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1. BBe.neHRe 

RnepHasr penaKCalrVIJI Qepe3 rrapaMarH.l1THbIC np:l'IMeC.l1 JlBII5ICTCJI r JIaBHhB.I 

penaKCaUtIOHHhIM rrpoueccm.1 ,[I)IJ1 JI));ep co crrVIHOM I ::::: ~ B VI30JUITopax [1­
5]. 3TOT rrpou:ecc H3YQaeTCJI Y)Ke BeCbMa )J,nHTCJIhHOe BpeMH) B oco6eHHocTH 

B CBJl3H C lIHHaM1PlecKoH nOn.lIpl:I3aIU1:eH .lInep (CM. Hanpl'IMep [4, 5]). T eM 

He MeHee pH.1l liIHTcpeCHhIX BonpOCOB M3YQeH He));OCTaTOqHO, B qaCTHOCTH, 

B reOpeTHqeCKOH JIHTepaType no cnMHOBOl1 JumaMHKe eme He OTpa)KeH TOT 

cpaKT) qTO lInHHHOBpeMeHHa5I aCHMIITOTfIKa B TpeXMepHhIX cpe));ax lIOJDKH3 

6blTh He~:)KcnOHeHUVIanbHa [6] H OTCYTcTByeT aHanH3 .n:BYMepHblx VI O,IJ;Ho:vrep­

HhIX eHCTe}.;!, B TO BpeM5I KaK 3KcnepVIMeHThI Y)lce HaIIpaBrreHhI Ha 06beKTbI (' 

cppaKTaJIhHo.ii pa3MepHOCTbIO [7J. 
B lIaHHOI1 pa.6oTe nOCTpoeHO o606meHHe TeopVIH [1-5] 5I));epHOl1 peJIaKCa­

UI111 tlepe3 napaManmTHble rrpl1MeCI1 B .D;BYX HanpaBJleHl15Ix. B pa31Ierre 2 
TeOpl:IJI pa3BHTa .n:nJl npOl:I3BOnhHoH npocTpaHcTBeHHoH pa3MepHOCTH d. B 
:n'OM ¢OPMC OHa npHMeHHMa KaK J.(JUI CHCTeM CuenoqHCneHHbIMH d, TaK 

H .n:nJl cppaKTanhHhIX cpe));. B pa3));ene 3 ccpopMynHpoaaHa HOBaJi TeOpl'IJI 

THI1a TeopMH CpC,IJ;HCrO nOJHI. OHa I1pe,IJ;Ha3Hal.leHa .D;JIH Om:lCaRHH npouecea 

IIpH 60nee nmn-lHblX BpeMeHax, KOr,IJ;a B 3BOJllOUl:IM JI.D;epHOH I10JI5:£p113alJ;lm 

p(t) Hal.nmaroT pa3BHBaTbCJI OTKJIOHeHHJI OT Hal.IaJlbHoi'I CTa,.a;11H (onHcbIB3­

eMOl1 TeopHcH pa3));eJIa 2) B CTOPOHY aCHMI1TOTHKH [6} BanarYPoBa-BaKca 

Inp(t -+ (0) ex:: t d/(d.+2). CymecTBeHHo, qTO) COfJIaCRO cymecTBYIDmeH TCOpl1H 

[1-5], il TpexMepHblx cpe.uax Inp(t -+ 00) ex t. Teop.H5I pa3.1leJla 3 .llaeT TaK)K{:' 

HOBble cpH3HQeCKH eCTeCTBeHHhle aprYMeHThI B nOJIh3Y BaJKHel1rnCrO 3BpI1C­

T11 qeCKOf'O 3JleMeHTa, neJKamero B OCHOBe CTapOH TeOpl:tH .H ee o606rueHI15I 

H3 pa3neJIa 2 nepeCTpOHKI1 pa.3JIOJ:KeHHH p(t) (B pJln no CTeneWIM IIJIOTHOC­

TVI rrapa::vrarHHTHoM IIpHMecH) B KYMymIHTHyro cpOpMy. PellleHHe yparmeHHH 

TeopHl-l Cpe.1lHerO IIOJ1J1 HaQl1HaeTCJI B pa3,.a;elle 4 H 5IBHhle cpopMynhI lIJIH p(t) 
B cpenax C ueJIOqHCneHHoH pa3MepHocTblO d ~ 3 nOJ1YQeHbI B pa3,1:(C!le 5. 
OnHHM In ueHTpaJ1bHbIX IIOH5ITH'H: B HOBOM TeopHH 5IBnHeTCJI T-MaTpHua. C 
MaTeMaTl1qeCKOH TO-qKH 3peHH5I OHa COBIIanaeT C T - MaTpHUCH KBaHTOBOMe­

XaHHl.IeCKO:H: 3a,.a;aql1 paCCe5I.fH1H BHe MaCCOB0l1 I10BepXHOCTH Ha cHHryn5IpHOM 

OTTaJIKvIBaTeJIbHOM nOTeHUHaJIe. P5In BcrrOMOraTeJIbHbIX paCqeTOB, CB5I3aH­

IIbIX C TIOCTpOeHHeM ee HH3K03HepreTl1QeCKOii H .JlJIHHHOBonHoBoi1: aCHMfITO­

http:cppaKTaJIhHo.ii
http:np:l'IMeC.l1
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Tl1KH, BhlHeCeH B rrpJ::UIO)I(eHIUI. 

2. AHaJIH3 TIO rJIaBHoMY 'lJIeHY KOHI.:(eHTpaI.:(HOHHOro pa3JIO.iKeHH.R 

06CY)K.llaeMbIll rrpouecc rrpHH)lTO orrMCbIBaTb KMHeTW-IeCKI1M ypaBHeHl1e:YI 

l1jj(x, t) - L wz:v(p(x, t) - p(z, t»at z 

r.lle p(x, t)- rrOJI)lpH3aIJ}I)l 5I.llpa, pacnono)KeHHoro B Y3JIC x KpHCraJIJIa, M, B 

npcHc6pc)KeHHI1 yrnoBoH 3aBl1Cl1MOCTblO .n;Hnonb-.llHnOJIbHOrO B3avIIvw.n;eflcT­

Bl'I5I, 

vor8 C 
(2)

Vzx = 1~~ = Ix zlu' 
3.lleCb 'Wxz -CKOPOCTb cpmm-qmon nepeXO,/lOB H,/lepHblX CIlliHOB paCIlOJIOII(CH­

HblX B Y3JIaX x 11 z, ro - paccToHHHe Me)K,/ly 6JIl1)KaHlllHMH H.D:paMH, Vzx-CKO­

poeTh peJIaKCaUHl1 )l.llepHOrO cnnHa B Y3JIe x no.n;BJIHHHfIeM 3JlCKTpOHHoro 

m-l.pa::VlarHHTHoro npMMeCHoro ueHTpa (aKueIlTopa)· pacnOJlO)KeHHOrO B Y3nc 

z, Vo ).:"> wo) nz-COOTBeTCTBYIOrn:ee l1HCnO 3anonHeHHH: Ttz = 1, ecnI! Y3en z 

3anonHeH aKuenTopOM, H nz = 0 B IlPOTHBHOM cnyqae. PacnOJlO)KCHI1C aK­

uenTopOB rrpe.llrrOnaraeTCH cnYl.laHHbIM H HeCKOppCmi[pOBaHHbIM, T .e. Cpe.ll­

Hce 3HaqeHHC .llmI qHCna 3anOnHCHH5I (71z)c = c «: I, r.n;c C-KOHl~CHTpa.UHSI 

npHYIeCH, a 3anOnHCHH)l pa3Hblx Y3JlOB He3aBMcHMbl, HanpHMcp (nxnz)(; = 
= !Juc + (1 - oxz)c2. lIanee B OCHOBHOM 6Y.llCT paccMaTpHBaThc.a npC.lleJI 

cnnolllHoH Cpe.llhl, B KOTOPOM Bce Ha6mo.n;aeMble BeJlHqHHhl Bblpa)KalOTcSJ LIC­

pC3 nnOTHOCTh npHMeceH n = cine) r.n;e !lc-06'bCM 3ncMcHTapHoH HqeHKH 

KpHCTanJIa. B 3TOM rrpc.llene c -t 0, HO H3MeHCHHC Ha6mo.n;aeMhIx C TCl.JCHI1CM 

Bpe:'vreHH KOHeqHO. 

