJtU3a~u1O cncxmpu. 

06pam;aJl TeopeMY 9, rrOJIyqHM erne O~ KpHTepHH HeBhIp0)KlIeHHOCTH MaTpHIU>I. 

CJIe.QcTBHe 2 (YCHJIeHHaJI TeopeMa Bpay3pa 06 o6paTHMocTH) Euu oJt.ll 1Ca;}ICoou 

napbl (m, n), m f n, nptt uenomopOM pm 6b1noJtU.llemc.ll uepa6eucmoo 

> ~ L lamianl + amlan;/ + E lamnanl + pmamcl + E lamjanml + Ipmamnl, 
;,I,!m,.. I,!m,n if;m,n 

uJtU HcpaaeHcm60 

/ammann - amnanml > E lamil L lanll-Iamnanml, 
;,tm Itn 

mo MampU'Ilta 06pamuMa.O 
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3.2 0606l.QesJlJ[ 

MO>KHO npe,nilO>KHTh MHoro yCHJIeOHH TeopeMhI 8. 

TeopeM89 llycmb oaKbl MampU1fa ai; u ce AC8bul co6cm6cKKbul 8e~mop P ; LPiai; = p.p). 

Kaxooe c06Cm6eH.H.Oe tiUC.40 A E O",.(a) 0.48 KC7I;Omopo1l naptH UKOCI>C06 (~, n), m :f. n, 
Y006.4Cm60pJlem 6CC603MOJICKbiM coomKOWCKUJlM: 

1~ Cl:iJr(bimbkn - bi"b/tm) - ~(Pi - "Y;)(bimPn - binPm) - ~ fi"bim - l1"Pm I~ (10) 

$ ~ E IE Cl:ile(bijbkl + bilbki ) +Et8i + ii)(biiPI + bi/p;) +E(ftjbil + (i/bi;) + fJlPj + l1jPI\ + 
i,I"""" ik i i 

+ E IE Cl:ilebinblel + LC8ibinPI + iibilPn + fi..bi! + f;lbi.. ) + fJ..PI + 1JIPnl + 
'i-m,n ik i 

+ .E\E Oikbijbkm + lJPibijPm + 'YibimPi + t:iib,m + 1Jjpm)1 + IE t:inbin +TlPnl ' 
Jf.m.n .Ie. . , 

.uOJ(83areJlLCTBO. KaK 5hIilO OTMeqeHO B ,nOKaJaTeJIbCTBe TcopeMhI 1, l(JIJI. JII050ro A E 
O",.(a) HaHllCTCJl npaBbni COOCT5eHHhlH BCKTOp X, KOroPbIH npR .;n06oM 'T/ y.uos"leToopsreT 

ypaBHeHHSlM L bijxj =0 H px = O. 
i 

IIYCTb m :I n JiI Xnt = 1 ~ X" = max {lx;1 Ii f:. m }.
 
ECJIH Xi = Cjm, T.e. b;m = 0, .uOI<aJbIBaeMbIe COOTHOllleHHJl ot{eBHllHhI. IIo3ToMY llaJIee
 

CttHTaeM, qTO Xfl f:. O. 
IlOCJIe,lloBaTeJlbBO npe06p3.3yeM BLIpalKeHK.II: 

bimb"nxrnxn = E bi;bJcIXjxI, bimPnXmXn = L bi;PIXP:" PmbinXm X.. = "L pjbi/XiXI, 
jf-m,lf-n if-m,lln if-rn,lln 

1 
(bimblm - binblcm)XrnXn = 2" E (biibJel + b.,b"j)xjXI + E binblclXnXI + E bijb/tmXjxm,
 

i,ll-m,n '1m,,, ilm,n
 

1 
(~mp,. - b,nPm)xmXn = 2" E (biiPI +bi/Pi)XjX/ + E b;"p/xnx/ + L bijPmXjXm,
 

. j,llm,n Ilm,n il-m,n
 

(Pm b"", - Pnblem)xmxn = 2"
1 E (pjblel +P,blci)XjZ/ + E p,.bJrlxnz/ + L pjbkmXJXm, 

j,li'm,n 'I-m,n jl-m,,, 

[~Oile(b,mbk" - b,,,blrm ) - ~(.B, - "Y,)(b,mPn - binPm) - ~fi"bim - l1nPm] XmX" = 

