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1 JIeKIJ;U.SI I 

ITOJl5l, JIarpaH.i:KHaHbI, YpaBHemul )1,BH.lKeHH5I, 3aKOHbi coxpaHeHH5l, 
KHaHTOBaHHe 

COBpeMCHHaH TeopHH <PYH)1.aMeHTaJIbHbIX B3aHMO)1.eAcTBHA eCTb TeopHH KB8.HTOB8.H

HblX nOJIeA. rJlaSHhlM 06'bCKTOM KsaHToBoit TeopHH lIMa HBJlHeTCH KBaHTOBoe lIOJle. 

1.1 IloJIa 

Ilone HBJl5leTCH HaH60JIee cPYH)1.aMell'raJIbHoD. H YHHBepCaJIbHoit <popMoii MaTepHH H3BeCT

HOM B HaCT051ru;ee BpeM51, KOTopaH OlIHCblsaeT CHCTeMY c 6eCKOHeQHhIM "IHCJlOM CTerreHeii 

CBo60)l,bI. OHO UOHBlUleTC51 YiKe B KJlaCCH'IceKoti ¢H3HKe rrpH onHcaHHH )1.eACTBHSI )1.BYX 

HCTOqHHKOB na paCCTOHHHH (CM. PHc.I). Ih-3a Kone-cm:o'it CKOPOCTH rrepeAR'ia: B3aHMO)1.eH

CTBHH, orpaHHt{ellHoro CKOPOCThK> CBeTa, HCTOt{HHKH He ~lyBCTBYK>T APyr )J.pyra HeMe)1.

.acuno. Cy6C'raHll.Ha, HeCYlll.aH B3aHMO,IT,c'itt'TBHe Ha3bIBaeTCSI rrOJleM, Bse)J.eHHhlM MaHKJlOM 

<!>apa)l,CeM H XIX BeKe. 

PHC. 1· 

KBaHTOBoe none SIBJIHeTCSI CHHTe30M KJIaCCH '{eCKoro ::meKTpOMaf'HHTHoro nOJISI cDapa

:W51-MaKCBt\il.rra H nOJIR BepoHTHocTeit HepeJlHTHBHCTCKOA KBaHToBoR MexauHKH. KBaHTO

noe nOlIl? HBJIHeTCSI e)l,HHbIM ofYbeKToM, 3aMeHSIIOUJ;HM IIOJ1SI H t{acnUJ,bl B KJlaccHqeCKoit ¢H

'3HKC. 01l.HO IIQ..,1e )J.aHHOfO COPTa, SIBJlHHCb <PyuKu,HeH npocTpaHCTBeHHD-BpeMeUHoA TO"lKH 

.fw olIHtbmaCT Bee qaCTHlJ,bI ,llaHHOf'O copTa 80 BCeJleHHoH. 

KOHl~enu,HH KBaHTOBOf'O nO./HI n03BOJIHCT HaM onHCblBaTh CHCTeMb! C HecoxpaHHIOrn.HM

CH ~IHCJIOM '1aCTHI~ H nepexo)J.b1 O,llHHX qaCTHu, B ,llpyrHe- 8JIeMeHTapHbIM aKTOM B3aHMD

)],CRCTEHIH CTaHOBHTCH B3aHMOJl;citcTBHe HeCKOJIbKHX KBaHTOBbIX no..neH B npoCTpaUCTBeHHO

Bpe1-tCHUOn TOt{Ke, B TO 8peMH KaK 06b1'iHbIC KJlacCHqeCKHC lICHJlb{H OKa3bIBaIOTC~ BTOpaq

HbL\l ,,,<pq)eKTOt.,,f o6MeHa !1POMCa<yTO£IHbl~m no.rUIMH. 

\laTe:-.,mTI1'!('CKH nonE' 5!B.iUlf"J'(:~ np511'vlhIM 0606mcHHeM TO'iK!L B c • .'lyqae nOJlSI MLI HMceM 

O('CKOlf("lllYIO ~I liClIf.>C'pbII:lH,Y10 CHCTCM.V TO'-lel< e 6ecKoHeY:HbIM 'iUc.nOM CTcneHeH CBo60JI.bL 

http:CBo60JI.bL
http:nepexo)J.b1
http:HecoxpaHHIOrn.HM
http:HeCYlll.aH
http:Cy6C'raHll.Ha
http:B3aHMO)1.eH
http:JIeKIJ;U.SI
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1.2 JIarpaH)I{MaHbI 

B .J.a.1hIlCillllC;\1 ~lbl paCCMOTpHM TaK Ha3bIBaeMbIA JIarpaH)KeBbIH no,u:xo,u: B KBaHTOBO~ Te

OpHH OOJ151- 011 C'l'POHTCH B [JOJIHOH aHaJIOrHH C 06bI9HOH JlarpaH)KeBOH MexaUHKOH TO'lKH. 

ClaBHYIO pO.lb I1rpaeT JIarpaH)KeBa <!>YHKll.HSI L(t) , KOTOpa.H B ,ll,€HC'rBHTeJlbHOCTH .HB

.1HeTCH q)j'HKUlfeH JIJ1HaMH'IPCKHX nepeMeHHblX H eCTb CYMMa no BCeM TO'lKaM CHCTCMbI. B 
C./Iy<Iae TeopHH nOJT5! :ITa CYMMa 3aMCH.HeTC.H HHTerpaJTOM no npOCTpaHCTBY. COOTBeTCTBHe 

C I{.!TaCCH'lf'CKOA MexaUHKot-\: nOKa3aHO B Ta6JHHl,e L 

Ta6JTHI~a 1. 

TO'-lKa DOJIe 

x~ i=1,2, ... ,N cp(xl') 
N . 

L(t) = I: C(XZ) L(t) = J d3xC(x) 
i=1 space 

tz 
A = J L(t)dt A = I L(t)dt = J d4 xC(x) 

tl time space-time 

.LI.eHCTBl'le A TOf',ll,a C'raHOBHTC51 HHTerpaJTOM OT JlarpaHiKeBoil nJIOTHOCTH no BceMY 

opoC'rpaHCTBY-BpeMeHH. JIarpaH)KeBa nJIOTHOCTb, 06bI'UIO Ha3blBaCMa51 npOCTO JIarpaH

)KHaHOM, y,ll,OBJTeTBOp51eT c.rre,nylOll.I;HM Tpe60BaHH.HM: 

1) JIopeHll. (IIYaHKape) HHBapUaHTHOCTb. 9TO eCTb <pH3HgecKoe Tpe60BauHe HH

BapHaHTHOCTH ypaBHeHHH )J,BH)KeHH51, nOJIyqaeMbIX H3 JIarpaH)KHaHa (CM. UH)Ke yp. (1.1)), 
no OTHomcmHO K H3MeHeHHlO CHCTeMbI OTC'Ie-ra. 9'1'0 03Ha'IaeT, 'ITO JIarpaH)KHaH, 6y.n,y'IH 

CPYHKu,HeH nOJ1CH H HX npOH3BO)J,HbIX, He 3aBMCHT 5lBHbIM 06Pa30M 0'1' x: 

C(.1:) = C[cp(x), 8cp(x), ... j. 

,ITopeHu,-HHBapHaIITHOCTb 03Ha9aeT, 'ITO 

£'(x') = C[cp'(x'), 8cp'(x'), ... J = C[cp(x), 8cp(x), ...J = C(x), 

T.e. C(1:) eCTb CK3.Jl51P, B TO BpeM51 KaK nOJI51 MoryT npHHa,LVIe)K3.Tb K Pa3JIH9HbIM npe.n,

CTaI3.1eIlfl51M rpynnhI JIopeHu,a, HanpHMep, CIIHHOPHblM, BeKTopHblM H T.,u:. 

2) JIOIffiJlbHOCTb. 3To eCTb n OCTYJI aT, KOTOPhIH npClBep51eTC5I 3KcnepHMeHTaJIbHO. )1,0 

CHX nop ~lbJ He H~ICC:-'I CBH,ll.CTC~1bCTB OTKJ10Hemf51 OT JIOKa.,lbHOH KTIT..ilOKa.TIhHOCTb £(X) 
03Hay.aeT, <ITO OH CO-'I.epiKHT KOHe'IHOe Y.HCllO lJaCTHbIX npOH:mOll,HbIX 0'1' nOJ"leH. 

3) CooTBeTcTBHe C KJIaCCIPIeCKOH MexaHHKoH. YpasHeHM5I )J,BHiKeHH.H KJ"laCCWle

CKOH MexaHHK~f cO;J,ep)o{(aT BTopble npOH3BO)J,Hble ITO BpeMeUH. 3TO 03Hay.aeT, liTO .HarpaH

lliHaH .ll.O:DKCII 3aBHCCTb TOJlbKO OT nepBbIX npOH3BO,ll.HblX nOJICn, 'IT06bI HMCTh npaBHJIbHbIC 

ypasHemlH ,;lBlliKeHfI.H, T.C. 

C(x) = C[cp(:c), 8cp(.1;)]. 

4) YHHTapHocTb. 3To CCTb CBOA:CTBO S MaTpHlIbl, BhlTeKaIOll.I;ce M3 Tpe60naHH51 co

xpaHeHHH HOPMbl BeKTopa COCT051HM51. YHMTapHocTb 03Ha<laeT, liTO JTarpaH)KHaH .iI,OJ"l>KeH 

6blTb .ll.eliCTBwrt'.:1bHOH (~~pMHTOBOH) CPYHKUHel1, KOTOpa51 )1.aeT )1.eHCTBHTeJTbHbIP (3pMHTO

I:lbl) _~HHaMl1'IeCKlIe HIII3apHaHTbl, TrIna 2mcprHH, HMnY,JlbCa rIT.)l,. 

http:npHHa,LVIe)K3.Tb
http:Tpe60BaHH.HM


5 


CJ1e,lI,ye-r 3aMCTI1Tb, '-ITO JI8rpaHiKH8H OnpC,lI,e.lTeH HeO,lI,H03Ha1fHO. K HCMY MO)KHO .n;o6a

RHTb nOJHlylO npOH3Bo,a,HYIO npOiOBOJ1bHOA <PYHK.Uml 

61"3 H3MeHemw J\eHCTBHH, T.e. A' A, 11, ene)l,OI:~aTeJlbHO, ypasHemdt )l,SlDKeHH51. eTPOrO 

rOBOp.H, 31'0 cnpaBC)l,J111 BO, eC11H IIpeHe6pe'lb TOnOJlOrH'leCKH HeTpHBHMhHblMH BK11a,Il.aMH, 

HJl.YU~HMH IB rp8HHlJHblX yenoEl-IA. 3TO CBoliCTBO HHor/l.a HCnOJlb3yeTC.H )l,J1.H Toro, qTofibl 

RbIfipaTb J1arpaH>KH8H n H8H6oJIec Y)106HOM BH,lJ.e. 

1.3 YpaBHeHIUI,nBH)KeHHB 

YpaBHeHH.H )l,BH>KeHIHf MorYT 6hITb nOJlyqeHbI H3 Jl8J'paH>KH8H8 c nOMOIlJ,blO npUHIJ;una 

HaUMeHbmero ,1J,eiiCTBUst, KOTOPhIft YTBep)I(,ZJ.aeT, liTO BO BpeMSJ )J.BH)f(eHHSJ KJI8CCHlIeCKoA 

CHCTeMbI, AeAcTBHe B,IlOJlb nYTH )l,BH)J(eHHSJ npHHHMaeT H8HMeHblllce 3UaQCHHe, T.e. t5A = 
O. LJ,JJ.H Haxo*,a,eHHH COOTBeTCTBYIOUJ.HX ypaBueHHA, paCCMOTpHM BapHall,HIO nOllg O'ui(X) 
T8KYIO, '(TO JUi(X) 0 H8 rpaHHue. Tor,lJ.a ypaBHeHHe O'AfOui 0 npHBO,lJ.HT K ypaBUeHI1:IO 

AB(1)KeHH5I 9iJ..Aepa-JIa2pa7t.::HCa 

(1.1 ) 

YpaBHeHHe ,lJ.BH>KeHH5I. n03BOJUUOT HaM CKOHCTpYHpoeaTb )J.HHaMHlIeCKHC HtIBapH8HTbl, T.e. 

He 3atH1CBUJ.He OT BpeMeHH BeJUf'IHHbI, TaKHe KaK ::mepr:H5I., HMnyllbc, yrJIOBoa: MOMeHT, 33.pfl,lJ. 

If T.n. 

PaCCMOTpHM BapHaUHIO 5£. COOTceTCTBYIOIIJ,yIO npe06pa30BaHHIO nOllH ?Li ---+ Ui +O'ui c 

HeH3MCHHblM nOKa aprYMeHTOM x'" . ¥IMeeM 

OC 6C 
6£ = "£~O'ui + ~O'(at4ui)'

uU1 uVt4Ut 

11cnoJlb3YSl ypasHeHHSI )l,BH)KeHH5! ;IJlH nepsoro 'IlleHa H TOT <paK'I', 'ITO O'a/Ju1 

HaXO)l,HM 

PacCMOTPI-iM l'('lIepb rJI06a.:lbIIOC npco6pa30BaHIfe OU1 = io.aTt),IJ.J' f,l,e napaMeTpbl 0:'1 

('mud, a TO CYTb f('HE'paTOpbl npe06pa30BaHHH. TOf,n:3 

http:3atH1CBUJ.He
http:npHBO,lJ.HT
http:COOTBeTCTBYIOUJ.HX
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r:-..;e Tal:( j/-lQ eCTb 

. de a 
-tS:--fJ.TiJ Uj. (1.2) 

o p.u. 

ECJHI C HHBapHaHTeH, T.e. 6£ 0, TO HMeeM COXpaHHIO~HeCH 1'OKH 

Sep51 HHTerpaJI no BceMY npoC'rpaHCTBY, nOJIyqaeM 

ECJIH }aHCqe3aeT Ha npocTpaHcTBeHHoA 6ecKoHe'ttHOCTH, TOf,l1,a qJIeH C nOJIHoA npOH3BO,D,

HOH: HC'le3HeT H Mbl npHXO/l.HM K 

T.e. CiapH)l, 

(1.3) 

COXpamIeTCH 

o. (1.4) 

3TO eCTb TeopeMa Herep. 

1.5 TeopeMa He'rep 

ilYCTb ,n;eAC1'BHe HHBapHaHTHO OTHOCHTeJIbHO neKOTopbIX s-napaMeTpHqeCKHX npe06p~>o

BaHHI1 

r,J:e Wk, k :-:: 1,2, ... , s - napaMeTpbl, T'dK qTO t5A O. 
TOf,'J;a cyll~ecTByIOT S ,l\HIi3MHqeCKHX HHBa.pHaHTOB 

dCk =0 k=I,2, ... ,s,
dt ' 

(1.5) 

(1.6) 

npe;J,bl;-l,yll~I1H C.:1Y TI3i1 (yp.( 1.2)) cooTBeTcTByeT npe06pa30I3aH~IeM BHYTpeHHei% CHMM€TPI-H1, 

KOr,1.<l 

http:npHXO/l.HM
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1.5.1 TIpHMep 1: TpaHCJISlIl.HSI 

3;Wth T:: Ii Pv eCTb TeH30p 3HeprHM-HMfly.'1hCa H 'ieTblpeX-HMnYJlbC, COOTBeTCTBeI-IHO. 

(1.7) 

CoxpaHeHHe HMnYJIbCa pll(td PIl(t2,) CJIe.n.yCT H3 HHSapHaHTHOCTH JIarpaH)I{RaHa OTtIO

Cl1'reJIbHO TpaHCJIHIJ;HH C(x +w) =C(x). 

1.5.2 TIpHMep 2: JIopeHn;eBo Bp~eHlte 

3;WCb Ai(Po) 3aBMCHT OT cnHHa nOJUI. CoxpaHSlIO~aHC>I BMH'iHHa Tellepb - 31'0 nOJlHbl~ 
yr.l0BOH MOMeaT 

(1.8) 

llOCJle)J.HHH 'mea eCTh CnHH-TeH30p S·(pu). 

TIPOHJI.lIK)CTpHpyeM 3TH 06~He BbIpa)KeHHH na HeKOTopblX npoCTblX npHMepax. 

1.6 HJIJIIOCTpaqHSI 

1.6.1 npHMep 1: CKaJIHpHhle nOJIK 

.:larpaH>KHal!, 06JIa)J.alOlf1.HM BMilie rrepe'iHCJIeHHblMH CBoMcTBaMH, ,H,JIH )J.eRcTBHTeJIbHoro 

CKa.!H'IpHOrO nOJIH MMeeT BH)J. 

(1.9) 

ll(,PBLrA 'VleH 3~eCb t>CTb KHHeTH'ieCKa)l 3HeprH)l, a nOCJle)J.HH~ - MaCCOBblii 'iJleH, YpaBHe

Hlie ..lBHlKeHHH, (:ne,i~lO~ee H3 (1.9) eCTb XOPOlllO H3seCTHoe ypaBHeHlfe KJ1eiiHa-rOpJ\oHa 

(1.10) 

I',l,e \11>1 I1CrtO..lb:WBa..:UI ofio3HaLIeHHe 0 = __ 0'1 = + &;2. 

fioCTpOHl'vl Tenepb ,l.l,HHaMH'-leCKHe HHsapHaHThI (L 7): 

Til-V f)1l-!pov!p 91J./.I£, 


TO{):::-: H. ~[!p2 +(V<pf + rn2!p2J, 


p. J TOk d:t = J;p [)k :pd:i , 

http:nOCJle)J.HH
http:06JIa)J.alOlf1.HM
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I',W TO'lKa o:maqaeT npOMJ80ll.HYlO no t. 
l~Jl~ perneHlHI ypaBHeHHSi KJIeHHa-fop.n;OHa nOJle3HO nepeATH 8 HMnYJlbCHOe npe)J,CTaB

JIeHHe. COBepmaSl" <PYPhc-npe06pa30BaHHe, nOJly'-meM 

(L11) 

PerneHHe yp. (1.11) eCTb 

,p(k) J2;i8(k2 
- m 2)tp(k), 
~-

rAe tp(k) eeTE> npOH3BOJlbHaa <PYHKlI,Ha kp c ko ::;:: ±y k + m2 • .ll.Ba B03MO:?KHbIX 3HaKa 

KBa)J,paTHoro KOPH}} cooTseTcTsylOT )J,ByM JIHHeitHo He3aBHCHMhlM pemeHH>lM 

i.p(x) tp+(x) + tp~ (x) (1.12) 

TaKHM'ITO 

Eep>I UHTerpa.JI no ko , fl(uy'raeM 

(1.13) 

c nepeonpC)I,eJIeHHCM a±(Jt) == ,p±(k}j,.f'JJCo. Tenepb qeTblpex-HMnYJIbC npHHHMaeT BH,lI. 

(1.14) 

HXI1, eC.iIH BOCCT'aHOBHTb nepnOHatfaJlbHblA nOp>l)l.OK MHO)KHTeJIen, 

(1.15) 

..:+ 
Tenepb \10>1\:£10 )laTb HHTepnpCTaUHIO Ko::1q,q,HlI,HeHTaM a±( Ie). KaK CJleJI,yeT H3 yp. (1.15), 

~-t -:+ -:+ 
npOlBB{\lE'HUe a+ ( Ii )a- ( k ) HMeeT CMbICJI nJIOTHOCTH 'laCTItIJ, C HMnYJIhCOM k H ::meprHeH 

ko. Mbl YBH)IJIM, 'lTO nOCJle KBaHToSaHMa a±(k) CTaHYT oneparopal\.Hf PO.IK,LI,CHI'I}1 (YHH'lTO

)KeHHH)~ 11 HX npmnBe~eH!-H~ - OnepaTopOM 'lHcna 'laCTHlI, C ~aHHbrM HMnYJIbCOM. 

1.6.2 ITpHMep 2: BeKTopHble DOJl5J 

,'1arpamKIUlH (' Y'I£'Tml "1a:lle'1i;'l.HH5! Ha CTp. 4 MO)KeT 6bITb I3l>16pall n BHAe 

c = -~Fllv(x)FIlV(X) + ~~U,,(X)lPJ.(X), ( 1.16) 

CIl,f' ~'v(.T) == 8,.U,,(:r) OvUp.(x)(:r). 

http:oneparopal\.Hf
http:nOp>l)l.OK
http:UHTerpa.JI
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( 1.17) 

Ha3bIBaeTCH ypaBHeHHeM IIp0Ka. BbI'-IHCJUUI npOH3BO,1J,HYIO OT yp.(L17) no OTHOlIIeHHIO K 

al~ Mbl nOJIY'lHM YCJIOBHe 

8,.UfJ. =0, (1.18) 

KOTOpoe Ha3hlBaeTcrI YCJIOBHeM JIopeHIJ,a. TaKHM 06Pa30M, ypaBHeHHe I1pOKa 3KHHBaJIeHT

HO ypaBHeHHK) KJleJifla-fop,n.OHa C YCJIOBHeM JIopeHl.J,a. CJIe)I.OHa'reJIbHO, perneHH5! ypaBBt.'

HHSI (1.17) COBna.n,aIOT C pelIIeHHSlMH (1.12), (1.13). 

nJlIOC YCJlOBHC 

(1.19) 

(1.20) 

qeTbJpeX-HMnYJlbC M cOMB-HeKTop )I.JlSl )I.eAcrHHTeJlbHoro HeKTopHoro nOJlSl paSHb! (cp. 

yp.(1.14)) 

f dltk"[U:Cl!)U-,P.(7t)], 

ifdltk"CtJ+(it) x u- (It)], (1.21) 

r,n.e CTPeJlKa. 03HaQaeT TpeX-BeKTOp, a COHB-BeKTOp onpe,1J,eJleH KaK So. = Eo.bc Jd7s~. KaK 

CJle.n.yeT H3 yp. (1. 21) pl.I He SlBJlSleTCSI nonO)KHTeJlbHO onpe,n.eneBHhIM H3-3a CHrHaTYPbI 

npOCTpaHCTsa MHHKOBCKoro, B TO BpeM-H KaK oonO)KHTeJlbHafl onpC)I.E'JIeHHOCTb raMMJIb

TOHHalia (PO) SlBJI-HeTcrI He06xo)I.HMblM yCJlOBHeM YCToA'iHBOCTH KJlaCCli4eCKOH CMCTeMbl. 

