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Abstract: 

Incommensurate lattice structure is observed in several metals and 

insulators. Variolls physical mechanisms leading to incommensurate phase 

have bp.cn suggcsted, which are reviewed here. Among these, the Fermi 

surface mechanism has hrcn su«~ssful in the case of metals. Th~ origin of 

incommensurate phasp. in insulators has been explained by the illtcr:l.ctin~ 

components mechanism. Recent expp.rimenls on Cupric Oxide has 

examinee! the valiJil~' or this phenomenological theory ror magnetic 

insula.tors, which was originally worked out for nonmagnetic insulators. 

Amon~ the microscopic models. the axial next-n~arest· neighbor Ising 

model and the Frank and Van der Merwe model describe how competing 

interaction 'lead to incommensurate structure. In this review several 

phy~ical systems have been discussed in the context of these mechanisms. 

PACS numbers: 05.70.Fh, 54.50.-i, 61. 
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l.lntroduction: 

The incommensurate structure in solids has attracted extensive 

theoretical and experimental study during the last several decades. l The 

incommensurate structure corresponds to a lattice modulation whose 

period is an irrational fraction of the lattice periodicity. The lattice 

therefore, lacks translational periodicity while retaining the long range 

order. The modulation can be of several types. Such as involving 

displacements, occupation probability of given atoms, or mutually 

incommensurate basic structures. The x-ray diffraction from such solids are 

sharp but has additional reflections called 'satellite reflections' along with 

the main reflections. The indexing of the diffraction paltern from 

incommensurate solids requires more than the usual three-intp.ger indices. 

When considered in the context of a phase transition, the crystalIine solid 

undergo..s a transition to an incommensurate phase as the temperature is 

lowered. The amplitude of the incommensurate modulation grows with the 

decrease in temperature. In some cases the incommensurate wave v~tor :s 
temperatur~ dependent. The incommensurate phase sometimes undergoe'S a 

further transition to a commensurate phase as the temperature is lowered. 

There have been great deal of interest in understanding the mechanism 

·-leading to incommensurate structure in solids. Among these, the Fermi 

surface mechanism, the interacting components mechanism (IC~I), the 

axial next-nearest-neighbor Ising (ANNNI) model and the Frank and Van 

der ~Ierwe (FVdM) model are notable. In the case of metals the Fermi 
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surface mechanism has been successful. The mechanism is however, not so 

clear in the case of insulators. The ICM is based on the phenomenological 

Landau theory and has been used to explain the incommensurate structure 

in insulator!. The ANNNI model describes how competing interactions lead 

to modulated structures. It has been used to understand the 

incommensurate structure in some two~state systems. Incommensurate 

structure is also observed in rare gas monolayers adsorbed on a substrate. 

This is well accounted for by the FVdM model. In the following sections, 

several physical syst,:ms are discussed in the context of these mechanisms. 

2.The Fermi Surface Mechanism: 

Some metals with low dimensional feature such as organic conductors, 

undergo phase transition commonly known as charge density wave (CDW) 

or Peierls lransition. 2
•
J The origin of the CDW tril.l1silion has been 

attributed as due to the Fermi surface insta.bility involving electron-phonon 

interaction. The possibility of such an instability was noted by Peierls4 and 

later studied by others.s- 9 The origin of the instability can be understood 

from the susceptibility of the electron-gas system (X(q)): 

x(q) = 2)h: - fk+q). (l) 
k fA: - fk+q 

Here, f,. is the Fermi function and fk is the single particle electron energies. 

In Fig.I, x(q) is displayed as a function of wave vector q for one, two and 

three dimensional electron gas at T = O. It is seen that x(q) diverges at 
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twice the Fermi wave vector 2kF for one dimensional system. This &nomaly 

is less pronounced in two dimensions. It is practically absent in three 

dimensional systems. At finite temperatures, these anomalies are smeared 

out. Such anomaly can also arise in 3D systems in the presence of 

one-dimensional feature. In such a situation, the Fermi surface is nested 

(i.e., there is a large region of k-space with small energy difference 

tAl - tHq). This anomaly produces a softening of the phonon dispersion at 

q =2kF', which leads to a transition at T =T,c. Below T,c a permanent 

lattice distortion occurs with wave vector 2kF • In the COW state, the 

electronic spectrum is also altered with the presence of an energy gap at 

±kF , which lowers the energy of all the occupied states. For finite 

tempera.tures, in the COW state, the thermally excited electrons screen the 

electron-phonon interaction which reduces the energy gap self consistently. 

