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Origin Of Incommensurate Structure in Solids!
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/ Abstract:

Incommensurate lattice structure is observed in several metals and
5 insulators. Various physical mechanisms leading to incommensurate phase
have been suggested, which are reviewed here. Among these, the Fermi
surface mechanism has heen successful in the case of metals. The origin of
incommensurate phase in insulators has been explained by the interacting
components mechanism. Recent experiments on Cupric Oxide has
examined the validity of this phenomenological theory for magnetic
insulators, which was originally worked out for nonmagnetic insulators.
Among the microscopic models. the axial next-nearest- neighbor Ising
model and the Frank and Van der Merwe model describe how competing
interaction lead to incommensurate structure. In this review several
physical systems have been discussed in the context of these mechanisms.

PACS numbers: 05.70.Fh, 64.60.-i, 61.
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L.Introduction:

The incommensurate structure in solids has attracted extensive
theoretical and experimental study during the last several decades.! The
incommensurate structure corresponds to a lattice modulation whose
period is an irrational fraction of the lattice periodicity. The lattice
therefore, lacks translational periodicity while retaining the long range
order. The modulation can be of several types. Such as involving
displacements, occupation probability of given atoms, or mutually
incommensurate basic structures. The x-ray diffraction from such solids are
sharp but has additional reflections called ‘satellite reflections’ along with
the main reflections. The indexing of the diffraction pattern from
incommensurate solids requires more than the usual three-integer indices.
When considered in the contt‘:xt of a phase traniition, the crystalline solid
undergoes a transition to an incommensurate phase as the temperature is
lowered. The amplitude of the incommensurate modulation grows with the
decrease in temperature. In some cases the incommensurate wave vector is
temperature dependent. The incommensurate phase sometimes undergoes a

further transition to a commensurate phase as the temperature is lowered.

There have been great deal of interest in understanding the mechanism
leading to incommensurate structure in solids. Among these, the Fermi
surface mechanism, the interacting components mechanism (ICM), the
axial next-nearest-neighbor Ising (ANNNI) model and the Frank and Van

der Merwe (FVdM) model are notable. In the case of metals the Fermi
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surface mechanism has been successful. The mechanism js however, not so
clear in the case of insulators. The ICM is based on the phenomenological
Landau theory and has been used to explain the incommensurate structure
in insulators. The ANNNI model describes how competing interactions lead
to modulated structures. It has been used to understand the
incommensurate structure in some two-state systems. Incommensurate
structure is also observed in rare gas monolayers adsorbed on a substrate.
This is well accounted for by the FVdM model. In the following sections,

several physical systems are discussed in the context of these mechanisms.

2.The Fermi Surface Mechanism:

Some metals with low dimensional feature such as organic conductors,
undergo phase transition commonly known as charge density wave (CDW)
or Peierls transition.?? The origin of the CDW transition has been
attributed as due to the Fermi surface instability involving electron-phonon
interaction. The possibility of such an instability was noted by Peierls* and
later studied by others.>~° The origin of the instability can be understood

from the susceptibility of the electron-gas system (x(9)):

x(g) = Y (L= Lrtey (1)

v €k T €kiq
Here, fi is the Fermi function and ¢ is the single particle electron energies.
In Fig.1, x(q) is displayed as a function of wave vector q for one, two and

three dimensional electron gas at T = 0. It is seen that x(q) diverges at




twice the Fermi wave vector 2kf for one dimensional system. This anomaly
is less pronounced in two dimensions. It is practically absent in three
dimensional systems. At finite temperatures, these anomalies are smeared
out. Such anomaly can also arise in 3D systems in the presence of
one-dimensional feature. In such a situation, the Fermi surface is nested
(i.e., there is a large region of k-space with small energy difference