O.;:J:HaKo, :-'1bl elUe He Hcno.'1b30BaJJH YCJlOBHe (1.18). I10)I.CTaBJl-H-H yp.(l.lS) B yp. (1.20), 
HaxO)I.MM 

-Up.Up. uu - :a(ltU)(7tU). 
3Ta cPopMa .n.OJDKHa 6blTb AHarOHaJIH30BaHa, 'l'TO MO)KHO C)I.eJIaTb nYTcM BBe.n.eUHfl JIOKaJIb

HO/% CHCTeMbl OTC'leTa 

(1.22) 

r)l,e BeKTopa nonSlpH3aU;HM UopMHpoBaHbI yCJlOBHeM 

http:HaxO)I.MM
http:yp.(l.lS
http:yp.(1.14
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KUTOPhlit Tt'ITf'Pb O'-l~IHf/l,BO ITOJlO)J{IITPJlbliO olTpf'AeneH. OARaKO, eCJIH paCCMOTpeTb IIpoeK

IU1l0 CflHH-!WKTOP H3 HanpaB.;]eHIH' Ii:-.mynbca, TO OH OKa3bIBaeTCH HeAHaroHa.JIhHhlM 

( 1.23) 

J'J,eJlaH HHTepnpeTall,HtO He CTOJlb np03pat.lHoH. )],.1151 ,D,HarOnam13aII,HH yp.(1.23) Bocnonb3Y

eMC5I. JIliHeHHOH llO,D,CTaHOBKOH 

Ii OKOHQaTenbHO nOJIY'iHM 

~ JdtkV 2]b~(t)b;;:(t) +b;;(t)b~(t)], 
n 

i[bt(t)b1Ct) - btO!)b2CIl)J. (1.24) 

Tenepb HHTepnpeTaII,HH CTaHOBHTCH HCHOlt HanpHMep, btbI eCTb fiJIocruOCTb '-IaCTHll, C 

HMnY"lbCOM It, 3HepI'HeH ko H npOCKll,HeH cmma +1. B ,D,eHCTBHTeJIbHOCTH, bt2 COOTBeT

cTByeT I.I.HpKyJIHPHOH nOJUIpH3ar.V1H, B TO BpeMS! KaK JIlomCHHoH. BBBA}' OTCYTCTBBSI 

'iJleHa bI bi} B yp.(1.24) OH COOTBeTCTBYeT HyncBoH npoeKD;BH cmma. TaKHM 06Pa30M Mbl 

3aKJllO<taeM, 'ITO BeKTopHoe none C lleHyneBoA MacCOH: OIIHCbIBaeT qaCTBD;bI C TpeMH B03

MO}KHhIMH npOeKI.I.HffMH COHHa paBHblMH +1,0, -1. 

1.6.3 IIpHMep 3: CnHHopHble nOJIg 

(1.25) 

H npHBO.J.HT K ypaDHeHHIO ,D,BH)KCHHH, KOTopoe eCTb ypaBHcHHe ,L(HPaKa 

u§ - m)1/J(x) = O. (1.26) 

aero COnpfI)KCHHe CTpOKOH ¢(x) = ljJ+(x)"l, rAe t/J+03ua'IaeT 3PMBToBoe conpSDKe H He. 

;lHHa~UrqeCKl1e HHBapHaHTbI 3J.~eCb T'dKlKe ).J.alOTCfI TCOpei\1OH: Hth'ep. TeH30p 3HepntU

m.wy.1bca. 3ap5l.)KeHHbIH TOK H TeH30p C[lHHa paBHbl, COOTBCTCTBeHHO 

l
TI"'(X) _f'!n,18f/'L'

2 l '"' , 

JI'(:£) t'''/v, (1.27) 

8 T(/<V) (:r) }w( ~r Tattv + aIlV"/)l;!. 

http:npHBO.J.HT
http:yp.(1.24
http:yp.(1.23
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In>i pCmcm1H ypalmeHHSl JJ-HpaKa nepeiiJ1,eM K HMnYJlbCHOMY npe)J,C'raBJI€HHIO. TaK}K€ 

r:a" Ii B 6<'HOHHO!ld (·.lY'-lae, cyll~eCTBYIOT ,ll,Ba perneHIHi 

(1.28) 

B CHCTeMe 1l0KOSl p 0 3TO npHBO.n;HT K 

1fJ;; (0) Cl blO + C'l.O'l.a, 


¢~(O) c363a + C40'lo' (1.29) 


3.!l.CCb n eCTb crmnopHwA HH)J,eKC, npo6eraIOIf(ldt 3Ha'-leHH5I aT 1 )1.0 4, a Oio eCTb CHMBO]l 

KpOH€Kepa. 

Cle)l.OBaTeJlbHO, cy~eCTBylOT ABa He3aBHCHMbIX peureHHH yp.(1.28), KOTopbIe HBJIH

IOTC5I ,ll;syM51 cnHHOSblMH c06CTBeHHbIMH COCTOSlRHHMH )J..Il5I ¢+ and 1jJ-. JJ-JUI nepexo,rr.a K 

npOl·DOOJIbIiOMY HMnYJIhCY CJIe.n;yeT conepurHTh npeo6pa:30BaHHe flopeHll.a B yp.(1.29). 

BBe~'l.eM napy TaKHX HOpMHpOBaHHbIX peureHHil ypaBliemf.H JJ-HpaKa (1.28): 

s 1,2; a 1,2,3,4 

c y<:.:IOlHtel\I IiOp~!HpOBKI1 

(1.30) 

rIO,l(TaBJISl5I .vp.(1.:30) 8 yp.(1.27), nOJIyt.faeM 

P" ~ I dpp" L:[a;+nt)a;Ot) a;-nt)atcV)]. (1.31) 
s 

http:yp.(1.27
http:BBe~'l.eM
http:yp.(1.29
http:yp.(1.28
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3il:>.ICTllM Ba:iKHOe OTJUPUle B 3HaKe 50 BTOPOM qJIenc no cpaBlIClUilO C 6030HHbIM CJly

'fat'i\1 (1. 1.1). I'aMHnbTOHRaH OKa3blBaeTCa He nOJI0)KHTeJIhIlO onpe~CJIe"HbIM. 'YT06bI H36e

:iKaTb :3Toro Tpe6yeTca npaBHJ1bHaa npou,e,u,ypa KBaHTOBaHHa (cDepMH-nHpaKa), o6cy:>K,D,a

eMMr "R:iKe. 

Jlrla HHTCpnpeTaWHi K03<P<tmll,HCHl'OB a;(p) nOJIe3UO TaKlKe paCCMCYrpeTb CIHtHOBble 

npOCKLnUf H onepaTopbI 3apa,ll,a: 

1 .+ _ *+ _ *_ + *_ ...2[a t a1 - a:t ~ + a1 a l - ~ a:i], 

Q / ,f;*1/Jd:t = / dp~)a:+a; + a:-a;]. (1.32) 
s 

Tcnepb HtlTepnpeTaUHH CTaHOBHTCH np03pa'lIWH, KaK B npe~bI,u,yLlJ,HX cny'faax. MbI 

BRAHM, 'uo nOlle nHpaKa OllHCbIBaeT 3apa)KCHHbIe lIaCTHll,bl C AByMH rrpOeKll,HHMH CUHHa 

paBHbIMH ±1/2. 

1.7 KnaHTonaHHe 

C.l1e,ll.YfOll~HH mar ~IamCH nporpaMMhI eCTh npou,e,u,ypa KBaHTOBaHHH, H60 MbI 3HaeM, '{TO 

Ha Ma.nbIX paCeToal-maX I1pHpo~a o6JIa~aeT KBaHTOBbIMH CBOHCTBaMH. KBaHTOBaHHe B Te

OpHH nOJI51 eCTb o606Il1,CHHe ::noD npoll,e,u,ypw B HepeJH£THDHCTCI(OH KBaHTOBoH MexaHHKe N 
'{aCTHu, npH N ~) 00. 

Ha'iHeM C paCCM()TpCHHH HaH60nee nonynapHoD MO~CJIH npHMo cBa3aHHoH co CB060k 

HOM '1'eOpHeH IIOJ!H, a HMeHHo, c rapMOHH'feCKoro OCIJ,HJIJIaTopa. 

1.7.1 npe,ll;CTaBJleHHe "lHCen 3anOJIHeHIUl ("BTOpHQHOrO"KBaHTOBaHHa) 

faMHRbToHHaH mpMOH!p-IeCKOrO OCl\HJIJIaTOpa, KOTOPbIH BXO,ll,HT B ypaBHeHHc IlIpe~HHre-

pa, H!VleeT BI1,.l, 

(1.33) 

rAe p 11 q CyTb I1MnYJlbC 11 KOOp,Il,HHa'I'a, COOTBeTC'tBeHHO. Pemaa ypaBHelme Ha cODcTBeuHoe 

3Ha'feHHC 

H1/Jn En'tPnJ 

Mbl HaxoAHM cneKTp En = hw(n + 1/2). Co6CTBeHHblC <PYHKll,HU caa3aHbI ~pyr C ~pyroM 
neACTBHeM HeKHX onepa:ropOB a+ H a 

a+t/Jn Vn + 11/1n+1, a1,t'n ,jTi:ljJU-h 

06bl'1HO mnhlBaK)T IlOBbIUlalOlllH:'\1 H nOHI1:iKalOlllHM onepaTopaMH, COOTB(;,TCTBeHHO, a if It 

j5 eYTb onepaTOpL[ Koop,J,HHaTbI H H~my.rrbca B HeKOTopOM npejl.CTaBneHHH. MOlfUro 1'a.K)Ke 

onpe,Il,e.1HTb 11 BaKYYMHoe cocToalUlel/Jo KaK mpo == O. 
OnepaTopbl a+ H a nO)~'IHHmOTt:H c,ile,u,yIOUl,etl anre6pe 

HO 
je = ii + 1, o't a = ii, [a, a+] 1, 

[a. a] = 0, [a+, a+] 0, (1.34) 
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f';.J.(' n'l:'n mjJ". ra:-'ULlbTOIlUaH MOiKHO BbIpa3HTb '1epe3 3TH OnepaTOpbl 

H ~(aa+ + a+a) = wen + 1/2). (1.35) 

B CUJIY 3KBH)l.HCT<UnHOCTH cneKTpa, Mhl MOiKeM Tenepb HHTepnpeTHpoBaTb onepaTopbI 

CJle)l.,YIOllI,HM 06pa30M: 

a+ - onepaTOp pOiK)l.emUI KBaH'ffi, 

a - onepaTOp YHH'lTOmeHHH KBaHTa, 

n - Ol1epaTOp 'U1CJIa KBaHTOB. 

C.rre,l1;OBaTeJTbHO, JH060e n-'{aCTl'P'lHOe COCTOSHHe MO>KeT 6bITb nOJIyqeHO )l.eitcTBMeM onepa-

TOpOR pO}[{,l1;eHHH Iia saKYYM 
(a+)n . 

'Ij)n = Ci Wo·
vn! 

B CJly'lae N OCI.I,UJIJISl'l'OPOB r'aMHJIbTOHHaH eCTb npOCTO cyMMa raMHJIhTOHHaHOB MH)l.HBM

AYaJIbHblX OCI.I,HJT.rrSTOPOB 

N N 

H L Hk = LWk(atak + 1/2)' (1.36) 
k=l k=! 

B TO BpeMS KaK a.nre6pa onepaTopOB I1pHHHMaeT SH)l, 

(1.37) 

TaKHM 06pa30M, npOH3BO.l1bHoe KBaHTOBoe COCTOSHHe MO>KeT OnHCbIBaTbCS TaK Ha3bIBae

MbIMH 'UiCJ1aMH 3anOJIHeRU51, T.e. 'lHCJlaMH, YKa3bIBalOm;HMH CKOJIbKO onepaTopOB po)i()~e

HUS )l.aHllOrO COPTa )l,efkTsYIOT na BaKYYM 

9'1'0 npe)l,CTaBJIeHHe Ha:3bIBaeTCSl npe,lI.CTaBJIenJfeM qllCJIa 3anOJIHeHJfH (HJIH 4:>OKoB

C«MM npe)l.C'raSJIeHMeM). 

ilOKa»ceM Tenepb, 'lTO (,KaJUlpHoe I1OJTe, y)l.OBJIeTDOpSlIOm;ee ypasHeHHIO KJleHHa- rop

...lORa, 3KBHI3aJ1€HTHO Ha60py OCI.I,HJlJI5ITOPOB (1.36). PaccMoTpHM 3-MepHoe <PYPbe npeo6

pa30BaHHe 

u(t,7) ::::: / dlt[eikr-a(t, k) + e-ikr-a*(t, It)]. 

TOl')l.a ypaBHeHHe KJleHHa-rOp)J,otla )l,aeT ypaBllcHHe )J,BH>KeHHSl )J,Jl51 a(t, 1) 
02 0 

a (t, Ii) + Wka(t, k) = 0, 

02 
L1<' 9(tCTOTa w~ = k +m2 . Ho 31'0 eCTb He 'ITO HHoe, KaK OCI~HJIJT5ITOpHOe ypaBReHHe. ECJ1H 

~Ihl Telleph nOMCC'fHM CHCTeMY B IIR~HK!l06'l}eMOM \/ = L3 c nepHO)J,H'leCKHMH rpaHH'lHhlMH 

n:.nOIHI}!)'W, Mbl nO:IY'HIM _lI1CKpeTHblt1 ua60p B03MOiKHbiX 3HaqeHHH HMnyJIbCa 

21r 21f 
{ I, 
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TaKI:fM oGpa30M, OOJIe, y.n,OB.lleTBOp5l1OlU,ee ypasHcmHO l0reitHa-fop,ll.OHa COOTBeTCTByeT Ha

GOpy OCUI1:I.1HTOpOB, nOMCqeHHbIX TpeM5I u,eJIbIMH '-I.HCJIaMU nl, n2, n:~. l1epeXO)l, K 6eCKOHe'f

HOMY Upe;l,C_1y L ~ 00 03HaQaeT, 'ITO Bce CYMMbI THna (1.36) CTaHOSaTC5I HHTerpaJIaMH, a 

onepaTopbl rrepeHopMHpYIOTC5I COfnaeHO rrpaSMnaM 

(L)3 (21r) 3--:-t-:+1 --:-t
27f Dkk' -t £5 (k - k ). an -t L a( k). 

KOMMYTa!~HOHHbIe COOTHOmeHH5I (1.37) npHHHMaIOT BH,LJ; 

(1.38) 

Cne)l,OBaTe.nbHO, KBaHTOBaHHe 03HaQaeT nepeXO,LJ; OT noneit u(x) K onepaTopaM u{x) 
.n,eticTBYIOlU,HM Ha SCKTOP COCTOB:HH5I 'Ij;. KOMMYTau,HoHHbIe COOTHomeHHa .n,JUI MB: onepa

TOPOB u(x} CJIe.n:yeT 113 COOTHomeHH:A)J,JIfl OnepaTopOB a+ H a (yp.(1.38)) H 6y.n:yT nOJIY'l(eHbI 

I-IH)f(C. 

1.7.2 KaHOHlfQeCKOe KBaHTOBaHlfe 

9Ta cxeMa KsaHTOBaHHH O'leHb eCTCCTSel'lHa C TO'lKH 3pemm KJIaccH'leCKott McxaHHKH B 

paMKax l'aMH.JIbTOHOBOii <PoPMYJIHpoSKH. B KaHOHH'IeCKOM <PoPMa..JIH3Me OCfIOBfIbIMH nepe

MeHHhlMH SIB.'HlIOTCH o606lU,cHHaH KOOp.n,HUa.Ta q H 0606meHHhlii HMnYJIhC P 

6£ . 8q 
p=--:-, q= &to 

8q 

raMMnbTOHOBbl ypasHeHHH )1.BH)KemUI )1.JIH HeKoTopoH )J,HHaMH'ICCKOH nepeMeHHott A(p, q) 
I1MelOT BH)l, 

~A(p:!ll = {A II} (1.39)
dt " 

r..:.t.e cKoGKa TIyaccoHa ecTb 

aa ab aa 8b
{a, b} (1.40)aq ap - (Jp8q' 

.:J.1H O('IJ,H.l"l5!TOpa 
1 

H = 2(p2 + w2q2), {q,p} 1, (1.41) 

TaK LJ.TO ypaBHeHf!e )l,BH)KeHHH eCTb 

q {q,H} = p, p= {p,H} --w2q. 

IIx peUlPIIHC :\1O)f(eT 6bITb Bblpa>Kl'HO B TepMlmax )1.HyX cl}YHKlJ)1H a(±)(i): 

q(t) 

http:KOOp.n,HUa.Ta
http:yp.(1.38
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LW ffO:~'1I1H>lIOTC~ ypaBliemUIM 

c: pemelil4€M 

a(:t) (t) a(±}(O)e±iwt. 

flo(",1€' I1.IlPHHtq:U1Kall,IHI a(+) a+, a{-) a, yp.(1.41} npHHHMaeT BH)l 

H {a,a+} = -i. (1.42) 

KaHOHH{IeCKOe KBaHTOBaHHe MO>KeT 6bITb Tenepb npOH3Be)1,eHO COrJIacHo CJle,lQ'IO~eMy 

IIOCTYJIaTY KaHOHH'leCKoro KBaHTOBaHIUI: 6ce OuWL.M:U"I,eCXue nepe.MeHH'We (q, p, a, a+ 1 H, 
u m.il.) Jt.6AR70mCJf. onepamopaMu, ileilcmeywtqUMU HU 60A'H..OeY70 !PYHxv,uw 'Ij; c tWMMymo.
t(UO'H..'H..'bI.MU COom'H..owe1-tUJtM.U nOAy"l,Ue.Mtl.MU noilcma1-tQ(.n~oil 

{a, b} classical -t {a, b}quantum -;-
1 

[a,b]. 
z 

TOI',ll,a ypaBHeHH~ )J..BH>KeHH~ ,n;JUI onepaTopa A (1.39) npHHHMaIOT BHA 

i~~ = [A,H], (1.43) 

npH'ICM KOMMYTaTophl paBHhl 

(q,pj = i, 1. 

1.7.3 PeJISITHBHCTCKrul cxeMa KBaHTOBaHru:r 

B JlarpaH>KeBOM nO)1,xo)1,e KBaHTOBaHHe MO)f(eT 6bITb npOH3Be)1,eHO nOJIHOCTbIO B JIOpeHll,

KosapHaHTHOM BH.,lI;e. IIocTYJlaT KBaHTOBaHU.SI B 3TOM CJly"tfae eCTb: Bee OuHaMU"-LeC'K:Ue 

nepeMe1-t1-t'bte 8b1.pa:HCUWmc.R. "I,epea nOAeeue onepamop'bl. Ui(X) meM OICe Ga.M'bt.M nymeM xa7\: u 
6 ":'/l.accu~,ectwu meopuu noJUi C y"l,emo.M nO.M.Mymat\uOH1-t'bl.X coomHoweHUU (onpeileAeH1-t'btX 
'HUJlCe). HanpHMep, )1.mi ClffiJUfpHOro nOJIS qeTbIpeX-HMnYJIbC ,n;aeTCfl <PopMYJIOil (1.14), £')1,e 

a±(k) CYTb onepaTopbl. 
-:?

lln5! TOf'O, "tfTo6hl HailTH <pH3H'{ecKHH CMbJCJI UOJIeBblX onepaTopoB u±(x) HJIH a±( k), 
paccMoTpHM TpaHc<poptlaUHOHHbIe cBotiCTBa 3THX onepaTopoB no.n. ,'l;eAcTBHcM rpynnbI 

TpaH(:"lHll.Hi1 

u'(.c) u(x - w) U-1(w)u(x)U(w). (1.44) 

3,'1,{'("b L"(w) ("PI'''"''' eCTh ouepaTOp TpaHCJlSUHH) Pp. 51BJIHeTCfl reHepaTopOM. l1lH:pHHHTe

JH~la:lbHa.~1 cPoP!\Ja ,vp,(1.44) eCTb 

= [u(x), PI-'J, (1.45) 

'ITO eCTb o606IU('IHi(' yp. (1.43), llJI5! WYPbe KOMfIOHeHT 3TO Be,n;eT K 

(1.46) 

http:vp,(1.44
http:KBaHTOBaHU.SI
http:nOAy"l,Ue.Mtl.MU
http:yp.(1.41
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PaCCMOTpliM COOl'TfH:'HHblR lWKTOP <Pp 

TOf)1,a In yp.(J .46) nOJlY'HiM 

CJle,lI,OBaTeJlbHO 

a±(K)<pp <Pp±k, 
--:-f 

TaKlfM 06Pa30M, MHTeprrpernIJ;H.H orrepaTOpa a±( k) OqeBH,lI,Ha: 
-:-t.~ 

a+ ( k ) eCTb orrepaTop pO)J(,lI,eHlf.H qaCTHu.hI C HMrrYJIbCOM k H MaeeoA m. 

a- (Jt) eCTb onepaTop YHM'JTO)f(eHHfI ~lacTHu.hI C HMnYJIbCOM It H MaCCOH m. 

AHaJIOfH'lHO, 

'u+(x) eeTb onepaTOp pO)J(,lI,eHH.H qaCTHu.bI MaCChi m B npOCTpaHCTI~eHHo--BpeMeHHOH 

TOqKe Xp 1 u-(x) eCTb OlIepaTOp YHH"ITOiKeHH.H qacTHU.hI MaCCbl mB npoCTpaHCTBeHHO

BpeMefrHOH TO'll(C Ill- • 

B CHJIY npHHu.HlIa Heorrpe.l1,CJICHHOCTH MbI 3HaeM JIH60 DOJIO)l(eHHC, JIH60 HMDYJIbC qaCTH[~bL 

BaKYYMHoe COCTO.HHHe onpe,lI,en.aeTC.H KaK 

Tor')l.a npOlBBOJlbHOe 8-'IaCTHtIHOe COCTO.HHHe eCTh 

(1.47) 

rAe Fs Ha.lblBaeTCH Bo.JIHOBOH <PYHKu.HeH CHCTeMbI ,<; 'JacTHIJ; B HMnYJlbCHOM npe.n.cTaBnefUiH. 

;lJlfl 1110601'0 COCTOHHI'HI MbI HMeeM CPOKoBcKoe npe,ll,CTaBJIeHHe 

1.7.4 THDbI KOMMYTaD,HOHHbIX cooTHorueHHH 

ITo.nY'UlM Tenepb KOMMYTau.HoHHble COOTHOllIeHHH Me)f()I.y onepaTOpaMH B KOOPAHHB."rHOM 

npe,Ll,CTaBJleHItIH. COrJIaCIiO 06rU.HM npaBHJlaM HMeeM 

( 1.48) 

r,l,p 'mat<: "=r" coo f!:l('T('TByeT 50'1€' H <Pep!>Bf CJlyqa5l'M, COOTBeTCTBeHIiO, 

..1.151 CKa':I$lplIhL\: nO.leA H:'I("e.\1 _vp,( 1.38) 

http:qacTHU.hI
http:qaCTHu.bI
http:lacTHu.hI
http:qaCTHu.hI
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r')],e Mbl BBeJIH 0603Ha<feHHe 

(1.49) 

Tenepb 

[u-(x), u+(y)] -iD-(x y), 

[u+(x), u-(y)] -iD+(x  V), (1.50) 

[u(x), u(y)] -iD(x  V), 

r.a.e 

__1_! ~ke-ik(x-Y)f(k )~(k2 _ m2)
{27TP 0 , 

I ko > 0, 
{ -1 ko<O. 