Therefore, the extent of distortion increases as the temperature is lowered 

below T,c. It was noted by Peierls that normal metallic conduction would 

not occur in the low-temperature phase. Instead the ma.terial is expected to 

behave like a semiconductor due to the presence of the energy-gap. Let us 

consider the case of a COW distortion of a lattice containing one electron 

per site. The electron band is then half-filled and the wavelength of the 

distortion is 2kF = 1r{a where a is the lattice constant. The distortion will 

hence be commensurate with the lattice periodicity. The incommensurate 

phase is therefore observed in this elementary case, when the ra.tio or the 

number of electrons to the number of sites is not a rational ratio. 

Most of the interesting organic conductors are based on the 
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tetracyanoquinodimethane (TCNQ) molecule. Among these, 

tetrathiofulvalinium tetracyanoquinodimethane (TTF-TCNQ) has been 

studied extensively. These are planar molecules (Fig.2a), with electron 

donor and acceptor properties associated with TTF and TCNQ, 

respectively. In the solid state, chains of TTF molecule and chains of 

TCNQ molecule are arranged in the b - c plane with b-axis as the stacking 

direction (Fig.2b). The structure of the high temperature phase is 

monoclinic. The electrical conductivity is highly anisotropic, with 

maximum conductivity occuring along the b-axis. This indicates that 

TTF-TC~Q is aquasi-one-dimensional conductor, with electrons confined 

to be on individual chains. The low temperature electrical conductivity 

parallel to thl~ h-axi~ undergoes sharp drops at 5·' K and 38 K, because of 

structural transitions involving COW. Direct evidence of a COW transition 

in TTF·TC:\Q was first obtained by Denoyer et al lO by x-ray scattering. 

Subs(~ql1t.'lltly Kagoshima et aPI confirmed the presence of a COW 

wavcvc('lor in this compound. The devel~pment of the COW distortion was 

studied in the neutron scattering measurements on deull'rated TTF-TC~Q 

single crystal by Comes et al. 12 They observed two structural 

transformations at 38 K and at 54 K. Below the first order tra.nsition at 

3SK the modulation wave vector of the incommensurate phase is given by 

O.295bo. The modulation period in the a-direction becomes 

incommensurate at 38K and the corresponding wave vector shows an 

abrupt increase from ·its low temperature value of 1{4 and then gradually 

increases with increasing temperature to 1{2 near 51 K. Subsequently, 

another transition has been observed at 49 K in the neutron scattering 
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measurements by Ellenson et al. 13 This additional transition was predicted 

by Bak and Emery l4 on theoretical grounds as ~ue to the interaction 
I 

between the orderings in the TTF and TCNQ Jhains. A comprehensive 

survey of the experimental work on TTF-TCNQ can be found in the review 

by Toombs1. 

3.The Interacting Components Mechanism (ICM): 

The interaction of two ordering modes is thought to be one of the 

physical mechanisms giving rise to incommensurate structures in 

insulators. IS This viewpoint has been put in a very general 

phenomenological framework by Heine and McConnell using the two 

component Landau theory}6.11 The theory is based on the existence of two 

transformation modes, which interact IlDder certain conditions. These 

transformation modes are denoted as the main (~.) and the subsidi,uy (0) 

mod~. The transformation modes ti' and ~ can in genera\' represent two 

different kinds of modulations with respect to the unmodulated crystal. The 

symmetries of these transformation modes are different at the symmetry 

point in reciprocal space so that they cannot interact there. but they 

become the same and hence interact at incommensurate points near the 

symmetry point. These two modes ti' and ~ arc in quadrature in order to 

have energy 100'If~ri\lg interaction. The fre(~ ellergy in this tlU'ory is givcn by. 

