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IIoKa3aHhI npOTHBOpel:JHBOCTh TeopulI MH02KeCTB UepMerro-<PpeHKcmI 

6e3 aKCHOM BbI60pa H perymrpHocTH, a TaK2Ke HeB03M02KHOCTb B TeopHH ~ 

U:'epMeJIO 6e3 aKCHOM BhI60pa :IiI peryJIHpHOCTH cyruecTBoBamuI HeCqeTHO
ro BnOJIHe ynopH.n:OqeHHoro MHOJKeCTBa ClIJThHO He.n:oCTl'I2KlIMOii MOIIJ;HOCTH. 

IIpe.n:rraralOTcH nOnOJIHeHHe TeoplIliI UepMeJIO 6e3 aKClIOMhI BhI60pa cxeMa-

MlI, nocTyJUlpyIDII:J;lIIMliI cyrnecTBoBaHlul' .n;OCTaTOqHO 60JIblliRX CTeneHHbIX 
llepapXIrli ¢lOH HefrMaHa, 1I cnoco6 nepeHoca B 3TH YCJ10Bl'IjI MeTo.n:a KOH

CTPYKTlIBHhIX MH02KeCTB re.n:eJlH, C nOMOInDIO KOToporo .n:OKa3aHa OTHOCH-
TeJIbHajI HenpOTkIBOpe'tIlIDOCTb aKClIOMhI BbI6opa. B CBH3lI C 3TlIM npe.n:rro

2KeH o6IIJ;lriI npneM (6e3 HCnOJlb30BaHliIH KaKOft-JIH60 tPOPMhI aKCnOMhI' BbI
6opa) .n:JIH nOJIy-qeHlUI lIepapx:m'l, nepBOHa-qaJIbHO 3a.n:aHHhIX KyMyJlSITllBHO, 

C nOMOID:hIO TpaHc$llHlITHon peKypClIlI. 

The inconsistency- of Zermelo-Fraenkel's set theory without axioms of 
choice and foundation is proved. The existence of a noncountable well 
ordered set of the strong inaccessible cardinality is impossible in Zerme10 
Set Theory without axioms of choice and foundation. The extensions of 
Zermelo's theory without axiom of choice are proposed where the axiom of 
replacement is weakened to the existence of sufficiently large von Neumann's 
hierarchies. The reformulation of Godel's constructive sets approach is 
given and the relative consistency for the axionl of choice is reestablished. 
The general method is obtained which dispenses with any form of choice 
and which perrrlits the description of cumulative hierarchies in terms of 
transfinite recursion. 

Cn~COK ~r. - 9 Ha~M. 
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TeoplUI MHO)KeCTB ~BmleTC~ 6a30H, Ha KOTOpOH IIIlIpOKO nplIH5ITO CTpO

lITh Ba)KHeftmlIe pa3.n:eJIhI MaTeMaTHKH II MO.ue.rrn:pOBaTh ceMaHTHKy JIOrlI

qeCKIIX TeopHH. 3TO 06b5ICHHeTC5I npOCTOTOH HCXO.n:HbIX nOH~THE:, HarmI.n:

HOCThlO rrpHMeH5IeMOrO aIIIlapaTa (HHor.n:a 06MaHllHBhIMJiI) H OCJIa6JIeHlIeM 

llepe)KlffiaHH5I Kp1I3Hca, CB5I3aHHOrO C OTKphITHeM aHTHHOMlIH [1]. 
TeM He MeHee BorrpOChI 060CHOBaIm5I TeOpJ2HI MHO)KeCTB IDlKor.na He yxo

JJ;JZIJIII H3 IIOJl5I 3peHII5I JZICCJIe.n:oBaTeJIeH, IIplIBO,Il;5I K l105IBJIeH.m0 MHOrlIX llJIO

.nOTBOpHhIX MeTo,nOB [2, 4, 5, 6, 8]. B neHTpe BHlIMaHH5I -qar:u:e Bcero OKa3hI

BanHCh aKCJZIOMa BhI6opa, KOHTlIHYYM-rIDIOTe3a 1I rrpo6neMaTHKa 60nhlllliX 

Kap,mmaJlOB. 

UeJIb HacTosrm;en pa60TbI - InyqeHlIe orpaffillleHHhIX pacIIIIIpeHHll Teo

plIl:I MH02KeCTB UepMeno [1, 7]. M3BecTHo, qTO JJ;JIH 060CHOBaHlI5I 60JIbIIIlIH

CTBa pa3,lleJIOB MaTeMaTIIKlI ee 60JIee qeM JJ;OCTaTOqHO. O,n:HaKo 3aMeTHO 

rroIIyJIHpHee cero,nH5I TeOplI5I UepMeJIO-<PpeHKeJI5I [1]-[9]' TaKlIe ee YCl2Im~

HlI5I KaK TeOpl:Il:I re,neJI5I-EepHaHCa-q)OH HeE::MaHa [1, 7,9], EepHanca-Mopca 

[1, 4, 7] H "HecTaH,napTHO-aHaJIl2ITlIQeCKHe" TeopHlI HeJIhCOHa H ,np. [9]. 
OCHOBHOH rrpe,UJIaraeMhIll: BHHMaHRIO pC3YJIhTaT Tpe6yeT rrepeo:u;eHKII 

OTHOIIleHHH K ynoM~HY"ThIM CHCTeMaM, IIOCKOJIhKY TeoplI~ "QcpMeJIO-<I>peHKCJUI 

(JJ;a)Ke 6e3 aKClIOM BhI60pa H perYJIHpHoCTH) rrpOTJZIBOpeQJZIBa. TaKiKe IIO

Ka3aHa HeB03MO)KHOCTh cyr.:ueCTBOBaHJZI5I B Teopmr UepMeJIO 6e3 aKCHOM 

BhI60pa H perYJI~pHOCTH HeCQeTHOrO BrrOJIHe yrropMo-qeHHoro MHO)KeCTBa 

CHJIhHO He,n:oCTE:2KlIMOH MOIUHOCTH. 

B :u;eJUIX 60JIhiliell He3aBIICIIMOCTJZI E:3JI02KeHJiI~ B pa60Te BocnpOH3BO,UHT

CH TeopeTlIKO-MHO)KeCTBeHHoe KO,nHpOBaHlIe CHHTaKCHca TeopliH UepMeJIO, 

:II B paMKax ::lTOR TeopHlI ,UOKa3hIBaIOTC5I rrpOCThIe cBoiilcTBa npe,UlIKaTa BhI

IIOJIHIIMOCTl2I lPOpMyJIhI Ha MHO.JKeCTBe, KOTophIe IIpH .l106aBJIeHlfH cxeMbI 

aKCHOM nodcma1w6~u (l2IJIH 3a.AU1lbt) IIPRBO,n~T K rrpOTIIBope-qIDO. 
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B pa60Te HCCJIe.n:YIOTCH paCrnnpeHIIH TeOpliIlI UepMeJIO aKCHOMaMH cy
rueCTBOBaBHH 60rree ~JIHH~ ~eM 3TO Tpe6ycTcH ~JIH MO~eneH TeOpnrr 

UepMeJIO KyMyJI.SITRBHhIX HepapXl2riI <POB HeRMaHa, Ii Ha IIpliMepe MeTO~a 

KOHCTPYKTHBHhIX MH02IWCTB re,D;eJIH nOKa3hIBaIOTCH B03MO.JKHOCTH rrpRMe

HeHHH K TaKHM TeOpHHM R3BeCTHblX Cpe~CTB HCCJIe~OBaHHH aKCHOMaTHKH 

TeOpll.lH MH02KeCTB. C 3TOH !leJThIO B paMKaX TeOpHH UepMeJIO 6e3 aKCHOMhI 

BbI60pa IIpe~JIaraeTC5I o6II.UIii MeTO~ IIpeBpa.IIleHIHI KyMyJUITHBHhIX liepap

Xlrii B Onpe~eJIHMbIe rrpH nOMOIUH TpaHC<pHHHTHOH peKypCJiIJZ[. 

2	 <l>opMaJIbHWH: npe.n;HKaT BhIIIOJIHHMOCTH B TeopHH 

MHO)KeCTB U:epMeJIO 

3a<pHKcnpyeM q>opMaJIH3M TeopJrn: UepMeno. 

5I3hIK LZ - H3bII( nepBoro nop.s.r'uKa, lirMeIOIII;IIlI 1) 3aIUITyro " , " H cKo6KH 

" (", :Ii ")" , 2) nepeMeHHhIe Xl, X2, ... (~aCTO 3aMeH.SI€MbI€ npyrHMR 6)'KBaMII 

JIaTHH~h1), 3) norn~eCKHe CBH3KH "," ~JI5I OTpHUaHHH II " &" ~JIH KOH'b

IOHKIlHH (ocTaITbHhIe 6yneBbI OIIepaIU'IH BBO~HTCH C IIOMOIlIhIO onpe~eJIeHHE:: 

<pv'ljJ ~ -,( ''P & -,'ljJ), <p =? 'ljJ ~ I<PV'ljJ, <p ~ 'ljJ ~ (<p =? 'ljJ) & ('ljJ =? 'P)), 
4) KBaHTOp cym:eCTBOBaIIlIH "3" (KBaHTOP Bce06llIHocTH "'rI" OIIpe~emleTC.a 

KaK "-,3-,"), 5) 6HHapHbIH: IIpe~HKaT:HhriI CHMBOJI "E" rrpIIHa~JIe.JKHOCTH 

3JIeMeHTa MHO.JKeCTBy. C IIOMOmblO onpe~eJIeH:JiIH BBO~HM 06h1lIHble 060

3Ha~eH1IH: y :3 x ~ x E y, x ¢ y ~ -,x E y, x ~ y ~ \/z(z E x ~ 

z E V), x = y ~ \/z(x E z =? Y E z),3!x<p ~ 3x(<p&Vy(<.p(yjx) =? 

x =:= V)), r~e Y He BXO~HT B!.p, (3x E y)<p ~ :3x(x E Y&'P), (Vx E Y)'P ~ 

Vx(x E y =? <p), <pM IIo.rryqaeTC.H II3 <p 3aMeHOH B HeE: Bcex KBaHTOpOB :3 X -+ 

(3 x EM), \/ x ~ (\/ x EM). 

