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The Dardcen-St.ephen moclel of viscous nnx mo­
tion in isot.ropic Lype-II sllpl"rcondnclors is extt'nded to 
th~ l\t1I!1otropic cnse chnraclerized by a phenomenologi­
cal elfedive mass tensor mij' Wh~n the ma~neti(' lidd is 
low and the vortex lines nrc nligllnl along one of the t.hree 
principnlaxes, simpl.. cxpressions for thc viscosity tensor 
TJij of the visC'Ous flux motion arc obt.nined as fnIldions 
of m;j ane\ the normal stnte connncl.ivity tensor CTi,i for 
lemperRture T cJ(lse to the criti('nl tl"mpC'fBhlte T.,. For 
the high-tempernt.llre oxiele superconduclors the theory 

predicts thnt TJ~,") : TJ~c) : TJ~") ~ 1 : 4"( : 3"(2, whne TJ~j) is 
the viscosity for the motion along the i-axis of a vortex 
parallel to the j-nxis and "( = Jmr. / m,,' is the nnisotropy 
parnmeter (mi' i =n, h, c, are the principal values of the 
IIInss tensor sat.isfying m n ~ m" <t: mr.). 

Illtroduction 

The new high-t.empl"ratnrl" oxide supercoIldllclors 
show many st.ron~ly nil isotropic propl"rt.ies. We consider 
in this paper how the nnisolrnpy affects the viscolls mo­
tion of a nllx-line laltice. For the isotropic case I.lll' rhysi­
cnJJy most trRnsparent model for viscous nux motion was 
devrloped first by Bnrdeen and Stephen (BS) I. Th!' DS 
moel!'l makes the approximRtion that the snpncoueluc­
t.or is local and assumes that there is n normal core of 
wllins C the Ginzhurg-Landan (GL) coherence length, 
nlld that I,h!' dissipnt.ion occnrs inside anel in th(' immr­
clinic vicinit.y of IlIl" vortex core. Allhough it is clearly 
only a simplifying approximation, the BS model yiC'lds 
expressions for the viscosity and the flllx-flow resistiv­
ity whieh nre nl"arly idl"nl.icnl with the f'mpirical resnlls 2 , 

nnel gives a simple and ('lear picture of the mechanism of 
viscous flux motion. Our purpose is to generalize the BS 
model to include the effeel of anisotropy, 

The nnisotropy of snperconductivit~·cnn be most 
casily described in the frnmework of the G L theory 
by introducing a phenomenological effeclive Illass ten­
sor Ai;/,' I, whirh has the priu('ipal valnes of Af; (i = 
1,2,3). It is convcnil"nt to delhlF: n normnlized mnss t('n­
sor mij = Mi j/1I1 with principal values mi = 111,/111, 
where the mean mass J.~( = (lII IM'111I:1)'/3, such that 
m., 1It1 m :1 = 1. The penl"tration depths Ai = Ay'mi 
describe the dl"cny of components of sUP'Tcur/'cnl along 
the principal directions, nnd the corresponding cohere1lce 
lengths (i = €/.jmi charnclerize the spatial variation of 
the orner parnml"ter nlong these direclions&. The scalars 
,\ = (,\"\2 A:d l/ J allel e = (e,6(1)'/:1 enn be considered 
ns the mean penetral.ion dept.h and the menn cohC'rcnce 
length, and nre ~iven by the same expressions as for the 
isotropic casco, except tho t the isotropic mass :111 is re­

placed by NI. The GL pn.rnmeter is K. =A/t. 
We coniine ourselves 1.0 the cnse thnl, f.hr mnr;'" 

fidd II is small compared with tlte upper critical field Hd 

(H <t: H"'1),.50 that a vortex in mixl'd state can be COII­

sic1erec1 as isolat.ec1, We nssume HillI the tell1\)C'f/l' ~., - '1' 

is close to tlte critical tl"mpl"rntllre T., (T.: - 'J' « '1;,), so 
thnt t.he OS modrJ can be further simplified as I.ltnl. in 
which t.here is a sharp discontinnity at t.he core bonnd· 
ary between n fully normal core nnt! fnlly sI)p('r~OIahct 

in~ materiRl7 • Accordingly the London eqllalior.s" arc 
npplied outside the core, Ohm's law is applied inside t.he 
core, Rnd t.he electrical conduclivit.y of the normnl dec­
trons in the snperconclncling state is approximal,ed by 
the normal state conductivity. 