= ~ E [ECl:ile(b,jblcl + bi/blei ) +E(p, + "Yi)(bijPl + bilPi) +E(fijbil + fi,bij) + 'T/IPi + 7JjPI] XjX/+ 
i.1f'm,n ile i , 
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+	 L [L Qikbinbl<l + LCBibinPI + 'YibilPn + finbil + filbin) + l1nPI + 111Pn] XnXl+ 
l#;m,n il< i 

+ .E [E Qikbiibkm + EU3ibiiPm + 'YibimPi + fijbim + 1]jPm)] XmXl+ [~ f.inbin + 1]pn] XnXn· 
,#;m,n ,I< 1	 • 

B3ilB a6COJllOTHhIe 3Hal.J.emUl 06eHX qaCTeH nOCJIenHero paBeHCTBa, BOCnOJIh3yeMcSI Hepa

BeHCTBOM TpeyroJIhHHKa nOn 3HaKaMH CYMM no j, 1 rrpaBoH 'laCTH 1'1 TeM, 'ITO (j,1) i- (m, m) 

BJIe'leT JXixd ~ Ixmxnl.o 
PaccMoTpHM eme OnHH pe3yJIhTaT, 0606ma.IOmHH OARO 1'13 CJlenCTBHH TeopeMhI 9, H npen

cTaBJUllOmHH, nOBH.ll:HMOMY, Ha.H60JIhillHH HHrepec AJIil BhlqHCJIHTeJIhHhIX npHMeHemm. 

TeopeMa 10 IIycmb (Ja'H.bl Mampuqa aij u ee Jl,e6blU C06Cm6e'H.'H.bIU 6e1C1TLop P, u 6bln0.411.B'

10mcs coomHOweHUJ1: 'L,Piaii = ""Pj. 

Kaxdoe co6cm6eu~oe "I.UC.40 A E IT1'(a) d.4s uC'K:omopoil napbl UUdC'K:C06 (m, n), m i
n, y(Jo6.4em60pSem 6ce603MOXUbIM coomUOWeUUJiM (L npo6ezaem qe.4ble n0.40XUme.4bHbIC 

3Ua"l.eUUJI) : 

!(amm -1]mPm - A)L(ann -1]nPn - A)L - (amn -1]mPn)L(anm -1]nPm)LI ~ (11) 

~ (L lami -1]mPil L lanl -1]np,l) L -/(amn -1]mPn)(anrn - 7'1nPm)I L . 
j#:m l#;n 

lloKa3aTeJIhCTBO. CHaqaJIa, CJIeUyil UOKa.3a.TeJIhCTBY TeopeMhl 9, oTMeTHM, 'ITO .ll:JUI JIIO

6oro A E lTJl(a) HaHueTcil npaBhIH C06CTBeHHhIH BeKTOp x, KOTOphLH llpH Jl1050M 1] Y.ll:OBJIe

TBOpireT ypaBHeHHirM 'L, bijXi = 0, rue 
i 

nYCTh m :I- n H X m = 1 ~ x.. = max { Ixi I I j :I- m }. 

ECJDI Xi = 0im, T.e. bim = 0, UOKa3bIBaeMhIe HepaBerrcTBa OqeBHJlHhI. n03TOMY AaJIee 

C"IHTaeM, 'lTO X n f:- O. 
PaccMOTpHM COOTRomeRHe: 

de] 

L bmi1 .. , bmhbnl1 '" bnl.e.Xil ... X I.e. , 
j, ...h#;m; II ...I.e.#;n 

de] 
B KOTOpOM E 03HaqaeT OTCyTcTBHe OJlROro CJIaraeMOrO (bnmbmn)L(XmXn)L, nepeHeceHHoro 

B JIeBylO qaCTh paBeHCTBa. B3ilB a6COJIIOTHhIe BeJIH'lHHhI 06eHX 'laCTeH, npHMeHHB CnpaBa 

