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PREFACE 

The Workshop on Quark and Lepton Mass Matrices was held at Institute for 

Nuclear Study (INS), The University of Tokyo, Tanashi, on December 1-2, 1992. 

The workshop was sponsored by INS. 

The purpose of the workshop was to explore with models of quarks and lep

ton mass matrices from the phenomenological point of view, based on the recent 

experimental data of the Kobayashi-Maskawa (KM) matrix elements and neutrino 

mixings. The topics were classified into three categories: (1) quark mass matri

ces and the KM matrix, (2) lepton mass matrices and neutrino mixing, and (3) 

unification model of quark and lepton mass matrices. Some of us took interest 

especially in the neutrino masses and mixings. We could have an opportunity for 

enjyoing some del tailed review talks on the topic by the exparts of the experiments 

concerned. 

Similar workshops were first held on December 1-3, 1988, at University of 

Shizuoka, where the workshop theme was "Seeking for the Origin of Families", 

and next on December 25-27, 1990, at University of Shizuoka, where the workshop 

theme was "Quark and Lepton Spectroscopy". The workshop theme became all 

the more concrete and straightforward because the workshop was held many times. 

It means that our interest became more concrete and our study advanced steadily. 

We believe that this workshop also had a great value because we had exciting 

and creative discussions, participated in by many theorists and experimentalists. 

I would like to thank the speakers, chairpersons, and participants for their 

cooperation in all phases of this workshop. Especially, I would like to express my 

sincere thanks to Professor Y. Akaishi, Professor H. Terazawa and Dr. M. Yasue, 

who are on INS staff, for their kind help with the workshop, especially at its 

planning stage. I also thank Professor M. Tanimoto for his assistance in organizing 

the workshop. 

Yoshio Koide 

Organizer 
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Leptonic Decay Constants 
from QCD Sum Rules 

Mieko Tanaka Yamawaki *
 
Sugiyama Jogakuen University
 

December 1, 1992
 

Abstract 

Unlike the result of the lowest order heavy quark effective theories: f B ~ f D, the 
QeD sum rules in two different forms consistently derive f 7r ::; h< ::; f D ::; f B. The 
derivation of the latter result is detailed. Although more experimental studies are in 
order, the above result can be viewed as a constraint on the subdominant terms in 
the heavy quark effective theories. 

From the early studies of the QCD sum rules [1], the issue of calculating the leptonic 
decay constants of mesons containing a heavy quark and a light antiquark has been a focus 
of attention [2,3,41. Unlike non-relativistic potential models which require both quarks 
being heavy, or other models which assume both quarks being light, it was hoped that 
the QCD sum rules should give a favorable environment for studying the systems involving 
both a heavy and a light quark simultaneously. Although a clear-cut extraction is hard due 
to the large continuum contributions, careful studies made us possible to conclude that the 
leptonic decay constants of heavy mesons are of the same order of magnitude as those of 17r 
or I K, and are moderately increasing as the mass of the heavier quark increases [3,4]. This 
feature was the opposite to what non-relativistic potential models derived. At that time, 
it was not clear where the discrepancy came from, whether the decay constants increase as 
QCD sum rules indicate, or decrease as potential models derive. 

Recently, there have been intensive interest in the heavy quark effective theory, suc
cessfully applied to the leptonic decays involving a heavy quark. However, its lowest order 
result gives the decay constants being inversely proportional to the square root of the heavy 
quark mass involved [51: 

Ip ex _1_ + (higher' order terms in _1_) (1).Jmql mql 

which means that the decay constant of B meson is approximately half the size of the decay 
constant of D meson: 

* Her legal name in Japan is Mieko Tanaka. 
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1 
fB ~ "2/D (2) 

if me and mb are considered to be large enough to neglect the subdominant terms. Ex
perimentally, however, fB for the neutral B meson are known to be relatively large due 
to large EO EO mixing. Moreover, the first experimental evaluation of fD s ( cs) has recently 
been performed and the result [6] 

fD s ~ 230MeV 

coincides very well with the value derived from the QCD sum rules [3,4]. This situation 
motivates us to reconsider the story in evaluating the decay constants from QCD sum 
rules and examine if fp's really decrease for heavier quaks as the lowest order heavy quark 
effective theory derives. 

The starting point of the QCD sum rule approach is the QCD calculation of the two 
point correlator 

(3) 

of the quark current Q2l/l/Sql. The longitudinal part is relevant to our case. At large Q2 = 
_k2 it can be separated into perturbatively calculable coefficients and vacuum condensates 
by the operator product expansion(OPE). 

(OPE) Ile(Q2) = Il~I)( Q2) + L Il~mi) < 0lmiQiQil O> 
i=1,2 

+ Il~G2) < 0IG2 10 > +(terms with higher dimensional operators) (4) 

where the coefficients are 

(5) 

(6) 

(7) 

The third relation reflects the fact that gluons are purely transverse. 

The OPE calculated part is related to the hadronic parameters through the dispersion 
relation(DR): 

(8) 
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where 

(9) 

to have 

f 2 2 1 00 I II(eonti)() 
II (Q2) = pmp. -1 m e S(DR) e 2 Q2 + 2 ds (10) 

m p + 7r 8th S + Q 

A simple-minded equation 
(DR) = (OPE) (11 ) 

does not work because the l.h.s. assumes Q2 relatively low, while the r.h.s. assumes a large 
value of Q2. Shifman et al proposed to use the moment sum rules for charmonium spectra 
[2], and the Borel transformed sum rules for the light mesons [1]. The moment-type sum 
rules are obtained by taking the n-th derivative of the above equality at Q2 = 0, and it 
was justified because the combination m~ + Q2 is large even at Q2 = O. This type of sum 
rule has a form of inverse me expansion. In our case when ml ~ m2, one cannot use the 
sum rules at Q2 = O. Instead we are forced to look for the optimum value for fp at finite 
Q2. Namely, from the n-th derivative (DR) = (OPE) 

1 J ImIIe(s) d 
-; (1 + s/Q2)n+l S 

f~m'J, 1100 ImIIe(s) d 
--~----=--- + - s 
(1 + m'J,/Q2)n+l 7r (1 + s/Q2)n+lSe 

2- Q2 (I dx mlm2 + mi(1- x) + m~x 
2 247r2 n ~ ( m m )n+l1+...:2J-+ 2Q2 x Q2(1-x) 

1 
-(ml + m2) < 0lqlql -I- q2q210 > -I-O(a s ) -I- O( Q2) (12) 

we can seek for the minimum value for f (Q2, n) in the following expression 

The following values are obtained this way [4] 

fD ::; 192MeV (14) 

fD. ::; 232MeV (15) 

fBu ::; 241MeV (16) 

f8. ::; 288MeV (17) 
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The Borel transformed sum rules can also be used to estimate f p. This type of sum rules 
are obtained by applying 

LM = lim (18) 
n-+oo Q2-+oo 

M2=Q2/n=finite 

on Eq. [11]. By using the relation 

(19) 

we have 

(20) 

where the first term in the r.h.s. is 

II~I)(M2) = ~2M2(m1 + m2)2 r1
dx[m1x + m2(1- x)]e--¥N

411" io 

~ JImrr~I)(s)e-8/M2 (21) 

with 
2 2m ms(x) = _1_ +_2 (22)

1- x x 

and 

Imrr~I)(s) = 8: (mi + m~?s-2[s - (m1 + m2)2p/2[s - (m1 - m2)2]1/2 (23) 

This reproduces the Gell-Mann-Oaks-Renner relation 

when the quark masses involved are very tiny. However, once a heavy quark comes in, both 
integrals become very large. The difficulty is that the physical quantity we need becomes 
the difference of two large integrals. By introducing a mass parameter A such that 

(25) 

we can separate the continuum integral into two parts: 

(26) 

where T 1 is the integral from Se to A2 and T2 is the diverging integral beyond A2 . The 
following quantity is finite and well defined: 

rr~I)(M2, A2 ) = rr~I)(M2) - T2 
3 x+ sex) A

2l
= -2M2(m1 + m2) dx[m1(1 - x) + m2x][e-MT - ew ] (27)

411" x-

where x- and x+ are two zeros of the integrand. Then the sum rule looks like 

(28) 
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Here T1 is an unknown quantity but a monotonically increasing function of M. We can 
choose A in such a way to keep T1 non-negative but minimize it. From this kind of analysis 
we obtain the following results [4]: 

K 

D 

B 

(A 

(A 

(A 

1.9 GeV) 

2.6 GeV) 

6.0 GeV) 

fK 

fD 

fB 

= 0.16 GeV 

0.19 GeV 

2.3 GeV 

if m s 0.15 GeV 

(29) 

in good agreement with the results from the moment type sum rules. 

Therefore we can conclude that the analysis from at least two different types of QCD sum 
rules indicate the non-decreasing feature of fp's. Notice that it was known, in the world of 
flavor SU(3), the decay constants f1r and fK do not respect the flavor symmetry. We are 
tempted to connect this fact with the above observation and propose that the pseudoscalar 
decay constants do not depend on the quark masses very strongly. Namely, 

(30) 

Experimental studies are urged to clarify the situation. If the above relation receives 
the experimental justification, it will also provide a good insight to the ongoing study of 
subdominant terms in the heavy quark effective theories. 

Acknowledgements 

The author is grateful to Professor Yuji Iwahori (Nagoya Institute of Technology) for 
arranging this manuscript into the right form of Iffi-TEX, 
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Morphology of Quark Mass Matrices* 

Yoshio Koidet and Hideo Fusaokat
 

t Department of Physics, University of Shizuoka, Shizuoka 422
 

t Department of Physics, Aichi Medical University, Aichi 480-11
 

Abstract: From the phenomenological point of view, structures of 

quark mass matrices, especially, of democratic type quark mass matri 

ces, are investigated. 