2.1 AKCHOMhI 

TeopIIH MHOLKeCTB UepMeJIO Z IIpe,n;cTaBrr.aeT C060H pacrrmpeHHe ?C.t£ac

CUv.ec1COZO 'UC'l/,UC.lLeuu.Jl npedu?Camo6 nep602o nopJId?Ca B .H3hIKe LZ ~o6aBJIe
HHeM y1tU6epCa.llb'H,bIX 3aMb"l?CaWltU IIpIIBO,llHMhIX HlI)Ke (H 6JI1'I3KHX K oplirH

Ha.:~hHh1M) aKCHOM n o~Hoii cxeMbI aKclwM, IIplI 3TOM HCIIOJIh3YIOTC~ rro

nyTHo HaITOMHHaeMhIe ollpe,ZJ;eJIeHH.H: 

ZA.O (aKcnoMa cymecTBOBaHH.SI) 3xVy(y t/:- x); 
ZA.l (o6beMHocTII) Vx,y(x = y {:} Vz(z E x {:} Z E y)); 
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ZA.2 (BhI,UerreHIHI IIJIliI nOllMH02KeCTBa) eCJIIT lPopMyJIa 'P He co.uep)KllT 

BXO.iK.ueHIIH XI TO 

Vz3xVy(y Ex {::} C.p&y E z)); 

y E {f(x), X2,''') I'P} ~ 3XI, X2,'" (y = f(Xl' 1.:2,· .. ) & <p), 0 ~ {x Ix 1= x}; 

ZA.3 (naphI) Vx,y3z(x E z&y E z); 

{x, ... ,z} ~ {v Iv = :r V ... V v = z}, -< x, Y >-~ {{x}, {x, y}}, 

-< x, y, z ~~-< x, -< y, z >->-; 
ZA.4 (CYMMhIHJIII 06be)J;IIHeIllHI) Vx3yVz(3w(z E w&w E x) => z E y); 

Ux ~ {z 3w(z EwE xn, nx ~ {z IVw(w Ex=> z E tu)},1 

.rUy.= U{x,y}, xny P n{x,y}, x \ y.= {z I Z E x&z ~ y}; 

ZA.5 (cTeneHH IIJIE: MHO)KeCTBa nOllMHO)KeCTB) Vx3yVz(z ~ X => z E y); 

Exp(x) ~ {z Iz ~ x}, x x y ~ { -< v, w >- Iv E x & w E y}, 

yX ~ {flf ~ x x y&(Vz E x)3!v(-< z,V >-E fn, "f: x --+ y" ~ f E yX,
 

"f(a) = b" ~-< a, b >-E f, (f = g)lz ~ flz = glz,
 

flz ~ {-< p,q ~ I -< p,q >-E f &p E z};
 

ZA.6 (BhI6opa) 

Vx(x 1= O&Vy(y Ex=> y 1= 0) => 3f(f E (Uxt) & (Vw E x)(f(w) E w); 

ZA.7 (peryJUlpHOCTII) Vx(x 1= 0 => 3y(y E x&ynx = 0)); 
ZA.8 (aKcHoMa 6eCKOHCTJ:HOCTII) cymecTByeT MH02KeCTB0 1 co.uep.iKaruee' 

Bce H<lTypaJIhHhIe crIICJIa: 3x(0 E x&Vy(y Ex=} (YU{y}) EX)); 

w ~ {x !Vy( [0 EY&Vz(z E y =} zU{z} E y)] ===? x E yn. 
2.2 KO,lUlpoBaHHe BhIIIOJIHHMOCTH QlOpMyJI Ha MHO)KeCTBe 

lIJUI epopMaJIII3aUIIIl H3ycreHIuI BhIIIOJIHilMOCTI1 ¢lopMyJI Ha MH02KeCTBe 

Al BBeneM BCIIOlvIOraTeJIhHhIll: 5.l3hIK LZM , llo6aBlIB K LZ HOBhle KOHCTC1HThl: 

no OJlHOll x* nITSr Ka)K,Uoro x E J.1!I. 
3aeplIKcIIpyeM COOTBeTCTBIIC Me~ny IIH,UeKca1vm CBo60JlHhIX rrepeMeHHhIX 

11 3:reMC'HTa1\HI HaTypaJIbHOrO p5.l11a .:.v: 

I ~ {O} .... ,n+ 1 ~ nU{n} ~ Tii~ I, 
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r.ZJ;e EB - cn02K~HEe nOpH.ZJ;KOBbIX TlInOB (3.ueCh ;): < y eCTh ~r E y), COBrra.ua

IOIU€€ Ha W C o6hTtIHbIM CIT02K€IllI€M KOm'PleCTB 3.rr€MeHTOB. 

PaCCMOTpHM MHO)KeCTBO oTo6pa)KeHlIn Ha"tIaIThHbIX OTpe3KOB HaTypanh

HOrO pH,1la B MH02KeCTBO M* ~ ({O} x M) U({I, 2} x w): 

Mw ~ {gI3x(x E w&g E (M*Y)}. 

PaCC11aTpIIBaH 1\{w KaK :MH02KeCTBO IWHe"tIHhIX cnOB B a:npaBIIT€ A{*, 
orrp€.ueJUIM Ha M w onepa:u;.mo coe.unHeRRH (lIITR KOHKaTeHaURH), HMeIO:rn:yIO '., 
B <popMaJIIBMe TeopllH UepMerro Crr€.ZJ;YIOI.IJ;ee OilllcaHHe: 

I = gh ~ 3v,w(v E w&w E w&g E (M*)V &h E (lVI*)W & 

Vx(x E v =* I(x) = g(x) & x E 111 =* I(v EB x) = h(x))). 

HCnOITh3yH aCCOrmaTHBHOCTh CO€.ZJ;JiIHeHlIH, B CO€.ZJ;HHeHliIH H€CKOJIhKHX co

MH02KRT€n€n onycKa€M CKo6KlL 

By.n€M HCnOJIh30BaTh "6YKBOI" (CJlOBa H3 O.ZJ;Horo CnMBOJIa) {-< 0,0, x >-} 
.ZJ;JIH KO.1lHPOBaHlIH KOHCTaHT x*, {-< 0,1, x >-} - .1lJIH KO.n;lIPOBaHHH "CHHTaK

CH"tI€CKlIX" HaTypaJIhHhIX "tIHC€rr H {-< 0,2, x >-} - .n;ITH KO.1llIpOBaHHH aTO

MapHhIX lPopMyrr H .n;pyrHx CHMBOrrOB H3hIKa. 3alPHKcHpy€M 1) "6YKBhI": 

8M ~ {-< 0,2, 10 >-} - "rr€BaH cKo6Ka", dM ~ {-< 0,2, 11 >-} - "rrpanaH 

cKo6Ka", CM ~ {-< 0,2, 12 >- } - "3anHTaH" H 2) oTo6pa2K€HHH YKa3aHHhIX 

RIDKe 06rraCT€H COOTBeTCTBeHHO B M w H MW x M w : 

a) w x w, < 1, v, 'W >~ SM{ -< 0,2, I >- }CM{ -< 0, I, v >- }CM{ -< 0, I, 111 >- }dM, 
MW x w x w, < I, 1, v, w >~ -< I, < 1, v, tv >>-; 

6) wxM, < 5,v,w >~ SM{-< 0,2,5 >-}CM{-< 0, l,v >-}CM{-< o,o,w >-}dM, 
MW x w x M, < !,5,v,w >~-< I, < 5,v,tv >>-; 

B) lv[xw, < 6,v,w >~ SM{-< 0,2,6 >-}CM{-< O,O,v >-}CM{-< 0, l,w >-}dM, 
MW x l'v! x w, < I, 6, v, tv >~-< I, < 6, v, w >>-; 

r)Atf x M, < 7, v, w >~ SM{ -< 0,2, '7 >- }CM{ -< 0,0, v >- }CM{ -< 0,0,111 >- }dM, 
MW x M x M, < I, 7,v,w >~-< I,< 7,v,w >>-i 

.ZJ;) M w , < 2, v >~ sA.d -< 0,2,2 >- }CM v dM, 
MW x M w , < I, 2, v >~-< I, < 2, v >>-; 

c) .:11..,; x .1"1w , < 3, v, 'lJ) >~ Si\-'I{ -< 0,2,:3 >- }ei\-! v Cj\l1 u: dlvf , 

M W x Mw x Mw , < I,3,v,w >~-< I,< 3,v,w >>-; 
2K) w x M w , < 4,v,w >F SM{-< 0,2,4 >-}CM{-< O,l,v >-}CM w dM, 

MW x w x M w , < I,4,1',W >~-< I,< 4,v,w >>-. 
B npHB€JJ;eHHOM onpe.ZJ;err€HHH y.ZJ;06HO paCCMaTpHBaTb Ha-qaJIhHbIe CliIM

BO.:TIhI orrpeJJ;€JIHeMhIX .pYHKrmH < 1.... > - < 7, . . . > II < _, 1, . . . > - < 
_,7, ... > RaK HX UMeHa. 
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Ey.n;e:M KO.n;IIpOnaTb CPOp:rvrYJIbI 5.l3bIKa LZM 3JI€:rvreHTa:rvrII MH02KeCTBa KO

,UOB: 

CodA[ r= {x ICod(x, 1\1)} , 

r.n;e 

Cod(x,M) ..- x E Mw &Vy([Vv, 'W 

((v E (".J&w E w::::>< l,v,w >E y) & (v E w&w E 1\J:=:>< 5,v,w >E y) 
& (v E M & tv E w ::::>< 6, v, W >E Y) & (v E 1\1 & w E M::::>< 7, v, W >E y) 

& (v E Y ::::>< 2, v >E y) & (vEy&wEy::::><3,v,w>Ey) 
&(v E '-'.J&w E y =>< 4,v,w >E y))] =} x E y). 