G = Go + I:[A(q)rP:~'q + H(q)t/.':~q + H(q)ttbqoJ + B(q)6:oQI· (2) 
q 
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Here, H(q) represents the interaction between these two modes. The 

commensurate and incommensurate phases correspond to q =0 and q =F 0, 

respectively. The disordered-to-incommensurate transition is second order 

in nature and occurs at a temperature TIc which is given by, 

TIC = To +6 (3) 

where, 

~ = [(liN Eo) - A~)2[4a(A .. +...)t l and 1l//80 > A2. (4) 

Here. Ih, 11•• lI" 80' a are parameters assumed to be temperature 

indepf'ndent in the expansion of the coefficients in the free energy 

expression of Eq.2. To is the 'fictitious' transition temperature of the main 

ordering mode. The incommensurate-to- commensurate transition 

temperature Tc is obtained by equating the free energies of 

•incommensurate and commensurate phases. The transition at Tc is first 

order in nature at which ~ disappears discontinuously. Tc is given by: 

Tc = To - 4.456. (5) 

If the 0 mode is also equally soft as compared to t/J, then the . 
incommensur,lte structure is seen over a wider temperature range and Tc 
(:an Ilt' ,'\','n 1lt'lpw absolllll' 7.('W. The dl'lails of the IC~I lheory can be 

found in Itd.Ii. 
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This theory has been applied sucessfully to NaNO" which is a 

nonmagnetic insulator.1I NaND, exhibits incommensurate phase for 

temperatures between 437K and 438.5K. The low temperature (T < 437K) 

phase is ferroelectric and the high temperature (T > 438.5K) phase is 

paraelectric. The structure of NaNO, is shown in Fig.3. There are two 

possible orientations (±b-direction) of the arrow shaped Nq- ions. For 

temperatures above 43S.5K, the NO:; ions point either in the b or in the -b 

direction with equal probability. For temperatures below 437K, the 

probability of pointing in the b-direction is either 0 or 1. Whereas, the 

probability varies sinusoidally along the a-axis in the incommensurate 

phase: 
.~ 

p(r) = 1/2 + t/Jq cos( qx). (6) " 
Here q is the incommensurate modulation wavcveclor and is found to be 

q:::::: O.lla·. This corresponds to the main mode of the ICM theory. In the 
I> 

incommensurate phase, there is also a local shear of the unit cell in the 
.y 

b-direction and varing sinusoidally along the a-axis: 

Ezy(i:) = 4>~ sin( qx). (i) 

This corresponds to the subsidiary mode of the IC~I theory. We note that 

the two modulations given in Eqs.6 and i are in quadrature. A detail group 

theoretical analysis of the incommensurate structure in NaNO z can be 

found in ReUS. 

~ 

Several recent experiments on Cupric oxide (CuD) has provided 

additional support to this theory and extended the validity to magnetic 

insulators.11 CuO is an exception, both structurally and magnetically 

among the 3d transition metal monoxides. The crystal structure of CuO is 

monoclinic unlike the cubic structure of other 3d-transition metal 

monoxides.'o The antiferromagnetism in CuO is also distinctly 

dilferent,21-'J CuO undergoes a second-order paramagnetic

to-incommensurate antiferromagnetic transition at a temperature 

Tre =229 K. '1-28 This is followed by a first-order 

incommensurate-to-comrrensurate antiferromagnetic transition at a 

temperature Te=213 K. 22 - 29 These two transitions are displayed in the 

temperature depenclence of specific heat (Fig.·1).28 The propagation vector 

of the incommensurate phase qi = (0.506,0, -0.·183) is temperature 

independent and goes over discontinuously to the commensurate wave 

vcctor q, = (1/2,0, -1/2) at Te. Neutron scattering experiments show that 

in the commensurate antiferromagnetic state below Te , the spins orient i 

parallel to the b-axis. rhich represents the easy-axis. The incommensurate 

antiferromagnetic statel is found to have a helical modulation with an 

elliptical moment envelope.2J 

Recently, the effect of magnetic field on the specific heat of a CuD 

single crystal W'l.~ stlldicfl.'8 It was found that Tc increases nonlinearly for 

mi\gn('lir fi .. \d appli('d parallel to the a- and c-axes. Wher(';Lq, a linear 

reduction of 7'c is obs('f\'ed for magndic field applied p.uallc1 to the b-axis. 

Anisotropy was also observed in the temperature dependence of magnetic 
,l
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lIusceptibility.29 This was explained in the framework of leM theory as 

follows. For CuO, the main mode corresponds to the commensurate 

aotiferromagnetic ordering below Tc with the easy-axis parallel to the 

b-axis and the subsidary mode is assumed to c<tespond to an 

aotiferromagnetic ordering, w.ith the easy axis nearly perpendicular to the 

normal of the a - c plane. It was argued that by the application of 

magnetic field, the individual components can be controlled and Tc is 

affected in an analogous manner. The anisotropic magnetic field 

dependence of Tc observed in CuO has provided a major experimental 

support to the leM theory. 

