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YIK 539.1 M-I6
%gﬂgg TEOPEM JIOKAJMBAIVM TEPUTOPVMHA 1 BPAYOPA: MpempsHT UT50

B.E.llecroman - M., I996 - I2c.

ITpensaraiores cyuecTBeHERE YTOUHEAAS H 0GOGIICHAS TEOpEM O JOKATIA3ALHA CIEKTPa
maTpunsl. [lokasaHo, Kak MOXHO yYHTHIBATH 3HAHHE COOCTBEHHOTO BEKTOPa K MHBAPHAHTOB
6ollee BHICOKEX PaHTOB I8 Golee TOYROA JNOKAJIH3aOHH. B mpMMeHEeHWH K IIAPOKOMY Kiac-
Cy KOHEURHX Nene# MapkoBa 3T0 mo3poJifeT NONYYaTh NPOCTHIE 3¢dekTHRALIE KPETEPHU
PEryJISPHOCTH TIEMH M ONEHKA CKOPOCTH CXOAMMOCTH IIPONECCoB. [IprmeRenne nogobHEIX Co-
obpaxenmit x Teopeme Bpayapa, » Heckoubko GosbIas akKKypaTHOCTh B €€ JOKa3aTelbCTBe
JlaloT, B YaCTHOCTH, CyINECTBEHHO GoJlee TOYHLIC HEPABCHCTBa B H3BECTHOM yTBEDXICHHHU.
3neck mpenIaraloTCs HOBHE KPHTEPHH HEBHIDOXCHHOCTH MaTPUILI H HOBad TE€OpeMa O pas-
JeJICHRH COEKTPa KOMIOHEHTaM#U MHOXECTBA JOKAJIH3ATIAHA.

Coucok JpT. — 8 HamM.

(:) WrcTETYT TeopeTrueckoft B skcmepEMeHTaNbHOR duzmxm, 1996



1 Bsepenmne

OTtxprrras [epmroprnnm Teopema [1, 3, 4, 5, 6, 7, 8] cTata HawaoM pasfelia MaTPHYHOTO
aHaIH3a, NOCBALICHHOTO JIOKaJ¥3alME Clekrpa maTpuuH [4, 5, 6, 7, 8]. Cpenu Haubosee
M3BECTHBIX Pe3syJILTaTOB B 3TOH 0bJacTH B TeopeMa Jokaausauud Bpayapa (2, 4, 5, 7, 8].

[leas marmo# paboTH! — NPENIOKHETHL HOBHIE HanpaBleHus o60OINEHUs M CyILeCTBEHHOIO
yTouHenus TeopeM ['epmropHua w Bpayspa m mpusecTs HekoToprie mx nmpuMeHeHms. Mc-
cjieflyeTcs BO3MOXHOCTD y4YeTa 3apaHee H3BECTHHIX COGCTBEHHHIX BEKTODOB M APYTHX KHBA-
pranToB. [loka3aHo, yTo meHOH HeGOMLIIMX BEIYMCIUTENLHBIX 32TPAT MOXHO 3HaYKTEILHO
Cy3ATh MHBOXeCTBa Jokauu3anuu. Leopema Dpayspa ycHiaEBaeTca B HECKOJBKHX OTHOIIE-
HHAX H, B YaCTHOCTH, npe)lJIO)KeBO BECbMa NPOCTOE A CYIIECTBCHHOE YTO4Y4HCHHE obLIYHOR
¢opmynuposku. Ilpupenens! MpEMCHEHHs K TEOPHR KOHEYHHIX yeneit Mapkosa.

O6o3uauenus. Bcrony vuxe aanexco i, j, k, I, m, n npoberaior muoxecrso { 1,2,... N },
N > 2. Bce maTpuusnr komniaexcunle, nopanka N x N. Cumsox &;; ~ cumsosa Kpouexkepa,
pz = (p;z) = Y pizi. Ecnu p — yncno u a - MaTpHua, To o,(a) - coekTp a, H3 KOTOPOTO
[ ymalsgeTcs B CIy4Yae, KOr[a HOoAOpOoCTPAHCTBO OTBEYAlOMIHX | COBCTBEHHBIX BEKTOPOB a
OOHOMEDHO. @) — TPaHCNOHHPOBAHHAA K MATDHIE d.

2 0 TeopeMe ['epuiropmaa

2.1 Yd4er JHBEAHOrO WHBAPHAHTA
PaccMoTpaM cilenyioniee yrousenue TeopeMul ['epmropuna.
Teopema 1 Mycms dans: mampuua (a;; | 1,7 = 1+ N), ee sesniil cobemsenubiti sexmop
(ps | i=1=N), u nyems ) pias; = pp;.
1

A. Kaxcdoe cobemeennoe wucao A € o,(a) npu nexomopos m ydos.iemeopIem 6Ce603-
MONCHBIM COOTIHOULENUTAM:

S Biei; —np; — MBi| .- (1

s

J#Em

Zﬂiaim — NPm — ’\.Bm
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B uwacmuocmu npu nexomopom m evinosngemcd nabop yciosul:

'A — Gmm + TIPm| S Z )amj - ﬂpjl 1 (2)
i#m
A = arx + 1pk] 2 lakm — 1pm| — 37 lar; —nps|, K # m. ®3)
J#mk
B. lag scaxozo A € o,(a) u 106020 nabopa wuces (71,...,7N) NPy HEXOMOPOM T

6bINOAHAINCE 6CEBO3MOMNCHDIE COOMHOWEHUA”

3 (am;i = mpi)Bi — Mm| < 3 1Y (as; — mip;)B; — ABi - (4)

Jj i#m | j

HokasaTeascrso. A. Y BCAkoro A € o,(a) cylmecTByer fpaBhii COBCTBEHHKIH BEKTOD I,
oTBedajomAR A, m Taxoi, aTo ) p;z; = 0. [Iycre
1

Zm =1 =max{ |z|,...,|zn| }-

Torpa nns moboro n AMeeM:

— 13 Bitim ~ 1Pm — Aﬂm] Tm =9 [L Biai; — npj — AB;| =,
i jAm L d
BosbMeM abcoJioTHEIE BeIMYARN ODEHX 4aCTed M BOCHOJb3yeMCH 110l 3HAKOM ), HEepaBeH-

i#m

CTBOM TPEyroJbHMKa M oueHkod |z;| < 1.

Coorromenus (2) u (3) nomysatores u3 (1) cnenmanusanuei §; = 6;; ¢ j=m u j # m.

B. Ilporomxas NoKa3aTeNbCTEO, OTMETHM, UTO Besikoe A € 0,(a) gBiseTcs COGCTBERAIM
3HaYeHMeM Kaxpnod m3 MaTpal bij(n) = ai; — 7ipj, ¥ eMy UPH KaXIOM BEKTOPE 7].COOT-
BETCTBYeT JIEBBI# COGCTBEHHEIX BeKTOp 5(77), ¥ KOTOPOIO TakXe MMeeTCS KOMIOHEHTa, He
YCTyHalomas OCTalbHEIM 1o abcomoThol Benddge. [lopropss BumenpHBeNeHHLIE paccy-
M[IeHHS, HO C TPaHCIOHMpOBaHHOH MaTpuuei b(n)T, momywmm (4).0

3ameuanue 1 [Ipu p = 0 nepasencmsa (2) dawom meopemy lepweopuna. Hepasencmsa
(8) maxace uasecmno [4].

3ameuanue 2 Yacms 5. Teopemvi | modeno ymownums: npocmpancmeo N—eexmopos
npedcmasuno 6 6ude maxoz0 obvedunexuvs N samwuymviz muoacecme {Hy,..., Hy}, wmo
y saxdazo X € 0,(a) naidemcs undexc m, dag xomopozo nepasencmoa (4) évinoandwmcs
npu ecez (1, - ..,ny) u3 newomopozo ;. Kaxncdoe H; coomeemcemeyem nomepy maxcumois-
HOT no a6COMNMHOL 6EAUNUNE KOMNOKENMY cObcmeennozo 6exmopa bi;(n).

PaccmoTprM B kadecTBe nprMepa MaTpHLY:

3 1 2
a=|1 -2 71,
2 7 -3

OTMETHB e 5PMHUTOBOCTh W Haiauywme cobcTrennoro sexTopa p = (1,1,1). Crporm crenyio-
IAe MHOXECTBA JIOKAIW3aNKK cliekTpa dg(a):
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1) xpyru I'epuiropura (2) npr np = 0 maloT MHOXECTBO [—12,6];
2) yyer (2) & (3) npn 7 = 0 maer (-12, -8} U [0,6];
3) noaswlf ydueT 7 B kpyrax (2) naet [~10,2];

4) noxusri yuer 5 B (2) u (3) mpusomAT X MEOXecTBY  [—10,—-9]U[0,2].

3aMeTHM TakXe, YTO COBOKYNHOCTEL HepaBeHCTB (1) CymIECTBEHHO CyXael MHOXKECTBO
JIOKaJTA3anuy CeKTpa ¥ 6e3 yueTa 3nanug BekTopa p. HanpuMmep, nycTh MaTpHlla uMeeT a8
KaX JIOT0 77 JeBhil COGCTBEHHLIN BEKTOpP, B KOTOPOM 771 — 3 KOMTIOHEHTa CTPOIO NPEBOCXOART
abCOMIOTHEIE BEJWIRHE OCTaJbHBIX. TOrKa, npEMenus B (1) B poss B aeBuie coGCTBERHEE
BEKTODHI, MEI IOJYYHM B Ka4ecTBe MHOXECTBA JIOKaJA3alAK CaM CIEKTD.

2.2 Ilenm MapxkoBa

Baxgas o6racTs TPHIOKEHHN TeopuM MATpHI, TO€ BCErNa 3apaHee HABECTEH OQMH COO-
CTBEHHHIR BEKTOD, — TeOpUS KOHEUHLIX, O/IHOPONHEIX BO BPEMEHW, HEOODHIBAIOWIMXCA Tienei
Mapxosa.

[Ipumenes onTEMu3anmio mo 7 B (2), HOXy4MM CIENyIOWEE yTREP K ACHKE.