IlpII:rvre:rvr CJIe.n;yIOI.I.UIe rrpaBIIJIa KO,UHpoBaHluI !jlop:rvryJI: 

IIX m E y* II r=< 5, m, y >, 

Ily* E xmll r=< 6, yJh >, Ily* E z*11 r=< 7, y, z >, 

Il'soll r=< 2, II'PII >, II'P & 1P11 r=< 3, II'PII , II1PII >, H3xm 'Pil ~< 4, m, lIipil > . 

BbIIIOHHlI:rvrOCTb cpop:rvrYJI 5.l3bIKa LZM Ha :rvrHO)KeCTBe 1\1 IIpII ou:eHKe CBO

60.n;HblX nepeMeHHhlx j, rne j E Afw
, BhIpa3H:rvra B TeopIIII UepMe.rro npH 

nOMOIIl,lI CPOPMYHhI, KOTOpa5I o6nauaeT p5I,ll;OM o-qeHh CHHhHhIX II eCTeCTDeH

HhIX cBoikTB, IIO,lJ,TBep2KUCHHCM "tIero :rvrhI 3aH:rvre:rvrC5.l. 

Ilo.TIo2KHM: 

Eval(j, x, M) ..- Vy([ Vv, w(j E A1w ~ 

((VEw&wEw&j(v)Ej(w) :::} <j,l,v,w>EY)&
 
(VEW&lUEA1&j(v)Ew::::> <r5,v,w>Ey)&
 
(VEl\1&WEw&vEj(w)::::> <j,6,v,W>Ey)&
 

(v E M & w E M & v E w :::} < j, 7, v, w >E y) & 
(v E Y & < j, v >tJ. y ~ < j, 2, v >E y) & 

« I,v >E y& < 1,'1.1) >E y) ::::> < j,3,v,w >E y)& 
(Vh E MW) (v E W & (j = h) Iw\{v} => « h, w >E Y => 

< 1,4,v,w >E y)))} 
:=:> :r E y). 

CMhICH onpe.n;eneHIUI rrpe,lJ,l.:IKaTa Eval COCTOHT B TOIVI, 'ITO MHO)KeCTBO 

nap -< j,.r >-, TaKIIX "tITO IIpll ou:eHKe CBo6oUHhIX nepeMeHHbIX j "cpop

:rvryna" C KO,lJ,OM :r BbIIIOnH5.leTC51 B CTpyKType (kl, E), MO)KHO OIIpeneJIIITb 

KaK HaIIMeHhillee cpenH MHO.JKeCTD, ynOBJIeTBOp51IOIIl,lIX BceM Tpe6oBaHH5IM 

K BbInOJIHHMOCTH. 
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IIpellJiIKaT Eval MOlKHO BBeCTIi 60rree KOHCTpyKTlIBHO. llrr.Sl3Toro CHaqa

JIa 3anallRM Ha Codu HaTypaJThH03Ha'tffiyIO epyHKUHIO "rrorlfleCKOH crrO)K

ROCTH" , nOJIaraH: 

l« 1,v,w » = l« 5,v,w » = 1« 6,v,w » = 1« 7,v,w » = 0, 

l« 2,w » = 1« 4,v,w » = l(w)ffiI, 1« 3,v,w » = max(l(v),l(w))EBI, 

a 3aTeM onpellerrlIM epyHKUIIIO FM : CodM --+ Exp(1v['"'-·) (3Ha-qeHIIc FM(x) -
:MHO:IKeCTBO On;eHOK cBo6o,UHhIX nepeMeHHhlX, rrpli KOTOphIX x "l'ICTl'IHHO" B 

M) C nOM0IIl.bIO npaBRrr: 

1) npR 1(x) = 0 

FM « 1,v,w » ~ {flf(v) E f('lo)}, FM« 5,v,w » ~ {flf(v) E tv}, 

FM « 6,v,w » ~ {flv E few)}, FM « 7,v,w » ~ {/lv E w}, 

2) II narree peKypcHeft BnOrrb W orrpe)l;errHeM Ha MHO.JKeCTBaX {x 11(x) = 
n}, n> 0: 

M WFM ( < 2, v » ~ \ FM(v), FM « 3, v, W » ~ FM(v) nFM(w), 

FM( < 4, v, tv » ~ {f 13h(h E M W & (I = h)\w\{v} & h E FM(w))}. 

TIpe.ZJ;noX{eHue 1 B meopuu aep.MeJl,o 6e3 a?f,CUOM, 6bz6opa U pe2YJl,lIpito
emu oO?f,aayeMbl C,/l,eoY1O'UltUe ym6 ep;)ICOeUUll.· 

Eval(/, x, lvl) ¢} I E FM(x), (1) 

U, 6 'I.lacmuocmu, 

Eval(f,x,M) ===} f E M W &x E COdMi 

< 1,v,w >E CodM =} V E w&w E w, < 5,v,w >E CodM ::::} v E w&w EM, 

< 6,v,w >E CodM =} v EM &w E w, < 7,v,w >E CodM => vE M &w EM, 

< 2, v >E CodM =} v E CodM , < 3, v, w >E CodM =} v E CodM &w E CodM , 

< 4,v,w >E CodM => v E w&w E CodM . 

lloKa3aTeJIbCTBo. 113 onpc,UeJIeHIIH BIIUHO, "ITO Eval(/, x, 1'\11) BJIeqeT I E 

Alw 
II x E CodM , a TaK.JKe, qTO {x If E MW &x E CodA! & Eval(/, x, lVI)} ~ 

{-< I, x >- II E FM(x)}. 06paru:eHHe nocne,UHero BKJIIOqeHlIH TaK:JKC O"lJe

BHARO. 0 

.... 
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IIpe,nJIo}KeHue 2 ECJl'll j, h E Nlw 'u O1W c06naJa'lOm 'IW c606oJ'H,btx nepe

,M,e'H,H,btX (/jOp,M,yJtbl <p, rno Eval(j, llrpll ,~~1) {:} Eval(h, Ilrpl/ ,.1\1). 0 

TeopeMalI(JLJI6C.H1W20M:H.o;»cecm6aM.6CJI1W80j.j E ,1\1W 
, U Jt106bZX 

V, W 6 tneopuu Qep.MeJLO oe3 a'll.CUO.M, 6bloopa 'U pe2yJtJIp1WCmU OO'f;,a3YC.Mbl 

COOfflH,O'lUe'H:U.H: 

1) Eval(j, < 1, v, W >,!v!) {:} j(v) E j(w)&v E W::1 'w,
 

2) Eval(f, < 5, v, w >, M) {:} j(v)Ew&vEw&wEM,
 
3) Eval(j, < 6, v, W >, M) {:} VEj(w)&VEM&WEw,
 
4) Eval(j, < 7, V, to >, M) {:} V E w & V E ..'1 ::1 'W,
 

5) Eval(j, < 2, V >, 1'vl) {=} ,Eval(j,v,M)&v E CodM ,
 

6) Eval(j, < 3, V, W >, lVI) {:} Eval(j, V, M) & Eva1(j, w, M) & 11 E CodM ::1 w,
 
7) Eval(j, < 4, v, W >, M) {:} 3h(Eval(h, w, M) & (j = h)lw\{v}) &
 

v E w&w E CodJl,f; 

6 'l/,acmuocm'/.L OJLJI ifjop.M,yJt .H3blKa LZ!vI, f E !vfw 'U y, z E 1\1 'U,M,ee.u: 

1<p) Eval(j, Ilxm E xnll ,M) ~ j(rn) E j(n),
 
2<p) Eval(j, IIxm E y*11 ,M) -¢:::::> j(m) E y,
 

3<p) Eval(j, Ily* E xnll ,M) -¢:::::> Y E j(n),
 
4<p) Eval(j, /ly* E z*1I ,!vI) -<===:} y E z,
 

5<p) Eval(j, 1l'<pII, ]vl) -¢:::::> ,Eval(j, Ilrpll ,1111),
 
64» Eval(j, II<p& ~II ,M) -¢:::::> Eval(j, /I<p11 ,M) & Eva1(j, II~JII ,M),
 
7<p) Eval(j, 113xm 'Pll ,1111) {=} 3h(Eval(h, Il<p11 ,M) & (j = h) IW\{111})'
 

IIOKa3aTenbcTBo. CooTHomemnI 1)-7) HenOCpe.D,CTBeHHO BbITeKaIOT 1I3 

(1) II onpe,neJIeHlI7.I FM. CooTHOmeH:H7.I 1<p)-7<p) - -qaCTHhle crryqaII COOT

BeTcTByIOIIU!fX cooTHorneHHH 1)-7). 0 

TeopeMa 2 B meopuu I(ep.MeJto 6e3 a'll.CUO.M, 6bz6opa 'u pe2y.ll.HpnOcm'll OJL.H 

BCJI1W20 .M,Uo;»cecm6a lVI, 6CJI1W20 omo6pa;»ce'H:UJl j : W -l' AI, BCJl1WU (fiop

.M.yJlbZ rp JI3blKa LZM 'll JL'I06020 H.amypa.ltb'lw20 m OO'fl,a3ye.Mbl rJjOp,UyJlbl: 