~4.The Axial Next-Nearest-Neighbor Ising (ANNNI) model: 

~ 

Modulated structure arising due to competing short range interactions 

was pointed out by Elliot in the context of helicoidal spin configurations in 

heavy rare-earth metals. JO The basic idea was later studied in the simplistic j 

AN:--INI model,JI.J2 which makes use of the discrete two-state spin Si =±l. J. 

The Hamiltonian of the 3-dimensional ANNNI model is given by, 

H = -~Jo L Si,jSi./ - J1 L Si.jSi+J.} - J2 L Si,}Si+l.} (8) 
ij/ i} ij 

Here. i and j, j' labels spins in layers perpendicular to the axial direction 

and nearest-neighbor spins within a layer, respectively. The interaction is 

ferromagnetic within the plane perpendicular to the axial direction (i.e., 

Jo > 0). There is competing interaction in the axi ..tl direction, with 

10 

(erroma~neticinteraction between the nearest neighbour spins (Le., J1 > 0) 

and anti ferromagnetic interaction between the next nearest neighbour spins 

(i.e., J'l < 0). The degree of the competition is determined by the ratio 

It = -J2/ J1• The Hamiltonian shows a variety of modulated phases 

depending on the degree of competition. The phase diagram of the ANNNI 

model on a cubic lattice has been studied in the mean-field 

approximation.33- 35 Fig.5 displays the phase diagram as a function of the 

parameter It. At high temperatures the system shows paramagnetic phase. 

At zero temperature, the ferromagnetic state switches over to the antiphase 

state at It = 1/2. The modulated commensurate phases are observed 

betwf'en the antiphase state and ferromagnetic state at finite temperatures. 

The paramagnetic-Io- modulated phase boundary is second order in nature, 

whereas the modula.ted phases are separated by first order transitions. 

Abovt! certain temperature, stable incommensurate phases arc observed 

inbetwf'en the commensllrate phases (Fig.5).31.:l6 The ANNNl model 

explains the origin of the incommensurate phase in a simplified manner, 

which can also be applied to nonmagnetic systems. 

.. 
It is well known that a two state system can be mapped onto an Ising 

model. often with just short-range interactions. One such example is 

NU:\'01, which exhibits an incommensurate phase (-t37 J( < T < 43S.5J() 

in between the low temperature ferroelectric phase and the high 

temperature para.electric phase. The two possible orientations of the Nq
ions (Fig.3) can be described by the Ising spin in a crude approximation. 

Selke and DuxburyJ5 explained the phase diagram of NaN02 in an electric 
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field using the ANNNI model. 

The best example of the ANNNI model is a system where the Ising 

variables correspond to magnetic spins such as cerium antimonide. In the 

case of cerium antimonide the spins are constrained to point along (100) 

direction due to strong uniaxial spin anisotropy. The ordering is 

ferromagnetic within the (100) planes. At low temperatures below 17 K. 

the ferromagnetic planes form modulated structures with wavevector along 

{IOO), similar to the phases in ANNNI model. J7- 4\ 

5.The Frank and Van der Merwe (FVdM) Model: 

Incommensurate structure has been observed in rare gas monolayers 

adsorbed on a substrate.Jt.41-45 This arises due to the mismatch of 

periodiciti(5 betwf"Cn the substrate and the overlayer. The phenomena is 

understood on basis of the simplistic model of Frank and Van der Merwe.
415 

The Hamiltonian of the one dimensional FVdM model is gi\'en by: 

~IO 2 2;r ) (9)H = ~ "2(x,,+\ - X" - ao) + ,\(1 - cosbx,,) 