§l. What is the "Morphological Study"? 

As a step of the approaches to the unification model of quark and lepton 

mass matrices, at present stage, a phenomenological study of the mass matrices is 

important: From the phenomenological point of view, we seek for the simplest and 

most beautiful description of the quark mass matrices 

Mu = X(au ) + Y(b u ) + , 
(1.1)

Md = X(ad) + Y(bd) + . 

How many hierarchically different terms are there? What forms do the sub-matrices 

X,Y, ... take? What is the difference between M u and M d? Which terms do C P 

violation phases include? For a time, we investigate what structure of the mass 

matrices is favorable to the observed data, without replying the question what 

origin such a structure comes from. 

We call such a phenomenological study the "morphological" study of the 

mass matrix structure. 

In this talk, we would like to discuss possible structures of quark mass ma

trices, especially, of democratic type mass matrices. 

§2. Quark Mass Matrix Form in the M u = D u Frame 

It is well-known that when a model (M~, M~) is connected to (Mu , Md ) by 

the relation M~ = UoMuUJ and M~ = UOMdUcl, where Uo is an arbitrary unitary 

matrix, the model (M~, M~) is equivalent to the model (Mu , Md ) as far as the 

predictions of the physically observable quantities (the up- and down-quark masses 

and the KM matrix V). Therefore, in genera], the number of the independent 

·Presented by Y. Koide. 
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parameters in up- and down-quark matrices, M u and M d , is bigger than that of 

the independent observable quantities. 

However, if we choose a special quark basis, we can decrease the number of 

the independent parameters in the mass matrices. When we choose the M u = D u 

frame (D u denotes the diagonal form of Mu ), the down-quark mass matrix Md is 

given by 

~ 

M u IMde i r,b12 

IM12Ie- i r,bIJ M (2.1)22=( IM23IM31 \e i r,b31 Ie- i r,b23 

(2.2) 

can completely be determined [1] by the seven observable quantities; three down 

quark masses (d1 , d2 , d3 ) and four KM matrix parameters. (Note that each phase 

factor <Pij is not observable quantity, but only the phase parameter <P is observable, 

e.g., CP nonconservation effects appear only through the phase parameter <p.) 
The explicit expression of these mass matrix parameters in terms of three 

down-quark masses (d1 , d2 , d3 ) and four independent parameters of the KM matrix 

V, 

a =IVu.l, (3 =lV~bl, ,= IVubl, w =IVcdl 2 -lVu.1 2 
. (2.3) 

are given in Ref. [1]. 

The present data [2] of the KM matrix parameters, 

a =IK.1 = 0.2205 ± 0.0018 ,
 

(3 = lV~bl = 0.043 ± 0.007 , (2.4)
 

,/(3 = IVub/Vcbl = 0.10 ± 0.03 ,
 

f'.Jroughly show a f'.J )., (3 ).2, and, f'.J ).3. Therefore, it is convenient to define the 

following parameters with values of the order of one: 

(2.5) 

On the other hand, the present data of quark masses also show md/m. m./mb f'.Jf'.J 

O().2). Therefore, it is convenient to define the following parameters with values 

7 



of the order of one: 
_ ddd3 _ ddd3 (2.6)rId=~' r2d=~' 

Then we obtain the following mass matrix form [1]: 

_ ( (rId + r2~Vn>'4 r2d VI ei4>11 >.3
 

M ~ d3 r2d VI e - I 4>11 >.3 r2d>.2 (2.7)
 

V3 ei4>31 >.3 V2e-i4>13 >.2 

where the observable phase parameter <p = <P12 + <P23 + <P3I must satisfy the relation 

(2.8) 

from det Md = dI d2d3 • The rephasing-invariant quantity J [3], which is a measure 

of CP nonconservation, is given by 

Corresponding to the expression (2.7), we denote Du as 

(2.10) 

although the data show mt : me : mu ~ 1 : 0'3.6 : 0'7.3 rather than 1 : 0'4 : 0'8. 

Therefore the general form of the quark mass matrices favorable to the ex

perimental data is given by 

(2.11) 

Our next task is to seek for quark bases (or, Uo) by which we can obtain a beautiful 

description of mass matrices. 

For convenience of an investigation below, we put the following working 

hypothesis: Mu has a structure similar to Md' 

8 



According to this ansatz, we consider a rotation R =R( el , e2 , ( 3 ) with e l = 

t l ).\ e2 = t 2).6 and e3 = t 3).2, where R(el , e2, ( 3) is defined by 

S3 C2
 

C3 cl e 'x - S3 Sl S2
 (2.12) 

-C3s l e'x - S3 Cl S2 

(Ci = cose i and s; = sine;). Then, we obtain 

-r2ut3).6 (-t 2 + t 3t l e-;X)).6 ) 

r2u).4 -tl e-· X ).4 , (2.13) 
-t l e iX ).4 1 

(2.14) 

where cP~2 = cPl2 + X, cP~l = cP3l' and cP~3 = cP23 - x· Here, we have denoted only 
the first leading term for each matrix element. 

The from (Du, M) suggests a model with (Mu)ll = (Md)ll = 0, because 

M ll = (rld + r2dvf)).4 + .,. = 0 leads to a _ IVu$1 ~ J-ddd2 ~ 0.223 [4]. The 

more detailed expressions of (Mu)ll and (Md)ll are as follows: 

(2.15) 

(Md)l1 = (rld + r2dvi)).4 - 2 cos cPf2r2dvlt3).5 + .. , . (2.16) 

The requirement (Mu )l1 = 0 leads to t3 ~ ±J-rlu/r2u, and the requirement 

(Md )l1 = 0 leads to 

(2.17)
 

Since J-ddd2 ~ 0.223 and J-UdU2 ~ 0.062 [5], the factor cos cP~2 must be 

vanishingly small, i.e., cPl2 ~ ±1f/2, in this model. 

9
 



§3. Morphology of Democratic Type Mass Matrices 

The transformation of the Mu-dominant form, (2.13) and (2.14), to a demo

cratic type matrix form is given by the transformation matrix A 

7i1 -?i1 0) 
_ 1 1 2

A = vg vg -vg (3.1) 
( 111 

"J'3 "J'3 "J'3 

mijeicPijThen, an Hermitian matrix M, where Mij = , is transformed into 

(3.2) 

where 1 is the 3 x 3 unit matrix, 

111)
X=~ 1 1 1 ,(

111 

e;' ) -e;' ) 
ili ili 

eF(8) = 0 e G(S) = ( ~_;, 0 , (3.3) 
e-ili e-ili0 -e 0c~" 

0 0 

c . = cos <p. and s·· - sin <ptJ 'J tJ - 'J. 
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First, in order to see an overview of the structure of the democratic type 

mass matrix, let us see the case of R = 1: 

M d = AtMA = X 

+).2 r2d { -(1 + XdC23)X + (1 + 2XdC23)Y + (1 - XdC23)Z + XdS23F( ~) } 

(3.4) 

where 

(3.5) 

For the purpose of seeking for a simple form of the mass matrices, we put 

the following assumptions to trial. 

[Assumption I] The democratic form X is broken by the "partially" democratic 

type matrix Y in the next-leading term. That is, we assume absence of the Z- and 

F( 7f /2)-terms; 

[Assumption II] The mass matrix M still preserves a "partially" democratic form 

with M ll = M 22 = M 12 = M 21 . That is, we assume absence of the ]{- and L-terms 

(and also absence of the I-term). 

The assumption I leads to Xd = 1 (and rP23 = 0), i.e., the prediction 

(3.6) 

This is just Tanimoto's ansatz [6]. 

The assumption II leads to Yd = 1 and rP12 + rP31 = 7f, i.e., to the prediction 

(3.7) 

This has been pointed out by Rosner and Worah [7], Koide [8], and Matumoto [9]. 

By combining the results (3.6) and (3.7), we can obtain a well-satisfied rela

tion 

(3.8) 

1 1
 



Three-Level Model 

The successful predictions (3.6) and (3.7) suggest the following quark mass 

matrix form favorable to the observed data: 

o 
111) (110) (0

M q = ~aq 1 1 1 + ~bq 1 1 0 + cq 0 . o 
( 1 1 1 0 0 0 _e-t <5 q 

The form (3.9) is equivalent to the form proposed by Rosner and Worah [7] 

from a composite model of quarks. The democratic form (3.9) was first proposed 

by Koide [8], but he did not mention anything about the phase parameters Oq. 

Matumoto [9] has pointed out that in the democratic form (3.9) the choice 0 = 
Ou - Od = 11"/2 is the most favorable to the data: Only when 0 =Ou - Od :::::: 11"/2, we 

can get the satisfactory predictions 

(3.10) 

(3.11) 

(3.12) 

Although Rosner and Worah, and Matumoto found that the choice 0 = 11"/2 

is favorable to the data, they did not give any plausible explanation of the reason 

why 0 takes 11"/2. 