B cTaH.[(apTHoM cpopMymlpOBI{e rrpo6neMbI [1-5] QHCna 3cmO.TIHeHHH He BBO­

.n;HJIHCb, a rrpHMeHHnOCb 3KBn:BaJICHTHOe ycpc.n;HeHHC no KOOp.llHHaTaM {R} 
aKuenTopOB (no orrpe.lleneHHIO nx = 1, ccnM x E {R}, 11 n;t: 0) eCJm 

x tf- {R}). 
B KOHTHHyanbHoM npH6nH)KeHI1H ypaBHeHI-Ie (1) nepexo.n;I1T B 

op(X, t) _ D /\ -( )
--~at - oup x, t Lnz'Vzxp(x) t) = -A, p(x, t)) (3) 

z 

1 2 
Do = 2d ~x wxo, 

r.n;e d- pa'3MepHOCTb cpe,nbl, a Do-Ko3Q:>CPI1UI1CHT crrHHoBoH .llHCP<pY3IHI. 
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Ilanee MbI orpaHlPU1MCJI o6CY)K,UeHl1eM 3Toro ypaBHemUI .vIMe5I B B.vI,UY, 'ITO 

YCJlOBIl5I ero rrpl'IMeHE:MOCTU 06bFIHO ,UOCTaT01:IHO xoporno BbInOnHCHbl: II no­

nmKI1M Po = l. 
Ha6mo.n;acr-.fOH JIBJUleTC5I CYMMapHaJl HaMarHI1qeHHOCTb, nponopUIWHanb­

HaJI cpe.rlHeH no 06pa3Uy 5I,UepHOH nOnJlpH3aUl1H 

p(t) = ~ I ddx jj(x, t) = (OIG(t)IO) = (OI(G(t»)cIO), (4) 

r,Ue BBe.n;eH nponaraTop Gxy(t» y.n;oBneTBop.snoIUHH ypaBHCHl1lO (:3) HO C Ha.­

qaJIbHbIM YCJIOmWM Gxy(t 0) = 8(x y), 'iCpC3 10) o603Ha1:ICH HopwmponaH­

Hblir BeKTOp C KOMnOHCHTaMH (xIG) = 1/VO, n-06'beM KpI1CTamra, a C.Htd­

non ( ... ) c 0·3HaQaeT ycpe,UHeHMe no cnY1:IaHHoMY paCnOJImKeHI110 npI1Mece~i. 

BeKTop 10) npI1Ha.D)IeJKWl' TOMY )Ke rI1J1h6epToBY npocTpaHcTBY, B KOTOPO!v1 

onpe,UeneH 3PMl'ITOB onepaTop ypaBHCHI1Jl (3) 

A = An + LnzVZ, Ao = -Do~, V~ = 8(x - r)· vzr . (5) 
z 

ECTeCTBeHHoe rpaHI11:!HOC YCJIomre )lJI5I 3a.1l.a·QI1 (3) COCTOHT B OTCYTCTBI1J1 

rrOTOKa Ha rpaHHue r o6pa3ua: Dovp(x, t)lr = O. Ho B .a:eaCTBl1'reJIbHOCTH 

,UJI)! MaKpOCKOII.Hl:.leCKoro 06pa3ua C xapaKTepHhlM pa3MepOM Rs » -/15Ot, 
r.n.c t ,L(JIl1TenhHOCTb Ha6JIlO,UemuI, .sJBHbIH BM)]; rpaHMl:.JHOrO YCJIOBIUI He na­

)KeH, ORO .llOJI)KHO JIHIIlb o6ecne1:Il1Tb apMHTOBOCTh onepaTopa A. HeCIwnhKO 

IIO.llpo6HCC 3TOT Bonpoc paCCMOTpeH HF.DI<:e. 

EcnH pa3JIO.tKI1Th p(t) B p5I,U TIO KOHn:eHTpan:HH npMMeCH [8, 9} TO B IICPBhlX 

t IJ1CHax 

p(t) = (O/G(t)IO) = (OIGo(t)IO) + n / ddr(OI[G(l)(t, r) - Go(t)Jlo) + 0(n2
) = 

= exp (-Mo(t)(l + 0(n2», (6) 

Mo(t) = n I tFr(OI[Go(t) - G(1)(r, t)lIO). (7) 

3,UeCb BBc..neHhI Go(t)-nponaral'Op B OTCYTCTBRe rrpHMeceH, C(l)(t, r)- rrpo­

naraTOp IIpli HaJIW:IHH O,UHoro npl1MeCHOro ueHTpa, paCrrOJIOlKeHHOro B TOT·IKe 

r 1 .vI yqTeHO; l.ITO (OIGo(t)IO) = 1. Ilanee, B cHrry TpaHCJ15In:HOHHOH HHBapH­

8HTHOCTH 

Mo(t) = ~ I ddrddxddy[G~~(t) - G~~(r, t)J = 

=n / ddxddy[G~~(t) - G~~(O, t)] nO(OI[Go(t) - G(l)(O, t)]lO); (8) 

rne G~~ = (Go)xy. 
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y llo6HO BBeCTliI npe.n;CTaBJleHHe ITamIaCa COOTHOIlICHMCM 

:x; 

f(>..) = / dt e-).t f(t). (9) 
o 

TenepL GO(>") = (>.. + AO)-l, Ao == -Doll, 

- 1 1­
.Nlo(>") = nn(OI(~A - \ A Vo)IO) = A+ 0 A+-O+ 

=nn(OIGo("\)T("\)Go(>")IO) = :~ (OIT(>") 10) , 

10 0
T(/\) =V 1 + GO("\)VOI (V )xy = o(x y)vx (). (10) 

3.n;CCh Y1.ITeHO, 1.ITO AoIO) = O. Ib npe.n;CTaBneHl'ISf (10), B CHJIY KOpoTKo.n;eikT­

BliU! "noTeHUHaJIa" Vxo, cnen;yeT, "lITO T(>..) He 3aBIrCHT OT rpaHI1'IHhIX YCJlO­

BI1M npl1 0 --+ 00. nJIH peaJILHLIX paCqeTOB y.n;o6Hee npOBeCTM CIIen;YIOmee 

npeo6pa30Bamfe: 

. nO - 0 1 - nO - ° 1 ­
lY.ftl("\) = (OIV >"+Ao+ Vo(,,\+Ao)IO) = T(OIV ,,\+Ao+VO IO) = 

nO - ° 1 0 ­
=T(OIV (Ao + VO)(>.. + Ao + yO) (Ao + V )10) = 

= nf~(OIVO 1. VOID) = nO L 1(nIVOIO)1 
2 

. (11) 
).. (Ao + VO)().. + Ao + YO) n ().. + En)En 

3.n;ech (An + VO)ln) Enln). Pe3ynbTaTLI, 3KDHBaJleHTHbIe ¢opMynaM (6) 
H (11), COn;ep)KaTCSf B MOHorpaq:uIH [3]. Harne H3nO)f(eHl'Ie CJlc.n;OBano BOJ1ee 

npOCTOMY Ir CTPO[,OMY no,IlXo.n;y, pa3BHTOMY B (10, 11]. 
llmI paCqeTa no cpopMyne (11) Heo6xo.D;I1MO .D;IraroHaJlIr30BaTb orrepaTop 

Ao + yo. OqeBHllHO, '-ITO Mo().. -+ 0) 11: Mo(t -+ (0) onpe.n;eJl.SfIOTCH MaJlbI­

MH En. B 3TOR oonaCTH MOlKHO, cne.n;ySf [3], npl1MCHI1Tb TeXHHKY paCqeTOB; 

pa3BHTyIO B TeopHH paCCe.SfHHSf Me,n:neHHblX qaCTHU (TeopHIO n;JIHHbI pacce.Sf­

HMSf (12]).B 06naCTH 60JlbUUIX ,,\ 1'1 ManhlX t y.n;oBeH MeTO.n; pa3JIO>KCHMSf no 

CTeneH5.rM K03CPCPUI(HcHTa .D:MCPCPy3HIr, pa3pa6oTaHHbIH B [10, 11). YllOBJleTBO­

pUTenbHYIO TOtIHOCTb llaeT npellCTaBJIeHHe 

Mo(t) = MF(t) + tv!l (t), (12) 

http:CTeneH5.rM
http:pacce.Sf
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f,IlC nepBbn1 qJleH omICbIBaeT HaqanbHYfO, T.H. cpepCTepOBCKYfO qaCTb peJlaK­

caWHf. a 1\11 (t) ITpc.n:cTaBmleT c06011: .n:JUlHHOBpeMeHHYfO aCYIMITTOTl1KY, pac­
ClUITaHHYlo H3 OCHOBe npe.n:cT3Bnem·HI (11) If ¢opMaIIbHo npo,n;OJDKeHHyID Ha 

Bce t (01. (15)-(17)). 
BeRn), Y)Ke OTMeqaBIIIeHC.sI BbIllJe cBo6o,n;bI B BbI60pe rpaHl1qHOfO YCJIOBYISl:; 

np:vr pact-leTe no ¢opMyJIe (11) MO.IKHO npl1H.sITb, "tITO 06pa3eu I1MeeT ¢Opl\IY 

c¢epbI C lleHTpoM B Hat-JaJle Koop,n;l1HaT. Tor,n;a BeKTOp 10) 11 nOTeHIJ;lfMI lIxo 

113 (11) HHBapl1aHTHbI K BpameHHSIM. l103TOMY B JlaHHOM pa3,UeJle .n:OCTaTot.mo 

y qeCTb mUlIh pa,n;}IaJIbHYfO qaCTh JlanJlaCCl1aHa npHH.sIB 

1 8 8
f:::.. f:::.. r = ----~ (13)81' . 

