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Abstract 

We study one dimensional harmonic chains in which clusters of two or three defect 

atoms are embedded randomly. The disorder in the systems appear in the masses 

of the atoms. Reflectionless modes are obtained by studying different kinds of cor

relations among the masses. The localization behavior of the modes around these 

special frequencies is examined analytically as well as numerical~y. To discern the 

nature of the modes at and around those frequencies density of states, bandwidths 

scaling and site Green functions are studied. If the special frequencies lie within 

the common band of the constituent atoms and at zero the modes are extended 

at and around it. Howf!ver, the modes are critical when it appears at the upper 

band edge of the host system. The number of nonscattered modes is estimated 

for all cases. It is ,.." Viii for dimer problem. For trimer problem with degenerate 

resonances appearing inside the constituent band it is ,.." N3/4. If the degenerate 

resonanCes of trimer <\Ppt'ilf at zero frequency the number of nonscaltered modes 
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1 Introduetion 

In one dimensional disordered electronic systems almost all states are exponentially 

localized [1-31. Therefore, in this context the study or one dimensional correlated 

disordered systems [4-221 is or immense interest both Irom the theoretical u well 

u experimental point 01 view (231. In the tight binding representation il the 

site energies [5·111 or off diagonal interactions [14,171 or both [4, 12, 13, 15] are 

correlated in binary disoodered chains, it can bi'~hown that the systems sustain a 

set or nonscattered states. The number of such nonscattered states in this set is 

... ,[N, where N is the length or the chain. The basic requirement (or obtaining 

such nonscattered states is the vanishing of renection coefficient at a particular 

ener&)'. This is called resonance energy or special energy. The position 01 this' 

energy depends on the nature of correlation. For example in the random dimer 

model (ROI\I) (5, 6, 91 the dimer euerg}' is the special energy. Furthermore, this 

resonance cnrgy must hdongs to the common haud of the constituent atoms. Due 

to the presence of such states the mean square displ.~cemcllt (msd) of a initially 

localized particle grows like ... tJ /1 (i.e. superdilfusi\'e in nature) (-1-6, 1·1, 151. 

This is true only when the resollance energy i\pp.~ars inside the common band 

or constituent atoms. Out when the resonance is at the host band edg~ the 

motion appears to he diffusive. The nonscattercd states are also o!>sen·.,J in one 

dimensional disordered systems with ranllom p'lriods [:H, 2S]. Since the disordered 

systems with special energy show anamolous tr.~nsport hehavior, the recent trend 

is, therefore, to increase the number of such nonscattered states (IS·221. This can 

be achieved by increasing the correlation length. Instead of taking two. sites of 

equal strength if we consider n·sites with equal strength we obtain (n -1) number 

or resonance energies where reflection coefficient vanishes (IS, 19). Since each 

resonance energy contains a set of ... ,[N number of nonscattered states, (181 the 

" number of such states, therefore, increases the prefactor of the number of states. 

Consequently, the exponents of msd will not change. In our recent work [20, 21j we 
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have shown a way to increase the number o.r such states at the exponent level. In 

RTMDR, [20·22J where two resonance energies merge at a particular energy inside 

the constituent band the number or nonscattered states is ... NJ 
/ 

4 
• Furthermore, 

the msd i. Iound tn Krow IL.... t,·11 (21). 

One dimensional harmonic chain can be mapped ~o a tight binding model 

(TBM) of an electronic system. Hence, almost all normal modes are localized in 

one dimensional disordered harmonic chain. This was originally shown by Dean 

[261. Howe\'er, there is one important difference between the disordered one di

mensional harmonic chain and that of electronic system in TB~1. It can be shown 

by using the trallsfer matrix method that the one dimensional disordered harmonic 

chain behav~s like a perfect system ilt the frequency w = 0 [2;,281. Mutsuda and 

Ishii [2;j anal}·tically showcd that in such systems ... ,fN number of low frequency' 

modes arc not localized. They also showed the behavior of tlwrmal conductivity 

due to presence of such low frequency mo(les for different boundary conditions. 
',.: 

Recently, il model of onc diincl1sional correlated disonlered harmonic chain has 

been studied [:.!!.JI. All masses in this system have been considered to be equal. 