IIOJIyqeHHhIe KOMMYTaTopbI 06Jla,u.aIOT O<feHb Ba)KHbIM cBoiiCTBOM JIOKaJIbHOB KOM

MYTaTHBHocTH, a HMenno 

[u{x), u(y)] 0, (x - y)2 < 0, 

lITO OTpa)K3.€T npH<fHHHble cBoAcTBa nC3aBHCHMOCTH .JI.ByX. c06blTHA CBH3aHHblX npOCT

paHCTBeHHO-no!l.o6HO HHTepB8J10M. 

B CJIY<fae 3apn)KeHHhlX MaCOtBHbIX aeKTopHblX nom~ii KOMMYTaTOP HMeeT BH.D, 

(1.51) 

~:)TO npl1Bo.n.HT K 

rU~-(k\ u~Pt)] r5{T - -i/)[tSnm + ~], 
[Uo- (T), u;t(lt)] = -~6(k 7/). 

B Koop.n.JmaTHoM npocTpaHCTS€ HMCCM 

a2 


(glJ/,I + -·-~··)iD(x - y) (1.52) 


(' TOM "Ke Ca~tOH q)YHKltHP.H D(x - y). 
B CJ1YQaC cmmopHblx nOJ1CH C'JIc;ryer He Ja6bIBaTb np06JleMy C nOJlOJKHTeJlbHOH onpE'

,W:WNHOCThK) ·iHeprHH. Qp.Tblpe-I1MIIYJIbC B 3T01>.f e.lIyqae (yp.{1.31» HMeeT BM,ll, 

http:yp.{1.31
http:npl1Bo.n.HT
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TaK 'ITO Mbl BhltfY»K,J.eHbI Bhl6paTb aH'fHKOMMYTHll,HOUHhle COOTtIOWeHHSI BMeCTO KOMMYTa

ll,HOfIHblX 

(1.53) 

'-ITO npHBO.ll-HT K 'teTbIpeX-HMnYJIbCY 

pI.' = ~! dpp'" 'L)a:+(jt)a;(p) + a;nt)a:-(p)], (1.54) 
.$ 

Terrepb fIOJIOJ>KHTeJIbHO Ol1pe,n;eJIeHHOMY. AHTHKOMMY'l'aTOP (1.53) <J>epMH THna H rrpHBo,n;HT 

K CJIe,n;yIOllI,eMY aHTHKOMMYTaTOPY ,n;JIa cnHHopHblX oneparopoB B KOOp,!l,HmlTHOM npOCTpaH

(,Tse 
~ 1 

[1/J(X) ,1/J(y)] = -;S(x y), (1.55) 
z 

r,n;e 

S(x -- y) = (i8x +m)D(x y). 

1.7.5 HOpMaJIhHOe rrpoH3Be.n:eHBe 

3HaHHe KOMMYTaQHOHHblX cooTHorueHHit nOMoraeT HaM onpe)I.eJIHTh TaK Ha3J,IBaeMYIO flOP

MaJlbHYIO <P0PMY onepaTopOB, 'ITO 5IBJl5IeTCa rrOJIe3HhiM npH BbJ'·HiCJIeHHH MaTpH'tHbIX ::me

Mel-ITOB. 

HOPMaJIhHruI<popMa onepaTopa::rro TaKa.5I <PoPMa, Kor,n;a Bce onepaTophI PO}f{,I\CHH5I 

a+ CT05lT CJIeBa aT om~paTopOB YHH'lTOJ>KeHHJI U-. OHa 0603Ha'taeT(:SI ,!l,BoeTO'lHeM: : ... :. 

HanpHMep, npOi.f3Se.ll-eHHe ,n;BYX orrepaTopOB eCTb 

TOf,!.!,a 1l0PMa.l1bHOe npOH3Be,n;eHHe onpe.ll-emIeTCa KaK 

TaKHM 06Pa30M, 

u*(x)u(y) =: u*(x)u(y) : -iD-(x y). 

fJPH Bb['tHCJIemfIf MaTpH'tHbIX ::meMeIITOB S-MaTpHIJ,hl HMeeM 

<P~ ..... <Po = 0, 

Tal< qTO BKJIa.D- .lI-alOT TOJlbKO KOMMYTaTOPhI. 

06hl'lHO npHMeHHM CJIe,n;yIOllI,HH nOCTYJIaT: Bce ,!l,HHaMHqeCKHe rrepeMeHHble 3anHCblsa

IOTCSI B HOPM<LlbHOH <POPM€. HarrpHMep, 

*********** 
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2 JleKlJ;H5I II 

HenpepbIBHbIe CHMMeTpJ.HI, rJI06a.nbHble H JIOKaJIbHbie CUMMeTPHU, 

KaJIH6pOBot.{Hble llOJIH. 

TIepCH.J],eM Tenepb K KOIlCTpYHposaHHlO B3aHMo,n:eHCTSYK)ii:J,HX nOJIeH. HanpaBJI>IIOIqaH 

H,n:e51: <popMa B3aHMo,n:eHCTBHSI onpe,n:eJISleTCSI "pHH~HlIaMH CHMMeTpHH. J1arpalDKHaH 

CTPOHTCH TaK, 'fT06hl OH 6hIJl HHsapHaHTeH OTHOCHl'eJIbHO npeo6pa.30saHHSI nOJIeA: onpe,n:e

JIeHHblX rpynn CI1MMeTpUI1. 

2.1 HerrpephIBHble cHMMeTpHH. 

ITpeo6pa::!OBaH~HI MoryT 6bITb JlJiCKpeTHhIMH H HenpepWBHblMH. TIpHMepaMH ,lI;HCKpeTHbIX 

npeo6pa:30saHHH, HrpalOIqHX Ba)KHYK) pOJIb B <pH3HKC MoryT C.I1Y)KUTb 

P - OTpa)KCHHC npOCTpaHCTBCHHhlX KOOp.ll.HHaT ? -} -'.t: P<pC'.t, t) = <pC -?, t), 
T- OTpa)Kf'HHe BpeMeHHt -} -t : T<p(?, t) <p(Y. -t), 
C :1apSl)J.os(}-conpSl)KeHHe: C<p(x) = cp*(x). 

<l)YH.ll.aMeHTa..1bHbIM CBOA:CTBOM JIOKaJIbHOA: KTIT >lBJIHeTCSl CPT - HHBapHaHTHOCTb 

l1,n,e51 CHMMCTPHH >lBJISleTCSI SlBJISleTCSI BecbMa npHSJIeKaTCJlbHoH H HnOJIHe eC'reCTBeH

Hoii. .tVIb! C"I'a.1KHsaeMCSI C HeM nOBCIO)J,y S npHpo,n;e. qeJIOaeqeCKOe TeJIO, no KpaAHeA Mepe 

CHapY)KH, Jl€Bo-npaBO CHMMeTPH"U10. XopOWO H3BeCTHhIe CHe)KHHKH (PHc.2) HHsapHaHTHbI 

OTllOCH1'e.'lbHO i) OTpa)KeHHH B cc DJIOCKOCTH, ii) Spa.m:eHHA Ha yrOJI ~k, r,n;e k eCTb r~ejloe 

'fHCJIO. 

PHc.2 

EeJIH paCotOTpeTb !-.H1oroyrOJIbHHK (n-yrOJIbHl:U<), TO OH OKa)KeTOI flHsapnaHTHblM 01'

HOCH1'e.IlbHO Bparn;eHHH Ha yrOJI E:!:k . Kor.n.a n CTpeMHTCSl K 6eCKOHCtfHUCTH. Mbl nOJIY'laCM 

lWBapl1aBTHOCTh OTHOCl!TeJlbHO npOH3BO.i1bHOrO Bpall.l,eIIHSI, T.e. MbI npHxo.n.HM K Henpe

PhlBHOH Cll\1 ~l("rpm·I. wnhl saeMOH U (1) HHsapHaHTHOC'l'blO. 

http:npHxo.n.HM
http:CHMMeTpJ.HI
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2.2 rJI06aJIbHhIe CHMMeTpHH 

2.2.1 rJI06aJIbHaa U(l) cHMMeTpHK 

fpynna U(l} eCTb rpyrma Ixi MaTpHll. c e,[V'lHH'lHbIM .n.eTepMlmaHToM, T.e. nonpocTy $a

30BblX <i>al<TOpOB BH,.J,a eto. O'leBH,LI,HO, '-iTO 

eio ei /3 ei8eie. , 

TaK 'ITO rpynna a6CJ[eBa. I1peo6paJoBaime none" IIO,Ll, ,LI,eitcTBHeM rpynnbI BhlfJIR,LI,HT CJle

,n,yIOIll,HM 06pa30M 

(2.1) 

rAe a eCTb ,LI,eitcTBHTeJIbHblH napaMeTp, He3aBHCHMbrit OT x, a Q eCTb 3apRA noml rp, rene

paTop npeo6pa30BaHHH. 

JIarpaH.fKHaH 

£, = 8J-Ltp* f}l'tp m2 rp* rp ),(rp* rp)2 (2.2) 

O'leBH,lI,HO HHBapHaHTeH OTHOCHTeJIbHO rpynuhI U(l). OH co.n,ep)KHT TOJIbKO napr>.! rp*tp. 
HeTepoBcKHit TOK (1.2) npH :7TOM HMeeT BH,lI, (6rp = iatp) 

II = -i!.£tp + 't~q;* -i(fjll.rp*t.p - [jI>rpt.p*).
6fJp.tp 8fJ",rp* 

KOMnneKcHbIe non.)! cpo, i.p MoryT 6bITb 3anHCH.Hbl B TepMHHaX ,n.eAcTBHTeJIbHblX KOMIIOHeHT 

Tor,.!l.a JIarpaH.fKHaH (2.2) npIiHHMH.e-r BHA 

1 2 12m2 2 2) ), (2 2 2 
C 2(0" <;? I ) + 2(fJJ-Ltp2) - T(<PI + tp2 - 4' tpl + <P,J . (2.3) 

On HHBapHaHTeH OTHOCHTeJIbHO BpalI~eHHH 

<PI ..---t <p~ = COSO: <PI -sina rp2, 
fP2 -+ <p~ sina rpi + cos a rp2' 

COOTBeTCTSeHHO, 

0 +i)
( -i 0 . 

HeTepOBCKHA TOK B ':nOM c':1YQae eCTb 

/' = ..·iOP.i.p1 (ii.p2) iiY"<P2( -ii.pl) 8iJ.<Pll.P'}, - fJP'<P'1,(jh. (2.4) 

3aMeTHM, ~ITO HO.na '-PI 11 .p2 BblpO.tK)l.eHhI: mi :.:;;; m~ m2 . 9TO eCTb nmH'lHOe CJIe/l,CTBH€ 

CIfMMeTPIH1, XOTH If HE' ue06XOJl,IfMOe, KaK MbI yBI1)J,HM n03)Ke. 

11.pyrwM npI1l\'lepOl\1 KOBapl1aHTnOro JIarpaH.fKHaHa C'JIy.fKHT 

(2.5) 

BnOM ('J1Y'-iae TOK IB.W€T BU;J. 

http:iOP.i.p1
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2.2.2 fJlo6aJlbHaa 8U(2) cHMMeTplul 

rpyrma 8U(2) eCTb rpynna YHHTaPHbIX 2x2 MaTpHlJ, C e).l,HHH'IHbIM ,lI.CTepMHHaHToM 

(2.6) 

f..J,C rCHcpaTopLI T" (a. 1,2,3) CYTb T a = T2/2, TO. - MaTpHU;bI TIayJlK 

B eliJ1Y ueHyncBblx KOMMYTaTOPOS 

IAe tube ecTb nOJIHOCTbIO aHTHCKMMeTPK'IHhIH TeH30p, (;123 = 1, rpynna 8U(2) SIB.il.HeTC.H 

Hea6e.!1eBoi-t rpyrmofi. 

PaCCMOTpHM ,n.y6J1(IT 2. CK8JISIPfIbIX nOJIeH !.p (!.pI), r)J.e '{)i 2CYTb KOMnJIeKCHIlIe no
CP2 ' 

ml. ConpSDKCHHhle nOJISI eITh cP+ = (cp~, ipz). TorAa npeo6pa30SaHHe nOJleH nOA AeficTBHeM 

rpynnbI (2.6) KMCCT BHA 

!.pI U,{)= 
'{)H = '{)+U+ = 

3aMeTHM, <J'TO U+U = 1, T.e. T+ = T. 

JIarpaH/KHau HHsapHaHTHbIH OTHOCH'reJIbHO rpynnw SU(2) BblrJlSI,lI.KT Kat< (2.2) 


(2.7) 

jj.l(J. 

OnSITb CHMMeTpKSI npHBO,lJ,HT K Bblpo)KlI,eHHOCTH nMeU '{)i H '{)2. 9TO npOKCXO)J.HT TOJIb

KO eCJIH cyu~eC'rByeT e,ll.HHCTBeHHoe HeBblpO)K,ll.eHHOe HH3lUee 3HepreTH'IeCKOe COCT02'IHHe -

BaKYYM. B HalUeM CJlY'Iae !PI = '{)2 =o. 

2.2.3 rpynna 8U(N) 

Ee-rcC'meHHbIM o606llI,eHKeM rpynnbl SC(2) 5lDJIHeTCSI rpynna SU(N). OHa 'IaCTO ucnO."h

'lyeTol R cpwUlKe lJa('Tln~, H MbI pa,(T:>'1OTPHM >lACeb o6llI,lfe cBollcTBa 3TOH rpynnw. 

fpynna Su(N) eCTb rpynna NxN YHHTapllblX !\JaTPHIJ, C e,ll.HHH'IHbIM ,lI.eTepMHHaHToM: 

U E SU(N}, U+u = 1, det. U 1. 

QI1c.:IO rCliepaTopoB SU(N) (,CTb IUlC.!10 .LI.eHcTBHTPJlhHhlX napaMe'rpoB, xapaKTepH3YIOllI,HX 

06lUYIO St:(l\;) ~laTpHIIY. B 06lUP:\I CjlY'lae NxN MaTpHua HMeeT 2N2 .n,eHCTBHTejlbHhIX 

flapa:vl('TpOB. Y(:,noBI1f~ U+ U = 1 HaKJla.:.t,bIBaeT N'l OrpaHlf'IeHi-lH, a yc..1l0BHe det U 1 

http:npOKCXO)J.HT
http:BblrJlSI,lI.KT
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!lOOaB.lll1CT CUI,e O:lIlO orpaHHgemie. IifToro nOJIyqaeM N? 1 CBo6oJl.UbIX napaMeTpOB, 'iTO 

~1.aPT '-[M('AJIO reHcpa-ropOB rpymlhl SU(N). 061>1,-[HaH napaMeTpH3all,I1R HMe(~ BHA (2.6) 

N'l-l 

U =: exp{i L aaTIL] == exp(iaaTa ), (2.8) 
0.=1 

r;J,E:' Ta CYT!> reHepaTOpbI. Omf 06JIa,!l;al:OT cne,llYIOllJ,HMM cBoRcTBaMM: 

U- 1 U+: exp( -iaaTa) exp( _iaal'H) ::::} TO. = T+a, 
detU = 1: detU = expTrlnU = expTr(iclJ.TIl)::::} TrTG.:::: O. 

MaTpHIl,bl 1'6 npMHa,n.JIC>KaT K anre6pe JIM rpynnbI SU(N) C KOMMyTaTOPOM 

[TO., TlI] = i fo.bcTc , (2.9) 

rAe r bc (~IHCJIa) Ha3blBalOTCH CTPYKTypHblMM KOHCTaHTaMH rpynubl. O'leBH.l{HO, "ITO r bc 

aHTHCMMMeTpH,-[HbIM no HH,!l;eKcaM. Ha60p ,-[HCM roc nOJIHOCTbIO xapaKTepH3ym' rpynny. 

3aMCTHM, '-[1'0)1.0 CHX nop Mbl rOBOpHJIH 0 Ha60pe N 2 -1, NxN MaTpHlI, TO.. ORH H3BeCT

Hhl KaK rencpaTopbl rpynnhl SU(N) B q,yH,ll.aMeHTaJIbHOM npe)1,CTaBJIeHHH. O,II.HaKO, 

mo6oR Ha60p N 2 1 6eCCJIe,n,oBhlx 3PMHTOBbIX MaTpHlI" KOTOphln y,lJ,OBJleTBOp5leT 8.JTre6pe 

JIM (2.9) TaK)Ke npc,!l;CTaBJI5IeT rpynny. 

PaccMo'rpHM N KOMnJIe.KCHhIX nOJIeR !Pi (i = 1,2, ... , N) o6pa3yIOllJ,Hx BeKTop 

Ero SU(N) npe06pa30BaHHe eCTb 

;V lIoJH~A, npe06pa:3YfOUI,HeCH TaKHM 06Pa30M, Ha3blSafOTCH npe06pa3YfOllJ,HMHC5I no <PYH

,ll.aMeHTaJIbUOMY np€,ll.CTaBJI€UHIO rpymlhI SU(N), H 0603HaQalOTC5I KaK J:i. KOMnJleKCHO 

cOnp5l)({eHHOe nOJle !pi npeo6pa3yeTCfl KaK 

EelH C,ll,CJIarb TpaHcnOHHpOBaHHe, 'F.e. 3anHcaTb nOJIe r.pj KaK CTPOKY, nOJIy~IHM 3PMHTOBO 

COnpH)({eHHOe nOlle 

rrpe06pa3YlOllJ,eeCH l\oaK 

cp+i _~ r.p+il = cp+j(U+)j. 

:V nO:lei-f, 1I1.)(:'o6pa'YK)llI.HeCH TaKlfM nyTeM, Ha1blRalOTC5I npeoopa3yfOllJ,HMHC51 no conpR

.>KeHHoMY q,YH,lJ;aMeHTaJIhHoMY npe.n;cTaBJIellHIO rpymlhI SC(N) M Ofi03HaQal:OTC5I N., 
I\oMfiI1HHp.v51 q)YH,J.aMeHT"a.JlbHOe npe)J',CTaBJIenUe C ero cOllpmKeHHhlM, nOJIY,-[HM rrpSlMoe 

(T!'!I30Pfl(){') npoH'HlC',.'l.eHHe npe,.'l.cTaBJIemdl, KOTopoe eC'Tb NxN MaTpHIla 

+)J ' . ( !-j 1 rJ +k) 1 ~J +k(P ®,\ i 'P(X·J = !PiX NUjCPkX + NO' !Pk\ ' (2.10) 
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EC)IH IHHTb C:teJI. OT yp.{2.1 0) 
Tr(!.p®>;+) !.pkX+k 

Mbl Hafi.IJ.eM, 'ITO m'pSblH 'IJH'H eCTb 6eccne,n:OBaH MaTpHIl,a C N 2 
- 1 He3aBHCHMhlMH KOM-

Sf 1 ~j +k 
1 NUi!.pkX. 

ilOJIe3HO npe,neranHTb KaK MaTpHIl,hI M H S npe06pa3YIOTCH no,n ,neACTBHeM I'pynnhl 

SU(N). VIMeeM 

Ml-T (M'){ 

I1cnoJIb3YH cBo~kTBO YHHTapHocTH, ::ITO ,n:aeT 

M -T M' = UMU+, 


S -T S' S. (2.11) 


N 2 1 He3aBl1CHMbIX KOMIIOHeHT MaTpHIl,hI Ml Ha3hISaIOTC>I npe06pa3yIOII~HMHC>I no IIPH

coe~HHeHHoMy IIpe,n;CTaBJIeHHIO rpynuhl SU(N) H 0603Haqa1OTC>I KaK OCTaB

lIla.HC.H KOMnOHeHTa Sf HHBapHaHTHa OTHOCHTeJIhHO rpynnbI SU(N), OHa npe06pa3yeTC.H 

KaK CHHrJIeT 0603Ha'-laeMbIH KaK 1. 
TaKHM 06pa30M MbI npo,neMOHCTpHPOBaJIH 3aKOH ,neKOMn03HIl,HH, CnpaBe,n:JIHBblA )J)lH 

JII06otl: rpynnhl SU(N) 
!i.®ll= 63l 

3aMeTHM, '-ITO ecJHf Mbl H)~eHTH<pHqHpyeM fabC C 3JIeMeHTaMH N 2 1 x N 2 
- 1 MaTpHII.bl Tb 

TO MaTpHUbl Tb 6Yr'1,)T reHepaTopaMH rpynTIbl SU(N) B npHcoe,n:HHeHHOM npe,n:eraBJleH'l1H. 

2.3 .JIOKaJIbHbIe CHMMeTpHH H KaJIH6pOBOQHble nOJIS 

2.3.1 JIOKalIbHbJe cHMMeTpHH 

J10K8..t1bHbJe CHM!\leTpHI1 B TeopHIO noml 6blJIH BBe,n:eHbl 5IHI'OM H MHJ"lJICOM B 1954 roAY. 

OHii 3a;~yMa..."lHCb Ha,l TeM, '-ITO npOli30H,n:eT, eCJIH pa3pelllHTb .1l0KaJlbHble npeo6pa30BaHHH 

CHMMCTPI1H, T.e. ('>('.;111 napaMeTpbl rpynnhI CHMMeTpHH aa 3aBHCHT OT npOCTpaHCTBeHHO

BpeMeHHoi1 TO'tKM 

IIpeo6pa30naH it}! 

(2.12) 

http:MaTpHII.bl
http:Hafi.IJ.eM
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Ha:3blsaIOTCH KaJIHfipOBO"lHblMH npeofip8.30naHHRMU. 

3T01' Lllal' OKa.3bWaeTC$1 HeTpHBHaJIhHbIM. Ki'lHeTH'!ecKHH 'I.IIeH B Jlarpal-DKUaHe He HB

JIHeTCH 60Jlee HHBapi'laIITHbIM. 'l1.To6bI 31'0 YBHJI.CTb, paCCMOTpHM N-KOMI10HeHTlloe AHpa

KOSCKoe none 'l/J R ~YH)l.aMeHTa!lbHOM npe.n;CTaBJleHHH rpyuUb! SU(N). Ki'lHeTH'!ecKHI1 '!JleH 

Be,D,e'1' ce651 KaK 

fIOCJIe)l.Hee CJIaraeMOe - 3TO )l.06aBKa, KOTOpaJI .n.e.HaeT .lIarpamlmaH HeHHBapHaHTHbIM. 'llro

6bl H36e>KaTh ::noro, BBe,lI.eM T.H. KOnapHaHTHYro npOH3Bo.n;HYIO DIJ onpe.n;e.IIeHHYIO TaKHM 

06Pa.30M, 'fro6bI KHHe'I'HtfeCKHH 'IJleH CTaJI HHBapHaHTHbIM 

(2.13) 

Yp.(2.13) onpe.n;eJlHeT npe06pa30BaHHe D/J.: 

CJle,llOBaTeJlbHO 

(2.14) 

H.lIH 

(2.15) 

2.3.2 KaJIH6pOBOQHhle IIOJIH 

Bao,lI.S! Pa3HOCTb .n;Byx npOH3BO,lI.HbIX 

nO.aY'faeM C 110MOllI,bIO yp.(2.14), {2.15} 

D/J.)wl' = o/J.WI 
- UD/J.W Bs.Uw + Uall 1/J - UD/JW 

= U(8,. D/,)w + ojJU'if;. 