€k — €xyq). This anomaly produces a softening of the phonon dispersion at
q = 2kg, which leads to a transition at T = Tj¢. Below Tic a permanent
lattice distortion occurs with wave vector 2kg. In the CDW state, the
electronic spectrum is also altered with the presence of an energy gap at
+kF, which lowers the energy of all the occupied states. For finite
temperatures, in the CDW state, the thermally excited electrons screen the
electron-phonon interaction which reduces the energy gap self consistently.
Therefore, the extent of distortion increases as the temperature is lowered
below Tjc. It was noted by Peierls that normal metallic conduction would
not occur in the low-temperature phase. Instead the material is expected to
behave like a semiconductor due to the presence of the energy-gap. Let us
consider the case of a CDW distortion of a lattice containing one electron
per site. The electron band is then half-filled and the wavelength of the
distortion is 2kg = 7/a where a is the lattice constant. The distortion will
hence be commensurate with the lattice periodicity. The incommensurate
phase is therefore observed in this elementary case, when the ratio of the

number of electrons to the number of sites is not a rational ratio.

Most of the interesting organic conductors are based on the
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tetracyanoquinodimethane (TCNQ) molecule. Among these,
tetrathiofulvalinium tetracyanoquinodimethane (TTF-TCNQ) has been
studied extensively. These are planar molecules (Fig.2a), with electron
donor and acceptor properties associated with TTF and TCNQ,
respectively. In the solid state, chains of TTF molecule and chains of
TCNQ molecule are arranged in the b — ¢ plane with b—axis as the stacking
direction (Fig.2b). The structure of the high temperature phase is
monoclinic. The electrical conductivity is highly anisotropic, with
maximum conductivity occuring along the b—axis. This indicates that
TTF-TCNQ is a quasi-one-dimensional conductor, with electrons confined
to be on individual chains. The low temperature electrical conductivity
parallel to the b—axis undergoes sharp drops at 54 K and 38 K, because of
structural transitions involving CDW. Direct evidence of a CDW transition
in TTF-TCNQ was first obtained by Denoyer et al'® by x-ray scattering.
Subsequently Kagoshima et al'! confirmed the presence of a CDW
wavevector in this compound. The develdpment of the CDW distortion was
studied in the neutron scattering measurements on deuterated TTF-TCNQ
single crystal by Comes et al.'? They observed two structural
transformations at 38 K and at 54 K. Below the first order transition at
JSK the modulation wave vector of the incommensurate phase is given by
0.29556°. The modulation period in the a—direction becomes
incommensurate at 38K and the corresponding wave vector shows an
abrupt increase from-its low temperature value of 1/4 and then gradually
increases with increasing temperature to 1/2 near 51 K. Subsequently,

another transition has been observed at 49 K in the neutron scattering
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measurements by Ellenson et al.'® This additional transition was predicted
by Bak and Emery™ on theoretical grounds as gue to the interaction
between the orderings in the TTF and TCNQ chains. A comprehensive
;urvey of the experimental work on TTF-TCNQ can be found in the review

by Toombs?.
3.The Interacting Components Mechanism (ICM):

The interaction of two ordering modes is thought to be one of the
physical mechanisms giving rise to incommensurate structures in
insulators.!® This viewpoint has been put in a very general
phenomenological framework by Heine and McConnell using the two
component Landau theory.'®7 The theory is based on the existence of two
transformation modes, which interact under certain conditions. These
transformation modes are denoted as the main (¢') and the subsidiary (&)
modes. The transformation modes ¥ and ¢ can in general, represent two
diffcrent kinds of modulations with respect to the unmodulated crystal. The
symmetries of these transformation modes are different at the symmetry
point in reciprocal space so that they cannot interact there, but they
become the same and hence interact at incommensurate points near the
symmetry point. These two modes ¥ and ¢ are in quadrature in order to

have energy lowering interaction. The free energy in this theory is given by,

G =G, + ) [AQUl, + H(@)Wlé, + H(q)'0yd! + B(a)dlo,].  (2)

q

Here, H(q) represents the interaction between these two modes. The
commensurate and incommensurate phases correspond to ¢ = 0 and ¢ # 0,
respectively. The disordered-to-incommensurate transition is second order

in nature and occurs at a temperature Tjc which is given by,

Tic=T,+A 3)

where,

A =[(H}/B,) - AJ4a(As +..)]™" and HYB, > A, 4)