The spring COllstants arc assumed to take two values. Furthermore, one of them 

app~ars in pair while the olher one app'·a.rs randomly. The pl"l~sencp. of delocalized 

modes of vihration in this particular model are shown hy mean~ of mullirractal 

an,~lysis. Ilowe\'er, the numher of such modes are nol shown c1eMly. The pur
~~l 

tpose of this paper is to show the nonscilttered modes in various one dimensional	 I 
't

correlated disordered harmonic chains. In illl systems we have taken the disorder
 

in the masses of atoms. Morcover. different kinds or correlations among masses
 

. are considered. As the hasic criteria for ohtilining the nonscattered stiltes in one
 

dimensional correlated disordered electronic systems is the vanishing of reflection 

coefficient, we study here the relection property of the harmonic chains after trans

forming the systems to the equivalent tight binding models. In each case we show 

the existence of a renectionless mode at frequency ""0. We also show thal even in 
'i~, 
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the correlated disordered one dimensional harmonic chains degenerate resonances 

can be obtained. 

The organization of this paper is as follows. In section 2 we study the reflection 

properties for different systems. The localization behavior around the frequency 

Wo is also studied here analytically as well as numerically. In section 3 we study the 

density of states, bandwidths scaling and Green function analysis to characterize 

the nature of modes around woo The number of nonscattered modes around t.o.'o for 

different cases is estimated in section 4. We end this article by summerizing of our 

main results. 

2 Special frequencies and localization behavior 

2.1 Reflection coefficient 

The equation of motion for a olle di"lI'lIsiollal array of llIi\sse~ {m.} coupicel by 

harmonic :sprillgs is 

(/3'_1 + d, - Wllll,)It, =;3,-IIt'-1 + /J,It, .. ,. (I) 

Here 3, is tIll! :spring COllst,all1 of tIll' ith -;prill~ that cOllpl":i.the two 1IIa.'lSI~ rn. "nIl 

mi+l· w is the frequcllcy of t.he harmonic cJ.ain and It, is the FOllril-'r transform of 

the amplitude of vihmtioll of tlll~ ith mass, mj. We l"ol&sider the case where all ;J,'s 

have the same valt\(~ alld without "ny loss of genc!ralit)' this valup. can be takcn to 

be unity. So, the disorder in tht> h"rmonic chain arises due to the randomly placed 

atoms of different masses. The transfer matrix equation is 

( 

= Tj (Uj )lIi+1 ) (2) 
Uj Ui_1 

where the transfer matrix 

1~ (2-m,w -1)T; - (:I) 
1 0 

.. 

Note also that Tj is a unimodular matrix. The problem of lattice vibration is, 

however, mathematically equivalent to the TBM of electron. The equivalence 

between the two systems can be obtained through the following mapping, 

2-m,w'l_ E 

(mj': m,)w'l - fj (4) 

{J - V. 

Since ollr motivation in this present paper is to study the resonance properties 

of disordered biliary systems, m, and mj here denote the mass of the host and 

impurity atoms respectively. In the transformed tight binding model E is the 

electronic encrgy <lnd the site energies of the host and impurity sites are 0 and fj 

respectively. Tlte nearest neighbor interactions are V which is considered to bc' 

unity. 

To study tlte resollance property of the correlatcd disorderr"d systems, it is 

essentt."\1 to examine the resonancc property of a perfcct system with a single: 

correlated impurity unit [~', :30j. So, we: consider first a one dimension,"\1 monoatornic 

harmonic ch'l.in which contains a pair of tidect atoms with mass Tn ... For the host 

nlOlIlMt')Illic chain, \\'(! <lSSUllIe that the mass of each atom m, is unity. Inasmuch 

as this syst.elll is 1!£\lIivi'l!(ml to a single dimer in a pcrf(!ct host system in TO~I, 

[51 in the I'l.ltice vihratilJlI model we call tllis pair of defed atollls a 'dimer'. Oy 

using the mapping (·1) it can be shoWIl that the mode of frequency «.:0 = J2/m tJ is 

reAectionk."is, provided this special frequcncy belongs to the common band of the 

constituent atoms. Note that the band of monoatomic lattice lies between 0 and 4 

lwhile for the otlter constituent atom of mass m o we ha\'e 0 :5 w :5 -t/m Q • Hence, 

the restriction on the defect mass for obtaining the reAcctionless mode is that 

m .. ~ 0.5. This feature is also obtained in the lattice vibration where the nearest 

neighhor cOllpling hetween atoms appears in pAir but otherwise it is random [291. 

Instead of taking a. cluster of two eqUAl masses one can also consider a cluster of 

'n' atoms of eqllal mMIi. By eqUAting the trAnsfer matrix of the cluster to the 
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unit matrix, it can be shown that the system ~as (n - 1) refteclionless mod~. 
The frequency of these modes can be obtained from the zeros of nth Chebysev 

polynomial of second kind. The argument of the polynomial is the half of the 

trace of the constituent transfer matrix [31). 