B ccpepw·leCKl1 If30TPOflHOii CHCTeMe 113MeHeHue fIOJlSIpll3aLl)H'l BHyTpn mapa 
V(r) c paJll1ycoM T If fIOBepXHOCT.hID S O"drd-1, 06YCJ10BJleHHOe nOTOKO)'-I 

"tIepe3 nOBepXHOCT.h, y,n;OBJleTBOp.sleT ypaBHeHI1IO 

[) !to d () ! I) . d-1 fJ (14)~ , d xp x = Do dS-z.;-p(r) = DOO"dT -8p(1'),
(Il ~ (r) . S ur . r 

rae O"d-nJ10ma,n;b e,n;HH114HOM d-MepHoM c<pepbI. IhHpcpepeHulfpy.sr 3TO COOT­

HOlileHYlC fIO T Mb! BHJll1M, t.ITO npe,n;cTaBJ1eHHe (13) COrJlaCOB3HO co CTaH­

.n:apTHhIM COOTHOIlIeHHeM 6a.n:aHca (14) npH mo6hIX d) H n03TOMY cpOpMyJl.hI 

(11) ;(18) onpe,n;eJl.1IlOT p(t) KaK ,n;J15I 06blt.IHbIX, TaK 11 ,n;JIX cppaKTaJlbHbIX Cl'IC­

TeM. 

ECJl.v1 paCCMaTpvmaTb pa3MepHOCTb npoeTpaHCTBa KaK HenpephIBHbI:H: na.­

paMeTp~ TO 113 pe?sYJlbTaTOB (62)-(64) TIp11JlO)I{eHHSI 1 cne,n;yeT) t.ITO npH 

Doi/b'2 ::» 1 
d 1 

!vI}(t, d < 2) 2 - (2 d)O"d (D t)d/2 (15)
df(2 _~) no, 

. 47fDont _ 2 2 
kh(t,d= 2) = In(4D t/(b2e1+'Y)(1+O(l j ln (Dotjb »») (10)

o

= 1000 

'Y dxe-x In(1/x) = 0.5772, 

lvfl(t,d> 2) = MiO)(t) + MP)(t) , (17) 
d(1) 23- ( d - 2) (Dot) (4-<1)/2 d 

,'\Jl°}(t) = (d-2)O"cfI~bd-2Dot, Ml (t) = (4 _ d)f(dj2) b2 b nO"(l-

B 3Tl1X ¢opMyJlaX BCSI 3aBMCMMOCTb OT "nOTeHUWaJla" Vro = CjrS cocpe,n;o­

Tot.leBa B n llHI1He paCCe.slH115I" 

f(1 d-2») 
(s ­b = (go) ( r(l+ ~=~) . 

http:cpOpMyJl.hI
http:IhHpcpepeHulfpy.sr
http:OTMeqaBIIIeHC.sI
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EcnH d < 2: TO 3aBMCHMOCTb OT b OTCYTCTByeT COBceM, a B cnyl[ac d = 20Ha 

O'leHb crra6a}[. 

l1MeHHo cpopMynbI (15)- (17) .n:omKHbI 6bITb rro.uCTaBrreHbl B (12) rrpI1 5 = 6 
VI d < 3. 

O.uHaKo ecnM S = 6, ad = 3, TO M3 (17) norryt.IaeTC}I, 'ITO 

Al?\t, d = 3, s = 6) = fi3;i {3I = 41r (f(3j4) /f(5/4))4 n2C .J 

<P0pMyrra (12) y.tKe co.uep:tKMT rro.u06BbIH 'lneB MF(t) = J!3pt, C 6.rnf3KoM 

KOHCT3HTOH {3F = (16/9)1r3n2C = 1.313!31. I103TOMY B .n:aHHOM cnY'lae, rrpH 

paCgeTe no cpopMyrraM (12),(17), CJIaraeMOe lYIP)(t) cne.uyeT orrycTMTb. 

3. OCHoBHbIe ypaBHeHHs TeopHH Cpe,lJ;HerO nOJlS 

c})0pMyrrbI (6),(12) Herrp.l1To.n:HbI npH OqeHb 60rrbIlIHx t. lleHCTBl-ITerrbHo: 

paccMoTpHM) cneIlY}[ [6], Blmall B p(t -+ 00) 60nbIlIHX 06JIaCTeH, He COIlep­

:tKaUU1X aKuerrTopoB. I1ornomeHHe B HHX rrpOHcxOIlMT TonbKO Ha rpUHl1ue. 

COOTBeTcTByroItiee pemeHHe ypaBHeHH}I .n:H¢CPy31111 .n:n.SI ccpepHqeCKOH 06nac­

TU pa.uHyC3 R nponopUHOH3JIhHO exp(;;':"K,DotjR2), r.n:e K, ex: 1. BepO.SITHOCTh 

CYilleCTBonaHHH TaKOH ccpepbI ex: exp( -nV(R)), [',ne V(R) = f!JRd. IT03TO­

iVry 

p(t -+ 00) OC n 1000 
ddRexp(-KDot/R2 nV(R)) oc exp(-(Bt),i12), (18) 

r.ue B-KoHcTaHTa, oupe.n:enjleMM reoMeTpHeH, UJIOTHOCTbID aKuenTopon rl KO­

3CPCPHUHeHToM Ilmpcpy3H~. 3.n:ecb rro.n: HHTerparrOM onyrueHbI MarrOCYU{CCTBeH­

Hble 'lrreHbI) cOJJ;ep.tKauure cTeneHHYJO 3aBHCHMOCTf, OT R. BOliee CTpOrlIH BbI­

BO.u aCHMIITOTHKH (18) co.n:ep:tKHTCH B pa60Tax [13, 14]. 
Borrpoc 0 MOMeHTe nepexo,na C 3aBHCHMOCTH (6) Ha aCHMrrTOTHKY (18), 

nO-BH.n:HMOMY, M3YQeH nnoxo. B qFrCJIeHHbIX paCqeTaX [15] eCTb YKa3aHl1.s! Ha 

TO, "ITO aCHMITTOTHKa (18) peanH3yeTca IIpH p(t) < 10-11 . I103TOMY MO.tK­

HO O)l(MIlaTh, 'lTO rrepeXO,lIHM oorracTb BeCbMa lllMpOKa M 6bIJIO 6hl HHTe­

peCRO nOCTpOWI'b ,lIII51 Hee a.o;eKBaTHYro TeOpl1K>. ECTeCTBeHHbIM KaHJJ;H.uaTOM 

Ha 3TY porrb MOrn¥! 6hl 6bITh no.n:xo,nbI THrra TeOpl1H cpe.n:Hero IIomI, KOTO­

pbIe B IlaHHoM Kpyre 3a,naQ Ha3bIBaIOTC}I MeTOIloM KorepeHTHoro nOTeHUHarra 

(eM., HarrpHMep, [16]), MnM MeTOJJ;OM 3cpcpeKTMBHoii (KorepeHTHoii) CpeJJ;bI (9]., 
0Hk! CTPOHTC}I B nannaC-IIpe.llCTaBneHMM .n:J151 IIponaraTopa, H, B climy arr­

re6paUl.JeCKOH CTpyKTYPhI ypaBJ:leHHH M pe3yrrhTaToB, OHM, IIO-BYl,Lll1MOMY: He 

rrpHoOIl}IT K cpopMynaM, KOTopbIe MQ)KHO 6hlJIO 6bI paCCMaTpMBaTb KaK CC­

TeCTBCHHoe npol~omKeHHe Ha 66rrhillHe t COOTHOllieHHH (6),(7),(12),(15)-(17). 
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,\1mKHO, Ol(HaKO) rrpOBeCTIi aHanOrI1"1.IHOe rrOC~'PoeHHe HerrOCpe,llCTBeHHO B t­
npenCTClfUICHIHI VI 060MTl1 :ny TpynHoCTh. 