Eval(j', II)VII ,jl) <¢=:} Eral(j, II :p(j(m)* / xm )" , 111), (2) 

Eval(j, 113xmrpll ,1"\;1) -¢:::::> 3z(z E NI & Eval(j, Ilcp(z*!xm)ll, lv!)). (3) 

)loKa3aTeJIbCTBO COOTHomeHlUI (2) rrpOBol(IITCSI 6ecxlITpoCTHOM IIH,nyK

unen no IIocTpoeHIIIO <pOpMyJIhI. IIJI7.I onpeneJIeHHOCTH 6epcM m = 1 II 

6YlleM npoBepSITh 3KBHBaJIeHTHOCTh 

Eval(f, 11911,1\1) {=} Eval(j, 119(f(1)* /:£1 )11, AI) 

d 
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c nOMOII,IhIO IfHIlYKIJ;lIIiI no nOCTpoemuo 'f'IiI COOTHomemIH 1ep)-7ep) TeopeMbI 

1. <t>opMyrrhI 6e3 cBo6oIlHhIX BxmKIleBHH Xl Be paCCMaTpHBaIOTCiL 

a) Eval(j,lIxl E X n II ,Al) ¢} Eval(j, II j(1)* E Xn II, AI) IIorryQaeTC5I II3 

3KBllBaJIeHTHOCTeH JIeBOH II IIpaBOH qaCTH .popMyJIe j(1) E j(n) DCJI(')l;

CTBHe 1ep) n: 3t:P); 
6) Eval(j, !lxn E XIII, M) ¢} Eval(j, \Ixn E j(1)*11 ,M), nOCKOJIbKY B CR

ny It:P) H 2p) o6e qaCTn: 3KmmaJIeHTHbI .popMYrre j(n) E j(1); 
B) Eval(j, Ilxl E y*lI ,M) {:::} Eval(j, IIj(1)* E y*\1 ,M) BhITeKaeT 1I3 2t:P) 

n: 4t:P); 
r) Eval(j, Ily* E xIII, M) ¢} Eval(j, Ily* E j(1)*11 ,M), CJIep:yeT n:3 3t:P) 

If 4t:P); 
.n) Eval(j, IJ'<p!l ,M) ¢} Eval(j, 1I''P(j(I)*Ixdll ,M) norryqaeTcH 1I3 

Eval(j, 11'P1I ,M) {:::} Eval(j, \I'P(j(I)* IXI)II ,M) l2I npIIMeHeIm5I K o6elIM qa

CT5IM 3Ton 3KBHBarreHTHOCTH COOTHomeHHH 5t:P); 
e) Eval(j, lIip&1/J11 ,M) ~ Eval(j, 11'P(j(1)*lxl)&~(j(1)*lxdll,M) rro-

rry"'IaeTCH no llHLlYKUHH C nOMOI1IbIO 6t:P); 
2K) Eval(j, 113:rm 'Pll ,M) {:::} Eval(j, 113xm 'P(j(1)* I Xl) II ,M), rp:e m i= 1, 

BhIBOLlllTC5I H3 7t:P) 1'1 rrepeCTaHOBO"'IHOCTH onepauHH nO,UCTaHOBKJiI BMeCTO 

Xl TepMa OTJIHqHOrO OT xm 1'1 HaBenmBaHH5I KBaHTopa 3xm . 

Terreph COBceM rrpOCTO LlOKa3aTh .popMyrry (3). llml 3Toro OTMeTHM, "'ITO 

npaBaH qaCTh COOTHOIIIeHHH 7t:P) (CM. TeopeMy 1) 3KBHBarreHTHa <popMyne 

3h(Eval(h, 11<p(h(m)*Ixm)11 ,M) & (j = h)lw\{m})' Terrepb, nocKonhKY j 1I h 
COBna.n;aIOT Ha cBo6oP:HhlX nepeMeHHhIX <pOpMyJIbI <p(h(m)*IXm), MhI M02KeM 

BMeCTO epyHKUHH h BOCnOnb30BaThCH JIUmb O.z:UilIM ee 3HaqeHIiIeM Z = h( iii). 
o 

TeopeMhI 1 II 2 rrOKa3hIBaIOT, "C!TO Ilml BC5IKOn .pOpMyJThI <p H3hlKa LZM 

C IIOMOIUbIO Eval(j, ll<pll ,M) npaBHJThHO xapaKTepIiI3yeTcH BbIllOJIHIIMOCTh 

Ha MHmKeCTBe .Ai IIpIf oueHKe CBo6oLlHhIX rrepeMeHHbIX j (CM., HanpHMep, 

[5]) . ..upyrHMH cnOBaMH, cnpaBeLlJIHBO CJIep:ylOI.IJ;ee yTBep2K,UeHIIe. 

TeopeMa 3 IIJtlf 6Clf'1W20 M, Jt'106oit {/jOpMyJtbZ <p(XI, X2, . .• ) lf3bZ'lW LZM U 

npO'U360JtbH,ofl j E lvIw 6 'meopu'u I(epM.eJLO 6e3 a'x:c'UOM. 6bZ6opa U pezyJtlfp

uocmu pa61WCU.lLb'H,bZ ym6ep:JICaeUUJl 

(Ai, E) t= y(j(1)* I Xl, j(2)* I X2, •.. ) [ 'UJ1,'U <pM) 'U Eval(j, II 'PII ,1\1).0 

Ta-x:uM. 06pa30.M meopu.Jl aep.Me.ao npedocma6.allem docrnarno'l.iUO CUJ1,b

uy'}(}" .Mcma.M.ame.M.amu-x:y~'aJtlf cmpy-x:mypbZ (111, E), c npOU.10 OJtb'HbZM, .MUO

JlCCCm60,M, .1vl. 
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3 npOTHBOpeQHBOCTh TeOp1111 UepMeJIO-<ppeHKeJHI 

3.1 CxeMa aKCHOM nO~CTaHOBKH 

AKCRoMa IIOnCTaHOBKlI lZ[JIlI 3aMeHh! [1]-[9] OCHOBaHa, KaK 1I aKCHOMa 

epYH.UHpOBaHIHl, Ha lZ[.n;e5IX :LvlnpHMaHoBa 11 n06aBJIeHa K TeOpnH: Uep~e.rro 

¢peHKeJIeM. OHa IlOJDKHa 6hIJIa 060CHOBaTh HeKOTophIe IIpIIe~IhI KOHCTpy

lIpOBaHHH, npUMeH:smmneC5I eme r.KaHTopoM, C,IJ;eJIaB, B ~aCTHOCT.lI, 3aKOH

HhIMIl IvIHorlle OIIpe.neJIeHIDI C IIOMOI.Il,hlO TpaHcep:i:Ilil1THOli peKypCI:UI. 

CxeMa aKCRoM IIO,IJ;CTaHOBKR - ceMeikTBO Y'H:U(jepcaJl,b'H,b~X 3a.M.M1WH;u'ii 

BceB03MQ)KHhIX epopMyrr BlI.ua: 

ZA.9 
Vp,y,x(<p(p,y) &cp(p,xjy) => Y = x) ===}
 

Vv3wVp, y(p E v &cp(p, y) =} YEw),
 

r.n:e <popMyJIa cp He co.uep2KI:IT BXO)K):(eHHH X. 

COnep2KaTeJIhHO 3Ta cxeMa aKCIIOM yTBep2K.n;aeT: eCJIR epopMyJIa OIIpe

.n:eJIHeT <PYHKIJ;UOHaJIbHYIO 3aBIICIIMOCTh II apryMeHT npo6craCT MH02KCCTBO, 

TO npn 3TOM 3Ha~eHHH <PYHKIJ;lIliI TaK2Ke COCTaBJI.sIIOT MHO)I{eCTBO. 3aMeTHM, 

~TO nOn06Horo po,Ua aKClIOMhI Heo6xo,UIIMhI JUlillh B Tex CJIy1:£aHX, Kor.n;a Mh! 

He M02KeM 3apaHee OrpaHlI1:£llTh MH02KeCTBOM 06rraCTh 3HacreHHH <pyHKUHH. 

IIplIDe,IleM Heo6xo,IlllMhIe. HaM 113BeCTHhle pe3YJIhTaTbI 0 TeopRlI UepMeJIO

<PpeHKe.rr.sI. 

Op.ulIHarr <pOH HellMaHa - T.e. TpaH3HTlIBHOC MRO)J(eCTBO, Bce 3JIeMeHThI 

KOToporo TPaH3IITRBHhI, CTporo BnOJIHe ynOp5I,IlOLIeH OTHomeHHeM 11 E 

" [2, 3, 5, 6, 8], n: BCHKoe BilOJIHe yrropZ.D,o-qeHHoe MHO)KCCTBO IIOp.s.r,IJ;KOBO 

fl30Mopqmo e.unHcTBeHHoMy Op.n;IIHaJIY. 

BBe.ueM 0603HaQeHHe: OT'd(a) ~ "a -- op,rumaJI". 

KyMyJIHTRBHa5I IIepapxr,uI ¢lOH HeHMaHa - 3TO TpaHCepllHHTHa51 I:IH.n;eKCIT-' 

pOBaHHa.H op.unHaJIaMH IIocne.uOBaTeJIhHOCTh MHO)KeCTB, 3a.uaBaeMa5I npa

BH.TlOM ([1]-[9]): 
Fa r= U{E.l:p(V3) j /} E ry}. 