Here, Ay, Ay, Hy, B,, @ are parameters assumed to be temperature
independent in the expansion of the coefficients in the free energy
expression of Eq.2. T, is the 'fictitious’ transition temperature of the main
ordering mode. The incommensurate-to- commensurate transition
temperature Tc is obtained by equating the free energics of
incommensurate and commensurate pha;es. The transition at T¢ is first

order in nature at which ¢ disappears discontinuously. T is given by:

Tc =T, - 4.45A. (5)

If the 4 mode is also equally soft as compared to 1, then the
incommensurate structure is seen over a wider temperature range and T¢
can be even below absolute zero. The details of the ICM theory can be

found in Ref.17.



This theory has been applied sucessfully to NaNO;, which is a
nonmagnetic insulator.'®* NaNO; exhibits incommensurate phase for
temperatures between 437K and 438.5K. The low temperature (T’ < 437K)
phase is ferroelectric and the high temperature (T > 438.5K') phase is
paraelectric. The structure of NaNO; is shown in Fig.3. There are two
possible orientations (+b—direction) of the arrow shaped NQ;" ions. For
temperatures above 438.5K, the NO; ions point either in the b or in the —b
direction with equal probability. For temperatures below 437K, the
probability of pointing in the b—direction is either 0 or 1. Whereas, the
probability varies sinusoidally along the a—axis in the incommensurate

phase:

p(F) = 1/2 + ¢, cos(qz). (6)

Here q is the incommensurate modulation wavevector and is found to be
@~ 0.11a". This corresponds to the main mode of the ICM theory. In the
incommensurate phase, there is also a local shear of the unit cell in the

b—direction and varing sinusoidally along the a—axis:

€xy(F) = ¢y sin(gz). (7)

This corresponds to the subsidiary mode of the ICM theory. We note that
the two modulations given in Eqs.6 and 7 are in quadrature. A detail group

theoretical analysis of the incommensurate structure in NaNO; can be

found in Ref.18.

Several recent experiments on Cupric oxide (CuQ) has provided
additional support to this theory and extended the validity to magnetic
insulators.'® CuQ is an exception, both structurally and magnetically
among the 3d transition metal monoxides. The crystal structure of CuQ is
monoclinic unlike the cubic structure of other 3d-transition metal
monoxides.?® The antiferromagnetism in CuQ is also distinctly
different.?'~?* CuO undergoes a second-order paramagnetic- .
to-incommensurate antiferromagnetic transition at a temperature
T1c=229 K.2'-?8 This is followed by a first-order
incommensurate-to-commensurate antiferromagnetic transition at a
temperature T¢=213 K.?2-?° These two transitions are displayed in the
temperature dependence of specific heat (Fig.1).2® The propagation vector
of the incommensurate phase g; = (0.506,0, —0.483) is temperature
independent and goes over discontinuously to the commensurate wave
vector ¢. = (1/2,0,—1/2) at Tc. Neutron scattering experiments show that
in the commensurate antiferromagnetic state below T¢, the spins orient
parallel to the b—axis, which represents the easy-axis. The incommensurate
antiferromagnetic state‘ is found to have a helical modulation with an

elliptical moment envelope.”

Recently, the effect of magnetic field on the specific heat of a CuO
single crystal was studied.? It was found that T¢ increases nonlinearly for
magnetic field applied parallel to the a— and c—axes. Whereas, a linear
reduction of T is observed for magnetic field applied parallel to the b—axis.

Anisotropy was also observed in the temperature dependence of magnetic
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susceptibility.?® This was explained in the framework of ICM theory as
follows. For CuQ, the main mode corresponds to the commensurate
antiferromagnetic ordering below T¢c with the easy-axis parallel to the
b—axis and the subsidary mode is assumed to correspond to an
antiferromagnetic ordering, with the easy axis nearly perpendicular to the
normal of the @ — ¢ plane. It was argued that by the application of
magnetic field, the individual components can be controlled and T is
affected in an analogous manner. The anisotropic magnetic field
dependence of T¢ observed in CuO has provided a major experimental

support to the ICM theory.
4.The Axial Next-Necarest-Neighbor Ising (ANNNI) model:

Modulated structure arising due to competing short range interactions
was pointed out by Elliot in the context of helicoidal spin configurations in
heavy rare-earth metals.’® The basic idea was later studied in the simplistic
ANNNI model -? which makes use of the discrete two-state spin S; = +1.