IIpencTaBlIM C 3TOH ueJlhlO nporraraTOp G(t) KaK 

G(t) = (exp( -(Ao +V)t))c exp( -B(t)), B(t) = Aot + !Vf(t) , (19) 

V=LnzVz, V:r t5(x-r)vxz . 	 (20) 
z 

Helil3BeCTHbIM ITOKa onepaTOp NI(t) 3amuueM B cpopMe M(t) l'I12(t), 
aHaJIOfHqHOfI cpopMyJIe (20) ,llJIH V. MO)KHO CKa3aTb, l.!TO orrepaTopbI J\["(t) 
LIOJDKHbI aLIeKBaTHO onHCbIBaTb BJIHHHl1e aKuenTopOB B TaK Ha3bIBaeMOH ') 3CP­
CPCKTI1BHOM cpe,lle" , B03Hl1KaIOIUeM nocne ycpe.n;HeHI1H no KOHcpI1rypaUHHM aK­

UeITTOpOB. IIo3ToMY eCTeCTBeHHO nOTpe6oBaTb) '-ITO nponaraTOp G(t) B cpe.n;­

Hei\'i He I13MeHI1TC5I) eCJUI O.n;I1H H3 Y3JIOB :;u:pcpeKTHBHOM cpe.n;hI 3aMeHI1Tb rIa 

HaCTORIIIHM H pe3YJIbTaT ycpe,llHHTb no pacrrpe.n;eJIeHHID aKuenTopOBJ TO eCTb 

(21) 

COOTHOIlleHM5.£ (19) - (21) o6pa3yIOT 3aMKHYTYro HeJIMHeiimYID Cl'ICTeMY onc­

paTopHbIX ypaBHeHH.ii. 

IIonpaBKH K nOJIy'-raeMOMY TaKHM 06pa30M nponaraTopy 3cpcpeKTHBHoH 

cpe,UbI MOIKHO, no KpaHHeM Mepe B npMHUMne, HaMTM Ha OCHOBe cpopMaJIbHbIX 

KOHIleHTpau;lIOHHbIX H t -MaTpI1qHhIX pa3JIO:tKeHI1:H [9], KOTophIe, npH ,UOJI>K­

Hofr cpOpMyJIHpOBKe DO BpeMeHHOM npe.llCTaSneHHH, .llaIOT aJIbTepHaTHBHbI}! 

BbIBOLI ypaBHeHMH (21), KaK YCIIOBI1H HC'-Ie3HOBeHH5.£ nepBoro qJIeHa cPOPW;),JIb­

Horo KOHIleHTpaUHoHHoro pa~nO)KeHHH HJIH YCJIOByU[ HC'-Ie3HOBeHI1H B Cpe,llHeM 

T -MaTpyIUbI paCCeHHM.7I B 3cpcpeKTHBHoM cpe.ll.e. 

YnpoCTlIM ypaBHeHHe (21). nnH npoH3BonbHoH CPYHKUHH 1(:1:) cnpaBeLIJIH­

80 TOrK.ll.eCTDO I(nz) 1(0) +nz(f(l) - 1(0)). C ero yqeTOM npaBaH CTOPOHi:l. 

(21) npHBo,UHTC5I K JI.I1HeHHoH cpopMe ITO n z , H cpe.uHee (- . -) c JIerKO BbftiHCJ15I­

eTC)l, 	T.o. ITOnyqaeM ypaBHeHHe 

c[e-B(l)-VZt+M"(t) _ e-B(t)+M=(t)] = e-B(t) _ e-B(t)+MZ(t). (22) 

OnepaTop MZ ex: c H n03TOMY Man, HO onepaTOp M Ez A1 Z He Man. C 
y'-IeTOM 3Toro Y,llep)K.l1M C 06eHX CTOPOH B (22) rJIaBHble t.meHbI no c: 

[ -B(t)-VOt
ce (23) 

Tenepb, CyMMHpyH ITO Z H yqHTblBaH TpaHCJIHUHOHHYlO HHBapHaHTHOCTb, ITO­

IIyqaeM ypaBHeHl1e Henocpe.ucTBeHHo Ha M (t) 

NI(t)e-B(t) = c L[e-B(t) e-B(t)-VOtj. (24) 
z 

http:paCCeHHM.7I
http:ypaBHeHH.ii
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4. Y npow;eHue ypaBHeHuH TeopHu Cpe.L(Hel'O I10JIg 

~tpaBHeHHC (24) Bee eme OCTaeTCH OqeHh CJIO)KHhIM H eCTCCTBeHHO rrpmB­

BeCTH ,n;aJIhHeMIIIHC rrpeofipa30BaHHjI, '1To6hI rrpHBeCTl-:l ero K $OPME"; ,n;orrYCKa­

lOmei'l, nOCJIe p.SI.aao606IUeHHH, npYIMeHeHHe TeXHHKH, HCrrOJIb30BaHHOH BhIIlle 

rrpH BhP-IHCJIeHHH Mo(t). 
TIorrO)KHM 

Jvf(t) = (mo(t) +ml(t»t, (mo(t»xz = oxzmo(t). (25) 

3.aeCb B ma BhI,£(eJIeHa qaCTh M) npOfIopUHOHaJIhHajI e,n;:HHHq.rIOMY onepaTo­

py_ Tenepb, Hcnonb3YjI npe06pa30BaHMe JIannaca, MO)KHO neperrMcaTb (24) ..u 

II cMeIllaHHoM" t - '\-npe,n;cTaBJIeHHH: 

At d'\ eAt ( 1 1
(rna + ·ml)t. e- = c f . E ---A (2G)

JCM 27r% ,\ + ,\ + A +l' 

= c r ~,\ eAt E _l_vr 1 = c f d'\ eAt G('\) ETr'('\)G('\) 
JCM 27ri r'\ + A ,\ + A + V r JCM 27ri r ' 

r.ae HHTerpanbI BhPU1CmnOTCjI no KOHTYPY MennHHa eM, npOXO.D:~UI.eMY no 

npHMOH OT f.. - ioo ao f.. +ioo, iii BBe.aeHhI onepaTopbI A ~ A(t) Ao + 'm, (t); 
G = (,\ + Atl , M T-MaTp:Hua "o.aHoKpaTHoro paCCe.HHHlI" 

T" =·Vr ...~.. _l-:---:-_ (27)
1 +G(A)vr 

B 3THX COOTHOIlleHH.SlX H·.n;anee, npM OTCYTCTBHH Heo6xo.n;HMOCTH, B orrepaTO­

pax, HanpHMep B A, G, rr, H B COOTBeTCTBYlOIUHX co6CTBeHHbIX 3Hat.leHlUlX 

jIBHa.SI 3aBHCHMOCTh OT speMeHH t He YKa3hIBaeTC.H. 

OrrepaTophI M H A TpaHCJIjIIUIOHHO I"IHBapHaHTHhI, rr03TOMY BhIqHCJI.SHI 

llMaroHaJIhHhIH 3JIeMeHT OT ypaBHeHI1SI (26) no COCTOjIHI1IO Ik), r,n;e 

1 
(xlk) = v'f2 exp(ikx), 

nOIIyqaeM 

(28) 

.. ' 

http:jIBHa.SI
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3lIeCh'ml(k), A(k) H G(\ k) = (A + Dok2 + rnl(k))-l - C06CTSeHHble 3Ra,'IC­

HH>I OnepaTOpOB Tnll A H G COOTBeTCTBeHHO, '3aBHC>IIUI1e B c}lmy ccpepuqec­

Kofr CIIMMeTpl1:YI TOIIhKO OT k = Ikl, a T'"(A, k) (kITT'lk). B rrocnelIHmvl H:i 

COOTHOIlleH1rIM (28) COBepilleH nepexon K npeneJIy CITJIOIIIHOi1 cpenhI VI yqTE'­

Ha TpaHCJI5IIUWHHa>I l1HBap~'IaHTHOCTh) Bcrre.n:CTBMe KOTOP0'M: T;z 
Tl'(,\) k) = TO(/\, k). 

BBO,n:5I <VYHKIJ,HID 

r.n:e 

(29) 


(30) 

OCHOBHoe ypaBHeHHe TeOpHl1 cpelIHero nOJI5I MOMHO rrpe,n:CTaBHTh B cpopMe 

YpaBHeHHe (31) HMeeT MHoro o6IUero C COOTHOllleHH5IMH (10)) (11) 11 CBO­

)J)1TC5I K HMM npl1 m'l = 0 H k O. lIrr5I peIIIeHH5I npH ffil f. 0 HalIO HaM:n,[ 

y.n:06HhIM: cnoco6 paClIeTa lIJ15I MaTpW·IHoro 3JIeMeHTa TO( A) k), o6ecrre'U1Da­

IOIUl1M. ytleTqneHOB lIO O(k2) BKJIlOQHTeJIbHO npH 3aMeHe B (11) BeKTopa 10) 
Ha Ik). C 3TOH TOT.IHOCTbID 

(32) 

Do -+ D(t) Do + Dl (t) . (33) 

5. PeweHHe ypaBHeHHH TeopHH Cpe,l(HerO nOJUI 

HWlKe Mcrronb30BaHbI aCHMnTOTHKH T(/\, k) rrpl1 A -+ 0 H k -+ 0) paCCQH­

TaHHhre B TIpHJImKeHMH 2 lIml uenOT.IHCneHHbIX d. 