(ali Dp)'t/J' (U(8,. D,.)U+ + (a/J.U)u+]w, 

31'0 )J.aeT 3aKOH npeo6pa:moaHHH v~ 

(2.16) 

f1epBbIH 'i.leH B yp.(2.16) ''lTO XOPOlllO H313CCTHOe npHcoe)J.HHeHHoe npe,lI.CTaBJleHl1e (2.11). 
Om) ~1On<eT 6blTb pa.3JIO.Ii"eHU no reHepaTopaM v~ V;:T(}.. BTOpofl 'iJleu TaK>Ke MO>KeT 

6blTb pa3jIO)KeH no reHepaTopaM KaK C;Ta. 
TaKHM 06Pa.30M, MbI npHXO/l,HM II: N2 

- 1 KaTIH6pOBO'lHbIM nOJIHM V: npeo6p83YIO

II~Hl\!(:~ no npHCOe,Ll,HHeHHoMY npe,nC1'aBReHHfO rpynnhl SU(N). 

http:yp.(2.16
http:yp.(2.14
http:Yp.(2.13
http:BBe,lI.eM
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Tenepb ...10Ka.I1bHO HIl13apUa.HTHbIH JlarpaH)KliaH AJUI cPePMHOHOB B <PYH)J,aMeHT'dJlbHOM 

npe;:l,l"ralUCmU1 npl1HHMae'r (Hi;1, 

1PhIJ. Dp.tP - mln/) (2,17) 

1j)hP.8p.tP m1j)'ljJ - i;jj,J1.v~:Ta1j; 

Ii COAep:.>KMT B3aHMo,n:eiicTBlle, HaM He06xoAMM TaK:.>Ke KHHeTH'-recKHA 'lJIeH )J,JUI nOJIeA 

lIJll KOTOPhlA TO:.>Ke ).l,OJI:.>KeH 6bITb KaJIH6pOBO'lnO HRsapHaHTHhIM. QTo6h1 Ha~TH ero, pac

CMOTPHM KOMMYT'dTOP ,lJ,Byx KOBapHaHTHhlx npoH3Bo)J,HbIX 

lleAcTBY5I 1m HCKoTopoe 1l000C t/J, HMeeM 

[DJ., Dv]1fJ = DJl(DvtP) - Dv(Dpt/J) 
-(8J1.Vv 8vY~, - [VIJ.l Vv])tfJ -GJW'f/;. 

COfJlaCHO yp. (2.14) H (2.15) TeH30P HanpsDKeHHocTH GlJ.v npe06pa3yeTc.sI CJle)J.yIOu~HM 

06Pa30M 

Gp.v -t G~v = UGJ1VU+' 

TaKMM OOPa30M, KMHeTH'leCKHii 'lJIeH KosapHaHTHbrli OTHOCHTeJIbHO fpynm~1. SU(N) eCTh 

(2,18) 

l')l,e g eCTb ,{HCllO, BBe)J,eHHoe )J,JI5I: npaBHnhHoii Hopl'.mpOBKH (eM. HH:.>Ke). ItIHBapHaHTHOCTb 

Cguuge C'1e)J.yeT 113 cBoifcTSa MaTpHu.: 

PacCI'¥HnpHM TenepI> B3aHMO)J,eiicTBHe co CKaJISlpHblMH nOJI5I:MH. Peu.em cnc)J.yIOIlI,HA: 

1I0ACTIWOBKa KOSapHaHTHoi-t npOH3BO)J,HOil DIJ. BMeC'l'O 8J! B fJI06aJIbHO HHBapHallTHhIA lla

rpaU)K.HaI-I, HanpHMep, (2.7) 

(2.19) 

Yp. (2.19) O'WBMlI.HO KaJIH6pOBO~IHo-HHBapHaHTHo. 

3aMeTH~I, 'fTO TaK KaK VJ! = V:;TO, TO )KC crrpaSe)l,JUlBO H ,lJ,n51: TeH30pa GJ!v: 

GJlV 8p.VvaTa - 8",V;ra - V:V,;[Tb , Tel = 
= (8JlV: - 81/~~ - irbe~~,,~c)Ta = G~vTa. 

http:O'WBMlI.HO
http:npe06pa3yeTc.sI
http:1j)hP.8p.tP
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II '\Ibl Y'lclH Ofibl'-lHYID HOpMMpOBKy reHepaTOpOB B ¢ytl.D.aMeHTaJIhHOM npe.LI.CraSlleHHH 

Tr(To.Tb 
) = ~6Ilh. 

OKOH'laTellbHO••narpaH.limaH (2.17), (2.18) H (2.19) npuHHMaeT BHA: 

_.~Fa F/J.VU. 	 (2.20)
4 IW ' 

£Jermion ljj(i'Yl'oIJ. - m}tf; + glP'YJi. A:r;1/J, 
Lscnlar [(oJ.< igA:Ts}<lJj+[(lJI" + igAtlJ.4Ts)<I>] V(<I>+<I». 

i) E,ll,vlHa.H KOHCTaHTa CBH3H 9 , 

ii) 	 Hea6eJIeBbi KaJIHnpOBO'lHbIe TeopMM HMMHeitHhI, T.e. cO,ll,ep>KaT caMo.n.eticTBMe KaJIH6

POBO'lHhlX nOJIeti eCTeCTBeHHbIM 06Pa30M. 

iii) 	KaJI116pOBO'lHble nOJlH 6e3MaccoBbI, MacCOBbIH 'IJIeB HapyuIHJl 6bl KaJIH6pOBO'IHYIO 

HHBapHaHTHocTh. 

2.3.3 3aMe"IaHHe 0 KBaHTOBaHHH KaJIH6pOBO"IHbIX nOJIeii 

HMe.H .Tlar'paH)KHaH J<aJ1H6pOBO'iHbIX fIOJIeit, MbI MO>KeM npOKBaHTOBaTb ero COI"JlacHO 06

lllJ.fM fIpaBI'L'laM. O,n;HaKo, npHMoe KBaHTosaHHe CTaJIKHBaeTCH C HeKOTopbIMH np06JIeMaMH. 

QT06bJ YBH,ll,eTb ::HO, paCCMOTpHM KaHOHH'IeCKOe KsaUTOBaHHe. 0606m,eHHhTit KaHOI-IH'Ie

eKHn HMfIyJIbC B COOTBeTCTBHH C yp.(2.18) HMeeT BHA 

CJIC)J.OBaTCJlbHO Po Foh = O. B TO >Ke BpeM.H, Mbi XOTeJIH fibI coxpaHHTb 06b1'1Hble KOM

MYTaUHOIUJbIe COOTHOUleHHH [q, p] = 1. a'leSHAHo, MbI HMeeM npoTHSOpe'lHe. npH'IHHa B 

TOM, '-ITO JlarpaH:amaH (2.18) HBJIHe1'CH CHHrYJUlpHbIM, A~ He HMeeT KaHOHH'-IeCKH conpH

iKeHHOI'O HMnYJJbCa, 3'1'0 He eCTb }l;HUaMH'IecKaH nepCMeHHaH, a HBJlHeTC>1 CB5J3bIO H MOiKeT 

6bITb yCTpaHCH8. H3 ypaBHCHliA. 

PaCCMOTpH:'vI ypaBHeHHe ,ll,BH>KeHH.H )l.JlH KaJIH6pOBO'IHbIX noneif (A6ellen CJIY'Iaa:) 

(2.21) 

nPOH3BO)lH KaJIH6pOBO'IHOe npe06pa30B~HHeAj.t -7 A~ = AJ.4 + OJJ, Mbl BH,ll,HM, ttTO npo

!l.O:lbHaH '-IaCTb BeKTopHoro nOJUI oIJ.AJl == X(X) He HIIBapHanTlIa, no npe06pa3yeTca KaK 

11 l\!O.tKt'T 6blTb MCK:IK)QeHa Bbl6opOM 82 f -X. TaKoH Bhl60p Ka•.,H6poBKH opAl' x{x) 
a Ha3b1BaeTC5I K<klH6pOBKOH JlopeHlJ,a. 

Talon I Ofip(HO\I, Ka.1H6poIJO CIHOe no.ne MOiKCT 6hJTh pa:.I)l,eJleHO Ha ;~Be 'IaCTI1 

http:yp.(2.18
http:Tr(To.Tb
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f)"W c:P11'1t!'{(,CKIH' (,Tem'lm (,Ij060)J,bl accoUMRp0I3aHhi C rrOrrepC'IIIb!MH ~fOAaMI1, YJ1,OJUIeTBD-

PHlOUlH ~1H ypafUiPtHl!O 

(9p"EP - 8JlDII}A!~ O. (2.22) 

lh!¢¢cpcnUHaJlhHhlfl orrepaTop B yp.(2.22) KJ!v = 9IlJJ'i -. allOt, m~ HMeeT 06paTHOl'O, 

He06xo,1l,HMOrO .1..151 mlXOiK;~t'HIUf perneHHa. 3'1'0 ecTb ,.11,pyroR aCnCI<T TOR iKe np06JIeMhL 

3a).[eTR~f, 'ITO TaKOn npoo"leMhI Hf'T B olyqae MaCCHBBbIX BeKTopHblX rHmefi 6JlarO,.11,ap51 

:\laeCOBOMY lWClly. ~":p.(1.22) CHUt'YJIHpUO B npe,rr,eJIC m -4 0 . 
PerneHHC YK(l~>aHBoi1 npo6.:teMhl J1,OCTHraerca CJIe,lIyIO~HM nYTeM: Ime,rr,eM HapYlllalOl~Hii 

CHMMeTpHlO '-IlleH, <{T06bl CIIHTh RblpO)K.n,eHItIH JIarpaU)KHaUa 

(2.23) 

I').l.e Q eCTb ·UICJ10. Tor)la yp.(2.20) npHHHMaeT BH.L1, 

(2.24) 

OoILAJl::;: Ox =:; O. (2.25) 

Lb!¢¢epeHl\HaJIbHhIH onepaTOp B yp.(2.24} TenepI> eCTb 

I',rr,e 

ptr kpk" pi = k~L~ 
JlV !IJLt.' 7' IlV k2 

CyTh COOTBeTCI'BYIOUJ.He upoeKu,Ii.H. 06paTHhltl: onepaTOp 'l'Cnepb cy~ecTByeT 

1 tr d1 I 
pI.' k2Pf./.V + kiP~,K- 1 

:~TO 1103B0)1HC'1' HaM PClUHTb yp.(2.24}, HcnOJIb3ya <Pypbe-npco6pa:.mnamfC. )J)'faf'OUflJU13a

I~H5I Tenepb MO)f(t'T 6bITb AOCTHrHYTa nepeXO.Il.OM B JlOKaJIbHYlO CHCTeMY OTC'IeTa 

(2.26) 

e KOM.MYTau.HOHllhnUI rOOTIiOmeHURi\fi1 B BH)\e 

(2.27) 

On,1E'THM "H('npl:ilHL'lbJlbIll ll :.maK KOMMYTaTopa ).l.JI.H ao (HH,ll,e<pHHH'1'Hall Me'1'pHKa). O,LvraKO, 

6Jlar'O.'l.apH YCJIOBl1lO :1opeuu,a 

http:nepeXO.Il.OM
http:yp.(2.24
http:COOTBeTCI'BYIOUJ.He
http:yp.(2.24
http:yp.(2.20
http:yp.(2.22
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ajai = ataa-. 
D03TOMY -qe1'bIpeX-HMrTYJIbC co.n.ep)J(IH 1'OJIbKO BKJla.n. rTOrTepe'tHbIX KBaHTOB 

lIp f dtk" L a;(it)a;(it). (2.28) 

s=I,2 

~yp.(2.28), o <IeBH,lJ.HO, rTOJIO>KHTMbHO onpe.n.eJleHO. Yp.{2.27) npHBO,L\HT K CJIe,nyIOw.eMY 

KOM~yTa1'Opy HOJIeR B KOop)l,HHaTHOM npOCTpaHCTBe 

(d, = 1). (2.29) 

2.3.4 TIOJIg ,lQ'XOD 

CHTyaUHSl HBJlHeTCSl 60Jlee CJIO)J(HOi!: e Hea6eJleBOM c.rryqae. Yp.(2.25) 3AeCb HMee1' SHA 

DIl8,.,.XG == 0 (2.30) 

HJlH 

8;X¢ + grbCA~8JLXc O. 

CJle)l,OBaTelIbHo, Tenepb HeJlb3.H nOJlO)J(H1'b nOJle Xa O. OHO 6Y)l,eT BOCC03)l,aHO 'Iepe3 B3a

l-tMO,n,eitcTBHe C ,L\pyrHMH nOJ1.HMH. KOHe'tHO, MOiKHO HrHOpHpOSaTb X -nonSi B KOHe'1HbIX 

COCTOSlHlUIX. Ho KaK HCKJIIOqHTb He<p1!I3HqeCKHe BKJla,lJ.bl x-nOJleR B UeTnSlx? ShreraH'l'HbIit 

cnoc06 pemeHHSI ~noii np06J1eMbI 6bIJI npe)l,JlO)J(eH $8.MeeSbIM H nOrrOBbIM. OHH BHeJll! T.H• 

.n;yXOBble 1l0JUI .;-a, YAOBJIe1'BOpSlIOW;HC TOMY iKe caMOMY ypaBHeHHIO (2.30), HO 06JIa,lJ.aIO

U~He <I>epMH·C'raTHcTHKoit JTarpaRiKHalf ,LVISl rroJleii £,0. HMeeT BH,L\ 

[ghost = Dp..;-+afJP';-o.. (2.31) 

31'0 nOlle nOHBJlH€1'CSl TOJIbKO 8 neTJlHX. BJlarO,l].apSi <I>epMH-cTa1'HCTHKe, BKJIa,lJ. ,l1.yXOBbIX 

nOJle~ "MeeT .ll,orrOJlHHTeJlbHbIti 3HaK "_"s Ka)J(,IJ;OH ne1'ne H COKpaW;ae-r B1UIa,lJ. x-nOJIeH, 

BOCCT"aHaBJIHBaH YH.wrapHOC1'b B <pH3H'leCKOM rrO)l.npOCTpaHCTBe. 

2.3.5 BPCT JlHBapHaJiTHOC1'b 

MO)J(HO 33,L\a'l'bCSl BonpocoM: qTO npOHCXO,IJ;HT C lre.T1H6poBO':{Hoti HHBapHaHTHOC'IblO noCJIc 

Bcex 3THX l1epTyp6I!.~Hti? K CqaCTblO, OTBeT CJIeAYIOl1{HH: aMIIJ1HTY,IJ;bI Bcex <pH3HqeCKHX 

npo~eccoB OCTd.IOTCH HHBapHaHTHbIMH. KpaTqaRmHit rrYTh rrpO,IJ;eMOHCTpHpOBaTb 3TO eCTb 

1'. H. BpeT-HHBapHaHTHOCTh. OKa3bIBaeTC}I, 'ITO nOJIHblti JIarpaH)I(HaH 

[ :::: [gauge + Lgauge- fixing + Lghoaf (2.32) 

I1HBapHaHTf'H OTHOCHTe.'IhHO BPCT npe06pa.30BaHHH 

0..1: = ).+Dp.£'u, 6';-+0 = -±).+all.4~, fl.;-a _~grbc).+(b';-C, (2.33) 

r:.I,E' ). eCTb [lOCT051HHbrti aHTHKOMMYTI1PYlOllI,HH napaMeTp, a a eC;Tb napaMeTp <pHKcaIUIH 

Ka.:IH6pOBKI1. 

BPCT H1mapHaHTHOCTb 3KB~lBaJleHTHa 06bl'{HOil: KaJIH6pOBOqHoi!: HHBapHaHTHOCTH B 

cPwm'leCKOM ceKTOpe c IIapaMeTpa~m KaJIH6pOBOL[HOrO npe06pa30BaHHSI Wo{x) = ).+(U(x). 
'01'0 nO'3BO;UIeT ,Ll.OKa3aTb Ka.rm6pOBOQHj'1O nHsapHaHTHOCTb <pR3H'leCKHX aMllJlHTY)J,· 

***************** 

http:BKJla,lJ.bl
http:DIl8,.,.XG
http:Yp.(2.25
http:Yp.{2.27
http:IeBH,lJ.HO
http:yp.(2.28
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3 .JIeKL\HR III 

CnOHTaHHoe HapymeHH5I CI1MMeTplH1, fOJI,lWTOYHoBcKHe qaCTHu.bI, 

9¢¢eKT XHrrca. 

3.1 CnOHTaHHOe HapymelIHe cHMMeTpHH 

HapyrneHHe CHMMeTpHH HllOf,n.a HrpaeT He MeHee Ba)KHYIO ponh, '<{eM caMa CHMMeTpH>I. 

PewaH ypaBHemUI ,I1.BH)KeHH>I! KOTOPbIC HBJI5lIOTC5l )J.HcPcPepeHlJ,HaJIbllbIMH ypaBHeHMHMH, 

npHXOAHTC5I HaKJla,r.t;bIBaTb rpanWIHble HJIH naqaJIhHble YCJIOBH>I. I1yCTb JIarpaH>Klfan HH

sapHaHTeH OTHOCHTeJlbHO HCKOTOpo:A: rpyrrnbI CHMMeTpHH. A KaK Ha'{aJIbHble YCJIOBH>I? Cy

IIl,eCTByKIT pa:l1lH'{HblC B03MO)KHOCTH. I10T€Hll,HaJI MO)KeT HMeTb cHMMeTpH1IHbIe HJIH HeCHM

MeTpnqIIbI€ MHHHMyMhI) OHM MoryT 6hlTh YCTOHqHBbIMH HJIH neYCTOH'tHBbIMH (eM. PHc.3). 

l- R Symmetry l- R Symmetry 

PHc.3 

CrrOHTaHHoe HapyrneHHe CliMMeTpHH 03Ha<IaCT HeeHMMeTpl1~IHOe rpan:wlIIoe (Ha

ll<1...1bHOf') )"('.10BI1(, npl1 f'H'\lMeTpl1'tHOM JIarpaHiKHaHC. Heo6xo,a,I1MOC yeJIOBl1e ..'1.JIH :noro 

('(,Tb BblPOiK,'1.E'HUe BaKYYMa. [{OqeMY BaKYYM CTOJIb BaiKeH'? rIOTOMY, '<{TO B KTfI qaCTHll,bI 

(>(,Tb KBaHTOBhle (lxlYKTyalVUI nOJIH i.p BOKpyr HWJlIler'O 3Heprent'{eCKOfO COCTOHHIHI (Ba

K)y:\!a). nOCTO>UIHOCmaqCIIYfP nOJiSl, eOOTBCTCTBYJOWeC BaKYYMY Ha3hlSaeTeSl BaKYYMHWM 

O/K~ualHlI''.l IUI1 BaK.vy~lIIl>JI\:l CPC)l,IIMM (vev). KaK BaKYY'.1HOe CPC)l,lICC, TaK M Jut).!. cPJIYK

ryal~H" BOKpyl' Hero Ollpe;.r,e.HHeTC}[ JIarpaH)KHaHOM L. 

http:qaCTHu.bI
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qTOOhl OIlPf',,],t'.:II1Tb CneKTp claCTI1JJ, UY)KHO Pa3JIO)l<HTb nOTeHI~Wan BOKpyr ero MMHH

'PiO)+ 

4'iO) + ... 

(3.1) 

3.1.1 CnoHTaHHoe HapymeHHSI AHCKpeTHoH CHMMeTPHH 

PaccMoTpWM JIarpaH)KHaH ,neitcTBWTeJIbllOrO CKaJISIPHOro nOJIH, 06Jla,nalOllI,HH )J.HcKpeTHoit 

CHMMe'l'pH€l1 rp -t -If' . 

(3.2) 

KOPAa m2 > 0 Ii ..\ > 0 nOTeHJJ,R8JI HMeeT MRHHMyM 4'0 0 (PRe. 4a) H MaCCOBruI MaTpHIJ,a 

HMeeT 8M/1, 

v 

!
I ql 

-I') 

b) 

PRe. 4 

v - ~ - ---- > 1, 
m 

r{TO 03Ha'fat:'T. '{TO CIlE'KTP '{aCTHU COAep)KHT TaXrmHHOe COCTOHHHC. O)J,HaKo, 3TOT nhfB0)J. 

OC'HOBaH Ha HE'ynofi·HtBOM BaKYYMe ({Jo = 0 . CYllI,CCTBYIDT 11 ApyrHe perneHH.H 

Tn 
2rn2,

'Pl,2 ±>:' 
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nOTeHtJ,HaJl ;\IO)KeT 6blTb lIeperIHCaH KaK 

it 1-1!vleeT ;J.Ma YCTOH t ll1BblX MHHI1MyMa -Pl,2 = ±1] (Plic.4b). 
CnOHTaHHoe HapymeHlie CHMMeTpHH COOTBCTCTByCT CHMMe'rpH'IHoMY J1al'paH)KHaHY 

L{ip) ::::: L(-tp), HO Hp.CHMMeTpfPIHOMY BaKYYMY vac«(p) I- vac(-If)· BbI6HpaSl HeCHMMCT

PH'IHblH BaKYYM M C)J,BHl'aS! nOlle I.r" .,., + X, Mbl nOJIY'IaeM J1arpaH)KHaH 

(3.3)L{x) 

KOTOPblH He o6.'Ia/l.aeT OQeBI1)1,HOH cHMMeTpHeH H onHCblBaeT 'IacTHl1,.Y C MaccoQ Jim. 
EcTccTBeHHo B03HHKaCT Bonpoc, B03MO)KHO JlH BOCCTaHOBHTb cHMMeTpmo nYTeM TYH

MeJ1bffOrO nepeXO/l.a H3 O/l.HO!1: HMbl B /l.PyryIO. ,LLJ1H OTBCTa Ha EYrOT Bonpoc HY)KHO BbI'-lHC

JIHTb aMl1JlHTY/I.Y TYHHe.flbHo['O nepexo/l.a, KOTopaH npOnOpIJ,HOHMhHa exp(iS), I',.H,e S eCTb 

,n;eHCTRHe B)l,OJIb nYTI1 nepexo/l.c. 31'0 /I.ellCTBHe 'IHCTO MHHMoe H eTpeMHT(:H K 6eCKOHC'I

HoeTH Kor)J,a. 06'beM \/ -+ 00, T'dl( 'ITO BepOHTHOCTb l'YHHeJIHpOBaUHH CTpeMHTCH K Hymo. 