Note that in the model (3.9) the rephasing-invariant quantity J is given by 

J = Co sin 5(1 + C1 cos 5) , (3.13) 

where 

(3.14) 

(3.15) 

12
 



Therefore, if we require that J takes maximal value at 0 = Om, the phase parameter 

o- Ou - Od must take the value Om: 

cos Om = 4~1 (1 - VI + 8C;) ~ -C1 , l.e., Om ~ 90.049° . (3.16) 

However, it should also be noted that this ansatz of the "maximal C P vi

olation" does not mean the maximal CP violation in the general case (2.9), i.e., 

sin ¢ = ±1. By comparing (3.13) with (2.9), we obtain the relation 

-U1/U Z . C • C
sin¢ ~ 3 -dI/d sm u ~ 0.836 X sm u . (3.17) 

z 

Two-Level Model 

We are also interested in the following democratic type mass matrix form, 

which consists of only two terms with hierarchically different coefficients: 

(3.18)1) + ~bq ( e-~" 
1 o 

For example, for the case of 

¢~ = 0, ¢~ = 0, ¢~ = flu , 

¢~ = 0, ¢g = Od, ¢t = fld , 

the input values 

Ul = -0.0056, U2 = 1.45, U3 = 349 , 
(GeV)

d1 = -0.0099, d2 = 0.199, d3 = 7.07 , 

and 

Ou = 0.0216006 (1.2376°), flu = -1.0995574 (-63.00°) , 

Od = 0.1334841 (7.6481°), fld:= -0.5576662 (-31.95°) , 

(3.19) 

(3.20) 

(3.21) 

1 3 



predict 

IV... I = 0.2231, IVcbl = 0.0376, lV..bl = 0.00364, I~dl = 0.00807, (3.22) 

and J = 2.83 X 10-5 . 

The study of the model (3.18) is still in progress, and the detailed study will 

be reported elsewhere. 

§4. Summary 

We have determined the quark mass matrix structure (D.. , M), which is 

expressed only by the observable quantities, quark masses and the KM matrix 

parameters, at the M .. = D.. frame: 

Suggested from the form (M" ,M d ) = (UJD..Uo, UJiJuo), we have investi

gated some interesting cases of the democratic type mass matrices: 

Three-Level Model 

_ei6q1 1 0 
i6q1 1 0 eM, = ~a, ( : :) + ~b, ( ~ ~)+c,( ~. )o _e-,6q e-i6q1 0 0 

Two-Level Model 

ei q,3 1 e''T/q 

eiq,J1 1M, = ~a, ( e-:', 
1 

) + ~b, ( e-~" 
0 

n,
e-i</>J 

with <Pi = 0.. , <P3 = 0; <Pt = 0, <p3 = Od. 
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NEUTRINO MASS AND MIXING IN A MINIMALLY-EXTENDED SU(2)LXU(1) MODEL 

- POSSIBILITY OF A RELATIVELY LIGHT HEAVY-NEUTRINO _. 

S. Y.Tsai 

Atomic Energy Research Institute and Department of Physics
 
College of Science and Technology. Nihon University
 

Kanda-Surugadai. Chiyoda-ku. Tokyo 101. Japan
 

(February 1993)
 

ABSTRACT 

The standard electroweak model.i.e.the minimal SU(2) LXU(l) gauge model.is 
extended so as to incorporate three more ingredients: one right-handed neu
trino singlet.one Higgs singlet and a second Higgs doublet. In such a scheme. 
four Majorana neutrinos emerge. with two of them (w 3 and w 4) forming a see
saw pair while the rest (w 2 and WI) acqiring mass at one- and two- loop 
levels respectively. Their masses therefore exhibit a remarkable hierarchy: 
ml (m2 (m3 (m4. Spontaneous breakdown of the presupposed lepton-number con
servation gives rise to a Nambu-Goldstone boson (majoron) .which allows W4 

and W 3 to have a rapid invisible decay mode at tree and one-loop levels 
respectively. An attempt is made to derive constraints to the model from a 
cosmological consideration and from analyses of experimental data on ~ -lep
ton decays. neutrino oscillations and double beta decays. It is found that m4 
is rather severely restricted « 100 GeV or 7 GeV) .while m3 is allowed to 
take any value below the laboratory upper limit (31 MeV). 

• Written and updated version of the report presented at the 1992 INS Mini
Workshop on Quark and Lepton Mass Matrices. Institute for Nuclear Study. The 
University of Tokyo.Tokyo.Japan(Dec. 1-2. 1992). 
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One may readily write down a gauge-invariant and lepton-number-conserving 

Lagrangian.the Yukawa coupling terms of which read: 

where 1, j=l. 2. 3. a =1, 2. <1> G=i L 2 <1> + and 'ljJ C denotes the field charge-conju

gate to 'ljJ. ('ljJ RC is I eft-handed in our notation.) After symmetry breaking, 

i.e. with the substitution 

(2) 

one finds neutrino mass terms of the form 

cM = mDv3L'vR+ (1/2)mRvR vR + h.c.v 

(l /2) m3 w 3 W 3 + (1 /2) m4 w 4 (.0 "', (3) 

wherE~ v 3L' is some linear combination of v lL. v 2L and v 3L. 

(4) 

(we have assumed,without loss of generality.vl=V*O and v2=O).and 

W3 

W 3L 

(5) 

Thus, u) 3 (W 4) is a Majorana neutrino with mass m3 (m<l) and charge-conjuga

tion parity 71 3=-1 (71 4=1) mR is assumed to be posi ti ve and hence m3 < m", 
for definiteness). 

There remain two neutrino states,which stay massless at tree level. Among 

these two. one (identified as W 2) .like W 3 and W 4. has a coupling with the 
physical neutral Higgs bosons and so will acqire a mass at one-loop level. 

while the other (identified as (A) d has no such coupling and will stay mass

less up to one-loop level. The left-handed parts of the mass-eigenstates W 1. 

(A) 2. 3 ann (.0 <I are related to the weak-eigenstates v lL. 1/ 2L, V 3L and V'lL=(A) 

1) R <; by 
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§ 1. Introduction 

We know that there exist in Nature three kinds of neutrinos. each being as
sociated dominantely with a particular kind of charged leptons.i.e.the elec
tron, the muon and the 'r; -lepton. Many of their properties, however. remain not 
well understood: 

- Are they exactly massless? 
- If they are massive. why are their masses so tiny compared to those of 
the associated charged leptons? 

- If they are massive. they will mix up in general. How do they mix and are 
there any traces of mixing effects? 

- If they are massive,are they Dirac particles or Majorana particles? 
- Are there no other kinds of neutrinos than the known three? 
- If there exists a fourth kind of neutrinos. how about its properties? In 
particular. how heavy is it? 

and so on. 
The standard electroweak model.i.e.the minimal SU(2)LXU(I) gauge model.is 

constructed on the basis that there are. among other ingredients. three left
handed lepton doublets. one Higgs doublet and no right-handed neutrino.As re
sults,three and only three kinds of neutrinos. which are purely left-handed 
and exactly massless. emerge. In order to investigate questions such as those 
listed above.we attempted [IJ to extend the standard electroweak model by 
introducing three more ingredients: one right-handed neutrino singlet,one 
Higgs singlet and a second Higgs doublet. In such a scheme, four Majorana neu
trinos emerge.with two of them(w3 and W4) forming a see-saw pair while the 
rest (w 2 and w 1) acqiring mass at one- and two-loop levels respectively. 
Their masses therefore exhibit a remarkable hierarchy: mt (m2 «m3 «m4. Spon
taneous breakdown of the presupposed lepton-number conservation gives rise 
to a Nambu-Goldstone boson (majoron) . which allows w 4 and w 3 to have a rapid 
invisible decay mode at tree and one-loop levels respectively. An attempt [2] 
was made to derive constraints on m3 and m4 from a cosmological considera
tions. In the present report,we first review the main points of our model in 
§ 2 and the results of our previous analysis in § 3. We then attempt to de
rive further constraints to our model by analyzing the data on 'r; -lepton de
cays in § 4. and on neutrino oscillations and double beta decays in § 5. Con
cluding remarks are given in §6. 

§ 2. The Model 

The ingredients of our model. together with their SU(2) LXU(I) quantum num
bers (weak-isospin I and weak-hypercharge Y) and lepton number L,are listed 
in Table I .The quark secter is the same as in the standard model and will be 
left untouched throughout. 

Tabl e I 
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- -

WaL = L Dab V bL. (6) 

where a.b=1,2.3.4 and D = (Dab) is a (4X4) unitary matrix given by 

D VII VIZ V13 0 

VZ1 VZZ VZ3 0 
V31 COS¢ V3Zcos¢ V33 COS¢ -sin ¢ 

V31 sin¢ V3z sin ¢ V33 sin ¢ cos ¢ (7) 

V = (V ij ) being a (3X 3) . practically arbitrary, unitary matrix. Evaluating 

dominant one-loop contributions explicitlY,one finds that the mass of W Z is 

g i ve n by [1. 3J 

(8) 

where mH is a representative value of masses of the physical neutral Higgs 

bosons. 
Since the gauge symmetry breaking accompanies breaking of the presupposed 

lepton-number conservation,a Nambu-Goldstone boson (majoron, ¢ M) appears and 

couples exclusively to W 3 and W 4 [4J : 

(l/2) (l/2)-\/zif(- W 3Y sW 3sin z ¢ 

+ W 4 Y s W V 4COS 2 ¢ - W 3 W 4sin2 ¢ ) ¢ M. (9 ) 

As results, W 4 (W 3) will decay into W 3 (W z) by emi tting ¢ M at tree (one
loop) level. In contrast, W Z stays stable up to one-loop level. The lifetimes 

of (.oJ 4 and W 3 turn out to be given by [2, 4J 

(l0) 

As regards charged leptons,we assume, without loss of generality. that the 
weak-eigenstates e,(i=1.2,3) are also mass-eigenstates.Thus,e\=e,ez=/.L and 
e3=~. The weak gauge couplings of lepton fields then read 

(11) 

- Lz (g/2cos e w) L (v i L Y ;.. V ,L - e i L Y ;.. e i L + 2sin z ewe i Y ;.. e i) Z;.. 
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(g/2cose w) (IWaLy"'Uab'WbL 
+ I (-eiLy"'e'L+2sin 2 e w ely"'e;) ] Z.... (12) 

where.as before.i=1,2.3 and a.b=1,2.3.4. and U'= (U ab ') is a (4x4) matrix 
given by 