Pe'Uteutle ypa8Ue'HUU meopuu cpeaue20 nOAH npu d = 3 

C y-qeToM COOTI-IOIlleHH>I (78) H3 IIpl1JIo)KeHH5I 2 ypaBHCHl-HI (31), (33) rrpl1­

HHMalOT CPOPMY 
(mO + ffil(k))t . e-A(k)t 

k)4rrDb (1 +b~ + ~b' H(kb)') , (34) 



10 

[,lIe ~ = 2/3 H cnpaBa y,Uep.iKaHhl TOJIbKO .IlBa m1..I1.HpyIOIlJ:.~1X qneHa no bl>../D, 
'{TO COOTBeTcTByeT yqeTY 'uByX rJIaBHblX 't.JneHOB pa3JIO:JKeHIUI no t- 1/ 2. PaJ­

nafaa o6e CTOPOHbI (34) B pH,U no k2 11 cpaBHHBaH K03CPCPHUHeHTbl npM kO H 

k2 nonYLJaCM CHCTeMY ypaBHeHMH Ha mo(t) If DI(t): 
". 

R ,I'

mutt) = R + 2~ "t , (35) 

DI -D (~VoRt - 27rea) (36) 

f.Ile 

R = 47rnDb, Q 4nb3 
. (37) 

OTCIOJla, IIocne BBe,UeHHH HOBOH HeH3BeCTHOH: x = JDo/D rrOJIyqaeTCH ypaB­

HeHI-ie 

Ro 41rnDob. (38) 

<PH3Hl.leCKHM 5IBngeTC}! KopeBb, cTapTYIOlilHir co 3HaqeHHH x(t 0) = 
1+0(0). IIPH 60nbllII1X BpeMeHax x2(Rot -+ 00) Do/D -+ (40Rot/9)1/:i, 

n ueJIOM 3TO peweHHe HMeeT BHJl 

x(t) = 2-1/ 3 [(¢(t) + X(t))1/3 + (</>(t) X(t))1/3],'. (39) 

. 2 r::-::;:;-;
¢(t) = 3vaRot, X(t) = ¢2(t) - 4 C-~7r(;")

3 

LIaHHoe COOTHOiIIeHI-le rrpeJlCTaBJIiIeT OJlHy H3 <POPMY.ri KapJlaHo. CywecTBeH­

HO, qTO Tot.IKa, B KOTOPOJ;1: X(t) = 0 }!BJIiIeTCiI perynHpHoH JlJUI <PYHKUHH x(¢), 
nOCKOJIbKY 13 3TOH TO,{Ke ee npOH3BO,D;HaH x'(¢) orpaHIPIeHa. 

TaKYIM o6pa30M, MbI npHXOD.MM K BbIBOJlY) l.ITO lUIiI TpeXMepHbIX CHCTeM 

TeopHH Cpe,D;HerO lIOn}! rrpe.llCKa3hlBaeT HOBYIO KHHeTHKY 

p(t) = exp( -R{t)t) = exp( -Rot/x(t)) (40)I 

KOTopaa npM aRot « 1 COBna.naeT co cTapblM pe3ynbTaToM, onHcaHHpIM B 

paJ,lIene 3, a C POCTOM BpeMeHH OHa JlaeT nOBe.lleHHe In(l/p(t -+ 00)) ex t2/ 3 , 

l.JTO 3Hat.U1TenhHO 6mnKe K aCHMnTOTHKe Banarypoaa-BaKca In{l/PBw(t)) 'X 

t 3 5
/ , 't.JeM K cTapoMY pe3ynbTaTY In(1/pold(t) = Rt. 

http:npHXOD.MM
http:POPMY.ri
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PeULertUe ypa6rtertu11 meopuu Cped'tte20 nOJtJI npu d = 1 

B .1l.aHHOM cJIY'lae aHaJII13 COBepmeHHO aHanOnft:IeH TpeXMepHoMy. I10cne 

k2rrO,l(CTaHOBKH (88) B (31), (33) H cpaBHeHIHI K03cpgrIifUHcHTOB rrpH kO H 

IIonY'laeTC5I, ~ITO 

pit) = exp( -rrlQ(t)t) = exp ( -4n~ D~)t) , (41) 

a 3cp$eKTlIBHbIH K03£P$HU:HeHT .1l.HCPCPY311H D(t) = Do/x2(t) orrpe.1lemleTC},[ H3 

ypaBHeHIHI 

3 4n ~ Dotx x(l 4nb) = x(t), x(t) (42)
3 rr' 

cpYI'3~qeCKOe peIIIeHlIe KOToporo cTapTyeT C x = (1 - 4nb)1/2 rrpH MaJIhIX t, a 

IIpH 60JIblllHX BpeMeHax x(t -+ (0) = Xl/3 (t) oc ti / 5 . I1Pll rrp0113BOJIbHhIX t 

x(t) = 2-1/ 3 [(X(t) + ~(t))1/3 + (X(t) ~(t))1/3] , (43) 

, 2( , (1 - 4nb) 3 
~ (t) = X t) - 4 3 

I1apaMeTpHQeCKH KHHeTliKa (41) rrpH t -+ 00 COBIIa.1l.aeT K KHHeTHKoH BanarYPoBa­

BaKca, a QHCJICHHO ITOKa3aTenb 3KcrrOHeHThI B (41) COCTaBJ15IeT 4/(32/'Jrr ) 

= 0.61 OT TO"tlHOro 3Hal:JeHI1H. 

Pewertue ypa61tertUU meopuu cpeJ'H,e20 nOM npu d 2 

I10)lCTaHOBKa cpopMynhl (81) B ypaBHeHH.H (31), (33) H cpaBHCHHe K03cpqm:­

IUleHTOB npH kO H k2 rrpHBo.nHT K COOTHOllleHHSIM 

r.ne b1 = be"f /2 
OTcro.na c Y4CTOM cpopMyn (86) H (87) )lnH )lnHHHOBpcMeHHoM aCHMIITO­

TI1KH HHTerpanOB nonYl.!aeM, 'lTO 

41rDnt 2( / 2 (46)mo(t)t = In(4Dt/(b2e1+"f» (1 + 0(1/ In Dt b»), 

http:OTcro.na


12 

a 3q)(PCKTIIBHbIH K034>4>HUl'IeHT .nIl4>t:PY3HH D(t) Do/x(t) onpe.neJlJITOI ypaB­

HC'HH('I\! 

1/2]

x lnx)) , (:17) 

Rz 4nDort, 0'2 = nnb2 
. 

B rrpe..aCJIe t -t 00 3TH COOTHomeH1UI rrpHBO.I.J:)IT K KHHeTHKe 

Inp(t) -t - (4rrDont/ In(Dont))1/2, (48) 

Tor.na KaK aCVHvlIlTOTHKa BaJIarYPoBa-BaKca HMeeT 4>0PMY 

Inpnw(t) -+ -Xo (4nDont)1/2) ( 49) 

rue Xo = 2.40- rrepBblH HYJIb <PYHKl1,HH Jo(x). 

Pe3YJIbTaTbl uaHHoM pa60TbI OTKpbIBaIOT B03MOlKHOCTH ..amI rrporH03a HO­

BbIX 3KcrrepHMeHTaJIbHblX HCCJIe)1,OBaRI1M 5£)1,epHOH peJIaKCal1,HH QCpe3 napa­

MarHHTHhIC npHMCCH KaK B Manopa3MCPHhIX CHCTCMax Ha OCHOBe 4>op:VIyn 

(12), (15)-(17), TaK H B TpexMepHblxcHcTeMax Ha OCHOBe 4>0pMyn (37)-(40). 
O)1,HO .H3 CCTeCTBCHHhlX HarrpaBneHHH ..an}! )1,3nbHCHIIlHX TCOpeTH'ieCKHX nc­

C,:'Ie..aoBaHHH COCTOHT B MHKpOCKOm11:£eCKOM aHam13C 06naCTH npI1MCHJ1MOCTl1 

RODOH TeOpl1H Cpe)1,HerO nona, nocTpoeHHoH B .naHHoH pa60Te H B ee YTOqHe­

HJ1H) a TaK}Ke B pac'tJeTe nonpaBoK )1,Jl}! ManOpa3MepHbIX CHCTeM, o6ycnoBncH­

HbIX peanhHoii TpeXMepHOCTblO 4>H3HQeCKHX o6beK~oB. 