CJIe,n:YIOLIJ;IIll BR)KHelIIIIflrr .uJI.sI HaIIIMX paccy)JCneHIIH pe3YJIhTaT - IIpIIH

UMn OTpa)KeHIUI l\1oHTerro-JIcBl'I [4, 5], KOTOphIH yno6Ho Cq:.OpMyJUlpOBaTh 

B crrellYIOmeM Bfl.n;e: 

JIJI,JI .tt'106020 AI U JI,'106020 cn'ltC1\;a (/jOp.M.yJl, <PI, ... ,'Yn 1J3bl1W LZA1 

VJV3a[Ord(a) &.:11 U ~V ~ l:. & ('If E (l:Xt') 
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« <PI (f(1)* / Xl, f(2)* / Xh· .. ) ¢} 'PI (f(l)* / Xl, f(2)* / X2, ...) Fa) & .... (4) 

UJtU, C UCnO.A.b306a1tUeM. 66edeuU020 6bl.w.e npedu1\,ama Eval (CM. TeopeMy 

(3)), 

C.A.ed06ame.A.bUO d./lJI /1,'106020 ua60pa d01\,a3yeMbLx 6 meopuu aepoMe.aO

tPpeU'/';,e.lUI nped.J/,o~euui1 <PI, ... ,i..pn .H3bHW LZ1\-J 6 3mou ;>ICe meopU'lt d01\,a
3yeMo npedJto;)ICeuue: 

3.2 lloKa3aTeJIbcTBo npoTHBOpeQUBOCTU 

TeopeMa 4. Teopu.lI Muo;»cecm6 aep.Me/1,o-Wpeu'K',e/1,J! 6e3 a'K',CUOMbl 6b1.60pa 

npomU60pe1lUBa. 

lloKa3aTenbcTBo. lIonycTlIIM, qTO paccMaTplmaeMaJl Teopnil (06bI"tlHO 

o603Ha-qaeMa5I ZF) HenpoTHBope"(uma. 

A. llo6aBnM K 5I3bIKy LZ !WHCTaHTy I Ii nOnOJIHHM aKCHoMaTIIKy ZF 
YTBepJK,IIeHHHMIiI: 

1) "I - -op)J.IIHa.rr", 

2) 'P"1, 

T,JJ;e 'P IIpo6eraeT CillICOK Bcex aKCIIOM ZF (T.e. TeoplIII UepMeJIO-<PpeHKerr5I 

6e3 aKClIOMhl BbI6opa). 
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COrJIaCHO (6) ,llnSI JIIo6oro KOneLJHOrO cnHCKa HOBhIX aKCIlOM cymecTByeT 

TaKon opllHHan a. l:J.TO B (VO" E) BbillOJIHeHhI Bce aKCnOMbI 3Toro CITHCKa.. 

T.e. a: MOJKeT Crry2K12tTb HHTepnpeTaII;lIen KOHCTaHTbI I, a IIOTOMy aKCBOMbI 

3Toro CIIl'ICKa He npOTHBope-qaT ZF. C.lLea0f3ame.ILMW U BC.H paCULUpenna.H 

meopu.H~ 0603na'l.Lae.AW.H aa.ILee ZF-I, ma'/l,JfCe nenpomUBope"I:UBa omnocu

me.ILbnO ZF. 
E. PaccMoTpflM npe,llIIKaT 

SI(y) ~Ord(y)&I E y&(Vj E (v;)W)
 

IEval(j(1)*, f(2)*, 1) ¢:} Eval(j, JlEval('?;l' X2, 1,.'1 )11 ' VlI)],
 

T.e. SI(y) 03HalIaeT, TITO v; OTpa)J(aeT <popMyny Eval(xl' X2, VI), II. ,UOKC1

)KeM CJIenyIOnnre ero CBoRcTBa. 

(A) 3y 81(y ). 
llJUI ,llOKa3aTeJlbCTBa BHOBb npIIMeH:lZIM, Ha 3TOT pa3 B TeopHII ZF-I, 

DplilH1Um OTpa)KeHIHI (5) K $opMyJIe Eval(xl, X2, VI). 
(E) Eemr y y.uOBJIeTBopsreT SI(y) II <p - aKCHOMa TeoplIII ZF-I, TO lL"M:CCT 

MeCTO yTBep2KueHHe: Eval(J, I!<pl! , Vy ), T.e. (Vt" E, I) F= <po 

lleiIcTBHTe.TIbHO, B03hMeM epyHKIUlIO 1, y KOTOpoiI 1(2) = 1I<p11 srBJIsreTcsr 

J(O,llOM HeKoTopon: aKClIOMhI <p TeoplIlI ZF. IlOCJIe.uOBaTeJIbHO IIMeeM: 

<p {:} Eval(1(1), 1(2), VI), nOCKOJIhKY (Vj, E) - Mo.n;eJIh Z1", 

Eval(j(I)*, 1(2)*, VI) {:} Eval(J, IIEval(Xl, X2, VI) II ,Vy), onpe.n;eJI. 81, 

Eval(j, lI Eval (J:l' X2, VI) II ,Vy)} ¢:} Eval(j, II Eval(j(1)*, j(2)*, Vi) II ,VI), (2), 

Eval(j, IIEval(j(I)*, f(2)*, VI )11 , VJ ) ¢:} Eval(j, I!<pl! ,Vy), no .n;OK. BhIrne, 

<p {:} Eval(f, 11<p1! , Vy). 

TaKID.tI 06pa30M B (Vy , E, 1) BhITIOJIH.sIeTC5.l: <p, T.e. B 3TOH CTpyKType IlMe

IOT MeCTO Bee aKCHOMhI ZF. LIOIIOJIHllTeJIhHbIe aKCIIOMbI Z1"-I cnpaBe.n;JIIIBhI 

B (1,.~, E, 1) no onpe,lleneHIHO I. 
(B) IlycTh J? min{y IS1(y)}. Torna, B ellJIY (B), CTpyKTypa (VI, E, I) 

MOneJIh TeoplIH ZF-I, B KOTOpOM llMCCT MeCTO .3y SI(y)~ qTO rrpOTHBO

peQIIT (A). 
Crr€.uoBaT€JIhHO TeopIHI ZF-I npOTIIBOpeqHBa, 11 BMeCT€ (' Herr npOTMBO

peTIllBC.t ZF. 0 
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113BecTRO TaJOKe, "lITO aKCHOMa peryJUlpHOCTliI He IIpHBHOClIT rrpOTlIBO

pe"IHH B ZF [5]. I103TOMY 

npomU60pe'ltU6a meop'UK .M,UOJICCCm6 !JepMe.ao-fJ>peu1\,eJUI 6e3 a'r;;cuo,M 

6bz6opa u pe2Y.ILlIpUOcmu. 

3aMe-qaHue 1.J1.1/,lI U36.ae'lleUUlI U3 npedJLOJfCe'H;U020 d01l.U3ame.abcm6a Te

Ope.MbZ 4 "1I6'fW20" nporn'U60pe'4,'U.1l 6 meop'u'u ZF cJzedoeu.ao 6hZ 'Ila'iirrL'U '1\,0

Ue'ltUbZU 1ia6op 1iedO'J);a3yeMbtX 6 meopuu I!ep.MeJto 'ltaCmUbtX c.ay'ltae6 a?C

CUOMbl nodcmaU06'J);'U! 'U3 nomop020 6 meop'u'u JfCe aep.MeJto 6bZ60dumClI 

npUU'l1tun ompaJfCeuu.1l dJLlI 3m020 ua6opa. 

3.3	 0 CHJIbHO He,nOCTHJKHMhlX BnOJIHe ynopJl,nOqeHH.H:X 6e3 aKCH

OMhI nO,llCTaHOBKH 

IloKaJKeM, ~TO B TeopIIH MH02KeCTB UepMeJIO 6e3 aKCIIOMhI BhI60pa CllJIb

Raj! ne.n:OCTHJKIIMOCTL MO!IllIOCTll BIIOJIHe yrropH.n:OqeHHOrO MH02KeCTBa He

JJ:onycTIIMa, IIOCKOJIhKY II3 Bee cne.n:yeT CORMeCTHOCTb C Teopnen UepMerro 

cxeMhI aKCliIOM IIO.n:CTaHOBKlI. 

Ilepeq>pa.11Ipy.sr 1I3BeCTHoe (1, 5, 6, 8] OIIpe.n:eJIeHlIe CKa2KeM, qTO BrrOJIHe 

ynopHLJ:o-qeHRoe MHO)KeCTBO (~, <) liIM€eT ClIJILRO (cTporo) He.n:ocTIDKHMhIH 

nop.sr.uKoBbIH TlIll, eCJIlI OHO HeCqeTRO, MOIIIHee MHO)KeCTBa-CTeneHII JlIo6oro 

CBoero co6CTBeHHoro HaqaJILHOrO OTpe3Ka IiI MOJIIHee 06'be)llIHeHHH JIIo6oro 

MeRee MOillJIOrO, ceMencTBa CBOH}[ co6CTBeHHbIX Ha'tJaJThHbIX OTpe3KOB. 

TeopeMa 5 C meopueil M:JlOJfCeCm6, aepMe.l/,O 6e3 a1\,CUO.M, 6b1,6opa u pe

ZYAKpuocmu UeC06.MeCrrmO cY'l.4eCm606auue ueC'4,emuozo 61W.I/,Ue ynoplIdo

'IJ,e'H,U020 .MUOJfCeCm6a CUJtb'H,O uedocmuJic1.i.M,OU M,01U..uocmu. 

lloKa3aTeJIbCTBo. TIYCTL (fl., <) - BilOJIHe yrrop5.[.llo~eHO II IIMeeT ClIJIbRO 

He,UocTIDKliIMLIH nopWKoBbIir TIIII. Tor.n:a ceMeIIcTBo !( ero OrpaHlIQeHHbIX 

cBepxy IIo.n;MHO)KeCTB liIMeeT Ty iKe MOIUHOCTb, qTO II K, IIOCKOJIhKY HBJUI

eTC£: 06'be.n;JiIHeHHeM MHO.JKeCTB IIO.n:MHO)J{PCTB co6CTBeHHhIX Ha'tJaJThRbIX OT

pe3KOB (K, <) MeHhmeJ2r qeM y K, MOIllHOCTII. 