Teopema 2 Hycmo sewsecmeennad Mampuya a,,; usmeem acobith cobcmeennitt sexmop p =
(1,...,1) w p = Tan. Bce cobemsennsie 3uanenus A € o,(a) sexacam 6 obwedunexuu

1
snoxcecme Gr,, %adcdoe u3 xomopuiz noayuaemcs ciedyouus 06pa3on:

PACNOAONUM HEJUGZOHGABHBIE DLEMENTIGL T—OTi cTPOKU 6 ROPAIKE KeYObIBAHUT U NO-
ayvun {e™(1) < a™(2) < ...a™(N —1)}; moada
npu wemnon N xaxcdoe G ecmv oxpyxcnocms

{A] 1A~ aim +a™(N/2)| < ; lem; — a™(N/2)| },

npu N nevemuosm G,, - nepecevente dsyz oxpyscuocmet

{ X[ 1A= @umm +a™(N = 1)/2)| £ 3 |am; ~ e™((N = 1)/2)|

i#m
A = @mm +a™ (N +1)/2)| < Y lam; — a™((N +1)/2)| }.
J#m
IlokasaTenscTBo. BocuonbiyeMcs mepaBercTnoM (2) Teopemn 1 npu p = (1,...,1). Io-

CKOJILKY SJIEMEHTHl KaX /1ol CTPOKE JIEXAT Na ONHOH (BeecTBeHHOR ) HPAMOM, ONTHMANLHBIA
BLIGOp mapaMeTpa 7} MPOU3BOAATCA Ha TOK Xe upsMoi. Ecam Ml 6yneM, MeHSA 1, HpONBH-
raThbcs ciepa (COOTB. cumpaBa) K cepenme Habopa Todek {a™(1) < e™(2) < ...a™(N —1)},
TO KPYrH, onpeneiseMsie (2), 6yQyT yMeHbIIATHCS, OCTAaBAaICh BIOKCHHLIMA B IPENMIyIIHLE.
OTciona ¥ ToNy2aeM yTBepXaeHHe TeopeMsr.D

3ameuanne 3 Oyenwxu Teopemuvt 2 mes sfdexmusnee, wen menvwe pasbpoc anavenui ne-
Juazonasbubiz JaeMmentos 6 xaxcdoli cmpoxe mampuyni. B npedeabruon cayuae, xozda ¢
xaocdot cmpoxe neduazonaabubie I4eMERTIbL 00UNAKOBE!, Mbl UMEEM KOHEUNOE MHONCECTEO
A0KQAUIAYUY.

PaccMoTprM eme onmu Baxmwit ciiyyai, Korga yka3aHHas B TeopeMe IIPOIOenypa 3aBeo-
MO 3(QheKTHBHA W NaeT 3KCOOHEHNWAJIbHO yOBIBalomIHE MONpPaBKH¥ B [PENENbHBIX TEOpPEMax
I KOHeYHKIX nerned Mapkosa.
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Teopema 3 Ilycmo a;; - deoarocmozacmuneckas mampuya. Ecau 6 xaxcdod cmpoxre (uan
8 xaxcdou cmoabye) menee ues [(N — 1)/2] nyaesviz neduazonabubiz s4emMenmos, mo na
sewjecmaennot npgmoi, cmpozo suympu Kpyza ¢ yewmpos 6 0 u paduycom menwvwum 1
AEANCAM MEKCUMBALNO Yoasennbie 0m 0 MOUKY MHONCECTRGG A0KGAU3GYLY dag o1(a) u3 3a-
xaovenus Teopemvr 2.

IokazaTenrcTBo. B 3TOM ciydae Mbl BEAMM, 94TO BuiGop 77 = 0 (CM. noKa3aTenbCTBO
TeopeMsl 2) eme He OITHMaJeH, XOT4 YK€ BBOLUT MHOXeCTBO 01(a) B Ipeneas eIUBHYHOTO
kpyra. [IpH majsHellleM HOCTeNleHHOM yBeJIHYEHHMH 1] JOKAAM3YIOMEe MHOXECTBO OKa3hiBa-
eTCs CTPOro BEYTPDH.

Touso Takue Xe paccyxneHHS IPATONHBL AJis TPAHCIOHMPOBAHHOW MaTPHIbL. LI

3ameuanue 4 [focxoasxy 68 ycaosudar cacdcmeuvs peub udem 0 MAMPUYye, 24a8Hoe cob-
cmeennoe ananenue 1 xomopoii usmeem npocmyw cmpyrmypy (cu., nanpunep, [6]), mo ar-
Zeﬁpauuﬂcnﬂ.ﬂ npamﬂocmb 24061020 3HANECHUL pﬂﬂ“d 1, U HAWU OYECHKU MOINCHO UCNOADIO-
6amb dag 3PPeRMUBHO20 NOLYUENLT IKCTLOKENYUALHO YObIGGIOUUT LOTPAEOK 6 NPEJEALHLIT
MEOPEMAT DA COOMEEMCMEYOUUT MAPKOSCRUT NPOYECCOS.

2.3 YwueT mHBapMaHTAa BTOPOro paHra

Teopema 4 [Iycmb danbl MamPuyt a;j, 1 MAKGL CUMMEMPUNKAT mampuya B, dag xomopoii
a'B + Ba = 2uB.