HepaBeHCTBO TpeyrOJIhHHKa H COOTHOIlleHHe IXi] ... XI L I :S \XmXnJL, nOJIy'lHM HepaBeHCTBO, 

orpy6JIeHHeM KOTOpOrO ilBJUreTCil HepaBeHCTBO (11) 3aKJIlO-qeImj[ TCOpCMbI.O 
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3.3 0 pa3Ae.JIeHRH CneICTpa 

OTMeTHM YTBepX<lIcmle 0 pa3JJ;eJIeHInI cneKTpa MaTpHnbI KOMllOHeHTaMH JIOKaJIH3YIOm;ero 

MHOlKeCTBa, KOTOpoe aHaJIOrH'lHO CBOHCTBy, TaKJKe yCTaHOBJIeHHoMy fepmropHHbIM H C Tex 

nop aKTHBHO H3YQaeMoMY [1,3, 4,5,6, 7,8].
 

TeopeMall llycmb O./LK Mampu~bl aii onpeoeAeHbl MHoxecm6a (m =f n):
 

B m .. = I I(amm - ~)(ann -~) - fJ(amm - A)I ~n{ ~ 
{j 

1 . 
~ \amnanml + 2 E lamjanl + amlanjl + E lamnanl + .8amll + E lamjanml + l.8amn l, 

i,ltm,n Itm,.. itm,n 

U OU HeKomop020 ceMellcm6a Snap paaAUttHblZ UHoeKC06 6blnOJl.UJlemcz YCJl.06ue: npu 

(m, n) E S MHoxecm60 Bm,n He nepeceKaem HU 00",020 MH03ICecm6a Bk,l c (k, I) rt S. 

Toaoa 06..eouHeHue MHoxecm6 { Bmn I (m, n) E S } cooepxum cmOAbKO xe c06

cm6eHHbIX 3HatteHUU (c Y1l.emOM uz ",pamHocmetl), C",OAb7\;O UMeemcs paaAUttHblZ nep6blz 

7\;OMnOHfHm y nap u3 S. 

nOKa3aTeJILCTBO. KaK H B IDBeCTHOM JJ;OKa3aTeJIhCTBe BTOPOK 'laCTH TeOpeMLI fepmropH

Ha [4, 6, 7] rrpiIMeHHM JrHHeHHYIO I'OMOTOnHIO MaTp.HIU>I C ee ,l:\HaI'OHaJlhIO, T.e. paCCMOTpHM 

ceMeKcTBO MaTpun 

aii(e) = aiiOij + eaii(1 - Oii)' 

MO>KHO y6e,nHTCil, 'ITO pa3JJ;eJIeHHe MHOlKeCTB B(m,n) COXpaHileTCjJ npH Bcex e E [0,1]' 
nOCKOJIhKy epOKycbI OBaJIOB KaccHHH, H3 KOTOphlX COrJIaCHO (8) CTPOlUCjI MHOlKeCTBO JIOKa

JllI3anHH, OCTaIOTCil Ha MeCTe, a HX JUlHeHHhle pa3MephI pacTyT BMeCI'e C C. CJIenOBaTeJIhHO 

061.eJJ;HBeHHe Bmn no S co,neplKHT CTOJIhKO >Ke Co6cTBeHHbIX 3HaqeBJIH, CKOJIhKO HMeeTCg pa.3

JIH'lHhIX ,ZUIaroHaJIhHl:J:X 3JIeMCBTOB akk C k, npo6eraIOIlUIM BCeB03MO)l(BhIC 3Ha'leUHil nepBhlX 

KOMnOBeUT nap H3 S.O 

KaK H B cJIyqae TeopeMhI 1, y JJ;pyrHX pe3YJIhTaTOB pa50ThI HMeIOTCM "TpaHcnoHHpOBaB

HhIe" aepcHH. 

TeopeMbJ JIOKaJIH3an;HH OCTpOBcKOro [4, 5, 7, 8] TaKlKe 0606maIOTcil B npeJJ;JIOlKeHHhlX 

uanpaBJIeHJUIX. 