Yiscou~ 

The mn~nl'tic flux dl'nsity b of nn isolntl"c1 vortex 
in Rn anisot.ropic t.ype-II snpercondncl.or is given in Ref. 
5 in the G L regime for the case when l,hl" vortex axis is 
pnrRllel to one of the principnl axes. In the London limit 
(the reduced order parameter is 1 outside the vorto r0!e 

and 0 inside the core, and K. ~ 1) b = b:d:J is given by 

7, X 12)"1 + ,1\'1 
A'1 AI 

for a vortex (,l"nt('rl"l1 on the xrnxis, whl"\c [(If is n H':"wl 
function of 'II-til order. We dloosc nxes coinCiding with 
the principnl axes with nnit, veclors Xi and positioll (,oor­
dinnt.es Xi (i = 1,2,3). Outside the core, the superlluid 
velocity v, obeys the Maxwell's equation 

c 
v, = ----v x b (2)

411'cn., 

h..;m:l xI m'1XZ - X2ml x I 

:= 2M ~I xi + m'1x~ 

for Ix.! < A2' IX'zl < >'11 where 11, 13 'he ,,'11' IL,. ~ 
density, and we have used K I (x) := 1/:r. f()r slwllI ,~ 

'1 -'1 2and A = A-[c /411'e n,. We assume for the vortex wre 
boundary the ellipse 

:r.~ x~ 
0+0=1. (1) 
"I "2 

Equations (3) nnd (1) and the adinhatic llpl'lollinudi"n 

v,(x, t) = v.(x - Vt), 

where V is the velocity of lIle flux motion, comprise the 
starting point for our calculation. As will be shown he­
low, thl" dissipation that contrihutes to the viscons drag 
concentrates in the vicinity of the core, and we therefore 

Mnnnscript received September 24, 1990. 



lIse ECJ.. (3) for the whole space outside the core. 

WJ\("n the vortex mnvC's with velocity V, the elec­
tric lido e, inollcf'd outsi<le t.he core cnn he obtaiued [rnfll 
the second London equl\tion ll 

. For the nnisotropic case 
this gives 

(6) 

where E'l. (5) has been used. A stmightforward calcula­
tion gives 

(7) 

where Vi (i = 1,2) are the components orv. The electric 
field c" induced inside the core is 

(8) 

where the mngnitude e,. is obtained hy t.he continuit.y of 
the tnngentia\ component of the eledric field nt the C(He 
boundary. Note thnt the tangential vector of the core 
boundary is parallel to v,. Therefore C e . v, = e •. v" 
and we find 

C c :::: ~(-iIV2 + i: 2 Vd. (9)
2e(I<'2 

Fignres (Ill), (If,) and (1<:) show t.he stream lines of the 
electric field in the core vicinity for vortex moving in dif­

ferent directions. The shenm lines insi<k I ht' core arc 
st.raight nnd uniform; outside the corr. they l\rf' givcu 
by the solutions of the first ortler <lilfernll.inl eqllat.iou 
dxddxl = e."l./e,J. 

The rnte of dissipntion per unit length induced 
outsiJe the core by the Illation of the vortex is 

_ rPoJ{"211 3 

4c2 

where rrjj is the normal state conductivity tensor with 
the principal values O"i (i:::: 1,2,3), nnd 

II .-~ (11 )e211·\ - 2 ~ ~ 
71"<.1<.2 

is the upper criticnl field nlong the x:l-axis: l
. Here we Itn.,:!' 