Kaoswdoe cobemsennoe wucao X € o,(a) npu nexomoposn m ydossemeopaem 6Ce603M0xic-
HUIM COOMHOWENUIM 6UDaA:

Zﬁimaim - ’\:Bmm - (Bmm < z

(3:0)#(m.m)

Z(ﬁua.‘j + Bi;ai) /2 — MBj + Bi;)/2 — (Bj|.
(5)

B nacmuocmu, npu Bi + Bi; = 26imbim

>

(3.)#(m,m)

Zﬂimaim —A— CBmm

2 _(Buai; + Bijaa)/2 — (Bj| .

IlokazaTenscTro. ¥ kaxnoro A € o,(a) HaifmeTcs HeHyJleBOH cobCTBEHHLIN BEKTOp Z, AT
koroporo (z, Bx) = 0. JledicTBETENLHO, B YCJIOBHSX TEOPEMEL MU KaXAOTO I, TAKOTO YTO
azr = Az, uMeeM:
2u(z, Bz) = (z,(a" B + Ba)z) = 2\(z, Bz).
Tloatomy npu A # p umeem BeobxomEmoe paBeHCTBO. Eciuu xe coGCTBEHHOMY 3HaYEHHIO
A = p oTBeYaloT XOTH Ohl B2 BE3ABHCHMEIX COGCTBEHHBIX BEKTODA @, TO B NOPOXJAEMOM
EME nonupocrpanﬁTne TaKXe HalpeTca TpebyeMhil BEKTOD .
BriGpaB BEKTOp C YKa3aHREIM CBOHCTBOM, IIPE/IIOIOXAM, UTO

Tm =1:ma‘x{ \$1|7"-7|IN| }7 e

H BOCIOJIB3YEMCH PaBEECTBOM:

- Zﬂimaim — Mmm — {Bmm (-rm)2 =
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= ¥ Z(ﬂ;zd.‘j + Bijaa)/2 — A(Bit + Bi;)/2 — (Bji| zjz1.
G)#mm) L i
B3sas abconoTHRE BENHYREHL 0T 06eux JacTell HOCJIEAHEro paBeHCTBA, TPUMEHHB B Ipa-
BOH JaCTH HEPABEHCTBO TPEyIOJLHHKA TOA 3HAKOM CyMMH mo J,I M, yd9Ts cooTHOmIeHue
€21 € |Zm|*, moMyamM BepamencTso (5).0

3ameuanne 5 Teopemy 4 MONCHO NPUMEHITNL 6 2LMUMLINOKO60T METAHUKE NPU UIYUERUU
xeadpamuunviz (npubauxcenut) samusbmonvaros. B cayuae H(z) = (z, Bzx) ypasuenusg
deuncenug umerom esud: dz/dt = 1Bz, 2de mampuya I xococummempuuecxad. B uccaedo-
sanuu cnexmpa mampuybt a = 1B, (mounee 2060ps: muoocecmea og(a)) moxacno socnoss-
306ambcs coommowenues a' B + Ba = 0, m.e. ouepzueil xax unmezpaiom Jeuncenis.

B xawecTBe npumepa NpUMeHeHHs NPYroro poia NpuseseM obobuuenue Teopemul Jlesu-

Iecnnanka(-Anamapa) [4, 5, 6, 7, 8].

Teopema 5 ITycmbv mampuya a;; npu xexcdom m ydosaemsopgem romd 6bi odnomy u3
ycaoeul:

>3

i#m

Z B aij

Z B aim

)

> (viai; + 1T au)

i

>£
2

\Z 7|Tnaim

mozda mampuya obpamuma.

(3h)#(m,m)

HokasaTenbcTpo. BrnosneHue IpHBENIEHHBIX yCJIOBYH, OTpANaomux paBencTsa (1) u (5),
HOKa3LIBAET, YTO ¥ OTBEYAIOIErO HYJIO COGCTBEHHOLO BEKTOPA HE HAIWJIOCH 6bi MaKCHMAlb-
HO# KOMIOHEHTH. O :

B xasecTBe mpEMepa paccMoTprM caygak B = b, 1 = Simal™la;,.

Caencreue 1 [fycms mampuya a;j, npu xaxcdom m ydosaemsopiem Toms bui odnomy u3
ycaosut:
2 _ .
[@mm| > 2 lamils  lemm|” > X “"Mjalmalm d +amlajma|m 1l
J#m Jl#Em

mozda mampuya obpamuma.

2.4 JIpyrdge BO3MOXHOCTH

HOK&X(CM., KaK MOXHO MCIONL30BaTh Gostee obiue MaTpPWYHHWE COOTHOLUCHHSA.

Teopema 6 [Tycmb danvi mampuyae a;; u sampuyst B, C, D, dig xomopez umeom mecmo
coomuowenug a'D+Ca=BuD+D" +C+CT =a{B+B")

Ilpu o = 0 xexwdoe cobecmsennoe wucao mampuyst a, v npu a # 0 xaxmcdoe A € 0,-1(a)
npU HEKOMOPOM T YJOBAEMBOPIIOT GCEBOTMONCHBIM COOMNOWENUIM 6Uda:

< ¥

(3)#(m.m)

|
S (Baais + Bijaa)[2 — A(Bi + Bi;)[2 — ( By

Z ﬂimaim - Aﬁmm - CBmm _
(6)
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Hoxkasareawscrro. Ilycth az = Az. B crny npennonoxenui TeopeMet
(z, Bz) = Mz, (D + CT)z) = a)(z.Bz).