In the hierarchy the next system of interest is a symmetric cluster of J defect 

atoms embedded in a perfect chain. The mass of the atoms in the host lattice, 

m, is agai~ assumed to be unity. The mass of the central atom in the cluster is 

mo while the other mass is m,. Agilin all spring constilnts are considered to be 

unity. The system is equivalent to a trimer (201 in iI p'~rfect chain in TO~l. If the 

site energies of the trimer can he denoted <I:l ( .. (0 and ( ••,od all neilrest neighbor 

interactions are unity, the trilnsformation~(-I) tiUI he written iI~ .. 

2 _w1 _ £ 

(mo - l)w1 
- (0 (5) 

(m. - l)w1 _ ( •. 

Since tn, is the reference mass. the site energies of the host lattice in the Hilns· 

formed TD~I is zero. To ohtain th,~ rent~ctionl,~ss nwd,'s of vibriltion or the special 

frequencies w,~ sd th,~ nUllwrator of the reflectiou co..(ficient Inl1 for:] sites corre

lation in TOM to zel"O. Consl"JllPntly, we ohtain [:!Ol 

( £1 _ (to + (.) £ + (oC, - 211. + Co =O. (6) 

Using th,! tr.'llsformations ('i) in (6) \Vl~ obtilin a third order algebraic equation in 

w1 
• The solntions of this equation aw 

w~ = 0 

-+-)± ...!... +...!.. __1_( 1 - mOl. (i)1 (I 1=W o 
rna "y ,"& '"~ "10'". 1 - m, 

The criteria to ohtilin these reflection less mOlles are thilt the frequency. -'0 should 

be re"l, positi"e ami insille the common band of the constit.nent atoms. 

Two special frequencies will coincide at we = J..J... + J.... (see figure Ira» pro- '.:.j~l" .. . "'_ '"0 i, 
jvided 

mo = m.(l ± ./4m. - 3)/2. (8) 
j, 

I
,

,I 
Since tno is a re"l and positive quantity, m, cannot be less than 3/·L This is the 1 
lower bound of m•. Furthermore to ensure that mo is real for all values of m" we \ 

~ 
should choose the positive sign in (8). When m, = 3/4, the special frequency ""'0 is 1 

obtained at the upper band edge of the host as shown in figure I(h). This type of 

behavior is also obtained in RTi\lDR (20,21]. The number of nonscilttered stiltes .1 
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N 3 1in the ItDIDR hilS hecn shown to increase as - / , where N is the length 

of thc sample. So, in relation to the nonscattered modes we should eXp,~ct the 

same behavior in this case. In this vibrational system we lind that the degcnerilte 

frequency moves towards w = 0 with increasing tlte valuc of m. as well as mo. Out 

the dcgcnerate solution docs not snperimpose on w = 0 for any finite value or m •. 

Howe,·er, ...: =0 will be a second solution of equation (6) if the relation. 

mo =3 - 2m, (9) 

• 
is ol,.,yed (st',~ lilltlre I(c)). Inasmuch as rna is a rc.,l and [lositi\'c 'III,'ntit)' we Illust 

have 0 < III, < :3/2. These arc the m.,jor results in this paper. It should be noted 

that in all constraints for 3 aloms correlated systems the m.)ss of the host Iiltticc 

is also conlll'ctl"] with 7110 and 111,. So, arbitrary host systems cannot be tilken to 

observe th" merging of the solutions of eqnation (6). 

2.2 Localization behavior 

So far we have considered systems with a single cluster of defect atoms. Now we 

consider a disordered harmonic chain where dimers or trimers are randomly dis

tributl'd in an otherwise perfect chain of mass m p ' The reflection coefficient of this 

tY[le "f correlated disordcrl'd ch<lins also "ilnishes at the spedil! frequencies. The 

case of tlw trilller with degcnerate resonances is shown in figuf(' '.! iIS iln f'xalllple. 
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The vanishing of the reflection coefficient at the special frequencies happens due 

to the commutation or the cluster transfer matrix with the perfect site transfer 

matrix at that frequency [15, 20]. For example, in the dimer case, the dimer trans
/ ..) J ~ 

fer matrix reduces to the unit matrix at W o = y!2/mQ For trimer problem with• 

degenerate special frequency it can be shown that the transfer matrix commutes 

with the perfect site transfer matrix. Due to the vanishing of the reRection coeffi

cient at the special frequencies a neighborhood characterized by vanishingly small 

reRection is obtained. Hence, the inverse localization length or Lyapunov exponent 

(-r) of the modes in this neighborhood can be approximately written as [5, 9, 32\ 

.., '" IRl l . (10) 

IRI2 in (10) is the renection coefficient of a host system containing only one .dimer 

or trimer. Since IRI 2 cOlltaill~ ill it the information about the scattering of incedent 

wave by impurities, this is a rcasonable approximation of ..,. 