U' = 1 0 0 0
 
0 I 0 0
 
0 0 cos 2 (/> cos(/> sin(/>
 
0 0 cos (/> sin (/> sin 2 (/>
 (13) 

It is important [1.5] to realize that a mixing matrix appears in the charged 
current as well as in the neutrino part of the neutral current and that (Ual 
) has the following properties: 

u. b t , 

(14 ) 

§ 3. Cosmological constraints 

Since a stable neutrino must be lighter than ~100 eV [6J and since our 
w 2 is stable up to one-loop level. we require that 

m2 < 100 eV. (15) 

In contrast. an unstable neutrino. such as our W 3. may have mass m greater 
than 100eV,provided that its lifetime ~ satisfies the cosmological lifetime 
constraint. which may be expressed as [7] 

(16) 

where I o is the total energy density of the present universe in unit of the 
critical density for closing the universe and h is the Hubble constant in 
unit of 100 km sec- 1 Mpc-1.If one takes the more severe{but less secure)con
straint derived from the structure formation arguments seriously, then [8] 

~ < 2.0xI0 9 x {m/keV)-2(I oh2)3/2 sec. (17) 

Combining Eq. (10) with Eq. (16) or Eq. (17) and inputting 

mH >42 GeV, 
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v = 250 GeV, 
L:oh2~1. 

f < 1. (18) 

one derives constraints on m3 and m4. as shown in Fig.l. It is seen that m4 

Fig.l 

is very severely restricted: 

m4 < 100 GeV or 7 GeV, (19)
 

while m3 is allowed to take any value below the laboratory upper limit [9J :
 

m3 < 31 MeV. (20)
 

It is to be noted that no further restriction follows from primordial nucleo
 
synthesis arguments and that a mostly right-handed neutrino with mass as low 
as ~7GeV.or even lower,is not excluded by any of previous laboratory expe

riments(including those at LEP).
 

§ 3. Constrai nts from -r -decays
 

We are particularly interested in the following three decay modes: 

(i,j) = (2,1),(3,1),(3.2), 

or 
0,1') = (lJ.,e),(-r,e),(-r,/.L). (21 ) 

In our view,each of these modes consists of several sub-modes.To facilitate 
our analysis, we assume that w 4 is too heavy to participate in any of these 

decay modes: 

(22) 

3Also,for simplicity,phase space corrections due to ml. 2, *- 0 will be neg
lected.The decay rate of these modes is then given by [10J 

f •• , = (I92n 3)-lG 1G1,m1 5 I(mj,2/mI 2) 

x (1+3m. 2 /5Mw
2 ) [1-(a/2n)(n 2 -25/4)] , (23) 

where 

I(x) l-8x+8x 3 -x 4 +l2x 2 1n(1/x) 

and 
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(24) 

GF being the Fermi constant (re 1ated to the gauge Coupll'ng g by (1/2)-1/2G F= 

g2/8Mw 2) . 

In order to extract GI with the help of Eq. (23) • we input 

a 1/137.0. GF = 1.1664X10- s GeV- 2• Mw = 80.22GeV, 

me = 0.51l0MeV. m.. = 105.6584MeV, -r; .. = 2.1970 X 10- 6 s. 

from [11] .and either of the following two sets of experimental data on pro
perties of the tauon: 

m (MeV) -r; (10-13 S) B(-r;~ eVev~) B(-r;~Jl v ... v~) 

Set I l784.1±3.6 3.05 ±0.06 0.1793 ± O. 0026 0.1758± O. 0027 
Set II 1777.1±0.5 2.957±0.032 0.1776±0.0015 O.1753±O.0019 

Set I is from [11] . while Set II is from [12] and consists of the data re
ported more recently. One finds. from Set I (Set II). 

G... Ge/G F2 1. 0000.
 
G~Ge/GF2 O. 9404± O. 0249 (0. 9798± O. 0135).
 
G~G .. /GF2 O. 9478± O. 0255 (0. 9944± O. 0153). (25)
 

and. on substituting into Eq. (24) . 

2U4e 1 0.0039±0.0188 ( O.0074±0.0103).
 
U4u I 2 =-0. 0039± O. 0189 (-0. 0074± 0.0104),
 
Uh 1 2 = 0.0559±0.0178 ( 0.OI29±0.0102), (26)
 

which yields 

2: I U41 I 2 = 0.0559±0.0321 (0.0129±0.OI78). (27) 

It is seen that Uh I 2 from Set I is 3 a away from zero. indicating pos
sible deviation from universality in T -decays. which has not however been 
confirmed in the more recent data. In this connection. it is worthwhile to 
note that deviation from universality would implies some new physics beyond 
the standard model in general. and be related through Eqs. (5) and(14) to pre
sence of a fourth. mostly right-handed. neutrino in our model. 

§ 4. Constraints from neutrino oscillations and double beta decays 

The most stringent limits on neutrino oscillations come from v .. ~ V e and 
v .. ~ v r. both of which are quoted. in terms of two flavor mixing with the 
mixing angle f). as [11] 
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sin 2 2 e < 0.004. 

This gives such constraints to our I Va I I as 

L Va.« 2 I Vac I 2 < 0.001. 

L Va.. 2 I Var I 2 < 0.001. (28) 

If we parametrize,with some prejudice. the (3x 3) unitary matrix V. which 
appears in Eq.(7),as 

v cos £ 1 sin £ 1 cos £ 2 sin £ Isin £ 21 
-sin £ 1 cos £ 1 cos £ 2 cos£ Isin£ 2 

0 -sin £ 2 cos £ 2 

£ 1 £ 1 £ 2
 

- £ 1 £ 2
 

0 - £ 2
 (29) 
Eqs. (29) imply 

2£ 1 . £ 22 < 5x 10- 4 •	 (30) 

Recently.from a double beta decay experiment, Bernatowicz et al. [13] re
ported 

<m v > <	 (1.1"'-'1.5) eV, (31 ) 

(32) 

where <m v > is the effective neutrino mass contributing to the neutrinoless 
double beta decay and <gal is the effective majoron coupling contributing to 
the neutrinoless double beta decay with emission of a majoron. In our case. 
they are given by 

2	 2<mv>	 mlUle 2 + m2V2 c - m3V3c 

ml+ £ 1 
2m2- £ 1 

2 £ 22m3cos2¢. (33) 

2- 1
/

2f U3 c
2sin 2 ¢
 

2- 1 / 2f £ 1 2 £- 22COS2 ¢ sin 2 ¢ . (34)
 

where contributions from 4 have been neglected. It is seen that,with m2.m3.CAl 

£ I. £ 2. f and ¢ constrained by Eqs. (15) , (18). (20). (27) and (30). the bounds 
(31) and (32) will be satisfied insofar as 

(35)m1 < (1. 1"'-' 1. 5) eV. 
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§ 6.Concluding remarks 

We have demonstrated. in the context of a minimally-extended SU(2)LxU(1) 
electroweak gauge model. that an extremely intriguing possibility exists that 
one of the three familiar neutrinos might be relatively heavy (as heavy as 
~3lMeV) and that there might exist a heavy neutrino with mass as low as ~7 

GeV or even lower. Such a possibility is readily to be confirmed or excluded 
soon. 

I n our analysis on L -decays . we have assumed that m4 is larger than m.. 
and furthermore neglected phase space corrections due to ml. 2, 3* O. This is 
by no means satisfactory. A more thorough analysis is going on. 

Also.many problems remain untouched. which include the case of multiple 
right-handed neutrino singlets. masses and majoron couplings at two-loop le
vel and phenomenology of flavor-changing processes induced by the neutral 
Higgs bosons. These and related topics are to be discussed separately. 
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Table I Ingredients of the model.I,Y and L stand for weak-isospin, 
weak-hypercharge and lepton number, respectively. 

I L-- -"""':::----' 

J 10 10' 10' 10' 10' 

111. (In unit or keV) 

Fig.1. Constraints on m3 and md derived from a cosmological consi
deration. The region below the curve (a) and either of the straight 
lines (b) and (b') is allowed. Also shown is the straight line (c) 

corresponding to m3md = m~2. 
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Implications of the Lepton Mass Formula
 

Predicting the Renewed Tau Lepton Mass Value
 

Yoshio Koide
 

Department of Physics, University of Shizuoka, Shizuoka 422
 

Abstract: A charged lepton mass formula which leads to a predic

tion of tau mass m .. = 1777 MeV is reviewed. As an extension of the 

scenario, neutrino mixing is discussed. 

§l. Introduction 

Our final goal is to find a unified description of quark and lepton mass 

matrices. However, in the study of quark mass matrices, there is a problem that 

at present we do not know quark mass values so accurately, because the values 

are highly dependent on the models and the values of AMS ' although we have 

many information sources on the up- and down-quark masses and the Kobayashi

Maskawa mixing matrix. To the contrary, in the lepton mass matrix study, we have 

the clean and accurate data for the charged lepton masses, although the information 

on leptons at present is that on the three charged lepton masses only. For the study 

of quark mass matrices, I have taken purely phenomenological approach without 

assuming any specific models, and obtained a quark mass matrix form consistent 

with the experimental data [1]. In the present talk, in contrast to the study of 

quark mass matrices, I would like to talk about a special model of lepton mass 

matrices. 

Charged lepton mass values which are listed in 1992 particle data tables are 

as follows: 

me = 0.51099906 ± 0.00000015 MeV,
 

mlJo = 105.658389 ± 0.000034 MeV, (1.1)
 

m .. = 1784. r~~:~ MeV .
 