{loaTomy (z, Bz) = 0. Haunee cienyem noxasatenscTsy Teopemnt 4.0
IlpuBeneM yTBepXJEHEE O JOKAIU3AUAX TTap COGCTBEHHLIX 3HAYEHUH.

Teopema 7 ITycms danst mampuua a;; u mampuya B, dag xomopuiz cnpasedauso ¢’ B +
aBa = 8B.

Kaxcdeg napa A, p cobecmeennnz wuces a, 6 cayuae ecav (A — B)(u — B8) # &My, npu
nexomopot nape undexcos (M,n) yooeaemsopIem 6CEE0IMONCHbIM COOMHUOWERUIM 6UDA:

<

Z(ﬂinaim + '7'ima|'n) - Aan — P Ynm — ﬂan - aBnm

< X

(7)#(m.n)

> (Baai; + vijaa) — ABu — py; — 1By — 8By

HokasareabcTBo. Ilycts ez = Az B @y = py. YMHOXas [IPENNONOXEHHOE MaTPHYHOE
COOTHOLIERME Ha & H Ha Y, MOJydaeM paBeHCTBa:

Az, By) = Mz, By) + ap(Bz,y), B(y,Bz) = u(y, Bz) + aA(By, 7).

Cuenosatensuo (z, By) = (y, Bz) = 0.
IycTs |2myn| =1 = max { |zay1],. .., |zNyn| }. PaccmoTpum pasencTso:

- [Z(ﬁimain + 'Yinaim) - ’\an — WYnm — f’an - OBnmJ Tm¥Yn =

= 3 [Z(ﬂua.-,- + ¥ijaa) — ABj: — pys — 1By — 931:‘] z;5y1.
(7)#mn) L i

Ilanee 6epem abcomoTHhie 3HauYeHMs ObewX HacTedl NOCTEIHEIO PaBEHCTBA, LHPAMEHIEM B
cyMMe 1o j, ! HepaReHCTBO TpeyroJbHHKA B yIMThIBaEM CooTHOWeEHme: |zy| < 1.0

3 O reopeme Bpayspa

3.1 Jloxasam3anma m o6paTEMOCTH

B kagecTse Teopemil Joxanmsaumn ”BTOPOrO NOPAAKa” XOpOIIO H3BECTHA TeopeMa Bpay-
spa (2, 4, 5, 7, 8]. IlpennaraeMeie HAXE Pe3yIbTaTH YCUIABAIOT 3TY TEOPEMY B HECKONLKHX
OTHOMIEHHAX.

Teopema 8 Kaxcdoe cobcmaennoe 3nauenue A Mampuyst a;; 04g rexomopot napst (m, n), m #£
7 YG0BAEMBOPIETR BCEGOIMONCKBIM KEPABEHCTNEAM.

(@mm = A)(@nn = A) = Gmntam — Blamm — A)| < (M

< Z Iamjanl + amlanjl + Z |amnan1 + ﬁamli + Z ’amjanml + !Ha;nnl 1

JSigman lEmmn j#mn

N | -
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U, caedo8amersno, 00HOMY U NEPABENCME:

(@mm — ’\)(ann —A) = B(amm — A)| £ (8)
1
S Iamnanm} + 5 E 'amjanl + amlanj’ + E Iamnanl + ,Bamlf + Z lamjanml + Jﬂamnl 3
jd#mn i#mn j#m,n
’(amm - A)(a'rm - ’\) - amnanm‘ 5 5_: lamjl Z Ianll - Iamnanrn| . (9)
j#m t#n

Ocaabaenuesm Kancd020 u3 NOCACONUL COOMHOWENUT MONCHO NOAYYUMb HEPABENCMEO
u36ecmuOt meopemnt aoxasudayuu bpayopa:

[(@mm — A)(ann — A)| £ Y lam;] Y land -
i#Em i#n
IoxazarenscTso. HycTh Ipaseil coBCTBEHHBIA BEKTOP £ MaTPHUIL @ OTBEYaeT A, m # n
W Tm =12z, =max{|zj| |j#m}.
Ecnu z; = 6;m, T.€. Qjm = Abjm, cooTHOmenHs (7) ogesmanbl. [loaToMy najee cynraem,
uTo I, # 0.