made the assumption thnt O"ij has the snme principnl 
axes as those of mij, so that rrij = O"jfJ ij , nnd we hnve 
approximnted the conductivity of the normal electrons 
in the supcrconouet.ing state by O"ij, which is vnlid for 
T close toTe. The usual summation convention over the 
indices repented twice is ndopted hereafter. Note that the 
integrand in Eq. (10) is significnnt ouly neur the edge of 
the core, becRlIse e, dccnys rnpidly as the distancl' frnm 
the edge of the core illcrl'ases. The rnte of uissipntion per 
unit length induced inside the core by the motion of tire 
vortex is 

D" = 7I"(160"ije,;jecj 

_ rPu H "211:1 ( v: 2 + V 2)
- 2c2 rr I 2 0"2 1 • (12) 

The total mte of dissipation is 

(b) (e)(a) 

ri~ure 1. Strenm ~incs of the el?etric fieltl induccd by a vortex moving along the direction formiug nn angle () wit.h 
r('!Oped to the hOflr.otltal, :T.J-axls: (a) () = 0, (b) () = 71"/4 and (r) f/ :::: 71"/2. The vertical axis corresponos Lo x2-- nxis 
nnd the x:I-l\.xis points out of the paper. ' 



(13)D = D" + D,. 

The viscosity tensor TJij of the motion of the vortex is 
defined by 

(11)D = TJij 11; l~ . 

From Eqs.(10)-(H) we find 

(15) 

(16) 

(17) 

Note that TJi depends on both ITI and IT2, hecllusc t.hot 
the dissipntive currellt hils both components along the 
Xt- and the Xraxes. 

In the isot.ropic superconductors the flux-flow re­
sistivity PI is related to the viscosity TJ by (see Ref. 9) 

¢,)B 
(18) PI = -2-' 

c TJ 

where B is the avernged magnetic flux density. For the 
anisotropic cn.se Eq. (18) is generalized as 

(19) 

¢nB 
Pf2 = --, (20) 

C2 TJ[ 

where Pli (i = 1,2) are the principal values of the flul( ­
flow resistivity tUlsor Plij (we have assumed that both 
Plij anel TJi.i have tht" same principal axes liS thOse of mh' 
so that P/i; -= f' /i 6i.j). Note that PII (Pf2) is relat.ed 
10 1/2 ('11) because that the XI- (X2-) comp0nent of t.he 
macroscopic electric field is induced by the motion of the 
vortex in the X2- (x 1-) direction. 

If the field is applied along the Xl- or t.he X2­

axes, t.he correspondiIlg result.!'! can be obtained hy cyclic 
permutation (I -+ 2 -+ 3 -+ 1). 

For the high-temperature oxide snpercon(lndors, 
we mny neglt"ct. the anisotropy in the ab plane and con­
sider these materials as uniaxial, with much larger effec­
tive mass along the c-axis, i.e., m n ~ m" « m" and ITn ~ 

IT" » IT", and it is generally f'lIInd that the anisotropy in 
the ekctrical conductivit.y is much larger than that in the 
ell"ective mass, i.e., ITn/ITr ~ ITI,/IT" » tn,,/m,. ~ mr/m'l' 
This is related to the fact that the high-temperature su­
percondndors nre in the clean limit. as far as ah-plane 
trllnsport properties arc concerned. Using these fads 
we obtnin the ["llowing. For the case thf\t the vortices 
are parallel to the c-axis, nux motion is nearl.v isotropic, 
TJ~") /7/~") ~ 1, where TJ~j) is the viscosity for the moti0n 
nlong the i-luis of a vorteJC parallel to the j-axis. For 
the case lIlat. the vortices I1re parail l"l to the ab-plalle, 
however, flux motion is highly anisotropic, 

tl(n) ]
-'-'- ~- (21 ) 

(n) 372' 
TJc 

where 

(22) 

is an anisotropy parameter. We also find 

(c) 
TJb (7,:l )N ;:::;;41', 
TJb 

and 

TJ~C) 4
 

T)~a) ~ 37
 
Equations (21), (23) and (~4) can be combined into 

'1~a) : TJ~,") : t/~n) ~ 1 : 17 : 372
, (25) 

which is inch'pendent of ITij, implying that the anisotropy 
in the viscous flux motion is determined by the nnisdropy 
only in the effective mass tensor. 
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