We now study thl' localiz;~tion beh;wior of modes around <":0 = j'!./~~ for 

the dimer problem. The leading order term in the Taylor series expansion of IRI' 
'v,')r 

is ..... (w - ""0)' when ""'0 < 2 and'" (w - ""0) for ""'0 = 2. So, the localization 

length (-.,-1) shows (w - ""'0)-2 and (w - wo)-I type singular behavior dep~nding 

on wh~thcr Wo is I('ss than or <'CllIal to 2. The ~imi'ar procedure can he U~f'd to 

obtain the localization hehavior of the modes for trimer problem with degenerate 

special frcquencit·s. The renl'ction coefficient of this case in the neighborhood of ....·0 

behaves like ..... (w-""·o)". (W-Lw'o)3 and (W-WO)6 when ""0 is inside the common band 

of constituent atoms, 2 and 0 respectively. Consequently, the localization length 

shows the singular behavior likc(w -""0 )-.., (w - 4:0)-3 and (w -""'0 )-Il for the cases 

discussed above. This type of behavior of IRl 2 hence of .." can be analyzed very 

easily. Since IRI2 is a positivc sl~rnicldl~itefunctlon. the curve will show a minimum 

at ",'J = 2/rn Q for the dilller p~hlcm. Inasmuch as the minimum \'alue of IRF is 

zero, the first derivati\'c of it with respect to ...... 2 \'anishcs at the special frequency. 

This, of course, requires the special frequency to be inside the constituent band. 

8 

Therefore, the series starts with (w2 
- ~)::. Hence, the quoted result follows. In 

the caSe of special frequency appearing at anyone of the band edges, IRI' = 0 

is no longer the minimum of the curve of IRI'. This can be shown by analytical 

continuation of IRI'. Hence, the leading order term in the Taylor series expansion 

of IRF will be (w' - "...~). Since, at the lower band edge, ""0 = 0, the series starts 

with w'. For ""J = 4, the leading order term is first order in (w-"'·o). In the trimer 

problem with doubly degenerate special frequency one maximum and two minima 

merge at the special frequency. So, first and second derivative of IRl l with respect 

to w' along with the function vanishcs. Furthcrmore,Wilis inside the common band 

of constitucnt atoms. Conseqllcntly, \R1 2 should be syllllnetric around ",'0. Hcnce, 

the third derh'ative also vanishes. Thus the serics slarts with (w' -"01'. Howevcr" 

at the sper.tral boundaries, previous i\rgumcnts al:io hold good here. Hcncc, the 

series expansion of IIl]1 starts with (w' - "in3 around ""J = 0 and "'~ = 4. We thcn 

obtain ..,(i.lJ) '" "",6 around Wo =0 and.., ..... (2 - w)3 around ....·0 = 2. We will study 

next the localization hehavior 'nulnt·rically to substantiate our analytical rcsult. 

The displilcemcnl of Nth atom with frcqucncy w. u,v(w) in the vibrational 

system can 1)1' cakulalljd by using thl' transf(!r matrix rncthOlI. For given \'alllcs of 

UI and "0, (u: + 1I~ # 0) it is gin'n hy [2il 

( U\'+I) (ILl). =TNT"'_I '" T21'1 . (II) 
u~ ~ 

The Lyapunov exponcnt . .., is [16\ 

.., = jJ~"O ~Re I\N(W
2

), (I2) 

where 1\1'.;(w2) is the logarithm of the eigenvalue of QN(W2) whose modulus is 

greater than unity. Here, Qs(""·,) is defined as 

N 

'1) = IT 2 (13)Q.v(w Tj(w). 
i=1 

9 
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In figure 3 we have plotted the average localization length around the !pecial 

Creque~cy as a Cunction of Iw - "-'01 for dimer system and trimer with degenerate 