However, in this summer, by ARGUS [2], BES [3] and CLEO [4], the tau mass 
value was renewed as follows: 

1776.3 ± 2.4 ± 1.4 MeV, 

1776.9:!:g:~ ± 0.2 MeV , 

1777.6 ± 0.9 ± 1.5 MeV, 

ARGUS 

BES 

CLEO 

(1.2) 
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which are combined into [5] 

m'T = 1777.1::J: 0.5 MeV. (1.3) 

I would like to emphasize that the renewed value (1.3) is in excellent agree

ment with the value 

m'T = 1776.97 MeV, ( 1.4) 

which is predicted by a mass formula [6-9] 

me + mp' + m'T = ~(Vme + Jmp. + .vm;)2 , (1.5) 

based on an SU(3)-family 8+1 scheme. 

Note that if me = a in the mass formula (1.5), then we obtain the predicted 

mass ratio m'T/mp. = (J3 + 1)2/(J3 - 1)2 = 13.9, which is in poor agreement with 

the observed ratio m'T/mp. = 16.8. In the sum rule (1.5), it is essential that the 

electron mass me is small but visible. Considering such delicate agreement, the 

excellent agreement should be taken seriously. 

In §2, I will review models which can speculate the mass formula (1.5), and in 

§3, I will give some comments on the mass formula. In §4, I will propose a neutrino 

mass matrix model and compare it with recent data from solar and atmoshpere 

neutrino experiments. 

§2. Models 

Model (A) 

About ten years ago (1991), I have proposed [10] a composite model of 

quarks and leptons, where leptons Ri and quarks qi (i = 1,2,3 are family indexes) 

are composed of SU(2)L doublet preons w = (U, D) and SU(3)family triplet preons 

hi = (h 1 , h2 , h3 ) as f i = (whjhk ), qi =: (WhJii), and predicted a formula for the 

Cabibbo angle eo 

(2.1) 

Each preon has a kind of charge, "flavor charge" QF" , and the mass of the composite 

particle Ii is given proportionally to the square of the sum of the flavor charges 

which the constituents have, i.e., m(Ji) = moQ}(Ji). As a result, the composite 
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quarks and leptons ii have the following flavor charge [6]: 

QF(Vt} = 0 , QF(Ui) = -I3gi + go , 
(2.2) 

QF(ei) = gi + go, QF(di) = (-13 - l)gi , 

where gi and go satisfy the relations 

(2.3) 

The relations (2.3) together with m(ei) = (gi + gO)2mo readily leads to the sum 

rule (1.5). 

This model can re-interpret [7] an extended technicolor-like model (however, 

in the present model, the boson 1> is not a gauge boson differently from the extended 

technicolor scenario [11]) as shown in Fig. 1. Then, the i-th charged lepton mass 

m(ei) is given by 

(2.4)
 

Fig. 1 Mass generation mechanism of charged lepton ei through 

the hypercolor condensates (EE) and the exchange of a hypercolored 

boson 1>. 

Here, the hypercolored boson is a mixing state [12] among SU (3)-family octet 

bosons 1>3 and 1>8 and singlet boson 1>0: 

1[ 7r .7r] 11> = - - cos( - - t) 1>3 - sm( - - t) 1>8 + - 1>0 . (2.5)V2 4 4 V2 
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Then, the lepton mass matrix is given by 

M = (M1/2)2 (2.6)e e , 

where 

aM 1/ 2 _ 1/2 { 1 + ca 
-ma ~1 ~) + 1-C (~2 ~ 

e 2v'2J1 + c~ o 1 2-/6J1 + c~ 0 0 

(2.7) 

11" 1 + Ca 11" 1 - C 
cos( - - E) = , sin( - - E) = a (2.8) 

4 J2(1+c~) 4 J2(1+c~) 

The fact that mixing between cP3 and cPs is almost "ideal mixing" (45°-mixing) 

explains why electron mass me is so small compared with other charged lepton 

masses. 

Model (B) 

Another scenario for the mass formula (1.5) has been proposed [8): We 

introduce SU(3)-family nonet Higgs bosons 

(2.9) 

which are coupled with charged leptons ei bilinearly, i.e., as (e<I><I>e). (For simplicity, 

we do not consider an SU(2h x U(l)y structure for our scalar bosons <I>. We 

consider that our scalar bosons <I> do not contribute to the mass generation of the 

weak bosons.) We assume the following SU(3)/amily invariant Higgs potential with 

an 5 U (3) / amily octet-singlet mixing term 

(2.10) 
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where <1>8 = "L:=l()..a/V2)¢a and ¢o = Tr<1>/.J3. Then we obtain the restriction on 

the vacuum expectation values (<1», 

(2.11) 

from the minimum condition of V, so that we obtain the mass sum rule 

(2.12) 

since Me OC ((<1»)2. The restriction (2.12) imposes a strong restriction on the 

structure of the mass matrix Me. For example, M;/2 cannot take a Fritzsch type 

form, because the restriction (2.12) requires all of the parameters in the Fritzsch 

type matrix [13] to be vanishing. 

Model (C) 

An example of the mass matrix form which satisfy the restriction is for 

example as follows [9]: 

(2.13) 

where 1 is the 3 x 3 unit matrix, 

(2.14) 

and 

b _ 1 - Cb (2.15)c = 2(1- J 1 ).- -Jr1=+=e=& ' 1 + c& 

For the details of the scenario with the democratic type mass matrix form, 

see the reference [9]. 

§3. Implication of the success of the mass formula 

As seen so far, the mass formula (1.5) has somewhat curious form compared 

with usual mass formulas: 
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(i) In the lepton mass formula, it is essential that the electron mass me is 

small, but visible (not zero). This fades an idea that masses of the three generations 

are generated hierarchically. The word "families" will be preferable to the word 

"generations" . 

(ii) Charged lepton mass matrix Me must be given a quadratic form Me = 

(M;/2)2. This suggests that the lepton masses are generated not by the conven

tional Yukawa coupling wi th Higgs scalar(s), but by another mechanism. 

(iii) The mass spectrum of charged leptons seems to be closely related to 

an 5U(3) (octet + singlet) scheme. However, note that the mass formula (1.5) is 

not satisfied with the equal mass limit me = mil = m,. although usual sum rules 

from symmetry theory are satisfied in the symmetry limit [14]. In this scenario, 

the charged leptons correspond to 1r, 7] and 7]' in 5U(3) nonet. In the symmetry 

limit, the mass formula (1.5) is satisfied only with me = mil = m,. = O. 

Because of the curiosity of the mass formula (1.5), if the success of the 

mass formula is taken seriously, further study of the mass formula (1.5) has a 

possibility that it may bring a drastic change of our notion into our mass-generation 

mechanism of fermions. 

However, I would like to go on a phenomenological application of the sce

nario, i.e, application to neutrino mass matrix [15]. 

§4. A model for neutrino mixing 

For simplicity, we take the model (A). 

We assume the conventional seesaw mechanism [16], so that the neutrino 

mass matrix M v is given by 

(4.1)
 

where M!! ex: Me and MM = mM1 represent Dirac and Majorana mass terms of 

light and heavy neutrinos, respectively. 

We assume that the hypercolor condensations are almost independent of the 

families, i.e., 

((N N)) = A3 (3X + c1) . (4.2) 

Then, 

M!! ex: M;/2(3X + c1 )M;/2 

me .Jmemll 0 0y'm.m, ) ( m. 
.J.memll mil vrnllm,. + C 0 mil 0 (4.3) ( )
.Jmem,. .JmJ1.m,. no,. 0 0 m,. 
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Fig. 2 Dirac mass term of the neutrinos I/i through the hypercolor 

condensates (N N) and the exchange of a hypercolored boson 4>. 

Under the approximation m T ~ mlJ ~ me and e ~ 1, we obtain the Dirac 

mass matrix of the neutrinos 

o 
2emIJ 

o 
(4.4) 

and the mixing matrix 

1 -tJme/mT 

(4.5)-JmlJ/mTtJme/mlJ 
1Jme/mT 

where 

3 

1/( = ~]Ut)(il/i , (4.6) 
i=1 

and I/i (.e = e, J-l, 7) are eigenstates of weak-interactions and I/i (i = 1,2,3) are mass 

eigenstates. 

The prediction 

(4.7)
 

is in good agreement with the value 

sin2 2e :::: 7 x 10-3 (u12 = sin () :::: 0.04) , (4.8) 
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which has recently been reported by ALLEX [17], while the prediction 

(4.9) 

cannot explain a large mixing value between vI-' and V r suggested by Kamiokande 

II [18], although our prediction gives fairly large mixing between v" and vr . 

Note that in our model the mass ratio 

(4.10) 

can be predicted numerically, while the mass ratio 

(4.11) 

cannot be done, because (4.11) includes an unknown parameter £ (however, in 

other words, if we want, we can obtain any large value of m r by choosing a small 

value of £). 
If we apply the same scenario to M u , we obtain, independently of the pa

rameter £, 

m.. 3me 3 
-~ ~ -- = 3.63 x lO- (4.12) 
me 4m" ' 

which is in agreement with the conventional quark mass ratio [19] mu/me rv 

(5.1 MeV)/(1.35 GeV) ~ 3.8 x 10-3 . If we take a small value of £, we can provide 

any large value of mt independently of (4.12). However, for a time, the applica

tion of the present scenario to the quark mass matrices will be postponed, because 

more careful study of the mass spectrum and the Kobayashi-Masskawa mixings are 

required. 