The Hamiltonian of the 3-dimensional ANNNI model is given by,

H= "%Ja Z SiiSi,y = ZS-',,'S.'+|., - ZS-'.,S-’H,; (8)
P 5 7

Here. t and j, j' labels spins in layers perpendicular to the axial direction
and nearest-neighbor spins within a layer, respectively. The interaction is
ferromagnetic within the plane perpendicular to the axial direction (i.e.,

Jo > 0). There is competing interaction in the axial direction, with
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ferromagnetic interaction between the nearest neighbour spins (i.e., J; > 0)
and antiferromagnetic interaction between the next nearest neighbour spins
(i.e., J2 < 0). The degree of the competition is determined by the ratio

x = —~J2/J;. The Hamiltonian shows a variety of modulated phases
depending on the degree of competition. The phase diagram of the ANNNI
model on a cubic lattice has been studied in the mean-field
approximation.®=3 Fig 5 displays the phase diagram as a function of the
parameter x. At high temperatures the system shows paramagnetic phase.
At zero temperature, the ferromagnetic state switches over to the antiphase
state at x = 1/2. The modulated commensurate phases are observed
between the antiphase state and ferromagnetic state at finite temperatures.
The paramagnetic-to- modulated phase boundary is second order in nalure,
whereas the modulated phases are separated by first order transitions.
Above certain temperature, stable incommensurate phases are observed
inbetween the commensurate phases (Fig.5).31% The ANNNI model
explains the origin of the incommensurate phase in a simplified manner,
which can also be applied to nonmagnetic systems.

It is well known that a two state system can be mapped onto an (s;ng
model. often with just short-range interactions. One such example is
NaNOQOa,, which exhibits an incommensurate phase (437K < T < 138.5K)
in between the low temperature ferroelectric phase and the high
temperature paraelectric phase. The two possible orientations of the NGT
ions (Fig.3) can be described by the Ising spin in a crude approximatjon.

Sclke and Duxbury® explained the phase diagram of NaNO; in an electric
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field using the ANNNI model.

The best example of the ANNNI model is a system where the Ising
variables correspond to magnetic spins such as cerium antimonide. In the
case of cerium antimonide the spins are constrained to point along {100}
direction due to strong uniaxial spin anisotropy. The ordering is
ferromagnetic within the (100) planes. At low temperatures below 17 K,
the ferromagnetic planes form modulated structures with wavevector along

{100], similar to the phases in ANNNI model.37-*!
5.The Frank and Van der Merwe (FVdM) Model:

Incommensurate structure has been observed in rare gas monolayers
adsorbed on a substrate.343=45 This arises due to the mismatch of
periodicitics between the substrate and the overlayer. The phenomena is
understood on basis of the simplistic model of Frank and Van der Merwe.*

The Hamiltonian of the one dimensional FVdM model is given by:

H= [S( — 1, —ag) + M1 - cosgfr ] (9)
—Z 2 Tn+l n 0 4 [

where z,, is the position of the nth atom, ao is lattice constant of the
overlayer, b is the period of the substrate potential. The model exhibits
several interesting phases. In the absence of the substrate potential (i.e.,
A = 0), the atoms are arranged with a separation ao. In general, aq is not

commensurate with b. The presence of the substrate potential modulates
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the overlayer. The atoms tend to move towards the minimum of the
potential. When the substrate potential is strong, a commensurate
modulation of the overlayer is obtained. The incommensurate structure is
observed for intermediate strength of the potential. If the substrate
potential is extremely strong compared to the interatomic interaction, then
the atoms are distributed randomly among the potential minima. This
corresponds to the chaotic structure. The situation is qualitatively different
in two or three dimensions. The modulation wavevector as a function of the
parameter ag show several complex features. For instance, the system can
go through an infinite sequence of commensurate phases giving rise to the
so called ‘devil's staircase’. The phase diagram of the FVdM model bears
several resemblances with the phase diagram of the ANNNI model. An

account of the similarity can be found in the review by Bak.*!