Bnaro.napl1M 3a IIone3HhIe o6cYlK.neHH}! IO.r.A6oBa H M.ronb.nMaHa, a 

TaKlKe COTpy.nHHKOB 06mcMocKoBcKoro ceMHHapa no MarHHTHoMy pe30HaH­

cy 11 CeJl.fHHapa H'T8<p no 4>H3HKe HH3KHX 3HeprHH. Pa60Ta BbmOJIHeHa npH 

Ilo.a.aepiKKC P<P<DM (npoeKTbI N° 99 02 - 17440 M N° 00 - 15 - 96656) 11 

rpaHTa Ml1HlfCTepcTBa HHocTpaHHblx )1,en <PpaHl1,tIl1. 
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TIpHJ10)KeHHe 1. PaCqeT MaTpHqHOrO 3J1eMeHTa (011'°10) ,n;J1.H 

npOCTpaHCTBa npOH3BOJlbHOH pa3MepHOCTH 

1-13 COOTHOllIeHHI1 (10), (11) cne,n:yeT! t:ITO 

(50) 


nOCT POM.M HH3KO:~mepreTHqeCKM.e C06CTBeHHhle COCTOHHH>l OrrepaTOpa Ao+ 
+t TO 

rrpM rrpm:I3BOJIhHOM pa3MepHOCT'H d Cne.llY.sl MCTO,n:y, pa3BMTOMY B [31, [12] 
llJIH TpexMepHoro cJIyqa>l. YpaBHeHue Ha co6cTBeHHhle COCTOHHIUI npCllCT<l­

BUM B CPOPM8 

c 
(51)( - Do 6,. + VTO) 1/Jn (1' ) En1/Jn (1')) v ­

TO - '('S ' 

Bae,L{eM TOqKY p, orrpe.ueJIeHHYIO ycnoBHeM VpO = En. B 06naCTVI l' < p 
npeHe6peraCM npaBOH 'lraCThlO ypaBHeHHH (51), a npH l' > P rrpeHe6peraeM 

rrOTeHUHanOM CIrs, H rrpHxo.uHM K ypaBHeHMlO 

(-Do6 1· + vr·o) 'ljJn(1') rJ(r' > p) En'lj}n (1') , {ir·O = rJ(1' < p)vro . (52) 

Terreph peryJIHpHOe npH l' 0 H HOpr.·tHpOBaHHoe ycnoBHeM (nln) 1 
perneHHe MO)l(HO Bhlpa3HTh Qepe3 CPYHKUHH Becceml K I )( x) VI Jp ( x) : 

! <. _ an -:J.I. (_2_ (f3o) (S-2)/2) v = d - 2 d 2 
'1fJn (r) - N r KI/ s _ 2 r ) s - 2 J1 = -2-' 

n 

'IjJ;;(r) = HI (qn1't'l (J/-,(qn1') + ~nJ-/-,(qnr)). 
71 

3.ueCh Po (CI Do) 1/(1J-2») a Nn - HOPMHPOBOQHbIH MHO)l(I'ITenh. IIapa);IeTphI 

Un VI E,n orrpellemlIO'fCH YCJIOBHeM HenpephIBHOCTH JIOrapMcpMll LIeCKOH np0113­

BO.uHOM '1jJ~(r)/'I/Jn(1') npH l' = p. Co6CTBeHHoe 3HaqeHHe En Doq~ onpCJ(cnH­

eTCH 113 rpaHIPumro YCJIOBlUI, KOTopoe HanO)l(MM B CTaHJlapTHOH nnH HaIIle1I 

3a.uaql1 ¢OPMC, o6parua51 B Hynh nOTOK Ha rpaHllue BHelllHeH ccpephI: 

(54) 


CIIlVIBKY pCIIleHlfH B TOqKe p LJ,OCTaTOqHO [12] rrpoH3BecTH no JlByl\'1 rnaB­

HbIM qneHaM aClfMIITOTlfqeCKOrO pa3nOLKeHM71. ManhlX 130lr (.uJIJr K II ) VI ~lanblX 

q.n'f' CumI Jll M J_ II ). B OKOHqaTenhHhlX pe3YJIbTaTaX IIapaMcTp C = VOTO MmK­

HO l'ICKnlO'-IHTb, Bblpa3HB ero 't..Iepe3 T .R. .llnVIHY paCCe.SIHH>I b - Ml1HlfManhHoe 

http:Cne.llY.sl
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paCCTOHHHe, Ha KOTOPOM 06paIUaeTCH B Hynb tPYHKUHH 'I/J>(r) nplI ee <Pop­

tvIaJIbHOM rrpo.n~JI.lKeHIUf Ha MaJIhIe r. :Vb COOTHOllIeH1Ui (53) CJlen~TeT. tITO b 
HI3JIHeTCH e.rU1HCTBeHHhIM napaMeTpoM) onpe.nenHIOIUHM 1j;> (r ). TeoplIH car-w­

cornaeOBaHa B 06naCTlI kb « 1. 
rIpn pean:H3aUllVI 3TOH nporpaMMhI nonyqaeTCH, 'ITO 

2
1
-J.I sin 1rV . f(l - v) . f3:J.I en = _ (g"!2~)2J.1 . ff((ll -+~:2) , 

lrr(8 2)11 f(d/2) 0 ,­

b = (8 2)--v/J.I (f(1- v)/f(l + v))1/(2J.1). 130) f3o:::::: (C/DO)1/(S-2) . (55) 

ECJIll d 2:: 2) TO cymeCTBYIOT .nBa Tllna pCIlleHH:H:: 

a) OAHO oc060e peIlleHHe ·~/C (r), B KOTOPOM qoR « 111 q6 = 4J..L( 1+J.L ) b2/-1 
/ R2+ 2~': 

llb(r) = 2;.r(d~2)No (1 (~t (1- 1~ f' (~fn) , (56) 

N,2 _ adRd 

o - 22Jldf2(d/2) 

6) cepUH perymlpHhIx penreHH:H: 11)~ (r) C ueJIhIM n > 0, ,lJ;JHI KOTOPhIX 

? adR 2
N~ =, 1+2/1 (1 + en +. 2en cos 1l'J..L) ) (57)

1rqn 

rrplI~IeM) 6e3 OrpaHI1l:.IeHVIH 06IUHOCTl1 MO}((HO nOJIO)KHTb qn 1rn/R. ilocJIe.1l­

Hee COOTHOIIleHHe CrrpaBe.llJIlIBO Bcne.n;CTBHe Toro, "llTO, KaK 6Y,1leT BH,1lHO nOCJIe 

BbI"llHCJICHHH MaTpMl:.IHOrO 3neMeHTa (OIVOln), npM KOHel.J.HOM t II R -j- CX) B 

CYMMe (11) no perynHpHhIM peIll€HIIHM BKJIa,n; JIlO6oro KOHe";moro TIlfcna rrcp­
BhIX 'l'.IJIeHOB ),6bIBa€T KaK ECT€CTB€HHO, l.J.TO caMY CyMMy npl1 3TOM1/R. 
MO.IKHO 3aMeHHTh Ha HHTerpan no k. 

I1PlI d < 2 cymeCTBYIOT TOJIbKO perYJIHpHble pellIeHHH C HOPMI1POBKO:H: 

(57)i II CyMMy no COCTOHHHHM MO)f(HO 3aMeHMTh Ha I1HTerpan. 

llJIH BhlqHCneHMH MaTpMqHOrO ::meMeHTa (OIVOln) nepenHllIeM ypaBHeHMC 

(53) B cpopMe 

(58) 

BCJIe.rrCTBll€ c<pepHqeCKOM CHMMeTplIH 

- 01 ad {X d-J - I(OIV n) S)1/210 drr vr·o1fJn(r) , (59) 

a B CMJIY ypaBHeHHH (58) 

foX drTd-1v1,0'1Pn(r) = foP drrd-1vro'l/;nCr) = foP dTrd-- 1Do6 r 'zJ;n(r) 

http:ilocJIe.1l
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) f) f) a
D ]' dr-Td-1_"I, (1') = D pd-l_,d,> (p)" (60)o 0 fJ f) ~n 0 f) 'Ynr r p 

lln5I OKOH'laTenhHoro BhPUICJleHH5I B 3TO Bhlpa)KeHHC .llOCTaTO"CfHO ITo.uCTaBHTb 

aCl'IMITTOTHKY "IN; (p) npl1 qnP « 1, qTO .uaeT 

~IVol 2J.LDoO"db2J-l( (61)o 11,) = 214VDN1If(1 + 11') 

I10,UCTaBmUI IIonyqeHHhIC 3Ha"CfeHI15I En 11 (OIVOln) B CyMMy ITO COCTO.sIHH.sIM 

113 (ll) lUUi (50), rrOJIyy:aeM, l.fTO B rrpe.llene J KOr,lla R -;. (0) oc060e CJIaraeMOe 