In conclusion, we have pointed out that the tau mass value (1.3) renewed 

recently by ARGUS, BES and CLEO is in excellent agreement with the predicted 

value (1.4) from the mass sum rule (1.5), and this suggests that the charged lepton 

mass spectrum is closely related to an SU (3)-family nonet scheme, and the mass 

generation mechanism, at least as to charged leptons, cannot be explained by the 

conventional scenario where mass terms are given by Yukawa coupling of fermions 

with Higgs scalar(s) because the sum rule (1.5) suggests the quadratic form (2.6). 
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According to a scenario which provides the sum rule (1.5), neutrino mixing angles 

have been predicted. Further investigation of the backgrounds of the sum rule (1.5) 

will offer an important clue to the unification of quark and lepton mass matrices. 

Acknowledgments 

The author would like to thank Dr. B. Spaan, Dr. E. Soderstrom and Dr. B. K.Heltsley 

for their having sent him reports on the experimental data quoted in the references 

[1-3] and informed him of valuable news by E-mails. 

References and Footenotes 

[1]	 For example, a separate talk by Y.K. in this workshop. 

[2]	 ARGUS collaboration, H. Albrecht et al., Phys. Lett. B292, 221
 

(1992).
 

[3]	 BES collaboration, J. Z. Bai et al., Phys. Rev. Lett. 69, 3021 (1992). 

[4]	 CLEO collaboration, M. Daoudi et al., a talk given at the XXVI Inter


national Conference on High Energy Physics, Dallas, 1992.
 

[5]	 Private communication from B. Spaan (ARGUS collaboration). 

[6]	 Y. Koide, Lett. Nuovo Cimento 34, 201 (1982); Phys. Lett. B120, 161
 

(1983).
 

[7]	 Y. Koide, Phys. Rev. D28, 252 (1983). 

[8]	 Y. Koide, Mod. Phys. Lett. A5, 2319 (1990). 

[9]	 Y. Koide, Z. Phys. C45, 39 (1989). 

[10]	 Y. Koide, Phys. Rev. Lett. 47, 1241 (1981). 

[11]	 S. Dimopulous and 1. Susskind, Nucl. Phys. B155, 237 (1979); E. Eichten
 

and K. D. Lane, Phys. Lett. B90, 125 (1980).
 

[12]	 If we assume another mixing state 

¢ = cos E[__1 (_1 ¢3 __1 ¢s) + _1 ¢o] -sin E (_1 ¢3 + _1 ¢s)
J2J2 J2 J2 J2 J2 ' 

34 



then we obtain another mass sum rule 

(V3 -	 l)yIm; - (/3" + 1)/mj" = 4ym:- , 

which predicts m.,. = 1786.57 MeV. The predicted value is near to the 

old experimental value in (1.1) rather than the renewed value (1.3). 

[13]	 H. Fritzsch, Phys. Lett. B73, 317 (1978); Nucl. Phys. B115, 189 

(1979); H. Georgi and D. V. Nanopoulous, ibid. B185, 52 (1979). 

[14]	 This was pointed out by H. Terazawa in this workshop. 

[15]	 Y. Koide, preprint No. US-90-08 (1992). 

[16]	 M. Gell-Mann, P. Rammond and R. Slansky, m Supergravity, eds. 

P. van	 Nieuwenhuizen and D. Z. Freedman (North-Holland, 1979); 

T. Yanagida, in Proc. Workshop of the Unified Theory and Baryon 

Number in the Universe, eds. A. Sawada and A. Sugamoto (KEK, 

1979). 

[17]	 GALLEX collaboration, P. Anselman et al., Phys. Lett. B285, 390 

(1992). 

[18]	 Kamiokande collaboration, K. S. Hirata et al., Phys. Lett. B280, 146 

(1992). 

[19]	 J. Gasser and H. Leutwyler, Phys. Rep. 87, 77 (1983). 

35
 



Large vp-vr Mixing and the Structure of
 
Right-Handed Majorana Mass Matrix*
 

Masahisa Matsuda 

Department of Physics and Astronomy 

Aichi University of Education 

Kariya, Aichi JAPAN 448 

(E-mail address:masa@auephyas.aichi-edu.ac.jp) 

Abstract 

Recent solar neutrino and atomospheric neutrino experiment suggest the ex

istence of the large lepton mixing among 2nd and 3rd generation neutrino. This 

fact gives the important information on the structure of right-handed Majorana 

neutrino. It is shown that, if we assume that the neutrino Dirac mass matrix is 

similar to the mass matrix of the up-quark sector, the large lepton mixing among 

the 2nd and the 3rd generation requires the hierarchical structure of the Majorana 

mass matrix. This model-independent analyses serve the model-building of the 

mass matrices based on the quark-lepton unified theory. 

* The main part of this talk is based on the preprint whose title is "Depletion of Atomospheric 
Muon-Neutrino Fluxes and Structure of Majorana Mass Matrix" by Morimitsu Tanimoto, 
Takemi Hayashi and Masahisa Matsuda(1992)(to be published in Zeitshrift fur Physik) 
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1. Status of Experiments on v-Oscillation 

The most interesting problems in neutrino physics are the neutrino masses and 

the mixing among them. Recently the data on solar neutrino and atmospheric 

neutrino were given by some experimental groups. The solar neutrino experiments 

are sensitive to the small values of neutrino masses and mixing angles. The reactor 

and accelerator experiments can not reach to these regions. Several experimental 

groups reported the recent data at the International Symposium on Neutrino Astro

physics(ISNA) held on 19th-22nd, October, 1992 at Takayama. First we summarize 

the data on solar neutrino in Table1. 

Group SNU Data/SSM Detector 

GALLEX[1] 83 ±l~ ±8 0.63 ± 0.14 ± 0.06 71Ge-71Ga 

SAGE[2] 85 ±22 ±2032 71 Ge-71Ga 

KAMIOKAIII[3] 0.55 ± 0.07 ± 0.06 Cerenkov 

HOMESTAKE[4] 2.1 ± 0.3 0.27 ± 0.04 37Cl_37Ar 

Table1. Experimental Data on solar neutrino 

From Table1 there exist two type of MSW solutions[5]. The nonadiabatic narrow 

band is 

Llm~eV" = (0.3 ~ 1.2) x 1O-5ey2 
(1.1 ) 

sin22(}vev" = (0.4 ~ 1.5) x 10-2 

and the another adiabatic band is 

~m~eV" = (0.3 ~ 5) x 1O-5ey2 
(1.2) 

sin22(}ve v" = (0.5 ~ 0.9) . 

The data on atomospheric V e and vI-' neutrino fluxes produced by the cosmic 

ray interactions are recently given. The ratio vl-'/ve can be reliably calculated and, 

moreover, the individual flux calculations suggest the existence of deficit of vJ.l flux. 

The experimental data on atomospheric neutrino are summarized in Table 2. The 
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data of KAMIOKA are consistent with the ones of IMB[7] and these data show 

the depletion of the atmospheric muon-neutrino flux. On the contrary the data of 

NUSEX and FREJUS show no depletion of atomospheric neutrino flux. 

Group R (I/p,/I/e ) DATA 

(I/all/e IMonteC.. l..o 

KAMIOKA 1+11+111[6] 0.60 ± 0.06 ± 0.05 

1MB[7] 0.64 ± 0.09 ± 0.12 

NUSEX 0.99±8:~~ 

FREJUS[8] 1.06 ±8J~ ±0.11 

Table2. Experimental data on atomospheric neutrino 

The data of KAMIOKA are consistent with the ones of IMB[7] and these data show 

the depletion of the atmospheric muon-neutrino flux. On the contrary the data of 

NUSEX and FREJUS show no depletion of atomospheric neutrino flux. Combining 

the data of KAMIOKA and 1MB with the data of FREJUS and CDHS(accelerator 

experiment), we obtain the region of ~m2versussin2 20 as 

~m2 = (10-3 ~ 1O-1eV2(8 x 1O-3eV2)1/,.1/,.: 
(1.3) 

sin2 201/,.1/", > 0.5(sin2 201/,.1/", =0.87(0 =69°)) , 

where the values on parentheses mean the best fit reported by Kamioka group at 

ISNA. As seen in eq.(1.3) we expect the large mixing of the muon-neutrino with 

another neutrino. Here we assume another neutrino largely mixed with vJ.l is T

neutrino. This situation is very different from the quark mixing, where the c-quark 

mixes with the d-quark in the magnitude of 0.22 while with the b-quark slightly. 

Since the leptonic Dirac mass matrix is expected to be similar to the quark OIle 

from the standpoint of the quark-lepton unificatioIl, this seems to be apparently 

a serious problem. However, the existence of the right-handed Majorana neutrino 

masses could offer the natural explanation of the large mixing of the muon-neutrino. 

In this talk, we study the flavor structure of the Majorana neutrino masses being 

combined with the Dirac neutrino mass matrix, which gives rise to the large flavor 
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mixing of leptons. The phenomenological study for possible conditions which lead 

to the large flavor mixing of leptons is given in the followings. Our obtained results 

serve the model-building of the mass matrices based on the quark-lepton unified 

theory. 

2. The formulation of neutrino 
mixing and seesaw mechanism 

Let us start with considering the neutrino mass matrix with the Majorana mass 

terms. For three generations it takes a form given in terms of the 3 x 3 Dirac mass 

matrix D N and the 3 x 3 right-handed Majorana mass matrix MR as follows: 

M(O) = ( 0 (2.1)
N D t 

N 

where the left-handed Majorana masses are set to be zero and the right-handed 

Majorana masses are taken to be of the order of 1010GeV in order to make seasaw 

mechanism workable. In the following study the mass matrices are taken to be real. 

In order to diagonalize the neutrino mass matrix it is comvenient to follow the 

steps along the paper by Hosotani[9]. 