Crequencies. For dimer we consider the case where ""'0 is inside the common ba.nd 

of constituent atoms. For the trimer we consid~r the cases where the degenerate 

frequency appears inside the constituent band as well as at l..·o = O. The observed 

scaling behavior is given in the corresponding figures (see figure 3). The &\'erage 

is taken over twenty different realization! of the systems. The ma.'dmum lenglh of 

the system consi(lered is 107
• Our numerical result~ show a good agreement with 

the an<llytic<ll results oht<lilled ahoyt'o 

3	 Nature of normal modes at and around the 

special frequencies 

3.1 Density of states 

The n<lturl! of Still<:S in til<' systems can be <llIti<:i(l;tll~" frolll ti,e heh;\\'ior of lhe 

density of stales (DOS). TIl<' lI'lClu.,tions in DOS corr<'spoll<ls to the 10c<llize.1 

modes and the smoot.llIIl·ss of it aronlld a fn:'1IlClll'y iudie.\tes the possihle presence 

of nonseattercd 1II0,1<:s thl'n~ [ITJ. WI! ~tll"Y the DOS nUl1ll'ric<llly using D<'an's 

method. (:nJ which is h<lwd on till' n,,!;<ltiv(~ <'il)<'uvahlt' theor.~m. The nel;.'live 

eigenvalue theorem stales thilt the number of eigpnstaks with eigenvalucs less 

than or equal to w1 is the nUlllher of negative v<llues of h, (i = I. 2.··· ,N) where 

hi i! determined by 

hi +1 = A, _ .....2 - 8,l/h,; i = I..! .... ,N-I (1-1) 

and 

2\ hI	 =Al - W . (l.j) 
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Here, 

Ai = 21m; 
,'J 

B i =I/v'mi_tmi	 (1.6) 

and 

Ui 
hi = 

.~mi_lui_l 

The definition of hi by equation (15) impliC! th<lt the m<lSs of the atom at i =0 is 

infinite. Hence, 110 is zero. The nl'gative eigenvalue theorem gives the integr<ltcd 

density of st<ltcs (IDOS). So, the DOS c.\1\ he ohtaincll hy differentiating the IDOS 

with respect to .../. 1'11<' DOS as a function of wI for ,Iilrcrcnt caSl~s are shown ill 

figure (-I). When .....o is inside the band of constitul~nt <ltoms the DOS shows the .! 

smooth beh;wior around it. But when L.,·o is at the: speelr<ll boundaries the DOS 

shows the divl~rgpnce heh~\'ior like a pm'feel syslem. So, the study of dl:nsity 

of states sugg"st the possihle presence of dclocalized modes around the spec;,,1 

fre'luenci,~s in eorrebted disor<l<:red harmonic chilins. We study next the scaling 

hdlil\'ior of IliInd\\'iltths for further dlilraderiziltion of the m()(I,~s around tl", spl'cial 

freqllcncy. 

3.2 Bandwidth scaling analysis 

The bandwidth scaling method has heen used successfully to discern the nature 

of st<ltes in one dimensional quasiperiodic electronic systems [3·1I and determinis

tically aperiodic systems [351. Recently we [10, 21] applied this method with some 

modific<ltion to the one dimensional correlated disordered eleelronic systems. This 

method nicely exhihi ts the accumulation of extended states around the resonance 

energies of RD:-'l [101 and RT~IDR [211. So, we apply this method here to charac

terize the nature of the vihrational modes in the neighborhood of sped <II frequen

2cies. Since Q.v(w2 ) is a unimodular ma.trix the bands in w .space arc characterized 
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by ITrQN(w1 )1 $ 2. If ~i defines the width of the ith band, then the extended 

modes of vibration are characterized by ~i oc. N- I . For algebraically localized 

modes, ~i ex N-o, 0 > 1 and for strongly localized modes, 6. ex exp( -f3i N) 

where Pi is a constant. In the neighborhood of Van-hove singularities, bands ex

hibit ~i ex N-2 [:l·1I . The method of indi\'idual bandwidth scaling is described 

elaborately in [10,211. The basic idea in this scaling analysis is that there exists a 

band at the special freqllencies alld this can be IIsed as the reference band (num

bered as 0) Lo analyze the scalillg beha\'ior of various hands around it. The bands 

appearing to th~ righL of the n·ferellce haJl(I will he dellotec! as 1R, 2ft, 3R etc and 

similarly for otlter side the h;lIIe1s are 1II1II1IH'n:d iI~ I L, 2L, :JL etc_ Here, we show 

the sCilling Iwlt;wior of the halllls for the trimer Sys'tCIll with a doubly degenerate 

special frequcllcy. First WI' cOllsidn the Cit.'e wlH'rl" the degellerate frequency ap· 

pt'ars inside the cOIl\\Ilon hand of COllstittwllt atollls. The sc.L1illg hehavior of the 

bands 0, .'j(t and 5L ilrC' pn'sl'lIlt'd ill figure .')(a). The halHlwidth with index i, ~i 

for large \'aille of N is fOllnd 10 l.l1H'y 

In ~, = III C, - 0, In N (17) 