CJle.ll.OBaTeJ1hHO, BOCCTaHOBJlCllHe CHMMeTpHH B03MO)l(HO TOJ1bKO B MMeHhKHX 06JIaCTHX. 

3.1.2 CnoHTaHllOe HapymeHile HenpepblBHoii CHMMeTpHH 

3Aecb MhI CTaJIKHSaeMCH C HOBblM HB.l1eHHeM. PaCCMOTpHM AmI npOCTOTbi U(1) lIHBapH

aHTHbla Jlal'pall)KHaU 

(3.4) 

HJlH B TepMlurax )l.ellCTBHTeolbHblX nOJIefi 

(3.5) 

nOTelil~H(Ul i/ ;~O.;1)KeH 6bITh OrpaHllyeH CHH3y Ii liMeTb HH3U1ee COCTOHHHe. Bhl6epeM ero 

B rm.ll.e 

(3.6) 

v 

Puc. ,~ 
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TOI')J;a \' Hac OrISlTb eCTb )J,Be B03MmKHoenf: 

i) m2.' >. > 0, ITOTt'HU,Ha.:1 lIOKa.:lliH Ha Puc.5. Em MHHHMyM MO)KeT 6hITh rIMy'len 113 

ypaBHeHHH 

BV 
Oi.pl 

BV 
(3.7)

8<P2 

E,!l,MHCTseHHoe pellieHRe eCTb <PI0 = <P20 = O. CHMMeTpHSl He napymeHa. KaK If paHee, MbJ 

HMeeM BblpO)K,!l,eHUbIA cnCKTp 

m 2ii) _Jl2 < 0, >. > O. nOTeHu,HaJT Terrepb BbIrJHI)J,HT KaJ< )J.HO 6YTWIKH (eM. PHc.6). 

YpaBHeHHe (3.7) B 3TOM CJ1Y'iae HMeeT )J.pyroc pcrncmtc 

2 2 
<PIO + CP20 

reO.\<ICTpH'ieCKH 3TO eCTb TO'iKH, .ae)KaJ[~He Ha OKPY)KllOCTI1 paAUYCOM v B flJIOCKOCTH (CPI, 'P2) 
(0.1. PHc.7). <l>H3tPleCKH HeHY1leBoe uaKYYMHoe cpe,,\Hee lIMe COOTBeTCTBYCT KOll)J.cncar,VU! 

liap, raK 'lTD BaKYYMHhlA KOH)J,eHcaT < i.p*ip >= v2 =1= O. 
\"!bI BI1)J,HM, 'ITO BaKYYM 601lce He SlBJH!eTCH e)J.HIICTBefIHhIM! rpynrra cHMMeTpHH 0(2) 

npe06pa3yeT O,Ll.Hy TO'iKY Ha OKPY)KHOCTH B )J.pyryro. MO)KTIO BhI6paTb JIro6ylO TOtIKy, Ha

npHMep. 910 = U. 'P20 = 0 K1IK iplO i{J'l.O = v/.;2, H T.n. 

:-''laccoBaSl ~!aTpHu,a (3.1) H~IeeT BH)). 
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PRc.7: 

lJ,m'l ee ,ll,HaroHaJlH3all,IUi BhI6epeM O,l1.HO H3 IIOJleR, !.plO HJIM !.p20, paSHhlM HyJIIO, CKaiKCM 

'PIO = V, r20 0, TOr,n,a 

(3.8) 

TaKI4M 06pa30M fi()JJe 'P/l tpl - V COOTseTcTsyer qaCTHll,e C Maccoii m 2 = 2AV2 2J1.2, B 

TO BperMl KaK nO.11:" if-'~ 'P'2 OKa3blBaeTaI 6e3MaCCOBhIM. Pe3YJIbTaT lie 3aBHCHT 01' 8hJ60pa 

BaKYYMHhIX Cpt>,'1.HHX. 11"H5I .1106oH TO'lKIf Ha OKPYiKHOCTH 110CJ1e .n;HarOHaJlH3aUHH ShIBO,n; 

6y,n;eT TeM )f{e caMblM. 

Jlal'paH)f{HaH B 'fepMHHax HOBhIX IIOJIeU IIpHHHMaeT 8H,n; 

1 (:::l , ')2 1('.:l f )2 2 '22' U/l'Pl + 2' UiJip2 - AV tpl (3.9) 

0(2) CHMMeTpH5l 60nee He o'{eBH,l1.Ha. OHa CIIOHTaHHO HapymenR. 

PaCCMOTpHM .n;pyryIO napaMeTpH3aU;HIO U(I) Mo,n;enH. EcJIH 3aIIHca1'h KOMIIJIeKCHOe 00

ole B OO.H5IpHh!X KOOp!VlHaTaX 

(3.10) 

TO npmUSO)],Ha51 CTaHOBHTC51 

T'dK 'iTO JIarpaH)KIifI:l.H nplifo6peTael' BH)J. 

(3.11) 

(3.12) 

Mbl BH)J,I4M. '{TO none (j HC'le3aer H3 II01'eHUHaJlR. 8TO eC1'b np05lBJIeHHe U(I) cHMMeTpHH. 

~1.'l$1 HRxmK.J,eHIUI ~IaCCh! 'laCTHIl,bl, COOTS€TCTUYIOUl,CH "PMHaJIhHOMyflOOJlIO p(x), Pa3JIo
iKlI:V! OO1'<'H11,I1&l BOKPYI' MHHHMy~{a Po v. ilOJlY<HlM 

p(x) = v + 1J(x), 

B TO B[W!\!51 KliK Ina 
(:\,12), 

HTlil":' OKOIlLWTe;lbHuIH SblBO;!. Cj1eA"VIOUl,I1H: cnel<Tp MO.Ll,E'nH (3.5) npM m 2 

COCTQllT In ,1I:lYX Cli:lCrllU. O~lHOn MaCCHBHOH Ii o,J,llon 6e3!\.laCCoBoH. 

http:o'{eBH,l1.Ha
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3.2 rOJI)J,CTOYHoBcKHe qaCTHIJ;bI 

npI1C,YTC'TBlH' 6e"l:\JaCCOBbIX 'iaCTt-fU, He eCTb AeJIO CJ1Y'fa5!, HO eCTb o6I11,ce cBotkTBO H3BCeI'

Hoe KaK TeopeM3 rOJI~CToyHa, KOTOpa5! YTsep>K,ll,aeT, '{TO Kor)J.a I'JI06aJlbHa71 HenpepbIB

HaR CHMMe'TpMH CnOHTaHHO HapyrneHa, cyru:eCTByeT Ha60p 6e3MaccoBbiX '{3.C:l'HU (rOJI,ll,CTD

YHOBCKJilX 6030HOB) B KOJIH'feCTBe, paBHOM 'Ulc,,'1Y HapyrneHHblX reHepaTopOB. PaeCMOT

PWM Tencph 0606I1~efme 3Toro pe3YJlbTaTa Ha CJ1y<laH Hea6eJJeSOH eUMMeTplfH, 
.. 

3.2.1 SU(2) cHMMeTpHB 

fiYCTh r.p = ( ~~ ) eCTb I<OMllJleKCHblH ,D,y6JIeT rpyrrrrbl SU(2). TOf',ll,a SU(2) liHBapHaHTHbIH 

JIarpaH)KHaH CCTb 

(3.13) 

ECJIU BbI6paTb nOTeHlt,HaJI KaT{ H paHee 8 BH,lJ.e 

• 

TO MHHHMyM f(OCTHraWrC.H, I<Ol',a,a 

BblfiHpaH napa:df'TpWmUHlO B <l>opMe (3.10) 

(3.14) 

3aMeTHM, 'fTO B yp.(3.14) MbI HMceM 4,a,eitcTBHTCJJbHhTX nOJISI: ~a, a = 1,2,3 H H. 
JlarpamKHaH (3.13) Tenepb npH06peraeT BH,lJ. 

£ = 1 {(O, o/lH) _ iOIit;,a (0, H + V)T a}
2 v 

x { ( 
0 ) "-r 

l1 

op.t;,a ( 0 )} .
O/lH(:l:) + t-v - H(x) + v - Y (H + v) 

~(a Hf + !(8 fl)2(H + V)2 - V(H + v).
2 /l 2 Ii v2 

(3.15} 

9TO Bblr-.1HJ,HI' raK)KC KaK B CJlyqae·rpynnb! U(l), HO TOJIbKO TpH nOJlH ~a,(a-d,2,3 11)lSl 

rpynnbl Sl:(2)) Tenepb OKa3bISaIOTC5I 6e3MaccoBblMH. H(x) npa06peTaeT Macey If nepBo

HaTI8.JlbHaSl SC(2) CHMM€TPIUI 60JJee lIe O~H~BH,ll,Ha, liO CTaHOBHTCH II CKPhlTOHIIcHMMeTpHcfi. 

LfI!lC.l0 qe:H.taCCOHbIX 1f())l€H H 06Wg;'1 c~ly'fae )J,aeT 

• 
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TeopeMa rOJI)J,CTOYHa: CYU{eCm6yem CmOJ//b'K:O 6e3.MUCC06f>l.X ;:OAacmoy'lw(~CX;UX 6030

HUB, C1I:OJ~b7'.:O cYW,ecm6yem 1Ianpa6AeHUii 6 npocmpa1tCm8C nOACU <Pi (fl'H,ympeHHC.M npo

CmpaHCmOe), eaOAb '/I;omop'bLX 6a'K:YY.M 6'bLPO:>ICOCH, m,e. He emmCm6eUe'H.. 

PaCCMOTpHM rrpeo6pa30aamUI BaKYYMa, reHepHpyeMble HeKOTOphtMH 3apSI,lI,aMH Q4, a = 
1,2, ,." N. TIYCTb 

Q
QklO ># 0, k = 1,2, ... M (HapymeHtlble reHepa-rophI), 

'1 10 >= 0, n:;;::. At + 1, ... , N (HeHapyrneHHbte reHepaTOpht). 

COrJlaCHO TeOpeMe Herep (yp,(1.40) H yp. (1.14)) 

CJle,lI,OBaTeJlbHO 

I1JUl 

(3.16) 

YpaBHeHl1e (3.16) 03HaQaeT, QTO ,lI,J1H Jl!ofioro k === 1,2, "'j M COCTOHHHe Qa\o > BhlpO)f.(,lI,eHO 

C BaKYYMHblM COCTOHHl1eM 10 >, T.e. COOTBeTCTBYeT 6e3MaccoBbiM B036Y)K,Ll.eHHHM, Ha3bIBa

eMblM rOJI,lI,CTOYHOBCKI1MI1 6030HaMM. TI03TOMY tIl1CJIO rOJI,lI,CTOYHOBCKHX 6030HOB paSHa M, 
tHfCIlY BapyrneHHbIx reHepaTopOB. 

CJIe.n,y€T c,.n:eJIaTb ,.n:Ba 3aMeqaHHH: 

i) YHCJIO HapYlIleHHblx reHepaTopoB 3aSMCMT OT Bbl60pa rrpe,1l.CTaBJI€HHH CKamlpHhlX 

riO-lIeu; 
ii) B CJIy~rae cPePMI10HHbIX reHepaTopoB QC. COo:rBeTCTByIO~aa 'IacTMu.a 6y,lI,CT cPepMHO

HOM. 3m B03MO)KHOCTb pearnnye'1'C}l B cynepcHMMeTpHqHbIX MO,l1,eJlHX. 

t 1T06b1 OC03HaTb He06xO,Il;lfMOCTb 6e3MaccoBblx qaCTMIl, B CJlyqae CnOHTaHHOrO Hapy

WeHIH! CHMMeTpMH, OCTaHODHMCH Ha HeKOTopblX CBOHCTsax rOJl,.n:CTOYHOBOCKMX 6030HOB. 

PaccMoTpHM rrpeOOpa30BaHHe HeI{OTOpOro BeKTopa COCTOHHHa no,l1, ,.n:eUcTBMeM rpynnhI CHM

eiaQla(k) >= laCk) > +iaQla(t) > +..., 
I'.ile Q eCTh reHepaTOp. nYCTb 

Qla( 
~ 
k ) >'" v, (3.17) 

I'J1,e v 0 COOTBeTcTByeT CHM:vt€TPI1<JHOMY cocroaHHlo, a 11 ¥ 0 03Ha'iaeT, 'ITO COCTOHHHe 

Hel1HBapHaHTHO OTHOCMTCJlbHO rpynI1bl npe06pa30BaHHR. nOCKOJIbKY 

-:-t< O!i"{x)la( k ) >"'-' 'V • kll, 

(3,18) 

http:yp,(1.40
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O:J.lIaKO, cor-:laClIO T(,OPCMC HCTCP, TOK AOJDKeH coxpaHSTTbC5I, T.e. OJ.<jI'(x) = O. t.{To6w 

Infic)t(;:lTb npoTHBope4U5I C yp.{L81), Mb( ,lJ,O.t1>KlIM JIH60 no.,10.>KHTb v = 0 (HeHapyrncHHaH 
2

CHMMeTpHSI), lIli60 v i 0, IrO k2 = m = 0 (f'OJIACTOYHOBCKJdt 6030H). CJICAOBaTCJIbHO, 

CCJ!H CI1MMeTpH5I HapymcHa, 6e3MacCOBbIe <{acTHLI;b1 C HCH36e)KHOCTbIO n05lBJI5lIOTCH. 

I1puMep: U(l) HJIIi SO(2) CHMMeTPHH. 

COrJIaCHO yp.(2.5) TOI< HMeeT BHA 

EC.IIH < 'PI >= v , TO MO)f{HO rrpoH3BecTH CABHr 'PI = 'P~ + V, TRK <{TO < <p~ >= O. Tor,ll,a 

TOI( CTanOBHTCSI paSCH 

(3,19) 

BbI'HfCJ!Sl5I MaTpwmbI~ 3JIeMeHT Me.>K,ll,y BaKYYMOM Ii O,lJ,H04aCTH<{HbIM COCTOHHHeM, MbI 

BMJl.H:l.I, <{TO e,lJ,HHCTBeHHbla BKJIa,n. H,lJ,eT OT rrcpRoI'O <{JIeHa B yp.(3.19) 

< OIY'(x)la20!) >= ~V < OIO,,/P2Ia20t) >= -vik"eikx 
. 

TaKHM 06pa30M 
ikx< OloP}"(x)la20!) >= vk2 e . 

CJIeaOBaTeJlbHO, HJIM v = 0 H ml = m2 m, HJIH ~l ::j:: 0, H m~ 0, "ITO COOTBeTCTsyeT 

CIlOHraHHO HapylUeHHo~ CHMMeTPHI'l, npH<JeM, ate k )10 >= la2( k) > ecTb rOJI,lJ,CTOYHOB-

ClOtH 6030H. 

3.3 9Q>$eKT XHrrca 

3.3.1 CnoHTatmoe HapymeHue JlOK8.JIhHOit KaJIU6POBO't{HO:A uHBapuaHTHocTU 

PaccMoTpHM Tenepb HB.IICHHe, Ha3b1SaCMOe 3<p<peKTOM Xurrca - nO$'lSJIeHHe MaCChi Y Ka

Jm6pOBO'iHOrO 6030Ha KaK pe3'yJlbTaT cnOHTaHHoro HapyrneHlHf CHMMeTpHH H lic<{e3HOBeHHe 

rO.'1ACTOYHOBCKHX 6030HOB. 

PaCCMOTpHM CHa'Iana a6eJIeB cnyqaii, a I1MCHHO JIOKaJIbUYIO U(l) KOBapHaHTHOCTh. JIa

1r.. = -"4F"vP'" + D,,/p* D"'P + JL2<p*i.p _ ).(<p*<p)2 (3.20) 

MHBapHaHT€n OTHOCHTeJIbHO JIOKaJIbHOrO ¢la30Boro npeo6pa30SaHHH 

'P --)0 <p':= eiQ(x)'P) (3.21) 

Ap -+ A~ = Ap + !O/LQ(x).
e 

CKfL1HPllblA nOH'HlI,HaJI BbJpO>K,l\eH, npll'tt'M MHHHMyM AaeTCH ¢l0PMYJIoR 

1J'l. p.2 
-2 = 2), 

http:yp.(3.19
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Ka.lllopotlo.\tlOP npe05paJOtl(l.Hl1e {3.21} Tenepb BblfJUl.).I,l1T KaK 

(3.22)0(;1;) .-+ O'(X) == O(X) + va(x), 

r}~p O(.r) eCTh nWil,CTOYHORCKI1(;t 6030H. COrJ1aCHO yp.(3.22) MQ)KHO Bbl6paTb KaJlH6~OBKY 
(OHa Ha:lbIB1U'TC>l ymnapHon KaJIH6pOBKOA), f,rr,e (JI(X) = 0, T.e. CI'(X) == -(J(x)/v. fOf,ll.a 

ro.l,J,CTOYHOBCKIfR 60::;OH HC'le3aeT, T.e. 3TO He eCTh <pH3H'leCKag '1acTHua. tITO IKe npOMCXO: 

)lHT B :~TOM CJIy'me eo CTCnCl-{btO CBo6o.ll.hl? )1,.1151 OTBeTa Ha 9TOT Bonpoe onpe)l,CJ1HM HOShIM 

Ha60p aMen 
rp'(x) = e-i6(X}/Urp(x) = 72(1](X) + v), 

BJ1.(x) == Ap. - e~OIl()(X). 

npOH3Bo,rr,Hble npHMyT SH,ll. 

(Dj.<rp)' = UDp.tp = e-i9111~[Op.1](X) - ieBIJ.(1] + v)]ei
@/l1) 

f~'V(A) = oJlA" - OvAJ.t. = oIJ.B" - OvBIJ. = FJ1.v(B), 

a JlarpaHlKllaH npe06pa3yeTcSl B 

1 1 ~ 
-'4~LlAB)FIJ.V(B) + 2 I Dp.1'/(x) - ieBp.('f/ + vW + '2(1] + v? 

'·lFJ1.v(B)P"'(B) + t(OI-'1'/)2 -- J.L21]2 + ~(ev)2BI-IBP. 
1 1+2e2 B/J.B J1.1](2v + 'f/) - >.V'f/3 -. 4>''f/4. (3.23) 

3T01' nal'paHIKHaH onHCbIBaeT MaCCHBHoe BeKTopHoe nOJ1e C M3CcoA Mn = ev H Mac

CHBHoe CKaJI>lpHOe nOJ1C 1] C MaccoA m'1 = J'if./,. TaKHM 06Pa30M, BMCCTO 6e3MaceoBoro 

CKaJ15!pa (rOJ1)l.CToYHoBcKoro 6030Ha) Mbl HMeeM TpeTblo (npO)l,OnhHYIO) CTeneHh CBooO

)l,bl BCI<TOpHOro nom!. OTMeTliM coxpaHeHHe 'U{CJIa cTeneHeA cBo60.n;bl: 2 ,lJ,eACTBHTenbHhlx 

cKamlpHblx non>l ('Pl, 'P2) HJlH (1],0) nmoc 2 nOJIapH3an.HH 6e3MaccoBoro <poToHa npOTHB 

1 ,lleACTBHTejlhHOrO CKaJ1HpHOrO nOJ1s{ XHrrca 1] nJIIOC 3 nOJlapH3al\JHf MaCCHBHoro BeKTOp-

Boro 1I0JUI. T.e. 2 + 2 :::: 3 + 1. fM,llCTOYIIOBcKHi% 6030H lI c 'be)l,aeTC5(t1 BeKTopHhlM nMeM, 

KOTopoe npl1 3TOM npHo6pCTaeT Macey. 

fIOc:>.IOTPHM Teuepb KaK TO IKe 5lBneHHe HMeeT MeCTO B Hea6eneBOM CJlY'1ae, KOTOPbIH 

o<teHb 6.'l11:50K K CTa.li)(apTHOil Mo.n;e.nH. PaCCMOTpHM SU(2) KOBapHaHTHOCTh. BhI6Hpaa 

{,K~l51pHb!e 110.151 B .n;y6..1eTEIOM npe,ll.CTaBJIeHlUl:, Mhl nonyqaeM 3Ha.KOMblfi: narpa.H>f<HaU 

(3.24) 

f/I.e 
,.(ct>+ct» -IL2cp+(P + .:\(p+(p)2, /1?, >. > o. 

B YlflnapHOn K8.J1H6pOBK€' MO)KHO onpe)l,eJIHTh 

.TG(G 

~(:r) -Jie~-v- ( H(x~ + 11 ) , 

<{>I (:r) U(x)~(x) = ( H(:.rS + v ) , 

C-l A1JJ + [J-10p.U. 

http:Mo.n;e.nH
http:nOJIapH3an.HH
http:CBo6o.ll.hl
http:yp.(3.22
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(3.25) 

OmlTb rO.'UI,CTOYHOBCKl-Ie 60:l0HbI ~a J.fC'fe3alO1'. OKOfPiaTeJlbHa.Sl c:pOpMa JlarpaH1KHaHa Ta

KOBa It 


1 1 1-"4 F;'(B) FILVtl(B) + 2(8/-1H)2 f1-2H2 + 8(gV)2B~BILa. (3.26) 

+ ~lB:BILa.H(2V + H) - )..vH3 - ~)'H4. 

OH OIIHCbIBaeT TPHUJIeT MaCCHBHblX BeKTopHhlX fIOJIeii B; (a = 1,2,3) C Maccoii Me 
= ~gv Ii MaCCHBHoe CKaJI~plioe 1I000e Xlfrrca H c Maccoi! mH = V2f1-. 3aMeTHM OfI.SITb 

toXpaHeHlf€ <IHCJla CTeileHeA cB060,n:bI. . 

CJleAOBaTeJlhHO, B pe3YJlhTaTe MbI He lfMceM 6e3MaccoBhIX IIoJIeii 8 cPH3HqeCKOM cueK

Tpe: rOJI,ll.CTOYHOBcKlfe 6030HbI "C'he,n:aIOTCa"BeKTopUbIMH IIOJIaMH, IIpeBparu;a.sCh B I.fX npo

,n:OJIhHhle KOMfIOHeHThL OCTafOru;aac.SI CKaJI.sJpHaa qaCTHu.a MaCCHBHa If 06hIQHO Ha3hlBaeTC.SI 

XHrrCOBCKHM6030HOM. 