Step 1 

We first diagonalize the submatrix. MR by an orthogonal transformation V as 

(2.2) 

where Kl is a diagonal matrix like 
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Step 2 

We rotate the matrix M~) to make the element Y and yt zero as 

(2.3) 

up to 02 in the expansion of 0 =DN/MR by the subsequent transformation, where 

(2.4) 

Step 3 

We diagonalize the submatrix YX-1yt by the unitary transformation SN, 

(2.5) 

and we obtain 

M(3) = (-L 0) (2.6)
N 0 X+Z 

Thus, the diagonal light neutrino mass submatrix is obtained by the unitary trans

formation 

(2.7) 

Since the charged lepton mass matrix ME is simply diagonalized by UE such as 
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uEMEU1, the lepton mixing matrix is given as 

(2.8) 

Then, we should discuss the structure ofthe matrix Y X-1yt at step 2 rather than 

that of DN in order to study the lepton mixing, in other words, the structure of 

the Majorana mass matrix plays a siginificant role for the flavor mixings of leptons. 

3. How can we interpret large vp,-vr mixing? 

We will show that the large flavor mixing of leptons is realized in virtue of the 

Majorana mass matrix even if the Dirac mass matrix has the same hierarchical 

structure as the quark mass matrices in the followings. The data suggest large 

IIp.-lIT mixing sin2 2(}P.T > 0.5. This seems not to be natural from the view of quark

lepton symmmetry because of the small quark mixing Vcb ~ 0.05. If we asuume 

seesaw mechanism and quark-lepton symmetry for Yukawa couplings, the neutrino 

masses are given as m Vi ~ m~JMR. From this relation the following equations are 

derived 

(3.1) 

where we take mt = 140GeV and me = 1.4GeV. Combining this equation with 

mv" ~ 3 x 1O-3eV suggested by solar neutrino experiment, the mass of liT becomes 

30eV. On the other hand the data of atomospheric neutrino experiment by Kamioka 

and 1MB show 

(3.2) 

One possibility to resolve this discrepancy is to consider the structure of Majorana 

mass matrix. 
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3.1 AN	 EXAMPLE OF THE LARGE MIXING IN THE TWO GENERATION MODEL 

Firstly, for simplicity, we think about the case of two generation. Let us write 

matrices for the Dirac sector and the Majorana sector 

(3.3) 

COS () sin () )v= 
(	 

, X-I = (-k- 0) = _1 (1 0)
- sin () cos ()	 o At- Ml 0 € 

The light 2 x 2 Majorana neutrino matrix is then expressed as 

1 t 1 ( w
2 + b2 

wc + bd)YX- Y	 - (3.5) 
- Ml WC + bd €C2 + d2 ' 

where 

a = T2 cos () - Tl sin () , 

b =Tl cos () + T2 sin () , 
(3.6) 

c = T4 cos () - T3 sin () , 

The large mixing among light Majorana mass matrix suggests that the two possi

bilityas 

Ii ht(l)all components of (Mvg )ij should be the same order of magnitude 

and 

We show some interesting cases in which this situation is realized in spite of the 

Dirac mass matrix D N having such a hierarchical structure as in the quark mass 

matrix. 

Casel:	 () = 0 
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The matrix YX-Iy t is written simply as 

(3.7) 

A solution for all matrix elements being of almost same magnitudes is obtained 

under the following conditions: 

(3.8)
€ <; G:)' 

The rotation angle to diagonalize this matrix is, for example, 44° in the case of 

rl = r2 = r3 = r4/10 and E = 10-3 , while the rotation angle to diagonalize the 

Dirac mass matrix DN is only 6° in this case. Thus, the flavor hierarchy of the 

Majorana masses could cause the large flavor mixing in the light neutrino sector. 

It should be emphasized that the rotation angle of eq. (3.7) remains small if the 

Dirac mass matrix is the Fritzsch one (rl = 0). This case is almost as same as 

the case investigated by Albright[10] although he has taken the Dirac mass matrix 

slightly different from the Fritzsch one. Note that the rotation angle decreases as E 

decreases from 1 in the case of rl = O. 

Case2: () ¥ 0 

The conditions of all matrix elements of M~ght tp be almost same in magnitudes 

are 
r3 - rl 

rl ~ r2 = r3 ~ r4, tan () ~ - (+- b ~ d) ,
r4 - r3 

(3.9) 
o:s; E:S; (r3 ) 4 (+- E :s; b:) . 

r4 c 

For example, the rotation angle to diagonalize the matrix in eq.(3.5) is 36° in the 

case of rl = 0, r2 = r3 = r4/10, tan () = -0.11 and E :s; 10-4 . This Majorana 

mass matrix is similar to the Dirac one, however, its (1,1) component must be 

finely tuned in order to reproduce E :s; 10-4 as follows: 

0.01201"'010.0122 0.11)
MR<x ( (3.10)0.11 l' 

where the magnitude of the (1, 1) element should be determined with the accuracy 
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of 2%. Thus, the setting of tan 0 = -0.11 with € ~ 10-4 may be somewhat artificial 

although the Dirac mass matrix is just the Fritzsch type one[11]. 

The parameter € could be negative because the negative sign is to be absorbed 

by lepton fields finally. We show two cases giving large rotation angle with the 

negative €. The (1,2) and (2,2) elements in eq.(3.5) are written explicitly as follows: 

(M~ghth2 = r2r4(€COS2 0 + sin2 0) + rlr3(€sin 2 0 + cos2 0) 

+ ~(r2r3 + rlr4)(l - €) sin 20, 

(M~ghth2 = rl(€cos 2 0 + sin2 0) + r5(€sin 2 0 + cos2 0) + r3r4(l - €) sin 20. 
(3.11) 

From this equationln, one can easily find the condition which leads to the large 

mixings as follows: 

€ = - tan2 0 , (3.12) 

Then, the Majorana mass matrix is 

(3.13) 

which has not yet been investigated elsewhere. The large mixing angle could be 

also derived by adjusting parameters under the following condition, although it is 

not so clear: 

€ = -cot2 0 , (3.14) 

which is realized in the 80(10) type model by Babu and Shafi[12], in which the 

Majorana mass matrix is given as 

(3.15) 
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3.2 THE CASE OF THREE GENERATION MODEL 

Next, we discuss the possiblity of the large (1,3) mixing in the framework of 

three generations. For simplicity, we set () = 0 and consider the symmetric real 

Dirac matrix. Then, we have 

Mlight = 
v 

T1 T2 + E1 T2 T4 + E2 T3T5 T1 T3 + E1 T2 T5 + E2T3T6 ) 

T~ + E1Tl + E2Tg T2 T3 + E1 T4T5 + E2 T5T6 , 

T2 T3 + E1 T4TS + E2 T5T6 T~ + E1Tg + E2T~ 
(3.16) 

where 

T1 T2 T3) 

DN = T2 T4 T5 , X-1=_1_(~ ~ (3.17) 
( M1 

T3 T5 T6 o 0 

We easily find the hierarchy of parameters giving rise to the large (1,3) rotation to 

diagonalize M~ght as follows: 

(3.18) 

For example, the rotation angle ()13 is 26° in the case of T1 = T3 = T4 =0, T2 = 0.5, 

T5 = 1, T6 = 10, €1 = 1 and €2 = 10-4 . Although the form of the Dirac mass matrix 

is similar to that of the Fritzsch one[l!]' the condition T2 ~ T5 instead of T2 « T5 

does not reproduce the observed quark mass hierarchy. We do not furthermore 

study possibilities to give large rotation angles between the first generation and the 

third one, because we could not find a realistic Dirac mass matrix consistent with 

the quark sector even in the case of () ::f. o. 
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4. Realistic models with the large flavour mixing 

Here we show the results of numeical analyses of the large flavor mixing of 

leptons in the three generations. The Dirac mass matrix is supposed to have the 

same form in both quarks and leptons from the standpoint of the quark-lepton 

unification in our analyses. Then, the possibility of the large mixing between the 

first generation and the third one is ruled out as discussed in the previous section. 

Here, we concentrate on the two cases of eqs.(3.8) and (3.12), in which the 

Dirac mass matrices are of the same types. On the other hand, the mixing in 

the Majorana mass matrix is absent or negligibly small in the first case, and the 

Fritzsch type in the second case, respectively. 

At first, let us consider the 3 x 3 Dirac mass matrix satisfying the condition 

of eqs.(3.8) and (3.12). The (1,1) component of the Dirac mass matrix is fixed 

to be zero in the quark sector since the Vus mixing is almost reproduced well by 

Jmd/ms. So, the flavor mixing of leptons between the first generation and the 

second one also remains small, at most Jme/mlJ, which is supported by the the 

solar neutrino data[l ,2,3,4], even if the Majorana mass matrix has the hierarchical 

structure, because the condition of Tl '" T2 '" T3 ~ T4 in eqs.(3.8) and (3.12) is not 

satisfied. On the other hand, the large mixing could be realized between the second 

generation and the third one if the (2,2) component of the Dirac mass matrix has a 

non-negligible value, which satisfies the condition of eqs.(3.8) and (3.12). We know 

a few example of this type for the Dirac matrix[13] such as: 

* 
(4.1) 

Then, one obtains the relation 

(4.2) 

which is suitable for the case of the heavy top-quark. In our analyses, we take the 

following real matrix for the Dirac mass matrix 
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(4.3) 

where the (1,3) and (3,1) components are set to be zero for simplicity since they 

hardly affect on our numerical result as far as we are concerned in the (1,2) mixing 

and the (2,3) mixing. 

Now, suppose that this form of the Dirac mass matrix is also universal for 

the up-quarks(U), the down-qurks(D) and the charged leptons(L). Then, the nine 

parameters are determined so as to be consistent with the observed quark-lepton 

masses and the quark mixings as follows in unit of GeV: 

au = 245, f3u = 1.41, IU = 0.0604, 

aD = 5.86, f3D = 0.187, ID = 0.0292, (4.4) 

aL = 1.766, f3L = 0.1235, IL = 0.005223, 

where the physical top quark mass is taken to be 150GeV. The matrix elements of 

the neutrino Dirac mass matrix are unknown in our phenomenological approach. 