where c, is the illdl':" d<:I'('lId('1I1 COllsti\lIt. The valllcs of c alld 0 are presented in 

table I for diffl.'rcnl rq;ioll of IV. TIre bands do nol partition in a systematic way 

due to disorder for slTlilll \'"hle of N. lIencC', eqllatioll (I i) is 1I0t strictly obe)'ed 

in that region. But for large values of N they show good scaling bella\·ior with 

the exponent, 0 ..... I, confirming the presence of extended modes of vibration. Of 

course, the value of N beyond which a band shows good scaling beha\'ior increases 

with the band index i. This fllrther implies that the number of extended modes 

increases with increasing the system size N. As the system is a disordered vi

brational chain it is obviolls that all bands do not show 0 ..... 1 for finite value of ,
N. This can be explained by inmking the concept of special spectral zone (SSZ) 

(la, 211. The scattering eflect due to the defect atoms is negligibly small in the 

SSZ. The band which is outside the SSZ is not partitioned in a s)'stemetic way. 

12 

This is because of scattering effect. But with increasing the value of N the band 

enters inside the SSZ and the scattering effect becomes negligibly small. Then the 

band shows good scaling behavior. In figure 5(b) we have shown the scaling be

havior of the bands 0, 5R and lOR for-the case where degenerate special frequency 

is at ....·0 = O. Equat ion (1 i) is also obeyed by these bands but with the scaling 

exponent a ...... 2. This is due to the presence of Vall-hove singularity iriTIOS of this 

system a~ ....: = O. All bands show nice scaling behavior for comparatively small 

values of S, This illlplil's that the numher of extended states is large compared to 

the prcvious casc. The scalillg exponellt 0 '" 2 is also ohtained for the case where 

degcnerate frequcllCY ....·0 = 2. The scaling behador of ballds 0 and .5L is shown 

ill figure 5(c), So. the handwidth scaling analysis shows that the modes at and 

aronlld tIle spccial f\'('qlll'lIcies <II'(' eXLelldl'd in naluf(' whell the 5pecial freqllencies 

appear illsidc tIl(' wlIstitUl'lIt ualld alld at Z<.'I'O. WC' lIext show that the modes in 

tIll' lll'ighhorlllHIlI of ....·u = :2 ilJ'(' not truly l'xtclldt·d. This is dOlle by allalyzillg the 

pole behavior of sitl' en'cn fUllction [:36J. The scalillg \'ehavior of the hands around 

special frequellcie- for the ralldom dimer ~hain is similar to what is observed in 

the trimer system. This is 1101 discussed here. 

3.3 Green function analysis 

The sill' Green functiolls are calculated for the system containing only one trimer. 

For this calculation transformations (5) together with the well known renormalized 

perturbati\"c expansion (RPE) [36J method have been used. It is well known that 

the pole of the Crt'en function at a particular energy corresponds to a localized 

mode at that frequency. Site Green function for the system under study shows a. 

pole at w'Z = 4 when the resonance frequency appears at Wo =2. This is shown in 

figure 6( a). This indicate1 that the particular mode is localized. On the ot~er hand 

the reflection coefficient \'hnishes at Wo =2 and DOS diverges li~e that of a perfect 

system around that frequency. Because of this peculiarity we argue that the mode 

13 
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is neither truly extended nor truly localized. Hence, the modes in the neighborhood 

of Wo =2 are algebraically localized. Similar behavior is also observed in the dimer 

system. But when Wo =0 we do not observe any pole in the site Creen function at 

that frequency as shown in figure 6(b). The Creen function analysis clearly shows 

the difference between the two spectral boundaries in one dimensional harmonic 

chain. Note that in electronic systems the site Green function shows the same 

behavior at both the spectral hound aries. The origin of this difference is due to 

the fact that localization for disurdered harlllollic chain starts from the upper band 

edge. The localizatioll frolll tlH' lower b,'nd cdgp is strictly forhidden due to the 

2positivclless of w • On the othN hand the localiz;\tioll starts from hoth the band 

edges in electronic systellls. 

Nunlber of nonscattered nlodes of vibration 
i 
I 

If the nonscatteredlllodcs arc defillcd a'i the Illodes who'\e localization length h- 1 
) 

is superior to the sample size (N) thclI .... .IN numher of snch states are obtained 

in the complete disordered vihration," <;)'Stellls around the ZNO frequenc)' 1271. 
Since in the correlated disonler chain other rdlectiolliess modcs apilrt from the 

mode at zero frequency Me presellt there will he more nonscaltcred modes than 

in completely disordered syst(,IllS, In the previous section we have shown tIle 

presence of a set of nOllscattered modes of vihration around the special frequencies 

in correlated disordered chains, The numher of such modes can be estimated from 

the s~aling behavior of the total bandwidth [10]. We, howe\'er, estimate the number 

such modes using the result of localization bellil\'ior and the bandwidth scaling 

analysis. We define the frequency width around '"-'0 where these nonscattered modes 

are observed by ~w. Then the width of the nouscAttered modes decays like 6w ..... 