where x" is the position of the nth atom, ao is lattice constant of the 

overlayer, b is the period of the substrate potential. The model exhibits 

several interesting phases. In the absence of the substrate potential (i.e.• 

A = 0), the atoms are arranged with a separation ao. In general, ao is nol 

commensurate with b. The presence of the substrate potential modulates 

12 

the overlayer. The atoms tend to move towards the minimum of the 

potential. When the substrate potential is strong, a commensurate 

modulation of the overlayer is obtained. The incommensurate structure is 

observed for intermediate strength of the potential. If the substrate 

potential is extremely strong compared to the interatomic interaction, then 

the atoms are distributed randomly among the potential minima. This 

corresponds to the chaotic structure. The situation is qualitatively different 

in two or three dimensions. The modulation wavevector as a function of the 

parameter ao show several complex features. For instance, the system can 

go through an infinite sequence of commensurate phases giving rise to the 

so called 'de~iI's staircase'. The phase diagram of ttle FVdM model bears 

several resemblanCe> with the phase diagram of the ANNNI model. An 

account of the similarity can be found in the review by I3ak.J\ 

The krypton monolayer adsorbed on graphite basal plane has been 

studied in some detail by low energy electron diffraction 42 and x-ray 

diffraction. 4J-
45 The adsorbed krypton gives rise to a hexagonal 

incommensurate structure under high pressure and low temperature. The 

hexagonal incommensurate structure is characterized in terms of the 

deviation from the hexagonal commensurate (J3 x y'3)30° structure with 

one krypton atom per three graphite hexagons. The temperature 

dependence of the incommensurability was found to follow a power law 

gi\"f~n by (. = (0(1- T/Tc )\f3 with a Tc of 97 K." The pressure induced 

commensurate-to- incommensurate transition was studied by Nielsen et al45 

at ·10 K employing D2 gas as the source of two dimensional spreading 
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pressure. The transition was observed to be first order. Finally, we note 

that graphite intercalation compounds constitute a natural extension to 

three dimemlions of the adsorbed rare gas monolayer on graphite. 

6.Summary: 

We have discussed how incommensurate structure arises in solids. In 

metals with nested Fermi surface, the length of Fermi wave vector may be 

incommensurate with respect to the reciproca.l lattice vector and by the 

mechanism of the Peierl's instability the incommensura.te pha.se may result. 

Several microscopic models have been proposed to explain the 

incommensurate phase. Among these, the ANNNI model describes how the 

incommensurate structure arises due to competing short range interactions. 

This model. though simple, has bt'(!n used to explain modulated structure 

in some magnetic systems. The FVdM model describes how competing 

periotJicitiC! can give rise to several phases including the incommensurate 

phase. The inconunensllrate structure observed in rare gas monolayers 

adsorbed on graphite has been understood using this model. In the case of 

imlUlators, interaction of two ordering modes can give rise to 

incommensuratf'structllff.'. This is dt'!;cribcd hy the illtcradil\~ components 

meChanism. Being of phenomenological nature based on the Landau theory 

of phase transition. this provides a sound understanding of the origin of 

incommensurate structure in insulators. The reccnt study of the anisotropic 

magnetic field dependence of incommensurate-to- commensurate transition 

in CuD. has provided additional support to the 1C~I-tht'ory. This 

1-1 

observation should invoke further theoretical investigations especially in the 

context of magnetic insulators. 
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Figure Captions: 

Figure.l The zero temperature susceptibility of the free electron Fermi gas 

as a function of the wave vector q in one, two and three dimensions. The 

susceptibility diverges at twice the Fermi wave vector in one dimensional 
I 

system. I 

Figure.2(a) The tetrathiofulvalinium (TTF) and tetracyanoquinodimethane 

(TC~Q) molecule. (b) The projection of TTF-TCNQ structure in the a - c 

plane. The molecules shown with bold lines are b/2 abov~ the a - c plane. 

The chains of TTF and TCNQ molecules are arranged in the b - c plane 

with b-axis as the stacking direction. 

Figure.3 The projection of NaN01 structure in the b - c plane. The atoms 

shown with light lines arc a/2 above the b - c plane. There are two possible 

orientations (±b-direction) of the arrow shaped Nq- ions. The 

probability of pointing in the b-direction is 1/2 in the high temperature 

pha.<;e. 1 (or 0) in the low temperature phase and varies sinusoidally along 

the a-direction in the incommensurate phase. 

Figure.·' The temperature dependence of specific heat of a GuO single 

crystal. The anomaly at 228.5K corresponds to the second-order 

paramagnetic-to-incommensurate antiferromagnetic transition. The 

anomaly at 212.6K corresponds to the first-order incommensurate-to

commensurate antiferromagnetic transition. 

19 



Fi? 1 

I'; 

~ 
l' 
I 
f· 
r"o 

Figure.5 The phase diagram of the cubic ANNNI model in the mean field 'I 
approximation. The main commensurate phases are indicated by the 

conventional notation. For example < 223 > represents ... TT HTTl .... The ~ 
antiphase state corresponds to ... TTHtt .... The incommensurate phases 

e::= i 

j, ' , 
Iare found between the commensurate phases above the dashed line. 
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