BhI6epeM B3anMRO O.llH03HaQnOe oTo6pa1KeHRe I 1I3 fl. na ](, yp;OBJIeTBO

p.sIIomee yC'IOBIIID: l(m'in(K, <)) = 0, H: 6yueM CTPOlITb Mo.n;e:ru, TeopHH ZF 
(oTKyua H 6y.ueT CJIe.n:OBaTb yTBep)K.n:emle TeOpeMhI) C IIOMOIUbIO peKypnnI 

B.n:OJIh (fl., <), 3auaBas.r Ha Ka2K.nOM mare lVa: ~ ypoBeHb IIepapxIIII <pOR HeHM
ana II 6I:IHapHOe OTHomeHlIe Epsa - OrpaHIIQeHHe Ha ~Va KOHCTpyllpyeMoro 

OTHorneHII.sr rrpIIHa.n;JIe2KHOCTlI Eps. 
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Ha HY.rreBOM mare 6epeM lVo ~ {m'in(t£, <)} IT Epso F O. 
EcruI OTI":PbIThIR Ha-qaJIhHbIll: OTpe30K (K.,<) e KOHUOM 0' He HMeeT Han

60JIbmerO 3rreMeHTa, TO li ~ U{lVI3I,e < o:} II EP8o~ U{Epsj:) 1,8 < o:}.'o 

Ecnll lKe 3neMenTy a nenocpe,UcTBcHHO npc,UmecTByeT j3,. TO norraraeM: 

Wo F WI3 U l( {y I\fx(x E Y .=:?-< x, lViJ ~E Eps{3)}) 

Epso ~ EpsiJ U {-< x,y ~ Ix E l(y)&y E vVn \ WiJ}· 

B pe3yJIbTaTenOJIy'tIaeM (U{Wa 10' E t£},U{Epso Ia:E K}) - MOn;eJIb ZF. 
o 

4	 TeopHH MHO)KeCTB UepMeJIO C 60JIblliHMH Hepap

XIHIMH <pOH HeHMaHa 

06HapY2KeHHbIe TpynHOCTlI B TeopnH MHO)KeCTB He MoryT C"tJIlTaTh

CH AOCTaTOqEffiJMn AOBOAaMlI B rrOJIh3Y rrpOTHBOpeQHBOCTlI TeopHH ~1HO

2KeeTB UepMeJIO. TeM He MeRee B03HHKaIDT np06eJIhI B CJI02KHBilllIXCH no

ene C03,ZlaHIIH TeOp:mI UepMerro-ll>peHKeJDI 06JIaCTHX, r]le 06hl'IHO lICIIOJIh

30BaJIaCb cxeMa aKClIOM no.n:CTaHOBKIL ilpelK.n:E' Bcero, y Hac HeT ymmep

CaJIbHOH illKaJIbI TlIIIOB BIIOJIHe YIIopH,UOqeHHH ,llJIH nOCTpoeIIHH e IIOMO

IUhID TpaHc<pHHHTHOH peKypCIIlI. 3TO neCKOJIbKO 3aTpY,llHHeT ,llOKa3i:1TeJIb

CTBa, a TaJOKe 060CHOBaHlIe MeTO,UOB KOHCTPYKTHBHOCTH HJIH BhIHY)K.n:eHIIH 

[2, 4, 5, 6, 8]. 
3.n:ech MbI paCCMOTplIM ABa Bonpoca, CBH3aHHbIe C aKCHOMOR Bhl60pa 

H BTIOJIHe YTIopH.llOqeIrneM. CHaqaJIa MhI IIOJIyqHM 06IIIMM nplIeM IIpeBpa

rn;CHIHl KyMyJIHTHBHhlX lIepapXHn B onpe.n:€JIIIMhI€ peKypClI€n B,UOJIb BIIOJIH€ 

ynopS.l}lOqeHHbIX MHOlKeCTB, 'tJTO 06bI'tIHO .n;aeT L(OIIOJIHllTenhHhIe B03MOlKHO

CTII. 3aTeM o6Cy.rUIM eCTeCTBeHHbre YCIIJIeHlIH TeoplIH UepMeJIO Ii B03M02K

HOCTb nplIMeHeHII.SI B HOBbIX yCJIOBIUIX MeTo.ua KOHCTPYKTIIBHbIX MH02KeCTB 

renemI, 06paTIIB oeo6oe BHflMaHIIe Ha COBMeCTHOCTb aKCHOMbI BhI6opa. 

4.1 TpaHc<;llIlHIITHa.a: peKypcHJI 6e3 op,ZJ;HHaJIbHOD WKaJIhI 

O.uHU 113 eCTeCTBeHHhIX BorrpOCOB 3aKJnOQaeTC5I B cyrueCTBOBUHIIll BnOJI

He yrropSI,UOqeHHOrO MHO)KeCTBa .n;OCTaTOqHOrO lIJUI HC'lepIIbIBaIDmero pe

KyppeHTHoro orrpe,lleneHII5I KOHCTpyKUI:II:I, rrpe,llBapIITe;TbHO 3anaHHOll C IIO

IVIOIllbIO "rrpUMHTHBHoro" HaKOIIJICHIUr. llJu: HaIIIlIX naJIbHerUrHrx Hy1Kn, HO 
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TaK.lKe II C fionee o6men: TOqKII 3pem:I.SI Heo6xonnMO nOKa3aTI) 6e3 nOMOUftl 

U'K:CUO.M.bt 6bt6opa Cne.n:yIOnme ,llBa yTBepLK,UeHHSI. 

IIpe,llJIo)KeHue 3 JIuueuuo ynop.HaO'lJ,euuoe JA,Uo:»cecm60 (M,::;) c nau

MeUbU/,UM 3.JteM,eUmoM, 6no.Jtue ynopJIa01/,euo B moM, U mo.Jtb1W B mOM CAy

1/,ue, ec.n,u 6CJI1We e20 02paU'U1/,euuoe nOO.MUOJICeCm60 UMeem mo'lluy1O Bepx

mow zpa'Ub, 'U 6ClI'IW"U ue'ua'U60J1,b'UL'U'U 3J1,e.Me'Um 'U,M,eem nOClLeaOBam..eJLb. 

nOKa3aTeJIbCTBO. IIycTb :M:HO~(eCTBO (Al,~) nITOJIHe ynopHnOqeHO II ero 

no.n;MHO.lKeCTBO L orpamzrqeHO cBepxy, Tor.n;a naHMeHbIIIH:ll 3JIeMeHT ceMei

CTBa BepxHHX rpaHeli L - TOlffia5I BepXHSHI rpaHb L. 
11m! .n;OKa3aTeJIbCTBa o6paTHoro yTBep2KlleHJiISI paCCMOTpliIM HenycToe 

MH02KeCTBO K ~ M R ceMeHCTBO I ero HR2KHHX rpaneR. TO'tlliaSI BepXH.SIH 

rpaHb a MH02KeCTBa I 51BJIs.reTCSI HaHMeHbIIIliIM 3JIeMeHTOM K, nOCKOJIhKY B 

npoTllBHOM CJIy'£lae nocrrenOBaTeJIb a TalOKe 6y.n;eT Hl2DKHeiI rpaHbIO K. 0 

Te.opeMa 6 lIycmb (M,::;) - ynop.JIa01/,euuoe ,M,UOJICeCm60 c UaU.MeUb1.UU,M, 

31Le,M,eUmOM I, U 'Ilacm7J,'lJ,uoe omo6pa:>ICeuue f : M ~ M o6/l,aaaem OaUUM 

U3 C60ucm6: 1) ecJ1,U x :s; y U f(x),j(y) onpedeJ£cubt, mo j(x) :S fey) (j 
.Mouomouuo 603paCma1O'/lfee), .Ilu6o 2) eCJLU f(x) onpeaelteuo, rno x ::; f(x) 
(f yBeJtU1lUBa'IO'14ee). T02aa 1WU.MeUb1.Uee A cpedu noa.uUO'JICeCmB M, 'K:O

mopbze coaepJlCam I U 3a,M,'K:uymbl, omuocumeJtb1W omo6paJICeuu.JI f U 631I

mUJ[ 6ce003MO:>ICUbl,X mO'lJ,UbZX (3epx1iux 2paueu (3 (M,::;) mex C60UX nOa'l(.e

neu, y 1f,OrnOpbZX ma1f,06blC UMCWmCll., 6noJtue ynop.1ldo1/,euo omuowenueM 

:S . MUO'JICECm60 A ,M,O:>ICem 6b7:mb nocmpoe'no C nO.MOUfb1O mpaucffiuuum

noil pe'KYpcuu: 

A = {rna IQ' E A}, rn! ~ I, rna ~ sup{f(m'j3) Ij3 < O'}, 

8 amOM cJty'ltae rna = Q'. 

nOKa3aTeJIbCTBO. 1. CHa"tJarra paCCMOTpnM cny'tlaTI:, KOr.n;a B (M, S;) 
BCSIKa5I OrpaHR"tJeHHa.SI nellh lIMeeT TO"tJRyID BepXHIOIO rpaHb, 1iI f - BCIO.n;y 

onpenerr€HHOe MOHOTOHHO B03paCTaIOIUee oTo6pa2K€HIIe. B 3TIIX npenrro

JIOlKeHl::HIX A ~ {x Ix S; f(x)}, T.e. Ha A oTo6pa)KeHlle f TaK2K€ H yBeJIII

'tm:BaIOmee. 