N-'P. This is obtained from t~e localization behavior of the mod~ around ""'0. 

Again from the bandwidth scaling method we find that the modes decay like ..... lIN 

around woo If we assume that the nonscattered modes whose localization length 

lot 

is of the order of sample length follow ..... liN type scaling behavior in bandwidth 

analysis then the number of nonscattered modes ~n within the region ~w is 

~n"'" NI-'P. (18) 
I 

The above expression is I true only when "-'0 inside the constituent band. Since, 

for random dimer vibrational system p = 1/2, the-number of non scattered modes 

around ""'0 is ...... ./N. For random trimer \'ibrationill systems with degenerate 

speciid fl'l'I(II('II<'Y (exn'p\ .....·0 = O<lnd 2) p = 1/-1, ilnd the number of lion scattered 

modes is ..... t{I/~. :\Ithollgh for .....0 = 0 tht' h<lll<lwidths decay as ..... I/N2 around 

""'u the Illodes (all he sho\\'11 to decay like'" 1/N ill w-space. So, the nUlllher of 

Ilollscatlcredlllodes (all he o!>t.aincd from equation (18). Since in this case p=6,· 

we have ~Tl ...... N~/r.. Thlls nsillg the sllOrt rallgc correlation among the masses 

we ha\'e increasl'd the IlUIlI!>er of lIonscattered 111 odes. lIowe\'er, all the results 

discussed alw\'l' art' trut' ollly whcn Wu is illside the COOllll0n balld of the constitute 

al.ol1ls or at zero. 

• 

5 SUllunary 

W(· ha\'e studied one dimellsion<ll disordered hilrmonic chains with different cor

relatiolls alnong the masses. The correlation prodllces a special fre«uency ('"-'0) 

lIlode where ren('ctioll coefficiellt vanishes if """0 bclollgs to the balld of constituent 

atoms, This sp('cial property of the system gives rise to the presence of<:l set 

of nOIl~c.\tlcred Illodes around these pilrticular frequencies. We havc also shown 

here that by introducing <lppropriate corrcliltion ilmong the masses ill the trimcric 

cluster two special frequencies CAn be overlapped. The localization behavior of the 

systems around ~o is discussed anal)·tically as well as numerically, The study of 

density of states suggests the possible presence- or delocalized modes around woo 

The bandwidth s(aling <lnalysis together with the Green function analysis confirms 

the cxtended n;)ture of the modes around Wo for Wo is either inside the constituent 
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band or at zero. But when u,.'o is at the upper band edge the modes are critical like. 

If we consider that the modes whose localization length is larger than the sample 

size show"'" 1/N type scaling behavior in bandwidth analysis then the random 

dimer harmonic chain contains - .IN number of nOllscattered modes. Here, N 

i:J the length of the cha.in. The same bl"ha\'ior is also obtained around w = 0 in 

disordered harmollic chain. So, due to presence of pair correlation in disordered 

chain the number of nOllscattered modes increasJs in amplitude. In random trimer 

chain we ohtain ,..,. N3/-I lIumher of lIon~cattcred modes when tlte doubly degen

~;,ate SIH'cial fr('tlUt'lIcy ap\,t'ars illsidl' the cOllstitut'nt hand. \Vllen tlte douhly 

degenerate fretplcllcy "ppears at ..: = 0, - N5/ G n\lOllll'r of lIonscaltcrcd modes are 

obtained. The conCt'lItratioll alld lIIilSS dcpelldl'lIce of def('ct atoms on the number 

0: nOllscatleH'dlllodcs are IInl disCllsst·dll(:re. ffowc\'cr, the illcn'a.o;e in the numher 

or 1I0nscilttl'red l1I()de~ in lhl" ('XpOllt'lIt It·\·c! for till' caSt' of dl'gt'IINale !;pt'cial fre

:,i	 quellCy ill randolll trimer dlaill should ht' rdkclt·d in till' low tempcrature thermal 

c\)lIducti\'it)'. Tllis wur).; is ill progreS!l. 