Hoc.}zeuorsa.’remmo aogydacM:

(a"mm - A)(ann - /\).’men = Z Qrpj@niT; Ty,
I#Em, l#En

1
[(ﬂ'mm - A)(arm - A) — Omnlam — ﬂ(amm - A)]zmﬂ:ﬂ = 5 E (amjanl + amlﬂnj)szl+
Jd#Emmn
+ Z (ﬂmnanl + ﬁaml)mnzl + Z Qi QpmTmT; + BOmnTny.
I#mmn j#Fmmn
Bass abcomoTEEE 3HaYeRAS 06eHX YacTed MOCHENHEI0 PABEHCTBA, BOCIONb3yEeMCs HEPABER-
CTBOM TPEYIoJLHEKA HON 3HakaM¥ cyMM mo j,l mpasoit wactd u Tem, 9to (§,1) # (m,m)
BieveT |z;4)| < |TmZna|. Hepasencrsa (8) u (9) nouaytaeM orpybaesuem nmepasenctsa (7).0

3ameuanne 6 Hepasencmeo (7) yvumbieaem acumsmempuio mencdy m u n, 3axy neduazo-
HEABHBIZ FACMENTION U 63AUMOOETCMEUE MEHCDY INAKAMU DAEMENTO6 padumz cmpok. Hepa-
sencmeo (9) nowmu cmoab e npocmo xax u nepasencméo Bpayspa u daem boaee mecuyo
AOKQAUIGYUIO CREKMPA.

O6pamas Teopemy 9, HONydUM eme OJUE KPHTEDHH HEBLIPOXKIEHHOCTE MATPHIK.

Caencraue 2 (Ycuiennas Teopema Bpayapa 06 o6patnmoctn) Ecau dag xascdod
napei (m,n), m # n, npt nexomopos ™ 6BINOAHAETICE HEPABERCTNEO

|amm@nn — Gmnlnm — 8™ Gmm| >

1
> 5 Z 'a'ﬂjaﬂl + amlaﬂi’ + Z ‘amnanl + ﬂmamll + Z 'amjanm’ + Iﬂmamnl y
A#Emm I#m,n i#mmn
UAU HEPABEHCTNBO

’ammann bl amnanml > Z 'amj| z 'aﬂll - lamnanml 3
j#m I#n

mo mampuya obpamuma.l




3.2 O6o6iuenns
MoxHo npefjoXaTh MEOTO ycaJienuit Teopemn 8.

Teopema 8 {Tycmb dawnvt mampuya a,; u ee aesvitl cobemeennnill 6exmop p - ¥ piai; = {p;-

v
Koxcdoe cobcmeennoe uuncao A € 0,(a) dag nexomopod napoi undexcos (m,n), m # n,
YJ06AEMEOPIEM 8CEE0IMONCUIM COOMUOWEHUTM:

Zaik(bimbkn - binblrm) - Z(ﬂl - 7{)(bimpn - bl'npm) - Z él'nbirrl — MnPm S (10)
ik i i
1
< 3 3 1Y curlbijbe + babij) + 2(5‘ + v )(bijpr + bap;) + Z (&b + €abis) + mp; +nipe| +
Jd#mn | ik
+ Z Z atkblnbkl + Z(,Bl in D1 + 'Y-b-lpn + Cm it + Ellblﬂ) + Dl + MPn +
l#Fmmnl ik

+ 2

j#m.n

8(}& b,'j = Qij — Aﬁ,‘j.

Z a!kbubkfn + Z ﬂ bqu + 'YrbumP] + €ijbim + Tme
ik

0+ ]Z €inbin + Npn

Hoxasareascro. Kax 6uuio oTMeveHo B fokasaTenbcTse Teopemnl |, mia joboro A €
0.(a) mafnercs npaBuit cOGCTBEHHHHA BEKTODP T, KOTOPLIE NMpH Ji060M 7) yOOBJIETBOPSET
ypasuerusmM ) b;;z; =0 u pz = 0.

b

lycte m#n 8 2 =12 z, = max { |z;] 'J;ém}

Eca#t zj = 8jm, T.e. bjm = 0, Noxa3nBaeMule cooTHOUERNE oueBunnkl. [losToMy nasee
cuMTaeM, 9T0 Z, # 0. )

TlocnenoBaTensHO npeobpasyeM BLIpaXeHWs:

bimbknzm:n = Z bx]bklzlzl) b:mpnzmxn = Z buPlI,-ﬂly Pm mImzn = Z Dj |IIJ-7"17

jEmMIn .. igml#n i#m.l¢n
1 .
(bimbin — binbim )TmZn = 3 Yo (Bijbu + bubij)zizi+ Y binbuzazi+ Y. bishimT;Tm,
Ji#mmn Igmn j#mn
1
(b!'mpn - b«npm):ﬂmzn = 5 Z (bijpl + bup,')l,'zl + 2 binplznll + z biijx,'zm,
. Jl#Emmn I#mn j#Emn
1
(Pmbin — Pubim)Trms = 3 z (pibut + pibas)xjzi + Z Pabuzaz; + Z PibkmZ;Tm,
HiFmn l#gmn i#¥mn

[zk uik(bimbkn - binbkm) - 2(ﬂ| - 7{)(bimpn - binpm) - }: 5inbim - ')an] ImIn =

1

l#gmn L ik

3 > [Z ovin(bi;bir + bubk;) + Z(ﬂ: + ¥} bijpr + bap;) + Z(c., it + €abis) + mp; + n,p:] x5+
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+ 3 [z ibinbit + Y (Bibinpr + ¥ibuapn + €inbi + €itbin) + napr + ﬂlpn] TaZi+
tfmn L ik ;