llOKaLKeM JIlIHefmyIO ynopSInOqeHHOCTb (A,:::;) 1 H3 KOTOpOH B CIIJIY no

nOJIIIllTeJIbHblX npe.n;IIOJlO)1{elllIli H cor::raCHO IIpe.n;rr02KcHHH 3 6yneT CJIe.n;o

BaTL ero BnOJIHe yrropH.n;OqeHHOCTh. 
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0603HaqnM A - CeMe:HCTBO Bcex TaKIlX IIo.n:MHO.lKeCTB lVI, KOTOphIe co

LJ;ep)KaT I, 3aMKH,YThI OTHOCJITeJIbHO .n:eRcTBIH! f 1iI co.n:ep)KaT TO"G:Hhle Bepx

RIle rpa.BU B (J.11, ~) CBOUX OrpaHIIQeHHhIX no,Uuerreli. ITo yCJIOBJIIO TeopCMhI 

A=nA. 
MHO.1KeCTBO 

B ~ {xix E A&(Vy E A)('v'm E W)(y ~ rn(x) =* y 

cpaBHHM C JII06hIM 3JIeMeHTOM A)}, 
rLJ:e fO(x) = x R fm+l(x) = f(fm(x)), 06JIaLJ;aeT CBOE:CTBaM11: 

a) B mrneHHO yrrop5I,U0-qeHO, IIOCKOJIhKY B ~ A 11 X :s; jO(x), 
6) IE B, IIOCKOJThKY A ~ {fmc!) 1m E w}u{y IVm(fm(I) S y)} E A, 
B) eCJIII x E B TO f(x) E B, nOCKOJIhKY f(x) E A, II Y :S fm(f(x)) 

03HaQaeT, -qTO y ~ fm+l (x), 
r) ecmr y :S x, x E B II yEA, TO Y E B, IIOCKOJIbKY Z ~ fm(y) H 

MOHOTOHHOCTh f BJIeKyT 3a C06011 Z :S fm (X), 
LJ:) eCJIJiI S ~ B H S HMeeT 8Up(S), TO 8Up(S) E B; 

,UenCTBIITeJIhHO, 1) nOCKOJIhKY S - n;eIIh, 8Up(S) E A, 2) ecm! 8Up(S) Ma

)f(OpHpyeTcz 3JIeMeHTOM JZ[3 B, TO COrJIaCHO r) 3TOT 3JIeMeHT rrpHHa,UJIe2KHT 

B, 3) eCJUI 2Ke sup(S) = sup(B) i. B, TO 

A ~ BU{jm(sup(S)) 1m E w}U{y IVm(fm(sup(S)) ~ y)} E A, 

rLJ;e CJIaraeMbIe BbIlllICaHhI B IIopH,UI{e B03paCTaHlIH, no 3TO BJIe-qeT, -qTO Bce 

fm(sup(S)) CpaBHHMhI co BCeMlI 3JIeMeHTaMIl A, OTKy.na 8Up(S) E B, T.e. 

rrpOTlmope"G:ne. 

B c:arry IIII. 6), B) n .ll) HMeeT MeCTO A ~ B. Y"lll!fThIBaZ n. a), BhIBO.n:IiIM 

JIHHeHHOcTh A. 
2. IIycTh (M, :s;) rrpOH3BOJlhHO, a qaCnr-qHoe oT06pa1KeHlie f MOHOTOHHO 

B03pacTaIOmee JZ[JTII YBemPIHBaroru;ee. 

Orrpe.n:eJIHM Ha. Exp(M) rrpe06pa30BaHHe F : 
F(X) no.ay"taemcJI npucoedUUeUUe.M 1C X Bcex B03.M.OJICUbZX o6pa306 e20 

3.fl,C.M.eUrn06 om'uocumeJtb1W f u 6cex rnO'l./,UblX 6epxuux 2paueil 6 (1\1, S) 
nOd'l1teneU, U.M,e1O~UX rna1C06bze. 

IIoCKOJIhKY F lvlOHOTOHHO B03paCTaIOmee, a ({xl I E .r ~ AI}, <;;) - nOJ!

Hag pemeTKa, K HIIM MO.IKHO npHMeHIITh .n:OKa3aHI!YlO BbIIlle -qaCTb .uaHHoli 

TeOpeMhl. 3TO .uaeT HaM A * - HaHMeHhmee II3 nO,UMH02KeCTB Exp(1\l), KO

TopbIe co.uepJKaT {I} II 3aMKHyThI OTHOCIITeJIhHO F H 06'b€lIFIHeHlIR CBOl'IX 
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yllopMO"tleHHLIX BKJlIO'qeHlICM no.r:u:~eneiI, np.liPleM caMO A * BllOJIHe ynop5.[no

TICHO OTHOIIIeH12£eM llKJIIO"tleHII5.[. To, "tlTO RHTepecyIOlllee Hac A eCTh U A *, 
MOiKHO llOKa3aTh C nOMOII.lbIO peKypcnn no (A*, ~), IIOJIara5.[: Ao ~ {I}, 
A a ~ U{A{3 I j3 C Q'} n Ao,Efjl ~ A Q U{sup(Ao:)} , ecmr a npeneJICH, II 

Aaffi1 ~ Ao:U{!(sup(Aa ))}, eCllI 0' HenpenerreR. IIoCKOJIhKY F(UA*) E A*, 
TO YKa3aHHon pCKypcIIcn IICQepITbIBaeTC5.[ A. 0 

HaM nOHa.1lo6nThC5.[ crre.n:YIOIIIFllI crreUIIarrbHblM cJIyqan .a;OKa3aHHoro YTRCP

2K.n:eHll5.[. 

TeopeMa 7 IIycmb I E Exp(M) U f : Exp(M) -+ Exp(M) yJo6.1tem60pJI

10m YCJt06UJI.M: 1) 1 ~ f(l), 2) f M,01tomo1tuo 603paCma1O'I1J,.ee U.ltU Y8eJ1,U

-v,uaa1014ee omo6paJICeuue. Toeoa UaU,M,e1tb'w.ee U3 noJM,1tOJICeCm8 Exp(M), 

1WmOpbte coJepJICam 1, a rrta~JlCe 3a.M,~uymbl omUOCUme.fT,bUO npU.M,eueUUlI f 
'u o6'"beJuue1tu1l npOU380JtbUblX C80UX nOa4eneU, 6no.Jtue ynOp.1IaO-v,eUbl om

'1W'w.eUUe.M 6'X:.fT,'IO'l.leUU.1I. 0 

4.2	 Y CHJIeHHe TeopHH QepMeJlO oe3 aKCHOMhI BbIoopa r1ilIIOTe3a

Mil 0 KyMynJlTHBHOH HepapXHH <pOR HeHMaHa 

3neCb rrpemraraCTCSI IllKaJIa TcopnH MHO)KeCTB, eCTeCTBeHHO yCIIJIlI

BaIOIIUIX TeopllIO UepMCJIO, H npe.D.:OCTaBJIIDOIUaa: B03MOlKHOCTlZI nJISI Ma

TeMaTJrtIeCKOrO paCCMOTpCHlH£ BOnpOCOB COBMCCTHOCTH C IIOMOIIJ;bIO XOpO

rno .H3BeCTHhIX MeTo,uOB. OCHOBHMI nncH 3aKJU(}QaCTCSI B .norrymeRIIH cy

mecTBOBaHHSI nepapXIUI !pOR He:ftMaaa, npo,uOJI1KeHHOn BnOJIh nOCTaTOTIBO 

60JIbillOrO rrpenerrhHoro rrOpSI.D.:KOBOrO THna O. OTMeTlTh1, QTO 3TO BJIe-qeT 

cyrueCTBOBaIDIe op,UlmaJIa <pon HeRMaHa H30Mop~Roro o. 
3.n:eCh c03HaTeJIbHO He YTOQHHCTCH ljJopMaJIhlThIi1 IIpHRIlllII BUIIHChIBa

HUH Bcex B03M02KHbIX nOnOJIHllTeJ1bHhIX aKCllOM, IIOCKorrhKY IIOTeHllHarrh

Ha5I 5CCKOHetIHOCTh He .uonycKaeT TaKora OIII:rCaHHSI. O,UHaKO BeCbMa 60JIh

moe IIX ceMencTBo YKJIanhIBaeTC5.[ D CJIenyIOm:yIO CXCMy. 

IIycmb aBe (e,noJL1te 'Ko'H:~pernubLe) rPOpMyJtbl y(x) U 'I,NY, z) onpede.fT,JI'lOm 

'fW edmtCTlwe'H:nO.M .M,UOJICeCm6e (0), yd06.fT,em6op.J[1O~e.My(x), omuo·U.Leuue 

'lj.,(y ,z), .J[6.fT,.J[1O~eec.J[ GnO.fT,'Ue ynop.1Ioo<?ieuue.M. «); 
'ZA.I0 cy~ecm8yem rPY'U'K'l.fUJl V C 06JLaCmb1O onpede.fT,enuJI 0, o6JLa

da1O'I1J,.a.1I C60UCm6a.MU: 
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4.3	 nOKa3aTeJlbCTBO COBMeCTHOCTH aKCHOMbI BbI60pa C IIOMO~ 

mblO MeTo~a KOHcTpyKTHBHhIX MHO)l(eCTB re~eJH( 

AKCHOMa BhI6opa, ~a)Ke JI He 6y.n:y-q1f npIrQIIHOR o6Hapy2KeHHOrO B rrep

BOn 1:IaCTII pa60ThI rrpOTl!IBOpe'llI.sl, Tpan:aD;HOHHO ClfHTa.rraCh O~mIM H3 ca

MbIX Y5I3BHMhIX MeCT TeoplIH MH02KeCTB. Terreph, Korna H3BeCTHble MeTo.n:bI 

ee IICCJIe~OBaHDJIyTpaTIIJlII, crporo rOBOp5I, CBOIO nOKa3aTe;rhHOCTh, Tpe6y

IOTC.sI HeKOTophIe .n:orrOJIIDtTeJIhHbIe coo6pa2KemrSI .n:JISI H3yt:IemUI no.n:06Horo 

po,Lla BorrpocoB. 