B TO'fHOCTH 31'OT ~cPeKT HMeeT MeC1'O B GraHAapTHoii MOAeJ1J.f, rlI,C W H Z -6030Hbl 

npH06peTalO1' CBOH MaCChI B pe3YJlh1'a1'e CnOHTaHHoro HapymeHHa CHMMeTPlfH C nOMOlIl,bIO 

ormCaHtIOrO BbIIlle MexaHfl3Ma. 9TO e,n:HHC1'BeUHbIii lf3BeCTHbIii Ha CerOAH.SIlUHHH Jl,eHb Me

xaHH3M, KOTOPbIA ,n;aeT MaCChI KaJIH6poBO'lHbIM 6030HaM, coxpam:m B TO )Ke BpeM.SI Karm6· 

POBOQHYIO I1HBaplfaHTHOCTh. CoxpaHeHHe KaJIH6pOBO<IHOH KOBapHaHTHOCTH HrpaeT KJIlOqe

Byro pOJIb B nepeHopMHpyeMocTH TeopHH (CM. HH:lKe). 

* * * * * * * * * * * *** 

http:Ha3hlBaeTC.SI
http:OCTafOru;aac.SI
http:OKOfPiaTeJlbHa.Sl
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JIeKIJ;IUI IV 

;1,0 CMX nap MbI P3CCM3TPMBaJlH TOJIbKO TeopHiO CBo60)J.,HbIX nOJIen. YpaBHeHH.H )1.BHii<e

HM.H 6blJIH JIHHei%HbIMH M HX perneHHH, Y,lI,OBJIeTBOp5l.IOIIJ,He npHH~Hny cynepn03HlI,HH, 6bTJIH 

nJIOCKHMH BOJIHaMH. K03<p<pH~HeHTbI ('[>YPbC-Pa3JIOiKCHH.H 6bIJIH KBaHToaaHbL 

4.1 B3aHMo,n;eitcTBHe 

KaK BseCTH B3al1MO)l,eitcTBHe KBaHTOBbIX nOJIeR? B3aHMO,ll;eRCTBHe 03Haqae'r HeJIHHei%HocTb 

ypaBHeHHli )J,BHiKeUl1H, KOTOPaH, B CBOIO O'lepe,ll;b, 03Ha'taeT npHcYTcTBHC IIOJIUHOMOB BblC

wero IIOpH)1.Ka B JIarpaH>KHaHC. ~ho IIpOl1CXO,ll;HT npH nOM co CB060)1.HMMH COCTOHHHHMM, 

KOTOPbIe HSmUOTC5I co6CTBeHHblMH COCT05lHM.HMH CB06o)J,HOro ffiMHJIbTOHHalia? CYIIJ,eCTBY

lOT ,ll,Be B03MO)KIIOCTH: i) CM3IbHaH )I,e<poPMaIJ.,Hl'l cneKTpa: HOBbIe c06CTBeHHblC COCTOHHlUl., 

HOBble pemeHH5I ypaBHeHMH )J;BHiKeHW5I, H T.n.; ii) c,na6a>J )I,e<popMa~H>J CBo60)1.HoH TeopMM, 

T.e. cJIa6a51 nePTyp6al.VU1 cBo6o,.!I.noro )I,BHiKCHH.H. ITOc'ne,lI,H.H>J CHTya.u.H>J CliMBOJIH"IeCKH no

Ka3aHa Ha PHc.7. OHa OCHOBbIBaeTCH Ha c..rre,lI,ylOIIJ,eit rHnOTe3e: CYlll.CCTSYeT npe)I,eJI c..rra6oii 

CB.H3H It pa3JTOiKeHHe no TeOpHH B03MYlll.eUH.H. Ec..rrH 31'0 TaK, TO TeopH>J B03MYIIJ,CHltli ,ll,aeT 

HaM, KaK B KBaHTOBOH MexaHHKe, perYJll'lptIbIIi CIIoc06 IIOCTpoeHHS aMflJIHTY/l, pacceHHIUI. 

illteru1io1l r"!!lon 

1 
+ ... 

PMc.8, 

4.1.1 npe~CTaBJleHHe B3aHMO,lJ.eiicTBH.H 

(4.1) 

http:IIOpH)1.Ka
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u.e q, - KOHCTI1HT<l (He :JaBHc.suu,a51 01' SpeMel:fI1:). Li,JUJ B3aHMOfl,eAcTBYIOIl1.cii CHCTeMbl ypaB

Hf'HIt€' illpt'fI,fUlrepa eCTb 

.O'ljJ(t)
~i!it- = (Ho + lIt )¢(t). 

PemeHife Teneph paeTCSI yp. (4.1), opHaKO () He 5lBJUleTCSI 60Jfee KOHC'I"d.UTOH, a Y,l1.0BJIe1.'SG

p51eT ypaBHeHHIO 

liJfH 

(4.2) 

rpe Ht(t) = J d:t1l(x) eCTb raMHJIbTOHHaH B T.H. npe,D;CTaBJIeHBH B3a.HMO,lJ,eitcTBIISI. 

Yp. (4.2) H8.3hlSaeTCSI ypaBHeHHeM llIpe,l1.HHrepa B npepeI'aBJleHHH B3aHMoAeHCTBHSl . 

.D,Jf51 onpepeJIeHH}1 cpeAHcro 3HaqeHH}1 JUo6oro onepaTopa B MO)KHO nOJIh30aaTbCSI KaK 

npeAC'I"aBJIeHHeM liIpe,l1;HHrepa, 'I"d.K H rrpe..u;CTaBJIeHHeM B3aHMO,l1;eHCTBHSI 

4.2 MaTpHIJ,a pacceHHIDl (S-MaTpHIJ,a) 

IIpe,ll,IIOJIo)KHM, tfTO B3aHMO,ll,eifcTBHe a,I.l;Ha6aTHQecKH nC"le3aeT rrpH t --T ±oo. Torfl,a S
:\laTpHu,a orrpe,ll,emleTC5I KaK 

<1>(00) = S«>( -(0). (4.3) 

Sa/J =< PISla >, 

r;J.e la > H < .81 C}'Th Haq(l..lJbHbIe H KOHe'lHble COCT05lHH5I, COOTBeTeTBeHllO. Bepo5ITHOCTb 

rrepexo.l1.a P .ll.aeT01 KBa;:J;paTOM MO..!1,JJlSl 3JIeMeffTa S-MaTpfJ(J~bl: p"" ISa/J!2. 
YT06bl HaHTl" HBHoe BbIpa)KeHHe)l,.1lSl S-MaTpml,ht, paCCMOTpHM ypasHeHHe llIpe)l.Hlll'Cpa 

(4.2) no TeOpHH oo3MYU\eHllR:. )l.rISi noR U,f'-'1H onpeAeJIHM CHa'iana KOHe"<JHo-BpeMeHHoit 

onepaTop S(t, to) 'raKoR, 'fTO 

4>(t) = Set, to)<1>(to). (4.4) 

IToAC'TaSJl5l}1 ero B yp.(4.2), aaXOAHM 

t t t' 

S(t, to) = 1 - i! H(t')dt' + (_i)2 ! H(t')dt' ! H(t")dt" + ..., (4.5) 
to to tl) 

qc H(t) H1(t). PacCMOTPHM 06JIaCTb HHTerpHpOaaHHa BO BTOPOM CJlaraeMOM B yp.(4.5). 
OHa nOKa:1aHa Ha PHC'. 9a (3aIllTpHxoaaHHbIH TpeyrOJIbHHK). IbMeH>ISI nop}1,Ll;OK HHTerpH

VosamHI, "'fbI MO)KeM neperrucaTb noc.ne..u;HHH "<JJleH KaK 

t tf dt' f dt'H(t')H(t") 
to til 
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to 

H(I')H(I") H(r)H(I') 

Pwc.9. 

IWH, nepeonpeJ~eJULI-I nepeMeHHhle, 

t tf dt' f dt"H(tlf)I/(t') , 
to t' 

'ITO COOTseTcTByeT 06nacTI.f HHTerpHpOSaHlUJ, nOK33aHHO~ Ha PHC. 9b. CYMMHPYS ABa 

BbIpa)f{eHlHl, HaXO.LI.HM 

S2 (__;)2 Jdt'{J dt"ll(t')H(t ll 
) + j dt"H(t")H(t'}} (4.6) 

to to t' 

To, 'ITO CTOHT B qlHrypHblX cKo6Kax, Ha3bIBaeTCS XpOHOJlOrH"IeCKHM HnH T-npOH3Be

~eHHeM H OlIpe.ll.t'JlHeTC5{ KaK 

H(t')H(t"),
T{H(t')H(t")} (4.7){ H(t")H(t'), 

Cn€)J.osaTe.71bHO, 80 BTOPOM nOpS,lJ,Ke BKna,lJ. B S-MaTpHlJ,.Y MO)f{eT 6bITb 3amfcaH IffiK 

(4.8) 

0606mcrUfc na BhICI11H€ nOpSl).l.KH OqeBHAHO. 

s= (4.9) 

t t

f dt1•.. f dtnT{H(td···H(tn)}. 
to to 

B eTY'lae. KOI',1.a B'JanMO,L\eHCTBHe He cOAep)KHT npm13Bo,lJ,HbIX, c'yu~ecTByeT npocToe 

COOTHOlllPIUH' \lP)K;J,Y raMHJlbTOHl1aHOM H narpaU)KHaHOM cooTBe'l'cTBylOll~eti T€OpHI1 1l0JI5I 

http:nOpSl).l.KH
http:HaXO.LI.HM
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C nOMoutblO ~noro COOTHOWemUI Ii 6epH npe,lI,t'J1 t -t 00, to -t -00, nOJlY'iaCM OKOH'fa

TellbHOe Bblpa>KCHHC lJ..,'lH S-MaTpHUhI 

S = S(OO, -00) == Texp[i Jd4xCZ (x)J, 	 (4.10) 

KOTopoe CnpaBe,lI,JIHBO Ii B 06meM CJIyt{ae. Yp.(4.1O) OllpeAeJ1~IeT llarpamKeBY TeOpHJO B03- • 
Myw.eHHiL 

HanOMHHM HeKOTopblC cBolicTBa S-MaTpI1Uhl: 

1. 	 PeJISITUBUCTCKaSl HHBapUaHTHOCTh. BJJaro,1I.apa yp.(4.10) OHa ,lI,OCTliraeTDJ HHBa


pHaHTHOCTblO JIarpamtCHaHa, 06cY)K)l.aeMoA BLIme. 


2. 	 TIPU"lHHHOCTh. BTO CBOKeTBO CJIe,n,yeT H3 npHQHHHb[X CBOMCTB cPYHKUHH rpHua HJIH 


nponaraTopoB CB060,1I.HbIX nMeA. 


3. 	 YHHTaPHOCTb. (CoxpaHeHl1e HOpMLI BOllHOBOa cPYHKUHH). 

<P'(oo)<t>(oo) =: <f!*( -00)<1>( -(0). 

S+S = SS+ = 1, 


Ii 03HaQaeT, 'iTO J1arpaH.lKHaH ,n;OJI>KeH 6bITb 3PMHTOBOD cPYHKuHeD nOJJeA, T.e. C+ = C. 


4.3 TeopHSI B03Mym,eHHH 

TeopHH B03MyrugHHfi CTPOHTCH Ha OCHOBe yp.(4.1O). IIOJIHblit JIal'paH>KHaH .rr,eJIHTDJ Ha ,lI;Be 

tlaCTI1 

(4.11) 

r.rr,e Co - :no CB06o,lI,HbIH JIarpaH.lKHaH, a C1 B3aHMo,n;efiCTBHe. KOUCTaHTa CBH3H 9 onpe,ll.e

JUleT CHJJY B3aHMO)J,eficTBlUI H CJIY)KHT napaMeTpOM pa3J10)KeHHH. PemeHHe yp.(4.2) MO)K(~ 
6bITb npe,ll.CTaBJJCHO B <PoPMe CTeneHHoro pa3Jm}l{eHHH 

S(g} 	 (4.12) 

[')I.e 

Sn{Xt, ... , Xn) inT(C1(xt} ...C1(Xn». .. 
.J.JI5I' Bbl'tHcnetIHH S,,, paCCMOTpHM T-npOH3ue)J,eHH€ 60J1ee BHHMaTeJIbHO. BCnOMHHM HOp

;\la:lbHoe npOlBBe)J,CHHt' .J.ByX OnepaTopOB 

A('r)B(y) 

I10C_'lP.J,HHif 9JIeU 06W'1HO Ha3bIBaeTCfI HOPMaJIbHbIM CnapHBaHUeM H 5IBJISIeTCH C-1HiCil0M 

(He onepaTopOM). T-llp0I13Be)J,CHHe MO>KCT 6blTh Bblpa){<CHO B TCpMtWa.X N·npOH3Be)J,eHuA 

A·B, ={ :AB'+AB
T (A(:r)B(y)) { B· .4, 'BA:+BA 

http:yp.(4.1O
http:yp.(4.10
http:Yp.(4.1O


43 


laMPTH:-[, 'ITO: A13 . 8A :, fJle,a,OBaTeJlbHO 

T (A(x)B(y)) =: A(x)B(y) : +A(.xTB(Y), 

A(x)B(y),
A(x)B(y) { B(y)A(x), 

Ha3hIBaen:s:r XpOHOJlOrH':WCKHM CnapHBaHHeM (C-<!JiCJIOM), 

llaBaHTe HaH)1,eM XpOHOJIOnPiCCKOe CnapliBmIHe )1,JlH CKaJ151pHOrO nOJIa. COrJIaCHO yp.(1.50) 
IiMeeM 

rae DC(x) eeTl> npH'iHHHa51 <PYHKll,HSl rpmla. 

)J.JIH cse,n.eHHa T-npOfl3Beil.eHflSl HeCKOJTbKHX oneparopoB K N-npOfl3se.n.eHRIO, MOJKeT 

6blTh npl1MeHeHa CJleAYlOll\aa TeopeMa: 

TeopeMa BHKa: 

1.JTpouaaeOe'Hue n AU'HeU'H.'bLX onepamopoo pacmo cyMMe 'H.OPMaA'b'H'b£X np0U38eOe'H.UU 

3mux onepamopoe co 6cee03MoatC'H.'bL.MU cnapU6U'H.URMU, 6'X:A'1O"tM "tAe'H 6ca cnapU6a'H'Wl. 

2. T-npou36eoeHuc n Jl.UHeUH'bLX onepamop06 pa611.0 cyMMe HOPMa.A'bH'bI.X npoU36eae'HUU 
3mux onepamopo6 co eCeB03.MO:JIC'H.'btMU XpOHOAO~U'l.f.eC'I'i:'U.MU c:napUeaHtJ..RMU, 6'X:JL70'l.f.aJl. 'l.f.JLeH 
6e3 cnapU8a'H.UJI.. 

'ho6bI npOHJlJUocTpRponaTb :.rry TeopeMY, pacCMOTPHM rrpOII38e.n.CtIHe 'ieTbrpex onepa

TOPOB: 

+:~t~: + 'Al~~: ... :AI~4: 

+ ;AI¥~: + :~¥~: + :AI~4: 

+:AI~: 

B c.;1}'t{ae T-npoH3Bc,n.eHH}l, Bce cnapr,maHH51 (,Jle.!lYeT 3aMeHHTb XpOHOJIOPH'leCKHMH crrapH

aaHlUl.MI1. 

4.3.1 ilPl1'lHHHble tPYHKD;III1 rpIIHa CBo6o)l,HhIX DOJIeR 

PaC(':\IOTIJI1:\1 cBo6o/(Hble ypaBHeHIHI D,Bl1)KeIHHI B npHcyTcTBIH! HCTO'iHI1T<a 

(4,13) 

l'~(' J(r} eCTb BHf'lllHl1il I1CTO'IHI1K CKa..15!pHOrO nO.151. PCIllemw MOJKeT 6WTh HanD,t'HO C 

nln-lO!J(hK) (t)\'HKHHI1 rpHfla 

,,p(.l:) I dyG(.r - y)J(y), 

http:XpOHOAO~U'l.f.eC'I'i:'U.MU
http:6cee03MoatC'H.'bL.MU
http:np0U38eOe'H.UU
http:yp.(1.50
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1'.:1.(' CPYUKtl.IHI rpHHa G(X) YII,OBJleTBOpHCT ypaFlHeHHIO 

(4.14) 

Pt'llleHH€' yp. (4.14) ~m){{eT 6bJ"I'b HaA,u;eno n HMnYJIbCHOM npe,u;c'nl.llJIeHHH 

.. 
(4.15) 

Yp.(4.15) CO)J.ep){{HT nOJIIOC npH ko = ±Vm2 + 12. 9TO 03HaQae"I', "ITO MbI )J.OJI){{HbI onpe

!(eJIHTb KOHTYP HHTerpHpOBaHHH, 'iT06bI H36e>KaTb nOJIIOca. O,u;HaKO, pa3JIHqHble KOHTYPbJ 

MHTerpMpoBaHHH npHBO,ll.HT K Pa3JIH'IHblM CBOHCTBaM CPYHKIJ,HH rpHHa. rrpH'IHHHan <PYHK

l\JfSI rpHHa 

COOTseTCTByeT CJIe.n:yIOmeMY BbI60PY KOHTypa HHTerpHpOBaHKH 

. crk, £ -t +0. (4.16) 
u 

nOKa3aHHOMY Ha PHC. 10. ilPH'IKHHble ¢YHKlJ.HH rpHHa ,IJ.J1H cmmopHoro H aeKTOpHoro 

PHc.lO 

noner. CTPOHTC5I B nonHoA aHaJIOrHH C yp.(4.16) 

c .- elf e-ikx(m + k)Q/3
S(lO(X) = {to + m)o:{3D (x) = (211")4 m2 _ k2 ie crk, (4.17) 

(gp.v + aP.~v )DC(x), m ! 0, (4.18) 
m 

(4.19) 

4.4 IIpaBHJIa CDeHHMaHa 

4.4.1 llpasHJla <PetiHMaHa B x-npOCTpanCTBe 

S-M<tTI.)I{'Hlb!e 3:!e:'>H:'HTbl B TeopMH B03Myu~eHldi: )J,onYCKaIDT BeCbM<i HarJIJ.1)J,Hoe rpa<pH'ie

n.:oe npC.lCraB.WIfHP, H3BCCTHoe KaK npaBHJ1a cDeitHMaHa: 

http:YHKlJ.HH
http:npHBO,ll.HT
http:Yp.(4.15
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rrponaraTOp, 

u(x) BHelilH>HI JIHHR.H x 

: .-1{.r)B(x) ... : ¢:> 

IIpHMep 1. 

5\(x) 

Sz(x, y) 

-i).. : rp4(X) : 

+72i'.I'(;,;r;;)<p(y))' , <p'(x),,'(y) ,X~ 

Mb[ y'unJ 3,lleCb KOi\16HHaTopHbIC ¢aKToPbJ. f'pa¢HT'IeCKHe IIpaBHJIa MoryT 6bITb HCIIOJIb30- , 

!3aHbJ ,Il.JIfl nocTpocUlHI S-MaTpH'lHbIX 3JICMeHTOB 6e3 HCIIOJIb30SaHIHl TeopeMbI BHKa. 06bIQ
HO ropa3,.lo y,Il.06Hee pHcoBaTb rpa¢HKH, npHHHMaH BO BHHMaHHC cHMMeTpHHHble q>aKTophL 

IIpHMep 2. 

http:ropa3,.lo
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Ijl(l:)/p(y) ¢:} nponaraTOp, 


AJl(x)Av(Y) ¢:} x y nponaraTOp, 

~ 

etP"YIJ.A'I-I¢ ¢:} aeplllHHa;\ 

Pa3nHQHble THUbI UOJ1e~ 06b{QHO 0603Ha"IaIOTC5I pa3J1H'IHbIMH THUaMH nHHldt CTpeJ1Ka Ha 

cnHHopHO~ JIHHHH Pa3J1HQaeT onepaTopbl 1/J H "if. 

llpHMep 3. TeOpH)! 5IHra-!VIHJIJIca 

C = -~ [oI-lA: - ovA: + 9rbcA~A~V 

a,~ by 
x 
~ 

Y 

;h
aN 

J..l igf&bC 

b,Ji C,V 

fIepe'IepKHYTaJI JIHHHH 03HaQaeT npoH3Bo,nHYIO B COOTBeTCTBYIOlll,eM JIarpaHJKHaHe. 

4.4.2 llpaBHJla <I>eituMaua B p-npOCTpaHCTBe 

VlHor,na 60JIee y,n06Ho npoH3Bo,nHTb BbI'IHCJIeHHSI Henocpe,nCTBeHHo B p-npocTpaHCTBe. ,lIjISI 

Bbl'IHC'JIellHSI MaTpH"IHOI'O 3JteMeHTa HY)KHO nOMeCTHTb S-onepaTOp B 06KJIa,nKH BeKTOpoB 

CO(;TO}IHHSI 

~ ...k. .. = aj'" (lci\..a: O'!)¢;Io. (4.20) 

B n-OM nopSI,nKe Teoplnf B03MYII1.eHHH 

TaKHM 06P830M, al\mJIlfTy,na npOllOpI1.HOHaJIbHa 
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1I1H1X01HM K BblFl(Ll,Y. ~lTO :\1 ::/ 01'0.11>1<0 ('.C.T1H Bee 'U,± COKpaJlJ,aIOTC:I! C COOTBCTCTOYIOJlJ,HMH 

(l'l- .n yp.(·L20), 06pa:3YH KOMMyraTophI. Hlia'le, OHH nOAeHC'1'BYIOT na BaKYYM H Aa,IJ.y'r 

HYJleBoti pelYJlbT<lT. 

HcnOJlb3YH o6JlJ,CC Bbipa)KCIUfe )l.JISI <fJYPbe-06pa..la 

(4.21) 

r~lJ.e K03<p<pHI~HeHTbl v;-ot) 3aBHCSIT 0'1' paCCMaTpHBaeMoro n01151. (cp. yp.(1.13), (1.19) H 

(1.30) II npHHHMaSI 130 BHHMaHlfe KOMMYTaUHOHHhle COOTHomemUl, yp.(1.38), (1.51) H (1.53), 
OKOll'{aTCJlhHO IIOJly'meM 

!vI '" /. IT (27rt3/2e-ikiX,v';OC:) IT. (2/T) 3/2e-ik/2:f v;(f;). 
m-parhcles 	 out-parttcles 

·K(x" "'J xn)dxj ...dxn , 	 (4.22) 

r,J.e K03Q:lQ:HIlJ,HeHTHa5J ¢YHKUH51. K(Xb ... ,.Tn ) eCTb npoH3BeAeHHe cooTBeTcTBYIOlD,HX DC_ 
¢YHKUI1ti:. BwmtJUIJI l:fHTerpan: no {dx} MbI n011y'{aeM cBepTKY <Dyphe o6pa30B DC-<PYHKUHii. 