C n = 0 ,llaeT KOHet.IHhIH BKJIa.u, a BKJIa.ll Ka.>K.llOrO peryn.sIpHOrO pCmeH11.sI 

CTPCMJ1TC5I K Hymo, H KOHe1:.IHa nHmh BC5I cyMMa TIO perYJI5IpHhIM pemeHH5II\l: 

rrpvr1:.JCM ee MO)f(HO 3aMeHHTb Ha HHTerpan. B IITore 

J\,11(t) iJ(d> 2)(d - 2)artnDotbd-2 + M2(t), (62) 

. d-2 2 O"d d Dot
.M2 ( t) = 2 (d - 2) 2 ( d) bo11,X ( b2 ,d), (63)

f 2 - 2 () 

(X) dx 1 - exp( -ax2 ) 


x(a,d) = io x3' (xd- 2+ x2- d ~ 2cos(~(d - 2»)' 


. _ b (f'(2 _ ~») 1/(d-2) 

bo - 2 f(~) , 

C) 1/(s-2) (r(l _d~2») 1/(d-2)
b= -~ 3-2 (s_2)-2/(s-2)(D f(l + d-2) .o 8-2 

3.ueCh tJ(O - ¢YHKIJ;H5I X3BHCaH.lla ('!9(() = (0)1, ecmf (He) BhInOJmeHO ycnOBI1e 

~), b - JWHHa paCCe}lHH5I, a s = 6 - TIOKa3aTenb CTeneHH B 3aBHCHMOCTM VxO 

OT paCCTO}lHH}l (2). ECJIH d = 2, TO H3 (62) H (63) CJIe.llyeT, "efTO 

(64) 

http:pCmeH11.sI
http:BKJIa.ll


16 

PaCqeT, npOBeneHHbIM 	B naHHOM pa3nene cymeC'l'BeHHO OTJll1tjaeTC~ 0'1' 

aHamI3a, BbII10nHeHHOrO B TIPI1JlO.acCHHH 1 no cnenyrolLV:lM npI1Ql1Ha,2I.L 

A. COCTOHHH~ (XI4>k) = exp(ikx) HeH30TpOIIHbI. MbI He paCIIonaraeM ec­

TeCTBeHHbIM 0606meHHeM nnH onepaTopa JIannaca Ha npOH3BonbHY10 paJ­

MCPHOCTb d B 3TOM cnyqae H II03TOMY Jlanee OrpaHl-PH:lMC~ TonbKO nenbn.fH 

d ~ 3. )lnH paCqeTa T( A, k) C TO't:fHOCTblO JlO k2 BKJUOqHTeJIbHO HaM JlOCTaTOq­

HO yqeCTb H30TPOIIHYro l1 BeKTopHYlO KOMnOHeHTbI B pa3JIo.aceHI1IrI exp(ikx) 

no npc.uCTaBneHHHM rpyIIIIbI BpaIIleHHM. COOTBeTCTBeHHO, yr·IHTbIBaJI InOTpo­

III1lO nOTeHUHana VO (r) H BBOWI npoeKTOp 1ft Ha COCT05lHH5I 1C 3aJlaHHOH 'tIeT­

HOCTbIO H nOJIHbIM op6HTanbHbIM MOMeHTOM, nonyqaeM pa3nQ)KeHl1e no "rro 

napUHaJIbHbIM BOJIHaM" 

OQ ex; 

T(A) k) = (¢kITOI¢k) = 	L (cPkl1[°I¢k) L Tt(\ k) = To + 71 + O(k'l), (65) 
l=O (=o 

rne 

(66) 

E. OnepaTop A = Ao + ml (t) HenOKaneH) nOCKOJIbKY MaTpH'tIHblH 3neMeHT 

(ml)xy = (ml)x-y,O l1MeeT "pa3Ma3KY"no Ix - yl c xapaKTepHblM pa3MepOM 

b. B 3TOM cny'-lae MbI He pacrrOJIaraeM crroc060M paCt..feTa pe30JIbBeHTbI (,X+ 
+A + "TO) -1 .H3 npe,nCTaBneHl-HI 

0 1 0 1 0 
(67)T = 1 + VOG('x) V (A + A) A + A + VO V 

5nJIH CTaHnapTHoro nOTeHUfIana VrO ex: 1/T • TI03TOMY eCTeCTBeHHO orpaHH­

qJ.llTbCH aHanH30M JlJI5I HeKoToporo MOJlenbHOro nOTeHUHana, ,nOCTaTO'tIHO Ha­

ne:amo MonenHpYIOmero peaJIbHbI:l1:. C 3'1'011 ueJIbIO MbI 3aMemiM VrO HI'1 CTy­

rrCHQaTbI}I rrp5IMoyrOJIbHbI~I nOTeHI(HaJI u(r): 

VrO -+ u(r) = uo·/9(r < b) , 	 (68) 

n npenrrOnQ)KeHHI1, 'tITO 'Uo -+ 00, a ,I(miHa paCCe5IHI1H b onpe,I(CrreHa. no I1CTl'IH­

H011Y rrOTCHUI1any VrO. TIPH 3TOM Mbl npI1MeM, 'tITO m! (t) = Dl (t)t:... 
MeTOn, CCPOPMYJIHpOBaHHbIH B II. E rrOnHOCTbIO BOCnpOU3BOIlHT pe3YJlb­

TaT!>I TIpHno.aceHJIlSI 1, IIony<ICHHbIC TaM IlJIH cnY1.la51 k = 0) H pe:~yJlbTaTbl 

pa3Ilena 2, CrrpaBeJlJIHBble nJI5I YMepeHHo 60nbIlIHX BpeMeH (rrpoMe)J(YTOQHaH 

aCM~rnToTHKa). IIpl1 SblBone WIHHHoBpeMeHHOI1: aCI1MflTOTHKH BanarYPoBa­

BaKca HBHbIM BI1)X IIOTeHUHana VrO He HCrrOJIb30BanC5I , rr03TOMY np0I13BeneH­

Ha.a BbllUe 3aMeHa (68) He MO)KeT rrpl'IBeCTH K cymecTBeHHOMY H3:vreHeHJtlIO 

http:nenbn.fH
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B OrmCaHI1H pa3Bl1TyIH OTKJIOHeHl1M OT rrpOMeIKYTOT.IHOH K l1CTHHHOH .llJnmHO­

BpeMeHHOM aCliIlVlTITOTHKe. llOrrOnHHTenbHa5I apryMeHT&UHH B nOnb3Y naHHOi1: 

3aMeHbI COCTOUT B TOM, lITO OHa He Be.n;eT K KaT.IeCTBeHHOMY liI3MeHeHI:UO 4HC­

JIeHHbIX K03CPCPHuueHTOB npliI k2 
B nonY'tieHHblX HJDRe c:popMynax .n;na T( A, k) ~ 

a OCHOBHble pe3ynbT&TbI pa3.nena 5 3aBl1CHT 0'1' 3HaQeHl'Il1 3TliIX KO::1c:pC:PYIUliIeH­

TOB um60, OHliI B ropa31I0 60JIbilleH CTeneHl'I onpe.llen5IIOTCH ca~OM C'rpyKTy­

pOfl oeHOBHOI'O ypaBHeHHR (31) TeopHH cpe.nReI'O non.>!. 

KaK H paRee MbI onpeneJ15IeM cpyHKUHIO T(A, k) KaK aHanHTI-p-IeCKOe rrpo­

.n:OJIlKeHHe H3 06nacTH B6J1liI3H IlOnO)l(.HTenbHOM: nonyocH KOMnJreKCHblX A. 

TpeX,Mep'HOle C1J,C'lne,Mb~ 

PaCCMOTpltIM lI&nee D;JIR onpeneneHHOCTH TpexMepHblH cnyCIafI. Pa3JIo):[(l1rvr 

nnOCKYIO BonHY ITO co6CTBeHHbIM <PYHKUl'l5IM Yim(r) yrnoBoM 1:.laCTH nallnac­

CHaHa [12]: 
00 I 

eikr 
:= 411" L(-i)l L Yl:n(k)Yim(r)¢t(kr), (69) 

l==O m=-i 

cPl(kr) .= (!..) l(!!£)l sin kr 
k T dr kr 

3n:ecb Yim (r) -o6bICIHaH cc:pepHT.IeCKa5I <PYHKlJ;l1H, 3aBl1CHmaH mUIlb OT HaITpaB­

nem!)! BeKTopa r. C yqeTOM COOTHOIIleHlU1 (69),(67) H pa3nmKeHH5I (65) 110­

ny'tiaeM, 'ITO 

l1(A, k) = 411"(21 + 1)8[(A, k), (70) 

10
00 

ei(A, k) = \(Pt(k)Il1l¢l(k) = (¢I(k)IFi(A, k)) = r2dr" (/Jt(kr)Fl(A, k; r), 

7l = (1 + UGl (A))-lU = (A + At)(A + At + U)-IU, (rl(/Jt(k)) = 4>1(kr). 