OTMeTIIM, -.:rTO ZA.I0 MOlKeT .uaBaTh B Harne pacrrOp.sI2KeHlIe B03pacTaro

ru:ee ceMenCTBO TeopHH MH02KeCTB, "tITO II03BOJIHeT paCCMaTpl21Barb TeoplIlI 

C 60JIhIIIHMH n B Ka-qeCTBe "MeTaTeopHn" ,LlJI.sI TeoplIll C MeHbilllIMH lIC

papXIUIME:. Tenepb OHII MoryT HCrrOJIH.sITh .n:pyr .LlJIX ~pyra pOJIh, KOTOpa5I 

rrpe2K,Lle Ilopy-qaJIaCh TeOpID! EepHanca-Mopea no OTHomeHmo K TeoplIll 

[(epMeJIO-<PpeHKemr [4]. 3TO ~aeT B03MO:tKHOCTh ,llOCTaTO'lHO JlerKO onpaB

.n:aTh IrCIIOJIh30BaHHe TaKIIX, HaI1pHMep, MeTO,llOB TeopMH MH02KeCTB KaK 

KOHCTPYKTl21BHOCTh B CMhICJIe re,lleJl.s: HJlli BhIHY2K.LleHlIe K03Ha [2, 4, 5, 6, 8]. 
PaccMoTplIM Heo6xo,UHMoe "IIpe~HCJIOBne" K 060CHOBaHIDO .nOIIyCTllMO

CTR aKCllOMhI BbI60pa C nOMOIUhlO MeTo~a KOHcrpYKTliIBHhlX MHOJKeCTB. 

B cnyqae OpnllHaJIa 0:' 6Y,LleM 0603Ha'IaTh Z~ TCOpllIO B .SI3bIKe LZ C 

HeJIOrH"tIeCKIIMH aKClIOMa:MJiI ZA.O-ZA.5, ZA.7, ZA.8 TeopIIII UepMeJIO (T.e. 

6e3 aKCIlOMhI BbI6opa) II ZA.IO, rne rrepapXH.s: <poR HeIIMaHa rrpOCTHpaeTC.sI 

no ypOBH.sI 0:'. 

3a<pHKcIIpyeM neKoTophIII MaKCI2IMaJIhHhIM Op.ullHaJI 0, 0: E 0, no KOTO

poro 6yneT nOIIYCKaThC.sl rrpo.n:OJI2KeHlIe HepapXHIL 

IIycTh npe.ueJThHhIii opnmraJI Q TaKOB, -.:rTO HMeeT MeCTO W < a < n. 
Tor.na (V~, E) 6y.n:eM IIOHIIMaTh KaK Mo.neJIh TeopliIlI Z~. lIanee paccMaTpH

BaeM rrpeo6pa30BaHR.sI IIOnMO.LleJIH Teoplm Z~ B paMKaX TeopHH Z~, rne (3 
IIpeneneHHQ < fi < D. 

B PllivIKa.."'C Zp orrpeJ(emleM KOHcTpyKTHDHyIO lIepapXIIlO B Zcr KdK MHO

)KeCTBO: 

Gr:x ~ {:r 1:£ E Vr:x&Vy [0 E y&Vz(z E y::::} Dcf(z) E y)&
 

Vw(w ~ y::::} Uw E y) J => x E y},
 

rne Def(;r:) - IIOnOJIHeHlle MH02KeCTBa x ero onpC.LlenllMhIMH nO,llMHO)Ke

CTBaMH [2, 4, 5, 6, 8], IIOp02l(JJ,dlOIUee KOHcTpyKTMBHylO :aepapXIIIO B 06bI"tJ

HOR <POpMyJIlIpOBKC. 
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GOt BllOJIHe YllOpHJJ:OqeHO COrJIaCHO TeopeMe 7. B qacTHOCTII~ OHO CaMO 

MQ)IH~T crrYJKliITh 0p,UliIHaJThHOH mKaJIOH npR rrepeHoce Ha Ham c.rry-rraiI Bcex 

Heo6xo,UlIMhIX HaM II xopomo lI3BeCTHbIX CBOHCTB KOHCTpyKTllBHOCTH lID 

re.n;eJIIO~ ecmr .umI {3 E Ga MhI IIOJIO.JKHM L(3 ~ {x I x E j3}. OTMeTHM~ 

"'ITO nopsr,UKOBhIll TIDI Ga 50JThme Q - MaKCIIMaJIhHOrO paRra 3JIeMeHTOB 

CTpyKTypbI Vcr, E . 

TeopeMa 8 JJJ1,JI 6CJI1W20 npede.ltbU020 Opdu1ta.aa a, (2 > a > w~ cmpy1l:

mypa (Lal E) - .1tWde.ltb meopuu MUOJICeCm6, yaofMem6opJ[1O~a.JI 6ce.u a-x;c'u

OMa.u meopuu l1epMe.ao, a ma'KJlCe a1\.CUO.Me 'KoucrnpY1l,rnU6UOCmu ("6cJ[1l,Oe 

.M,UO'JICeCm60 1l,01tcmpY1l,mU61tO 6 CMbtCJ1,e redeJUI'J), u u.ue'lO'14a.H 'uepapxu'lO 

!PO'1/, HeiLAW1ta) npocrnupa'lO~Y1OCJ[ ao yp061t.H a. 

3aKJIIO't.IHTeJIbHhIe 3aMe't.laHHR 

1. llorryLIeHHbIe pe3YJIhTaTbl 06 aKCHOMe· IIO,llCTaHOBKlI CBII,UeTeJIhCTBy

IOTI LITO aKTyaJThna.H 5eCKOHe"tIHOCTb He MO.JKeT lIMeTh CTOJIb IIIJIIpOKOrO 

npHMeHenH.H, KaK npelllIOJIaraJIOCl> paHee. 

2. lIoKa3yeMocTb CJIJZ[illKOM CHJIhHOH 4>oPMhI rrplIHIJ;l1na OTpa2KenH.H 

.HBJI.ReTC11: , KaK n B epopMaJIl>HOH aplI4.1MeTllKe, npH3HaKoM lIpOTHBopeLIH

BOCTl'I. 

3. DPlI 05CY2K,llCHIDI BonpocoB HenpOTlIBOpeqrrBOCTI:l TeopHH MHO)KeCTB 

aKCHOMe 6 b~6opa y,UemmOCh aecpaBHeHBO 60JIhmee BHHMaHlIe -qeM aKClIOMe 

nodCma1f.06'KU. O,UHaKO C IIOMO:m;:bIO MeTO,UOB re.n;eJI.H y.n;aeTcsr nO,UTBep

.1llITl> OTHOCHTeJIbHYIO 6e30nacnoCTl> npHCOe,llIIHeHH.H CtKCJ2IOMhI BbI6opa, He 

npHMeH.H1I: cxeMbI aKClIOM nO,UCTaHOBKB. 

4. C TeopHeii UepMeJIO (.n:aLKe 6e3 aKCHOM:bI BbI6opa) OKa3hIBaeTC.H HCCO

BMecTHoH rrp06JIeMaTHKa 60JIbIDlIX BrronHe yrropH.n;OqeHHbIX MH02KeCTB. B 
QaCTHOCTlI, B Teop:mr UepMeJIO HCKJIIOqaeTC5I cymecTBOBaHHe T .H. U3Me

Pl'lMhIX Kap.nlIHarrOB [3, 6, 7, 8], II pemaIOTC5I JUI60 CHHMaIOTC5.[ HeKOTophIe 

BorrpOChI napTMUHOHHoro lIc'tJRCJIeHlIH (8, rJIaBa 3). 
5. B03MOJKHOCTb orrepMpOBaRHH C HeOrpaHHl:J€HO B03paCTaIOIUHM ceMen

CTBOM paCIIIlIpenm2I T€OpH.II UepMeno n03BOJUleT rrpRMeH.RTb TaKlle KOH

CTpy:raom. KaK BbIHY.JK.n:eHlIe KITH pa3JIl'r'lHbIe BapHaHTbI nOHHTH5l YJIhTpa

rrpOH3BeneHHSI Han 60JIhllllIMliI: 4>HJIbTpaMH [5) 7]. 
6. Bo MHorlIX cny-r:ramc MhI MOlKeM 6e3 IlOMOIIIII aKC1WMhI BhI60pa enn

Hooopa3Ho npeRpamaTh KyMy.rrsrTHBHhH' HepapXHU B orrpelle.1TIIMhI€ l' nOMO
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UU>IO TpaHC<pHHRTHOH peKypcRR, "'ITO MO.IKeT OKa3aTbCX IIO.ile3HhIM B HeKO

TOphIX MeTO.llaX, npe.llIIOnaraIOIUIIX OTpIluaHFIe nOJIHOn aKCIlOMbI BbI60pa 

[6, 8]. IIoMHMo Cncl(mplI"tIeCKR TeopeTlIKO-MHO)J(eCTBCHHbIX yTBep2KueHHH 

6e3 nOMODUI aKCIlOMhI BhI60pa .llOKa3hIBaeTCH, HanpnMep, cymecTBoBaHlIC 

KBa31IHHnbIIOTeHTHoro pa.uHKana (RnH pa.uIIKaJIa B3pa). 

ABTop O"tIeHb npIl3HaTeJIeH B.H.rpnrrnmy R ll.ILCKBOpUOBy, 3a KpIITII

Ky npe,ZlmeCTBOBaBmlIX BaplIaHTOB .lloKa3aTeJIbCTBa TcopeMbI 4. 
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