Onl1CaUUaH 8blme npOt~eAypa npHBO)l,HT K CJleA,YlOlD,HM npammaM BhI'IHCJIeHIUI M<lT

PWiHbIX 3JICM€HTOB B HMfIYJIbCHOM npoC'rpatlCTBe (npaBHJIaM <t>euHMaHa): 

1. 	 HapHCOB<lTh COOTBeTCTBYKHUHe <peiiHMaHoBcKHe AHarpaMMbI, npHHHMa51. BO BHHMR

fme Bce TOn0110mQeCKH B03MO)KUbIe KOH<pHryp<lI~HH (TeopeMa BHKa); 

2. 	 BBeeTH HMnY11bcnylO nepeMeHHYro, cooTBeTcTBYlOTJJ:..YIO Ka)K)l,OH JlHHHH )l,HarpaMMbl; 

3. 	 Ka)K,lJ.aH BHeLUHHZ 11HHHZ, COOTBeTcTDyIOI1~aH HR<[8J1bHOMY (KoHe<J:HoMY) coeToHHHro 

aCCOIJ,HHpyeTcH C 

4. Ka)K,;'J,8S! BHyTpeHlUm 11HHHH e HMnYJlhCOM q eCTh 

f..::I.e 9 eeTb KOHCTaHTa CB5J3H, Q eCTb MaTpHI~a (onepRTop) H:'! cooTBeTcTBylOlD,CrO 

.181'pamKHaHR, a Bce HMnYJIbChI Pi C'UlTaIOTCH BXO,I1,sIlD,HMH HMnYJIbCaMH; 

6. 	 llpoMIITcrpHponaTb no BceM BHYTPCHHI{M HMIIYJlhCaM; 

7. 	 B cly'-!ae <PepMH-nOJICH Y'ieCTb AonOJ1HHTe11hHbfH MHQ)KHTC11b (- )C ) I)J,C C eeTh <{MCJlO 

3aMKH)ThIX ¢leprvntOlUlblX neTCJIbi 

http:Ka)K,lJ.aH
http:yp.(1.38
http:yp.(1.13
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4.5 HJIJIIOC'rpaU;H~ 

TIpHMep 1. CKa.JJ:SlpHble nOJISI 

DC(q) = I 1 ,Q - 1
Im2 -l- if. -. 

PaccMoTpMM aMnJlHTYAY ,Ll.Byxt.{acTMt.{Horo ynpyroro paCCe5lHH51 80 BTOPOM rIOp51.ll.Ke TeO

PM" B03MYlll.eHJIH. <i>eHHMaHOBCKHe ,Ll.HarpaMMbI nOKa3aHbI Ha PRC. 11. PaccMOTpRM AeTaJIb

~ql kQk' kQk'k1x==x.k3 
k2 k4 

~q2 
k2 k4 kl k4 

a) b) c) 

PHC. 11: 

no BKJla.ll. ..'l.l1arpaMMhI, nOKa.:3aHHOH na PRC. lla. COrJlaCHO OrIHCaHHbIM BhIme npaBHJlaM, 

HMeeM 

BbIQI1CJUI.51 HHTerpan C nOMOlll.hlO c5 -tPymHI,HR R co6MpaH Bee Q:>aKTOpbI, nonyt.{aeM H3 

yp.{4.23) 

Mbl 06CY)l.I1M BbItlHcnefme OCTaSmerOC5I HHTerpana n03>Ke. fIOJlHhlA BKJIa,n. BO BTOPOM no

IIpU:Mep 2. K9,,:J 

C -~F;v + '1jj(ia  m)'I/J + e1jJ-y!J. Ap.1/J 

Fp.v = 8j:.1A" - 81'.4"" li == -y148,... (4.24) 

http:yp.{4.23
http:BbIQI1CJUI.51
http:BKJla.ll
http:k1x==x.k3
http:rIOp51.ll.Ke
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COOTBeTCTRYtOU~He nparnt:Jla qWHHMal1a HMetOT BHA 

"weKTpOH B Ua.qaJIbHOM COCTOHHIHf 

3JleKTpOH B KOHe"4HOM COCT05lIIIHf 

n03H'fpOH B Ha'{(\.J1bHOM COCTomum 

n03HTpOH 8 KOHe"4HOM COCTOHHHH 

<pOTOH B HaqanbHOM lum KOHe'lHOM 

COCTOStHHH c nOJUIpH3alI,Hefi e~ 

nponaraTOp 3JleKTpOHa 1 -t 2 
(HnH n03HTpOI-Ia 2 -t 1) 
pacnpocTpaHeHHe <poToHa 

H3 fl B V (KaJlH6pOBKa <l>eHHMaHa) 

BepnUHia It 

IIpHMep 3. TeopHH BHra- MMJlJICa 

L = 

BTOPOA' 'InCH B yp.(4.25} eCTb qJleH <PHKCHPYlOllI,HH Ka.rm6poBKY, a {a CYTb ~XOBbIe non>!. 

<I>euHMaHoBcKHf' npaBHJ1a, cooTBeTcTBYIOUJ;H€ yp.( 4.25), MMelOT BH.L\ 

a,J.l h,v 

BeKTopHblR nporraraTop ...--,r~ 


a b---;..-- 
pI1ponaraTOp nOJleAYXOB 

b'V 
k 

TpOHHaH BepnHlHa p q igrbC(21f)46(p + k + q).~ .[(p - k)p9p.1I + (k - q)p.9I1p+a,J.l C:.p 

BeKTopHO .J;yXOBai-1 Bepllllma 

(q pkqJ4pJ 

__ ig2 {rbe rde('(h,p9v(f 9wf 9vp) 
+ nepecTaHoBKH} . (21f)4.5(L:Pi) 

http:k)p9p.1I
http:yp.(4.25
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4.6 BepO.HTHOCTH cpH3HQeCKHX npOIJ,eccOB 

OnMCblBaeMI1.51 TeXHHKa n03BOJmeT HaM BbP-l.l1CJUITb al'.WJJHTY,lJ.b! BepOSITHOCTH P3.3JJH""lf{brX 

npor(eCeOB 

4J;,S4Jp &(LP - Lp/)F(p,p/). 

J.JHI BblqHCJICHHSI nep05lTHOCTH Mbl .ll-OJI)KHbr roSITb KBa.n:paT MO,lJ.yJJH aMI1JIHTy,n,br 

vV == L If) IF(P, plW· (4.25) 

OHa nponOpO;HOHaJIbHa 6{O) :::: (21l'-)-4VT H CTpeMHTCH K 6eCKOHe'lHOcTH.O,l.VlaKO, MbT 

HHTepecyeMcH BepoH~ocTbIO npouecca, KOf'.1l.a B u:a""laJIbHOM COCTOHHHH Mbl HMeeM s qa

CTHU C HMnYJlbCaM.I1 k t, ... -:Is H KsaHTOBbIMH qHCJIaMH at, ... , as a B KOHe'!HOM COCTOHHHH 

PI' ... -:Pr B e.1l.HHH""lHOM 06'beMe B e)1,HHHD;y BpeMenH: 

(4.26) 

r,ll,e 'fll .. :n.• eCTb cpe,n,nee 'lHCJIO 'laCTHu B Ha'laJIbHOM COCTOHHHH B e,D.HHH"IHOM 06'beMe. 

AMnJIHTy,n,a TaKOrO npouecca F(p, TI) Dbl"lHCJI5leTCSI no npaBHJIaM t1>eAHMaHa. 

4.6.1 )1.Byx-QaCTHQHOe pacceSIHIile 

PaccMoTpHM .ll.Byx-qacTHQHOe pacceSIHRe (s = r = 2). 3aMeTHM, "ITO W f:. 0 ,ll,a.>Ke, ec

.lUI S = 1, T.e. B OTCYTCTBHH B3aHMO.1l.eAcTBH5l (CM. PRC. 8). l:ho6bI Bbl,D.eJIHTb 9<P<PCKT 

B3aHMo,n,eAcTBH5l, paCCMOTpHM MaTpH'IHbIA aJIeMeUT 

4l=.p.jS - l)iP...k .... 

Onpe,n,eJJHM aMnJIHTY.ll.Y paCCe5lI-IHSI (orpaHwlHM ce6H CKa.lI5lPHblMH 'IaCTHuaMH .Jl..1T5l npo
eToThl) 

<})~at(pt)a2Cp~}(S - l)at(ki}at(~)<Po 
.,j(4)(Pl+P:l-k l -kZl !( k k) 
~ 2"'JP?p~k~kg Ph P2, 1, 2· 

9<p<peKTI1BHOC ,ll,H<p<pepenUHaJIhHOe eeqeHHe comacHo yp. (4.27) HMeeT BRA 

dptdm
da::=:: (2'nlntn2IfI2 0 OkOkO&(4)(PI + P2 kl - k2)'

PIP2 1 2 

HHTerpMpY5l no pt, pt, Mbl nOJIyqaeM BepOHTHOCTb paCCC5lHHSI B TeJJeCHblA yI'OJI dn 

(4.27) 

J 
do 

a = dfJdf( 
411' 

http:4l=.p.jS
http:HMnYJlbCaM.I1
http:OnMCblBaeMI1.51
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4.6.2 ,ll;ayx-tIaCTUtIHbIA pacna,u, 

)J;pyro"D npHMep OCTh JI,ByX-'IaCTlI'IRhIi1 pacnaJI, (8 = 1, r = 2). CHMBOJIH'IecKH OR nOKa33H 

Ha PHe. 12. KBHeM3TH'IeCKH 3TO B03MO>KHO, eCJIH Macea M > ml + m2. Bepo.aTHOCTh 

k 

PHe.12: 

pacna,n;a paaHa 

1>2). (4.28) 

,lJ;.JUI HaxO>K,lI,eHHSJ nMHoR BepOSlTROCTH JI,BYX-'IaCTH'IHoro pacna.u;a HY)K}fO npOHHTerpHPO

aaTh IIO pt H PI. PesYJlhTaT HMeerr aH.n;: 

(4.29) 

r.n;e 4k2 = M2 - 2(m~ +rr~)+ ~nI~,:~)2 . BepOHTHOCTb pacna,n;a onpCJI,eJI.aeT nOJIHYIO illHPHHY 

KaK CYMMa napD,H8..JIbHbIX mHpHH 

Wtot = f tot = L:fi . 
i 

B CBOIO O'IepeJI,h, apeM.a >KH3HH 'IaCTHD,bI onpe,Iw.•'ureTCSI KaJ( T = l/rtot HJIH fijf tot ecnH 

BOCCT8.HOBHTb KOHCTaHTY ITJIaHKa. 

* * * * * * * * * * * * ** 
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5 JIeK:U;H.H V 

Pa.n;Hau:.HOHHble ITonpaBKH, ITepeuopMHpoBKa, ITOCTPOCtH1C KBaHTOBononeBhlX 
Mo,n:enett 

<t>citHMaHoBCKHC npaSHJla npe.n,OCTaBmnOT HaM npoeroH aJIl'OPHTM BbITfHCJleHHH Me
MeHTOB S-MaTpHIJ,bI ,LVIH Pa3JIHqHhlX npOIJ,eCCOB. BblCillHe nOpH)J,KH pa3JIO}KeHHH no TeOpHH 

B03MYl.I.l,eHHH 06hIqHO Ha3h1SafOT P~a:qHOHHblMH nOnpaBKaMH (BCJleA 3a K9,Il.). OKa

3blBaeTCH, 'ITO pa)l,Hau,HOHHble nonpaSKH MorYT 6hITb Bbl'IHCJleHhI He ,LVIH BCHKOro JIarpau

}KHaHa, 'ITO npHBO,ll.HT K ,ll.OBOJIbHO )l(e(:TKHM OrpaHH"IeHHHM Ha BHA B3aHMO,ll.eAcTBHf;t. 

5.1 Pa,[\Han;HOHHble nonpaBKH 

PaccMoTpHM &\1nJIInyAY KOMllTOHOBCKOro pacceSIHHH B K9,I(. rpa<PHqeCKH OHO nOKa3aHO 

Ha PHe. 13. B 'reapH" B03Myrn.eHHJ.1 aMnJIHTY,ll.a HMee-r BH,ll. CTeneHHoro pa3JIO>KeHHH no 

PRC. 13' 

napaMeTpy n :::: e~ / 47f, nOCTOflHHOH TOHKOH CTPYKTYPbl 

(5.1) 

PaCCl.\!OTI)HM BK.:Ja~'l. B .H2 OT nepsoA ,ll.HarpaMMbl C neTJIeH "'"' 0 2 (Ct\I. PHC. 14). Cor.aacHo 

http:npHBO,ll.HT
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q 

~->~>;
-r~; 
1t1l 

PMC. 14 

npamwaM lPeAHMaHa HMeeM HHTerpaJI 

PaCCMOTpHM YJIhTpaq:mOJI€TOBOe nOBe.n:eHHe 9'1'01'0 MHTerpa.Jla (q -t 00 ). ,lLsm q:» m,p Mbl 

KMeel' rpy6ylO Ol~eHKY 

3;:r.CCb A eCTb napaMeTp jiJlbTpa¢nOJIeTOBOro o6pC3aHH51. B npe.n:CJle A -t 00 nOJlY',!:a

eM pacxo.n:HMOCTb, Ha3bISaeMYIO YJIbTpa¢uo.rreTOBoH paCXO.11.HMOCTbIO. BOJlce aKKypaTHoe 

(KaJIH6pOBO'IHO-IIHBapMauTHoe) Bbl'lI1C.fleHH€ )J,a.e'r 

(5.2) 

TaK '{TO aMnJ1HTy,,~a KYJIOIiOBClwro pacceHHlU1 eCTb 

(5.3) 

f;:r.e, RI H R2 CYTb HCKOTopble perYJI5lpHble (npH A -t (0) ¢YHK~HH HMnyJlbCOB, a - KOH

CTaHTa CBH31f. a a HeKOTopoe 'l.HCJIO, 

OOHBJTeHHC pacxo.n:$I~e['QC5l Bl(Jla.rr.a CCTL OC06CHHOCTb KsaHTOBOM TeopUH nO.iUf. Ero npouc

XmK,lJ,CHHC C13,SBaHO co CBoACTB<lf'vnt BaKYYMa. BaKYYM B KTIT He eCTh nycToe npOC1'paHCTBO. 

:=:ho eCTb ¢JIYKTYUPYKHlI,aH cpe)J,a, r)l,e npoHcxo)J,HT pO~.II.em[e H ylUttITo~eHHe BHPTY8.;lb

liblX <IaCTH~. Bb13blRaH llo"l51J)lnaU,HlO ep(>}l,hl. 34)<peKT nOJUlpH3aHHH BaKYYMa BHPl'yaJIb

HblllUl napaMH nOKa3aIi C~~180.'Ili'ieCKn Ha PHC. 15. OM npI1BO)J,HT K HeHaGmO)l.aeMOCTli 1If'Q_ 

. 10 ro" '3apl1Jl.a. ;vlbI HC MOIKC!l.I 1!36e>KaTb l:l3alf~lOtl,CHCTBml c nOJl5Ipl1;JOBaIIHOM: <:pe..'l,otl. To, 
'ITO ;\lbl fH1.D.M:'I.1. eCTb "~4)(Pf'KTlHllibTH '3ap51,1,. Pa3Hl1l~a Me)f(A.Y rOJlblM Ii 3<P<PCKTHBHbIM 3a

p5I_'100\1 npunOp~HOI18.;lbHMl 3<P¢eKTY nO.l5Iplna~HH 
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PHC. 15 

3aMeTHM, ~fTO paCXO)l.HMOCTb HMeeT TOT )Ke BH,lI,. 'lTO H B yp.(5.2), T.e. B03MO)KHO MO)KeT 

6blTb lIornOU.l;CHa B nepeonpe,lI,CJJeHHH 3apa)l,a. 

5.2 I1epeHopMHpOBKa 

5.2.1 I1.n;e.H nepeHopMHpoBKH 

B 3TOM l{aK pa3 H COCTOHT HAe.fl nepeHopMRpOBKH (nepeonpe,n,eJIeHHSI). ~OllyCTHM, ~ITO ro
"1bli% 3ap.fl,l!, O'bare CHHryJI.fIpCH (6ecKOHeQeH), B TO SpeM>I KaK Ha6JIIO)l.aeMhIH 3apS)!; O'ob3ervable 

KOHeqeH, H nOllpo6yeM Bblpa3HTh Bee BeJIH'lHHhI qepeJ O'ob3eTl.lable· 

Bhl6Hpa.H rMYIO KOnCTaHTY CB.fI3H B BH,1J;e 

A2 
abare = a + xa 2 ln ""2 + ..., (5.4)

/.t 

f-'1:f n eCTb nepeHopMHpoBaHHblH 3ap~, nepenHUIeM aMnJ1HTY.n.y (5.3) CJIe.n.yIOI.qHM 06pa30M 

M( ... abare ... ) = M(...a ... ) = 

=QRJ + a 2 [aR t In g + R2 + x In n;1 + .... 
p p. 

:r == -a, T.e. 

~. 2 11-2 
M{...a ... ) = aRl + a [aRlin"2 + R21 + .... (5.5) 

p 

Tenepi> Bblpa:tKemJe )l.JUI aMIUlHTYAhI KOne'lHO. Ha nepBblil B3rJJS,lJ. OHO cO,lJ.ep)KH'r HD

SMA napaMeTp, 11-, HrpalOmHH pO.'1b TO'iKH HOPMHpoBKH. O,n,HaKO, COrJJaCHO yp.(5.4), 3apa,lJ. 

TaKm(' 3aBH(,HT 01' p,: a = a(p,). OHM COKpall.l,aIOT APYl' ,lJ.pyra, T.e. 3'l'a. 3aBHCHMOCTb HS

"'ureTeR cPHKTHBHOfi. t'PH3HQecKHH pe3ynbTaT He 3aBHCHT OT J.I.. MO)KHO BhI6paTb JIr060e 

Y,ll;06HOe onpe)l.en€HHe KOHCTaHTbI CBft3H. 91'0 YTBep'>K)l.eHHe CJIe.n.yeT H3 peHopM-rpyuIlOBOn 

I1HSap"aHTIfOCTH, KOTopaa eOCTaBJlaeT OCHORY MCTO,!J,a peUOpMf'PYrIllhl, HCnOJIb3yeMOr0)J.J1a 

Y:,YI.HUCIHHI nOBe,!J,cmfa pa3JIO)KeHHfi TeopHH B03MYll.l,eHHA. 

B03HI1KaeT pe30HHhIR Bonpoe: Beer,lJ.a JIH B03MO)KHO nOrJIOTHTh 6eCKOHe'liiOeTH 13 nepe

Ollpt'.le.1ClHtf'1aPI1;J.OIl? Bee JIH d.MfUIHTYAbl CTal:fOB.fITCH KOHe'UlbrMH O,ll;HOBpeMetIHo? ,Unft 

oTtwra n<1 :~ lU tlOIlPOCbl Hf'o6xOl~I1MO uOJlce f'Jl,VuoKoe nOHHMaHl1e IlPOU.e)J.ypbI nepeHOpMl1

poIHOL 
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5.2.2 nepeHopMHpyeMocTb 

Pac(,MoTpHM npOIHBOJIbUYlO .n.HarpaMMY cDeHHMaHa G, (PHC. 16) H nonpo6ycM onpe,Uc-

Puc. 16 

JUfTb, pacxo.n.HTCH JIM ona YJIbTpa<pHOJIeTOBO UJIM HeT. AJIa :noro MbI ,UOJT)KHbl nO,UC~IHTaTb 

'fHCnO CTeneHeR: HMnYJIbCa B nO,UbIHTCrpaJIbHOM Bhlpa:lKeHHH: Ka)K)I,aH BHYTpeHHHa neTJIH 

npHBHOCHT HHTcrpHponaHHe d4p, '-ITO ,UacT 4 CTeneUH HMnYJIbCa ; Ka)K,l.I;aa npoH3Bo,n;HaH B 

BeplllHHe )1,aCT flMnYJIbC B P-TIpOCTpaHCTBe, T.e. 1; Ka)K.n.a5I BHyTpeHH5Ia JIHHH5I ,n;aCT lIpo

nal'aTOp, KOTOPblfi aC)1,eT ce6H KaK prljp2, T.e. rI 2 - ercneHH HMnyJIbCa, r.n,e rl = 0,1,2 
,l.l,:m pa3.ilWIHbTX HOJIeH. C06upas Bec 3TH CTcnCHH BMeCTe, MhI nOJJy'{aeM Be.JIH'mHY, Ha3hl

Bae:-'1YlO HH,11,eKCOM ,11,HarpaMMbI (YcD) 

w(G) 4£ + L 6v + (5.6) 
vertex internal linc$ 

Lle L eCTb 'UlCJIO neTeJIb, a 8v eCTb QMCJlO npOH3BO)I,HbIX B BepllHme 'll. 

OTCYTcTBHe Y1!bTpa<pHOJleTOBhlx pacxo.n,HMocTeii 03Ha"TaeT, '{TO w(G) < O. O,UHaKo, 

C;1ellYCT 6blTb OCTOPO)KHhIM. MorYT cYlll.ecTBoBaTb no.n,pacxo,UHMOCTlf THna nOKa~aHUhlX 

Ha PHC. 17. 

DiVergent~--3:1
subgraph 


PHC. 17 

Do·nOM.'" Hco6xo;J,HMoe yeJIOBHC KOHettHOCTH eCTh 

LW " CYTb Hce B03:<IO.tKlible no.n.rpa¢bl rpa¢a G BKJIK)4a51 caM l'pa(p G. 
O~lllaKO. ('.\'\HeCTSY!'T ropa3,UO 6(JJIee npocToti cnoco6 OTBela na TOT me BOUpoe 6e3 

tle06XU.1HI>.IOCTH aHa:m3HpOBaTb BCC ,UHarpaMMhl. OH MO:lKeT 6blT1, nOJlyqeH np5lMO 113 BI1,Ll.a 

.;mrpaH/KHalla. 
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BBe,QCM BCJUt'HfHY, Ha3hlBaeMYIO HIl,lI.eKCOM BepWl'IHbl (Y<l» 

(5.7) 

f'.J.C' cSt" b" If ill quc.na npOH3BO,QHbIX, BHyTpeHHHX 6030HHbIX H <PePMHOHHhIX JlHHHft, eOOT

BeTCTBCHHO. TOf)J,a HH,QCKC Jl,HarpaMMbI (5.6) MO)KeT 6blTb 3anHcaH KaK 

w(G) = LWv + 4, (5.8) 
ver!e:t: 

r,i\e MbI HCflOJlb30Ba.I1H TOT <paKT, 'ITO 06bI'IHO Tl{boson) = 0 H rt(Jermion) L 
YpaBHeHlle (5.8) rOBopHT HaM 0 TOM, 'ITO KOHeqHOCTh (w(G) < 0) MO>KeT liMen> MeCTo, 

eCJIK W 1J < O. nepe,Q TCMKaK C<P0PMYJlHpOBaTh 06m;ee YTBep}K,lJ,eHHe, KOl',Qa 31.'0 npOHCXO,QHT, 

,Qasaihe paCCMOTpHM HeCKOJlbKO npHMepOB. 