+ 3 [z ikbijbim + Y _(Bibispm + Vibimpj + €i5bim + ﬂjpm)] Zm T+ [Z €inbin + ﬂpn] ZnTn.
j#Fmn Lik i R
B3sp abconoTHLIE 3HaueHHs 06€MX 9acTel TOC/IENIHero paBeHCcTBa, BOCOOAb3yeMCs Hepa-
BEHCTBOM TPeyroNLHHKA MOJ 3HAKAMH CyMM IO j, | npaBoi 9acT® ¥ TeM, yto (j,1) # (m,m)
sievet |z;3)| € |Tmza].0
PaccMmoTpuM eire ofiMH pe3yasTaT, obobmaomui oqHo U3 clencTsui Teopemul 9, 1 pen-
CTaBJIOINAH, TOBAAAMOMY, HARGOILIIKHE HATEPEC /A8 BLYACAATENbHEX IPAMEHEHAN.

Teopema 10 [fycmo danbi mampuua a;; u €€ Aeebll COGCMEENNBIL BEXMOP P, U BLINOANE-
0MCT COOMNOWENUT: I Pili; = JPj.
T

Kaxcdoe cobecmeennoe wuceoe A € o,(a) dag nexomopotd napwui undescos (m,n), m #
n, Yydo6.AemBOPIEM 6CEB03MONCHbIM cOomNowenudm (L npobezaem yeavic nosoxcumensnbie
anauenug):

](amm ~ BmPm — A *{Gan — MPr — A — (@mn — MmPa)" (Gnm — ﬂﬂpm)b| < (1)
L

_<.. Z Iamj - 77mPJ| Z Ian[ - nnpll - I(amn - nmpn)(anm - nan)IL .
JEm I#n .

HokasaTenscrBo. CHavyana, cyienys DOKa3aTedbLCTBY TeopeMnl 9, OTMETHM, YTO HJis JIHO-
6oro A € o,(a) maknercs npaBuil cOBCTBEHHLIH BEKTOpP I, KOTOPH# LU J0HOM oBJle-
u P T, D p y
TBOpZET ypaBHeHHIM Y bj;z; = 0, rne
J

bi; = aij — Adi; — mip;.

Iycte m #n a1z =1 2 z, = max { |z;| }J #m}.

Ecmm z; = 6jm, T.e. bjm = 0, nHoka3uBaeMule HepaBeHcTBa odesuaHE. [loaTomy Havuee
CYHT2eM, 9T0 T, # 0.

PaccMoTpuM cooTHOIIEHRE:

[(bmmban)” = (bambmn) ) (zmza)" =

def
= Z b.m_," '-'bmjl,bnll "'bnlejl ce-Iyy,
ede#Ems liodp#En
def L L
B KOTOPOM ). O3Ha4aeT OTCYTCTBME OQHOro c1araeMoro (bnmbmn)"(zmz.)", nepenecensoro
B JIEBYIO YaCTh PaBEACTBa. B3sgB abcoIOTHELIE BEJIWYMHL! OOEHX 9acTeH, IPUMEHMB CIPaBa
L
HEPABEHCTBO TPEyIONbHEKA M COOTHOWEHHUE |Tj, ... Ty, | € |TmZa|”, HONyYEM HepaBeHCTBO,

orpy6ilenneM KOTOpPoTo sBJgeTCA HepaBeAcTBo (11) saknogeHus Teopemsl.O
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3.3 O pasnesnenum cunexrpa

OTMeTEM yTBepXKIeHKe O pasfic/ieHAN CIEKTPa MATPHITEI KOMIOHEHTAMH JIOK aJlH3yIOIIEro
MHOXEeCTBa, KOTOpPOe aHANOTEIHO CBOMCTBY, Takke YCTAHOBIEHHOMY |'€pIITOpPMHEIM  C TeX
nop akTwBHO #W3yyaemomy [1, 3, 4, 5, 6, 7, 8].

Teopema 11 [Iycmb dag mampuybl a,; onpedesenst mnozdcecmse (m # n):

Brn = ﬂ{ A | [(@ram — ’\)(ann = A) = B(amm — A)| <
g

S lamnanml + % Z 'amjaﬂl + aml’anjl + E lamnanl + ,Baml| + Z ‘ﬂ'mja'nm| + J,Bamnl )
HWl#Emn l#mn j#Emn
u 0ag nexomopozo cemeticmea S nap pazauunviz uNOEKCOB GLINOANIEMCE YCAOBUE: TPU
(m,n) € S mnoacecmeo B, ne nepecexaem nu odnozo muoxcecnaa By ¢ (k1) ¢ S.
Tozda ob6vedunenue unoxcecms { Bpn | (m,n) € § } codepacum cmosvro ace cob-
cmeennbiz 3navenut (€ YUEMom uUT Kpamuocmetl), CKOALKO UMEEMCS PGIAUUNBIT TIEPEHLIT
xoMnonENm Y nap u3 S.

HokasaTenscTBo. Kak ¥ B 13BeCTHOM IOKa3aTeJhCTBE BTOPOR 4acTd TeopeMul ['epinropu-
Ha [4, 6, 7] OpAMEEAM JMHERHYIO FOMOTOIMIO MATPEIH C €€ OHALOHAJBIO, T.€. PacCMOTPHAM
CEMEHRCTBO MaTPHI

ai;(€) = aij6i; + £a;;(1 - &;).