The krypton monolayer adsorbed on graplite basal plane has been
studied in some detail by low energy electron diffraction*? and X-ray
diffraction.*>=*% The adsorbed krypton gives rise to a hexagonal
incommensurate structure under high pressure and low temperature. The
hexagonal incommensurate structure is characterized in terms of the
deviation from the hexagonal commensurate (/3 x {/3)30° structure with
one krypton atom per three graphite hexagons. The temperature
dependence of the incommensurability was found to follow a power law
given by € = ¢,(1 — T/T¢)'" with a T¢ of 97 K.* The pressure induced
commensurate-to- incommensurate transition was studied by Nielsen et al*’

at 40 K emploving D; gas as the source of two dimensional spreading
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pressure. The transition was observed to be first order. Finally, we note observation should invoke further theoretical investigations especially in the
o . . . t ici
that graphite intercalation compounds constitute a natural extension to context of magnetic insulators.

three dimensions of the adsorbed rare gas monolayer on graphite.
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We have discussed how incommensurate structure arises in solids. In and remarks.

metals with nested Fermi surface, the length of Fermi wave vector may be
incommensurate with respect to the reciprocal lattice vector and by the
mechanism of the Peierl's instability the incommensurate phase may result.
Several microscopic models have been proposed to explain the
incommensurate phase. Among these, the ANNNI model describes how lBC
incommensurate structure arises duc to co:n;)clixlg short range interactions.
This model, though simple, has been used to exjplain modulated structure
in some magnetic systems. The FVdM model describes how competing
periodicities can give rise to several phases including the incommensurate
phase. The incommensurate strl.xct.ure observed in rare gas monolayers
adsorbed on graphite has been understood using this model. In the case of
insulators, interaction of two ordering modes can give rise to
incommensurate structure. This is described by the interacting components
mechanism. Being of phenomenological nature based on the Landau theory
of phase transition, this provides a sound understanding of the origin of -
incommensurate structure in insulators.. The recent study of the anisotropic
magnetic field dependence of incommensurate-to- comnmensurate transition

in Cu0, has provided additional support to the ICM-theory. This
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Figure Captions:

Figure.l The zero temperature susceptibility of the free electron Fermi gas
as a function of the wave vector ¢ in one, two and three dimensions. The
susceptibility diverges alt twice the Fermi wave vector in one dimensional

system. )

Figure.2(a) The tetrathiofulvalinium (TTF) and tetracyanoquinodimethane
(TCNQ) molecule. (b) The projection of TTF-TCNQ structure in the e — ¢
plane. The molecules shown with bold lines are b/2 above the a - ¢ plane.
The chains of TTF and TCNQ molecules are arranged in the b — ¢ plane

with b—axis as the stacking direction.

Figure.3 The projcciion of NaNOQO; structure in the b — c plane. The atoms
shown with light lines arc a/2 above the b — ¢ plane. There are two possible
orientations (+b—direction) of the arrow shaped NO; ions. The
probability of pointing in the b—direction is 1/2 in the high temperature
phase, 1 (or 0) in the low temperature phase and varies sinusoidally along

the a—direction in the incommensurate phase.

Figure.4 The temperature dependence of specific heat of a CuO single
crystal. The anomaly at 228.5K corresponds to the second-order
paramagnetic-to-incommensurate antiferromagnetic transition. The
anomaly at 212.6K corresponds to the first-order incommensurate-to-

commensurate antiferromagnetic transition.
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Figure.5 The phase diagram of the cubic ANNNI model in the mean field
approximation. The main commensurate phases are indicated by the
conventional notation. For example < 223 > represents ... t1||111 .... The
antiphase state corresponds to ... 11|11 .... The incommensurate phases

are found between the commensurate phases above the dashed line.
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