CXO,lJ.HhIM 06pa30M MO.:lKBO rrOJIYqjJTh pe3YJIhTaTbI 0 JIOKaJIH3anHH, HCIIOJIh3YIODlHe 3HaHHe 

HeCKOJlhKHX C06cTBeHHhIX BeKTOpOB H HHBapHaHTHhIX TeH30pOB BTOpOro H BhIcmHX paBrOB. 

MOlKHO paccMaTpHBaTh He TOJIhKO aHaJIHTH'leCKHe «pOPMhI, liO H BhIpa>KeHHK C COnpX2KeHHbI

MH KOMllOBeSTaMH, HaIIpHMep: 3pMHTOBhI «PoPMbI. B03MO>KHO 60JIee aKKypaTHoe OueHHBaHHe 

~OPM Ba KOMDJIeKCHhIX IIOJlllJlHCKax. 

Pe3YJIhTaTbI, aHaJIOrHlJBhIe MHOrHM nOJIYqeHHbIM BLlwe, cnpaBenJIHBhI B npOH3BOJlhHblX 

HOpMHpOBaHHhIX nOJIXX. 

B03MOlKHbI 6ecKoHe'lHOMepHhIe o606rueBHjJ, KOTophIe HaH60JIee OqeBH,lJ.Hhl B npOCTpaR

CTBax, r,ne KalK,lJ.hI:H: BeKTOp HMeeT MaKCHMaJIhHYIO B KaKoM-HH6ynh CMhICJIe KOMTIOHeHTy, 
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KaK, HarrpHMep, B rrpOCTpanCTBaX HC1Je3aIOmHX Ha 6CCKOHe1JHOCTH rrOCJIenOBaTeJIhHOCTeii HJUi 

<pyHKUKii HerrpephIBHhIX Ha KOMrraKTaX. 

4.2 

IIepeHeceHHe rrOJIY1JeHHhlX B pa60Te pe3YJIhTaTOB Ha CJIy1JaH 6JI01JHhIX MaTpHIJ: C KBa

npaTHhIMH 6JIOKaMH Ha rJIaBHOH UHarOHaJIH MO>KHO ocymecTBHTb C rrOMomhIO H3BeCTHhIX 

rrpHeMOB [6, 8]. 
ilmr 3TOro 1) BhI6epeM B Ka}KAOH KOMITOHeHTe UpjlMOrO pa.3JIO>KeHH.a, COOTBeTcTBylOlUero 

6JI01JHoMy rrpeACTaBJIeHHIO MaTpIDJ;bI JIHHeHHoro orrepaTopa, CBOIO HopMy, H nmI Ka)KJloro 

6JIOKa MaTpHUhI RHJlyUHpoBaHHyIO BOpMy onepaTopoB Me>KAY COOTBeTcTByIOlUHMH KOMrro
..;, HeHTaMH, 2) BbI6epeM HOpMhI B TeH30pHhIX (KpoHeKKepoBhlx) rrpOH3BeneHR.ax KoMITOHeHT 

pa3JIO}[{eHHjI rrpOCTpaHCTBa H HRUyUHpoBaHHbIe onepaTopHhle HOpMbI oT06pa>KeHHH MeiKAY 

TeH30pHhlMH npOH3BeneHH.aMH. IIoCJIe ::ITOro B Tex HepaBeHcT8ax (1-11), r.ue CJIeBa OT 3Ha

Ka::; OKa.3hIBaIOTC.a KBaupaTRble 6JIOKH, 3aMeHHM JIeBhIe BbIpa}l{eHH.a BBJla Ifij I Ha Ilf;jlr1 
, 

(JIl'160 Ha 0, eCJIH hi He06paTHMaj{ MaTpHua), a crrpaBa 3aMeHHM Ka>KD,Oe ih;, Ha Ilfi;1I 1'1 

nOJIy'uIM HCTPIHHhIe YTBep}[{neHHj{. 

4.3 

ABTOp upH3HaTeJIeH A.IO.BepeTeHHHKoBY H B.M.fypeBH1JY 3a 01JcHb IIOJIe3HhlC o6cy)KAe

HH5l. 
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