MoxHo yGenurcs, 9TO pasneieHHe MHOXECTB B(n.) coxpargercs npu Bcex € € (0,1],
HOCKONLKY (okychl oBajoB Kaccuum, B3 koTopmix coryracHo (8) CTPOMTCS MHOXECTBO JIOKa-
JIA3aNAH, OCTAIOTCE Ha MeCTe, a X JMACHHLIC pa3sMePhl pacTyT BMecTe ¢ €. CiemoBaTennro
obrenanense By, 10 S CONEPXHAT CTONEKO Xe COGCTBERARX 3Ha9€HHH, CKOJILKO HMEETCS pa3-
NHYHHX AAATOHAJIBHHX 3JI€MEHTOB Gkt C k, TPOGeraonmmM BCeBO3MOXKEEIE 3Ha9eHUs TIEPBHIX
KOMTOHEHT nap u3 5.0

4 3axkaoyeAue. O GIOYHBIX MAaTPHOAX

4.1

Kax u B cnygae Teopemnl 1, y npyrux pesyasTaTos paboThl EMeOTCH ” TPAHCIOHMPOBAH-
HElE” BEpCHH.

Teopemnr nokanmsanue OcTposckoro [4, 5§, 7, 8] Takxke 0606MAOTCE B IPEMIOKEHHLIX
HalPaBIEHHSEX.

CxonueiM 06pa3oM MOXHO IONYIATH PE3YJIbTATH O JOKATHIANAM, HCIIOAb3Y IOMHUE SHAHUE
HECKOJbKAX COBCTBEHHEIX BEKTOPOB H MHBAPMAHTHEIX TEH3OPOB BTOPOIO M BLICIIAX PAHIOB.
MoxHO paccMaTPHBATD HE TOIHKO AHAJIATAIECKHEE (GOPMEI, HO K BEIPAIKEHUS C CONPAKEHHEI-
MH KOMNOHEHTAaMHA , HAIPUMED: 3PMHETOBH GopMbl. Bo3MoxHO 6oslee akkypaTHOE OLEHHBAHHE
($opM Ha KOMIJIEKCHRIX HOJHAMCKAX.

PesysnnTaThl, aHaJIOTHYHLIE MHOTAM TIOJYYEHHEIM BLIMe, CIPABEIJABEL B IIPOA3BOJIbHEIX
HOPMHADPOBAHHHBIX TIOIAX.

Bosmoxnur 6eckoneanoMepnnle 0606U1eENS, KOTOPLHle HamOoJee OYeBHIHEL B TIPOCTPAR-
CTBax, The KaXIEH BEKTOp WMEET MAaKCEMAJLHYI0 B KaKOM-HRGYOL CMBICIE KOMIOHEHTY,
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KakK, HaIIpAMeEP, B IPOCTPaCTBaX HCIE3AIOMAX Ha 6ECKOHETHOCTH NOCIeJOBATEIbHOCTEH WU
(QyHKIHA HENPEePHIBHAIX HA KOMIAKTaX.

4.2

Ilepenecenre nosydeHunix 8 paboTe pesyJbTaToB Ha Caydaid OJOYHBIX MATDHI C KBa-
OpaTHHMEA OGJOKaMH Ha TJIABHOW [MATOHAJM MOXHO OCYMIECTBMTH C MOMOIIBLIO M3BECTHBIX
npuenmos [6, 8].

Has sToro 1) BrGepeM B KaX[OA KOMIOHEHTE IPAMOILO PR3JOXEHHE, COOTBETCTBYIOIETO
6JI04HOMY NPENCTABNEHUIO MATPHIL! JUHEHHOIO ONEPATOpPa, CBOXO HOPMY, B IS KaXXIOro
670xa MaTPHUL! HHIYIHPOBAHHYIO HODMY OIEPATOPOB MEXNY COOTBETCTBYIOIUAMY KOMIO-
HeHTaMH, 2) BhIGepeM HOPMH B TEH3ODHBIX (KPOHEKKEDOBHIX) HNPOM3BENEHHIX KOMIOHEHT
Pa3foXeHus NPOCTPAHCTBA H WHAYNAPOBAHHLIE ONEPATODHEIE HOPMH OTOODaXeHHH MeX Iy
TEH30DHLIMH mpom3BefieHusMu. [locae sroro B Tex Hepasencrsax (1-11), rme cieBa or 3Ha-
)
(mm60 Ha 0, eciim fi; HeobpaTHMas MaTpHUa), a CUpaBa 3aMeHHM Kaxaoe |fi;] Ha || fi;|| »
TIOJIy9¥M HCTHHHBIE yTBEDXICHANA.

¥a < OKa3bIBAIOTCH KBAJPATHHE GNOKH, 3aMCHHM JeBhle BRIDAXEHAS BUna | fi;| Aa

4.3

ArTtop npmisnatenen A.lJQ.Beperennukosy # B.M.['ypeBuuy 3a oueHn monessre o6cyxie-
p
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