5.2.3 TIpHMep: 

B ~TOM CJlY'lae 0" = 0, Iv = 0, Wv = bv 4. CHTyaIJ,HSI HJlJ1IOCTpHpyeTcSI Ha PHC. 18. 3.rr,ech 

~ 00'1= 0 

0)'1= ·1 

>< ro =·2v 

C1l v = -4 

® 0)(0) = 4 

.....@....- 00(0)= 2 

"
, . 

ro(O) = 0'®'
, 

, . 
i' , 

i' 

00(0)< 0 

PMC. 18 

CII.10llIHaH (WTpHxosaHHaH) JlHHHH 0603Ha'laeT BHYTpeHHlO1<? (BHewHIOIO) 'IaCTHIJ,y, COOT

B£"T'CTBeHHO. MhI BHJl.H~1, 'ITO cYllJ,ec-l'syeT OrpaHHQeHHOe qHCJlO pacX0Jl..51UI,HXC5I CTpyKTYP B 

WOpl-Hi \{J4.. 3TO BaKyy~tHble rpa<pbI, .ll,ByX- H 'leThlpeX-TOqeQHf>lC <PYUKIJ,HH. Bee OCTaJIbHble 

;J,l1arpa!\fMbI, HMeIOIU,Iu.' 60.nee <{eM 4 1I0PH CXO,JJ.51TCH. 

nOJl!"3HO SBCCTH onpC,.'leJleHHe MaKCHM8JlhHOrO HH.1I.eKCa Bepunt'HbI, KOr)l.a Bee JlHHHH 

HB.l51IOTC5! BHYTpeHHU).Ili. Tor~a Bee TeopHH MoryT 6bITb KJlaeC~f(.fmu.~pOBaHbl COI'JlaCHO 

~mat{f'HMIO 

<aD CynepnepeHopMMpyeMbIe HeT pacxo,JJ.f!LUHXCSI CTPYKTyp 

:..v;:tax llepCHopMHPYCl\Ible KOHe'lHO€ 'IMeJlO paCxOJ1,HLUHXC5I CTpyKTYP
{ > 0 HenepeHOpl\mpyeMblC BecKOtte<lHoe <{HCJlO paCXO)l.SlIU,ffXCH CTpyKTyp 



TO:lhKO ;l,;Ui lIepllblX ;.(ByX T1H10B TeOpHfi MhI MOlKeM CnpaBHTbC5t c yJll:ilpa,+,n'J"~'~_"". __ 

pal'XO:lI1~IOr:n!MI1 B TeOplHt B03!vtyllI.cnHH. CnpaBe,!.l.J1HBa c.neAYlOll{a5t TeopeMa: 

TeopeMa: B .11.'10601'1 neperWp.MUPYCMOU rneopuu Bee Y.ll.t>mpaifjuoAemo6ue paCXOdUMO

emu M02JJm 6'btrrL'b 7W(?A01-4e7i.'bt (3 nepeOT£l)edeAe'Hue (nepe7i.OpMUp08'K:Y) -X;OHe'{1t.OeO '{UCAa 

napa.Memp08: -X;OHcmauma COJ1.3U gi, nO.ll.eu 'Pj 1l. .Mace mj' 
I1I'HOPHPY5I B03MOIKHI.>IC CtvH~mHBaHHa, 3TH nepeHopMHPOBKH OIIHChIsalOTCH CJIe)Jj'lOll(H

MH <PopMYJlaMH 

gfaTe Zy.(9, Tn, .•. )g" 
tp7a.re 

·m7m 
. e 

Z"'J (g, Tn, ... )tp) , 

Zmj (9, Tn, ... )mJ • 

(5.9) 

Yp.(5.9) Ha:ibIBaeTC5I yr.JIOBH5tMH MYJIbTHnJIHKaTHBHOH nepeHopMHpOBKH, a KOHCTaH

Tbl Z KOHCTaHTaMl1 nepeHopMMpOBKH. QUf! 3aBHCfIT aT cnoco6a peryJl5tpH3al1.HH pacXO.n;H

:vlonei1 H CTpeMHTCH K 6eCKOHe<iHOCTH flPM CHHTHH perYJiHpH3al1.HH (A -). 00). 

TaKHM 06Pa30M, .n;JUI Taro, QTo6bl TeopHS! 6hIJIa rrepeHopMHpyeMoU, Heo6xo.n;HMO qT06hf 

w~ax :s; O. 3TO Tpe60samfe MO)KeT 6hITh nepeQ:>opMYJlHpOBaHO B TepMHH&X pa3MepHOCTeH. 

PaCCMOTpHM npOH3BOJII.>flblH "wen JJar'paH}f(HaHa rnaHMo,rr.eitcTBluI, KOTOPblit eCTb npo
H3Be.n.eHH€ nOJIeBblX onepaTOp013 11 HX npoH3s0~HbIX 

£1(X) 9 II tp,(x)otpj(X}. (5.10) 
iJ 

D.e~CTl3He eCTb 'ieThIpeX-McpHbIH HHTerpaJI 

(5.11) 

,J,aBaMre floACLlHTaeM paJMepHOCTb lIapaMeTpOB B yp.(5.1O), (5.11). fIOCKOJIbKY ~eHCTBHe 
6e3pa1MepHo (Mb! I1CnOJib~yeM eCTeCTBeHHble e.n;I1HHl1.hI Ii c = 1) 

[AJ = 0, 

TO paJMeptJOCTh KOH{,TaHThJ CB5I3W BhIpa)KaeTCa ¢OPMYJIOit [9J _w~ax (B eAHHHu.ax Mac-

Cbl). TOf,Ll,a YCJIOBWC nepeHopMwpyeMOC1.'H MO)KeT 6bfTb 3amlcallO KaK 

fIepeHopMHpyeMQCTh : [g] 2: O. (5.12) 

fIO(:!\101'PWM, KOf~a 31.'0 yr...ll0BHe flbHIOJ1!HleTCH. 

5.2,4 VIJIJIIOCTpaIJ;HSI 

R 
R 

1 => [gJ 0, R 
R 

http:eAHHHu.ax
http:e.n;I1HHl1.hI
http:yp.(5.1O
http:perYJiHpH3al1.HH
http:peryJl5tpH3al1.HH
http:nO.ll.eu
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IhaK, Bee :')1'11 MO.J.eJUf ncpCflopMMPyCMbL 

£, = _hrp6, [rpJ =1 ::=} [h] -2, NR 
£ = C1P'liJ1P1jJ, [1J!] == 3/2 ::=} [Cl -2, NR 
c = K,1j)a"l~tp, [lbJ = 3/2, !"~l = 1 => [1'\:] -1, NR 
£ = 'YlfOIl'P'YIl1jJ, [ip] = 1, [lPl = 3/2 => h'J -1. NR 

nee 3TH MO.J.eJHt, HallpOTHB, HenepeHopMHpyeMbL OTMeTHM, 'iTO OHH BKJUo'-l:aIOT 'ieTblpeX

qwP!l.H10HHOe H;1H TOl< Ha TOK B3aHMO,11,eiktBHe. 

BblBO,11, CJleA,yIOllI,HH: E,IJ,HHCTBeHHbIMH nepeHopMHpyeMbIMH B3aHMO,lJ,eAcTBHSMH RBJUI

IOTCR: 

i) i.p1 InaHMO,lJ,eiicTBHc; 

ii) IOKaBClwe B3aHMo)J,eAcTBHe; 

iii) Ka..rm6poBo~lHoe roaHMO,lJ,eDCTBHe 

iv) TeopMSI ip3 cynepnepeHopMHpyeMa. 

Ec..,Ht 06paTMTh BHHMaHMe Ra cnHR 'tacTHII" yqaCTBYIOllI,HX BO B3aHMO,lJ,ef.icTBHH, TO OH 

TaKJKe CHJlbHO orpaHH"leH. ilepeHopMHpyeMble B3aHMO,lJ,eHCTBHR cO)J,epJKaT TOJlbKO nOJIR 

emlHa 0, 1.2 Ii 1. Bee MO,11,e.HH co cnHHOM 3/2, 2 H T.,IJ,. - HenepeRopMHpyeMbI:. ilOCJIe)J.HHM 

BK.'lIO'falO'l' TaK)Ke H rpaSHTaI.l;HIO. T.e. KsaHTOBas rpaBHT'dI~HSI - HenepeHopMHpyeMa.. 

I1oeKOJIhKY Mhl He 3HaeM, KaK 06pam.a"fbCSl C HenepeRopMHpyeMblMH B3aHMO)J,eACTBHHMH 

H3-3a Toro, "ITO YJIbTpa<pMOJleTOBhfe pacxO,lJ,HMOCTH He rrOMaIOTCH KOHTPOJIIO, OC'l"aIOTCR 

.1HUlb TpH nma B3aHMO)J.eficTBHH, H3 KOTOPblX MOJKHO nOCTpOHTb GraH)J.aPTHYIO MO)J,eJlb, 

a HMeHHO ..p4, IOKaBCKOe H KaJIH6pOBO'iRbIe B3aIfMO,11,efieTBIUI co CKa.lUlpHblMH, cnHHopHhIMH 

Ii neKTopHblMH qaCTHI(aMIf. 

C.ae,J,y€T C,11,CJlaTb 3aMeqalIHe OTHOCHTeJlbHO BeKTopUbIX rroJleA c M 1= O. Bc.rrOMHHM BH)J. 

nponaraTopa MaccHBHoro BeKTOpHOI'O nOJIH 

OH .J,aeT 1", 2" 'ITO BC,IJ,eT K RenepeHopMHpyeMoCTH. E,11,HHCTBeHHbIH H3BecTHbiA enoc06 

H'16(')I(aTh 3TOij Tpy,nHOCTH eCTh CnOHTaHHOe HUpYIlICHHe CHMMeTpHH. B 3TOM cnyqae 

V. V.... = i gtw~.0__ dt )kJ.'kv/k2 

IJ. M2 k 2 u: 

flO:1TO~·I.v 'fl = 0 H TeopHH OKa3bIBaeTCH nepeHopMHpyeMoit 9TOT MexaHIf3M HCno.Jlb3YeTCH 

8 GraH.aapTHoH MO..'l,eJIIf ,11,.1151 npH)J.aHIUl Mace npOMe1KyTO'iHblM BCKTOPHblM 60301iaM 6e3 
HapyIllf'HIIH nepeHopMHpyeMoCTH. 

5.3 nOCTpoeHHe MO,lJ,eJleH 

. :\lhl HM(:~e"l Tenepb Ii CBoeM paCnOpH}KeHHH Bee ne06XO.l1.HMOe )J.JIR nOCTpoeHHH CTaH,11,apTHOA 

.\lo,J,p:nt (PYH.J.a;\!eHTaJIbHbIX B3aHMO)J.eHCTBHlt "lfeThlpe <PYHAaMeHTaJtbHbIX CHJlbl B npupo

;1,(' OrIlIChlBalOTCH B TepMUHax J1arpaHJKesoR KBaHTOBOH TeopUIf nOJlH (C~L Ta6JIHu,y 2). 
KStlHTOBaH rpaSHTaU,IU:I He nocTpoeHa B HaCTO}{ll~Hn MOMCIIT. ItbnecTHble aepCHH TeopHH 

Hcnept'Hop.m'fpyeMbl. CYllI,eCT8YIOT HOBbIe H)leH, CBSl3aHHbIC C cynepe:l:lMMeTPIft~R, TeopIfH 

cynepcpaBHTaUI1H. KOTOPbIe YJlyqWalOT Y<D cBoAcTsa TeopHH. OAHaKO, 3TOI'O OKa3aJ10Cb 

IH',lUnaTu'IHO j~J1H :l.OCTHJKeHHH nepeHopMHpyeMoCTU. Ilpo6JIcMa Y<D pacXO)J.HMocTef.i B Te

OplHf q>a1.H1 TaU,.lHI Iff' pelll€Ha R paMKax JlOKaJIbHOi{ KsaHTOBOH Teopm1 nOJlH. 
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MaccHBHbIe, CnHB 

3:H'KTPO BaRH6£'pr- HeHapyrncHuaSI KUapKH H .rIenTORbl 

:\laI'HlITH hiP Ca.rlai\j SU(2) KaJH!6p. MaCCHBHble, CIIHH 0 

(rBG) tnOHTaHHO XHffCOBCKHe 6030Bb! 

uapymeHnaSl MaCCHBHble, cmm 1 
<pOTOH 

MaCCI1BHble, Cnl1H 

6030Bbl 

CUllH 

rcopu>l KaJlH6p. rpaBHToH 

OTHOCI1T. Bce 

5.3.1 KOHetIHbIe Teopllll 

Jllo6onbfTHO. B03MO)f(HO "111 nOCTpOHTb I<BaHTonylO TeopHlO nOJISI 6e3 YJIbTpa<pHoneTOBblX 

paeXO;:l.InlO('TeH. T.e. I(()Hl"HfYIO TeopMIO non5f 6e3 paCXOlV1MocTeit, 6C3 nepcnopMHpOBOK Ii 

T . .iI,.'? 

Y,l{HBHTe:lbHo, flO OTDer no.10)f{HTeneH. HanpaBJUIlOln:a51 M,ll.eSI CIHi3aHa C Ka.JU16pOBO~IHLI

MH nOJUH-UL BCIlOMHHM )<t><t>CKT nOJISIpH3au,HH saI<YYMa. OKa3blBaCTC5f, 'iTO B TO BpeM5I KaI< 

nO.'lfl :\lan~pIfM npI1BO;J,H'f K 3KpaHI1pOBKe rOJIoro 3ap5l,ll,a, KaJIU6POBO'lHh!€ nom! npHBOJVIT 

K aHTl-nKpamfpOBKC, T.e. UPOH3BO)J,HT npOTHOOnOJIO)f{HbIH 3q)(peKT. PaCCMOTpHM pa,ll,Han:H

OHHblC 110npaBKH K nponaraTOpy cnHuopHoro nonH. O)l.HOnC'I'jleBble ,n:MarpaMMbl nOKa3aHbl 

Ha Puc. 19. rIepBaf! ,n:l1arpal\L\:IR co,n:ep}KHT BRpTyMbHoe KMH6po130'iHOe nOJJe, B TO BpeM~ 

+ 

PRC. 19 

Kaj( BTOPMI - BHpTya..1bHoe CKaJ1HpHOe flOJIe. Ka)f(,1l.aH 1f3 ,1l.HarpaMM paCXO,ll,H'I'CH, o,n:HaKO HX 

C.\':-'IMa KOHf:"1Ha. COKpmUE'HlIE' paCxO,1l.l1MOCTeR npOIICXO)J,MT, eCJlH KOHCTaHTbJ CBST3M pasHbL 

-1pvf'(n{ npID{E'pO\1 (,OKpalt~emIH pacxo)J,I1MOCTeM C!IY)f(I1T nponam'I'Op KaJlH6pOBO'moro 

nO.15\. .J.Harpa"I~lhl nOK<naHbI Ha Pl:lc. 20. O,n:HoneTJleBblC pa.Ll.HaUI10HlIble nOnpaBKIt pacxo

;l.51TC'J.! 11 1I1J(lfIOPUHOflcUbtlbl 

In A2(~N - ~nf)
3 3' 

f,::((> :\' COOTBE'TCTByt'T Ka.:m6poBO'1H0I1 rpynne SU(N) H n, eCTb 'lI1CJIO q,epM1101l0B B <pyn
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HeneJloe 'iHCJIO <PePMMOHOB BhlrJUI)l.HT Heq,H3H'feCKHM, O)l.RaKO 38,MCTHM, 'iTO 1 MaHopa

HOBCKHR q,epMHoH (C1/J = 'Ij;) 3ac'fHTblBaeTCH KaK 1/2)l.HpaKoBcKoI'O <pepMHoHa, 

11,

2"N )l.HpaKOBcKHX cpepMHoHoB = UN MaAopaHOBCKHX <PePMHOHOB. 


1\faf.iopaHoBcKHC <pePMHOHbI HBJUIIOTCH Heo6xo,ll.HMblM HHrpep,HeHTOM cynepCHMMeTpHH, CHM

MeTpHM, KOTopall TpaHccpopMHpye:r <pepMHoHbl B 6030HhI H Hao60poT. 3Ta CHMMeTpHSI Te

nepb HcnoJlb3yeTCH )l.JIH uocTpoeHHSI o606rn;eHHSI OraH)l.aPTHOli MO)l.eJIH. 

nepBa.s! KOHe'IHaH 'leThIpeXMepHruI KTfl 6bIJla nOCTpoeRa B paMKax cynepcHMMeTpH'l 

HhlX MO)l.eJIeH. 3TO TaK rIa3bIBaeMaH N=4 paCIJlHpeUHaSl cynepCHMMeTpH'iHaH TeopaS! 5IHI'a

I",htJI.llC8.. K CO)!(aJlCmIlO, OHa He MO)!(eT 6blTb HCnOJlb30BaHa. l1.JlSl nOCTpoeHIUi peaJlHCTH

'iecKoA MO)J,eJIH H3-38. Hey,n.oBJIeTBOpHTeJIbHOro COCTasa nOJlei{. n03)f{e 6blJTH nOCTpoeHbI 

N=2 H N=l cynepcHMMeTpH'iHhIe MO,ll,eJIH TaK)!(e coo60,ll,HbIe OT YJTbTpa<pHurleTOBblX pac

XO)J,HMOCTeM. nOCJIell,HHe MO)J,eJTH npe)l.OCTaBJUIIOT HaM B03MO)!(HOCTh nOCTpOHTh KOHC'iHYIO 

peaJlMCTH'lHym TeopHIO BCJIHKOI'O 061>e)J.HHeHHH. 

KOHC'iHbIC MO,ll,eJU! He Tpe6ylOT npou.el1.Yphl nepeHopMHpOBOK. OHH He HMelOT np06JIeM 

Ha MaJlblX paCCTOHHHHX (60JIbIllHX MMuyJIbCax). CYlI1.eCTBye:r O'leHh OrpaHH'ieHHoe 'iHCJIO 

MO.ll.eJleii ThROm copla. OHI1 06Jla)l,alOT 3aMe'laTCJIbHhlMH CBoi{cTBaMH: e)J.JHta$l KOHCT'dHTa 

(;6)1'311, <pHKCHpOaaHH(}e <fIH:no 1l0I<o.neHHA, <pHKCHPOBaHHhlA Ha.60p XHrrCOBCKHX nOJleA. 

O)l,HaKO, M CYIllcCTBYIOUl.He nepeHopMHpyeMhIe MO)J.eJTH lmOJ'IHC npHrO,Il,Hbl ,ll..II8 ormca

HHf! Tpex q,YH,ll.aMeUT"aJIbHblX B3aHMO)J.eAcTBHf.i. TeopHH nepCHopMHPOBOK n03B0JI8eT no

.1YQaTb KOHe'lHbte OTBeTbI npHf'O)l,Hble )J.J18 cpaSHeHH8 C 3KcnepHMeHTOM. )J,OCTHrHyTaH B 

HaCTOHIUHH MOMeHT TOY.HOCTb cpaBHenH8 npe)l,CKa3aHHH CTaH)l,apTHOA MO)J.eJlH C 3KcnepH

MeHTllJIbHblMH )l.aHHblMH y6e)K)J.aeT Hac B CnpaBC)l,JIHBOCTH nOCJIe)l,HeA. 

MbI npe)l,C'raBMJlH 3,l1,ecb C)!(aTOe H3JIO)!(CHHe OCHOBHbIX npHHll.HUOB KsaHTOBoA TeopMH no

:UI. 9'1'0 en!> <popMalH'3M, Heo6xo,ll.I1MblA )l,JI8 nOCTpoeHH8 OraH,Ll.apTHofi MO,Il,eJTH <pyn

~'~aMeffTaJlbIlbIX BJaHMOllCikTBHH. COBpeMeHllble nonbITKH BhIATH 3a paMKH CTaH,ll.apTHOA 

:\10;1.€>.lH TaKiKe npe~npI1HJI"laIOTCa B KOHTeKCTe KBaHTOBOn TeopHH nOJla. 3'1'0 eCTb reopMH 

B£'.1HRoro 061>€',lHfl(,HlU!, KOTopble 06oe,.'],11I181O'1' C¥VlbHble B3aHMO)l,enCTBHa BMeCTe C 3.'"I(>K

Tpoc.lla6bl~lH, cynepcrnlMeTpH'-IHbIe 0606rn;emH! CTaH)l,apTHOA MO)l.CJIH H TCOPldt BCJIHKOro 

06'be.U'lIIclllul, 11, HaKOfICl{, TeopHI1 cyneprpaBHThI~HH, Hau.eJTeUHbIe Iia BKJ1IO'IeHHe rpaBlof

TI\UHH a 05u~Y10 yHHSCpCallbUylO CXCl\ly. KBaHTOBaH TeopHR nom) o6ell~aeT 6bl'1'b HaIt60;lee 

(TTel"TBeHHhIM ¢op~1a:lInl\IOM ,ll,nfl .ua.,lhllcRlllero pa.3BHTH5l TeopHH qaCTl-U.I,. 
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B lloe:le:UBH' 1'(),1.bf nOHBHJIHCb HOBble H,l1.C/.f. BbICIIUfe pa3McptWCTH npOCTpaHCTsa-BpeMClHf, 

1I,\f'11 h:(\.lVl~bl-KJI('HHa nOJ1Y'Hf.1H 11060(' pO>K}l.Cmfe '6 paMK8X cyneprparnnalUHf. Elll.e 60

.w(' jJeBO.;1I0IUfOHllbl.'v1 Hl:WaeTCH \.>i:t3BI1THf' TeOpl1H cynepcTpyH. B 3TOM nO,l1.xo,l1.e JIOKaIlbH<H1 

KTn BblCTynaeT B K8'1eCTBe HH3K03HCprCTI1l.feCKOrO (Ha 60JIbIDHX paCCTOHHH.HX) npe,l1.CJIa 

(pVlt1.a~leHTaIlbHOii He.HOK3..!lbHOH TCOPIHf, TCOP1UI cynepcTpyHbI, npeTCH,DJ'IOII.l:cft Ha pO.Hb 

OKOIl'''laTCJlhHOM TeOpl1lf Bceeo cYlll.ero. O.n,HaKo, .11.8)KC B 3TOM CJly'lae KTI1 OCT8CTC5J rJI8B

IIhIM I1HCTPYMCHTOM onw;amlH qm3HKI-l HfDKC llJ18HKOBCKOH lllKaJIbl. 
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