3n:ecb BBen:eHbI orrepaTopbI 

H rrpHMeHeHO CTaHn:apTHoe CKamlpHoe npOliI3Be.neHHe B npOCTpaHCTBe CPYHK­

uH:?i OT panUaJIbHbIX nepeMeHHhlX 

(fig) :::: 1000 

r2dr . f*(r)g(r) (71 ) 

ITocne BBen:eHH5I' <pyHKUHl1 

Q(A, k, r) (r I(A + At + U) -1U 14>[ (k) ) (72) 

F[(>-, k, r) = ('f'IFl(A, k)) = (-\ + Az)Q(A, k, r), (73) 
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npnqeM Q().., k, r) onpen:eJI.sIeTC5I ypaBHeHHeM 

().. + A, + u('r))Q().., k, r) = u(r)¢,(k'r) (74) 

co cTaHn:apTHbIMH YCJIOmUIMII OrpaHlIqeHHOCTH perneHHH Ilpl1 Bcex T, o6pa­

lL(CHHSl ero B Hynb npH r -+ 00 II aenpepbIBHocTH <PYHKUHH Q(1') H 8Q(1')/fJr 
npI!I KOHeqHOM '!.LQ_ CTaHn:apTHbIM: paCqeT nOKa3bIBaeT, l{TO B npet(ene Uo -+ 00 

Qt().., k, 1') = iJ(T :; b)¢I(k1') + iJ(r > b)Xt(c1')¢I(kb)/Xl(cb) , (75) 

r.uec: ()"/D)1/2,a 

Xt(61') = (~)l (~5!.-)1 exp(c1'), ().. + AI)XI(cr) = O. 
c T d1' c1' 

06'bet(HH5I5I cpopMynbI (70) ,(73) H (75) nonyqaeM, T.ITO 

, 2 (b 2 2 ? 2 a Xt(€b)
8l().., Iv) = (/\ + Dk ) io -r dr· <Pl (kr) - Db-<PI (kb) 8b In ¢L(kb)' (76) 

COBepweHHO aHanOrHT.IHO )J;OKa3bIBaeTC5I) 'ITO He)J;HarOHaJIbHbIM: 3nCMeHT 

(¢pl7fl¢k) = 41T(2l + l)Pt(pk/pk) [(A + De·) fob r2dr . rpl(p'r)(I>t(kr) ­

2 a Xl(€b)]
Db rPt (pb) ¢I(kb) 8b In ¢l(kb) , (77) 

r.ue FHe)-rrOJIHHOM JIe2KaH)lpa. M02KHO nOKa3aTh, CITO npen;CTaBJIeHHe (77) 
y):{oBneTBOp5IeT YCJIOBHIO cHMMeTpHH (<ppl7f>lrpk/ = (¢k 11101¢p)· 

M3 (76) rrYTeM pa3JIO)KeHH5I B p.srt( no ManhIM napaMCTpaM kb H €b = bfi 
110JIYQaeTC5I HCKOMa.sI aCVIMnTOTHKa 

(78) 

http:HCKOMa.sI
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IIpoBe,L(eHHa5I BhIIl1e BblKJIa.1lKa nerKO o606maeTC5I HCt rrpOH3BonhHYro pa3­

MepHOCTb. TIPH d 2 pa:mmKeHHe nnOCKOH DOJIHbI MOlKHO 3anHcaTb KelK 

::xl 

exp(ikr) ==Jo(kr) + 2I: in cos(ncp)Jn(kr)l (79) 
1 

rJle <p-yron MeJK.llY k H f, a In(f.)- IPYHKLI,H5I BecceJuI. CooTBeTcTBeHHo 

T()", k) = (¢k[T"[¢k) = 27T [eo().., k) + 2'~, en ().., k)] , (80) 

e. (A k) = ('x + Dk2) (b rdr . fl.(kr) - DbJ2(kb)~ In ](~(~~).
I! , Jo n ' n 8b I (kb) ) 

n 

r.1le K n (C'r)-cpYHKUH5I BeCCeJ151 MHHMoro aprYMeHTa, npe.1lCTaSJ15lIDma5I pewe­

Hne ypasHeH1UI (A +Dk2)Kn(cT) = 0) Y.1l0SneTBOp5IlOmee ycnOB:mo y6bIBaHI15I 

Ha 6eCKOHCQHOCTM (KaK Xl(cr) B (76)). OTCIO.1la C Hcnonb30saHHeM CTaH.llapT­

HbIX aCHMIITOTH'-I(;CK11X ¢opMyn D,n5I In(~ -7 0) H Kn(f. -7 0) nonYQaeTC5I, QTO 

T(A, k) 27rD [(In 2 - ]- In(cb)(l + k2b2/2+ (81 ) 

+ 0(k2b2/ln(cb)) + 0(1/ In3(cb»).+ 0(k3b3)J . 

AHan113 ypaBHeHH~ TeOpl1H Cpe.1lHer~ nOJI5I .r{n5I .1lBYMepHbIX CHCTeM He­

CKOJIbKO CnOJKHee, 'leM fIPM d = 3 H d = 1 BCneD,CTBl1e Ham1QH.5I norapmp-

1\(OB B IIO.1lLIHTerpanbHbIx BbIpaJKeHH5Ix. TIO~TOMY HiDKe fIonYl.ICHO HeCKonhKO 

BCfIO:'lOraTenbHhlX q,0PMYJI. 

PaCCMOTpHM CHat-lana HHTerpan 

Zl(t) = t dA. ~p(~!L (82)
JCM 27ri AIn( 1/A) . 

llmI aHamI3a. ero aCl1MfITOTHKH npH t -7 00 KOHTYP HHTerpHpooaHluI MOli(­

HO 3arHYTb HaneBO II. rrOnO}((HTb ero Ha oTpHuaTenhHYIO rronYOCb A B o6xOJl 

pa3pe3a IPYHKIJ;HH In A) npOBe.1leHHOrO B.1l0JIb 3TOM OCH. B pe3ynhTaTe 

1000 


Z1 (t) = dx exp( -xt) /[x(ln2 x + 7r 2)] == 


(83) 

fIOCne.1lHee rrpC.llCTaBneHHe IIonY'leHO I1HTerpHpOBaHI1eM no '-IaCTSiM npe.llhI.1ly­

mero I1HTerpaJIa II OHO Y.1l06HO lW5I aHanH3a Zl (t -7 00) nYTeM pa3n01KeHlUI 

rrO):{bJHTerpanbHoro BhIpa)KeHH.5I B p.5lD, no CTerreH5IM 1/ in t. B pe3ynbTaTe 

Zl(t) = (lnt+])-1(1+O(1/ln2 t)), ,= fo'x dxe-Xln(l/x) = 0.5772. (84) 

http:BhIpa)KeHH.5I
http:Ham1QH.5I
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PaCCMOTpHM Teneph 

Z2(t) = f dA. eXp(At) . (85)
JOM 21(i A2 1n(1/A) 

5iCHO) 'ITO npl1 BhI"tJHCneHHH Z2(t == 0) KOHTYP HHTerpHpOBaHJ:H! MOJKHO 3a­

MKHYTh HarrpaBO H OTBeT onpe,nemleTCX e..aI1HCTBeHHbIM rrOnIOCOM rrO,nbIHTer­

panhHOrO Bblpa)KeHHX rrpH A= 1. B pe3yn:bTaTe Z2(0) = 1. TIo3TOMY 

r dA exp(At) 1 
£::"Z2(t) = Z2{t) - Z2(0) = JeM 2rri . ~~q;(l/A) = 

= rt drZo(r) = -1_~._t__ (86)
10 n t + '1 - 1 

r dA exp(At) 
Z3(t) = JOM 2rri . A31n{1/A) = 

t 2 

= r t drZ2(tau) + 1 = -(-1---- , / ) (1 + O(1/ln2 t)). (87)
10 2 n t + '1 - 3 2 

OaUO.Mep'Hb~e CUCme.Mbt 

B 3TOM cnyqae pa3nO.IKeHHe Ha qeTHYlO H HeqeTHYro K HHBepCHI1 KOOp..aH­

HaTHOH OCH x qaCTH IlJIOCKOH BOJIHhI 

exp(ikx) = cos(kx) + i sin(kx) 

rrpI1BO,llHT K 06meH ¢opMyne 

T(A, k) = 2 {(,,\ + Dk2) fob dr· (cos2(kr) + sin2(kr»­

2 a exp(cb) . 2 a eXp(cb)]} 
- D [cos (kb) ab In cos(kb) + sm (kb) ab In sin{kb) '. = 

= 2D[c + (c2 + k2 )b). (88) 
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