~ 
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Figures 

Figure 1. Plot of reflection coefficient as a function of ,..;2 for a single trimer 

in the perfect harmonic chain. (1\) Here m, = 3 for all cases. The big dashed 

curve corresponds to 1110 =2.5; the doL-dashed curve for rno = 4; the solid curve 

corresponds to 1110 = 6, where lwo resonances merge. The small dashed curve 

for nlo = 7. (b) Same as (a) but m, = 0.75, rno = 0.8, 0.5. 0.3i5 (in this case 

two resonances merge) and 0.1 rt'spectively. (c) same as (a) but m, = 0..5, nlo = 

0..3. 1. ~. (in this e<lse two reson;ulces IIlcrgt') alld 3 respccti\·e1y. 

Figure 2. Plot of refl('ction co('fficicnt as a function of ;..:' for a random segment of 

I 

I 
Il'lIgth of '" = 10" whcr(' trilll('r dusters with COllcentration p =0.25 are distributed 

ra\ldOlllly. lI"n: 711, = :J ant! I"U = G. 

I 
I 

Figure:l. Log. Log plot of localization lellgth h-I ) wilh I..... - """01 for difTerent 

cases. (a) Th" <Iilllcr clusters of lIlilSS rn._;;;: 2 arc dislrihutcd randomly with 

I 
I' 
! 

cOlleen! ratio\l p'= o.:n in an otherwise perfecl chain. (b) The trimer clusters of 

1I1i1~S(''; III, = :1 alld 1710 = G arc distributed randomly with rOlleentralioll P = 0.25 

in an otllcfwise perfect chain. (c) S;um,' as (b) but here nI, = 0..5 and rno = 2. 

Figurc·1. Plol of the <!c\lsity of states (DOS) as a function of w' for difTerent 

cases. The length of lIlc seglllent here is 105 for all cases. (a) The dimer clusters 

of m;\ss 711 0 = 2 are distributed randomly with concenlration p = 0.33 in an 

otherwise pl.'rfl·ct chain. The smooth behavior is obtained around w 2 = 1. (b) 

The trimer clusters of mas~es m. = 3 and mo = 6 are distributed randomly with 

concl'nlral ion f' = 0.2.5 in (\'n otherwise perfect chain. The smoothness is observed 

around ....,2 = 0..5. (c) Same as (1)) bllt here m, = 0.5 and rno = 2. The DOS curve 

diverges like that of a perfect one dimensional chain around .....2 = O. (d) Same as 

(b) but Tn, = 0.75 and mo = 0.3i5. The DOS curve also di\'erges like that of a 

perfect chain around w 2 =4. 
1 
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Figure 5. Log· Log plot of bi\ndwidth (L\.) with N for different cases. In all cases 

the trimer clusters are r:tndom'y distributed with concentration p = 0.25 in an 

otherwise perfect chain. constant factor ~ is added to the ordinate for c1arit),. (a) 

Here rn, = 3 and fHo = 6. The scaling behavior is shown in two regions of N. 

The scaling exponcnts fof diffcrent regions are given in table 1. The values of E 

are taken from top as 2, 1 and O. (h) Si\lIIe as (a) but m, = 0.5 and rno = 2. All 

figures i\re shown Il('re in oIll' regioll of N alld ~ la\.;(.'5 the \'i\ltle zero here. (c) 

Salllt.' i\S (I» bUl II'. =0.75 and Ulu =0.:n5.
 

Figure 6. Till' thick solid lilll' corrl'spollds to llll' r('al part of the Gn~en function
 

(G) with ddect ,II OlliS of III;", .. ,''. illld "'0 ccdndilll'd al lht.' other n('arest ncighllUr 

of 7/lu ,,-co a fUllctioll of ..... 2. TIll' thin solid lillI' co....(·spolllls t~ G = ;-----!-I',. (a) 
,'". - 'wi 

III~n~ "'. = n.7!) ,11111 I"U = O.:I,:/. Dill' of thl' polt-s is o!J:'o('rw'c\ at ,.;' = .1. (1)) line 

,,,, = 0.1 alld "'0 = '1. !\o poll' is oll'ien·l·d ill ..,.)2 =O. 

" 

20 

Tahle 1: The \',llu(' of (" ,11111 htlntl\\'idlh scaling index (a) of different bands in 

differelll rallgc' of .\'. 11('1"(.' ",, =:J, 7/)0 = 6 alld cOllcenlratioll, f' = 0.25. 

H,lIlse or :v 10' - 103 103 
- 10" 

Ballli index (i) c Q C Q 

0 1.G:lS O.!}!>; 2.344 1.013 
• 

5R 0.5.16 O.;!}·t 2.2-tl 1.008 

5L 0.iG5 0.8-11 2.289 1.010 
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