We adopt a conventional assumption in order to reduce the number of free param

eters as follows: 

f3u IU 
f3N = f3D f3L , IN = -,L, (4.5) 

ID 

where these parameters are proportional to the charged leptonic ones and are scaled 

by the quark mass parameter ratios. Our numerical results depend on this assump

tion somewhat, however, our qualitative conclusion does not depend on it. Once 

the Dirac mass parameters of the neutrinos are fixed, unknown parameters are only 

for the Majorana mass matrix. 

We take the Majorana mass matrix for the case of eq.(3.8) as follows: 

Modell (4.6) 

where E is defined to be E =MIlM3, and the value of M2/Ml = 10 in the (2,2) 
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component of eq.(4.6) is taken only for convenience. For the case of eq.(3.12), the 

Majorana mass matrix is assumed to be 

0

(T 00)
Model 2 MR= o M2 cos 0 Si~O) ,v= (~ 

M2 M3 - sin 0 cosO 

0 

10 (4.7)X =M, (~ 
0 

D, 
€ 

where the parameters M 2 and M3 are given in terms of M I , € and 0 by using the 

condition € = - tan2 O. 

we use the experimental constraint given in eq.(I.1). We can use the exper

imental constraint given in eq.(I.1) to determine one of two parameters existing 

in both models. Then, only € parameter is left as the free one. We investigate 

the lepton mixing matrix of eq.(2.8) in models 1 and 2 for the small value of €. 

In both models, the lepton mixing (VLh3 increases as the absolute value of € de

creases. We show our numerical results together with the recent data[6,7,14) of 

(VLh3 and ~m~3 in fig.I. Recent results by 1MB[7) on the upcoming high energy 

muons rule out a significant part of the region allowed by the Kamiokande as shown 

in fig.1, where the 90% C.L. limits from the simple rate and the stopping fraction 

are denoted as 1MB(A) and IMB(B), respectively. Nevertheless, our predictions 

rvare consistent with these data for € = (1 3) X 10-6 and MI ~ 109GeV in model 

1, and € = -(2 rv 5) X 10-6 and MI ~ 109GeV in model 2. The typical values of 

parameters and predictions are: 

0.999 0.053 0.0013) 

IVL 1= 0.048 0.898 0.438 , 
( 

0.022 0.437 0.899 

in modell, and 
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0.999 0.053 0.0011 ) 

IVL 1= 0.050 0.938 0.342 ,
( 

0.017 0.342 0.940 

in model 2. The large flavor mixing of leptons is naturally obtained in the case 

of I E I~ 1 for both cases. Thus, the large flavor mixing of leptons requires the 

hierarchical structure of the Majorana mass matrix in our examined cases. In 

particular, the model 2 is impressive since the Majorana mass matrix is the Fritzsch 

type one. In this model, the hierarchical structure of the mass matrices is found 

to be such as M3 / M2 ~ 300, which is derived from E ~ _10-6 , for the majorana 

sector, and aN / (3N ~ 80 for the Dirac sector. It is worthwhile to construct the 

model 2 based on the quark-lepton unified theory such as 80(10). 

5. Summary 

We have studied the Dirac and the Majorana mass matrices which give rise to 

the large flavor mixing of leptons expected from the depletion of the atmospheric 

muon-neutrino flux. The large lepton mixing between the second generation and 

the third one suggests the existence of the hierarchical structure for generations 

in the Majorana mass matrix, provided that the Dirac mass matrices for leptons 

should have the similar structure to the quark one. In our study, we have neglected 

phases in the mass matrices. If those matrix elements are complex, there exist other 

solutions to give the large flavor mixing of leptons[15]. At the further investigations, 

we will try to clarify the theoretical bases of the phenomenologically consistent 

Dirac and Majorana mass matrices obtained in this paper from the standpoint of 

the quark-lepton unified theory. 
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ABSTRACT 

Recent results of the four existing solar neutrino experiments are re

viewed and compared with the predictions of standard-solar-model (SSM) 

calculations. All the fouf experiments show discrepancies from the SSM 

predictions. Both the experimental results and SSM calculations still have 

large uncertainties, however, except the average solar-neutrino flux resulted 

from more than 20 years of the observation in the Homestake 37Cl detector. 

To explain the existing solar-neutrino data consistently, it seems necessary 

to invoke some as yet unknown properties of the neutrinos. 
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1. Introduction 

The Sun is an intense source of electron neutrinos. Because of this, and because 

of the wide range of matter density and the very long distance from the Sun to the 

Earth, the observations of solar neutrinos provide extremely important opportunities in 

pursuit of non-trivial neutrino properties. In fact, the currently available solar-neutrino 

data seem to require such neutrino properties as non-zero mass and mixing, if one tries 

to understand them consistently. 

The solar neutrino data now at hand are from the chlorine experiment (Homestake), 

gallium experiment (SAGE and GALLEX), and l/e scattering experiment (Kamiokande). 

Chlorine and gallium experiments are based on radiochemical technique, see Table l. 

Kamiokande is a real-time experiment utilizing a large water-Cherenkov detector, and is 

characterized by the directional correlation between the incoming solar neutrino and the 

recoil electron. This feature greatly helps to separate clearly the solar-neutrino signal 

from the background. 

Table 1: Comparison of 37CI and 7lGa radiochemical solar neutrino experiments 

t (E.C.)I t (E.C·)I 

Threshold 814 keY 233 keY 

Half life 34.8 days 11.43 days 

Natural abundance 24.47 % 39.6 % 

Process 

Experiments Homestake SAGE (Baksan) 

Metallic Ga 60 tons
 

GALLEX (Gran Sasso)
 

GaCb (Ga 30 tons)
 

Figure 1 shows the fluxes of solar neutrinos at the surface of the Earth from various 

fusion reactions as predicted by the standard solar model (SSM) presented by Bah
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call and Ulrich [1), where the energy regions covered by each of four experiments are 

indicated. Due to its high threshold (7.5 MeV), Kamiokande observes pure 8B solar 

neutrinos; hep neutrinos have too small a flux to be observed in the present generation 

of solar neutrino experiments. In the chlorine experiment, the dominant contribution 

comes from 8B neutrinos, but 7Be, CNO, and pep neutrinos also contribute in decreas

ing order. At present, the most abundant pp neutrinos can only be detected in gallium 

experiments, in which, however, almost half of the capture rate is due to other solar 

neutrinos. Table 2 gives the contributions to the chlorine and gallium capture rates 

from various processes as predicted by three representative SSM calculations [1,2,3]. 

In Fig. 2 the status of data-taking of the four current solar neutrino experiments is 

summarized. Since 1970 Davis and his collaborators have been conducting their chlo

rine experiment at the Homestake gold mine. The Kamiokande-II Collaboration then 

succeeded in observing the 8B solar neutrinos since the beginning of 1987. In relation 

to a possible time variation of the 37CI capture rate, anticorrelated with the sunspot 

numbers which represent the ll-year cycle of solar activity [4], Kamiokande-II observed 

solar neutrinos from the beginning (solar minimum) to the solar maximum of solar cycle 

22, and this observation period completely overlaps with that of the Homestake chlorine 

experiment, thus providing the data whose time variation can be studied together with 

the Homestake data. In this regard, it should be emphasized that both the gallium 

experiments so far took data during high solar activity. 

2. The Data 
The results from the four solar-neutrino experiments on the average solar-neutrino 

flux are listed in Table 2. The references for the recent result from each experiment are 

as follows: Homestake [5), GALLEX [6), SAGE [7], and Kamiokande [8]. 

Figure 3 shows the 37Ar production rate observed in the Homestake chlorine exper

iment since the middle of 1986. The relation between the sunspot numbers and the 

5-point running average of the 37Ar production rate is plotted in Fig. 4. It seems that 

the 37Ar production rate does not respect the anticorrelation with the sunspot numbers 

in 1989 and 1990. Concerning the average solar-neutrino flux observed in this experi
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ment, it should be noted that the given error represents a quadratic sum of the lu error 

from the maximum-likelihood analysis to determine the 37 Ar production rate and the 

error for the subtracted cosmic-ray background. Usually, the systematic error due to 

the counting efficiency, rise-time cut etc. is not quoted by the Homestake group. 

The 71Ga production rate observed in each run is shown in Fig. 5 for GALLEX 

and in Fig. 6 for SAGE. In 1990, the SAGE group observed a considerably less 71Ga 

production rate than predicted by the SSM calculations. This tendency seems to have 

continued till the second run in 1991, after that the amount of metallic gallium was 

increased from 30 tons to the originally planned 60 tons. 

The Kamiokande-III result on the average solar-neutrino flux relative to the predic

tion by Bahcall and Ulrich [1] 

Data 
SSM = 0.55 ± 0.07 ± 0.06 

is obtained from a live time of 395 days, and is still preliminary. Although the central 

value of Kamiokande-III result is higher than that of the Kamiokande-II result [9,10] 

Data 
SSM = 0.46 ± 0.05 ± 0.06, 

these results are consistent within statistics. Figure 7 shows the observed solar neutrino 

flux as a function of time. Both the Kamiokande-II and -III results are plotted. Each 

point corresponds to about 200 days of live time. The Kamiokande results do not show 

statistically significant flux time variation over the recent six years, during which period 

the sunspot numbers increased from a minimum to a maximum as shown in Fig. 8 [11]. 

Specifically, the Kamiokande results do not show evidence for a statistically significant 

correlation or anticorrelation between the solar-neutrino flux and the sunspot numbers, 

as is evident from Fig. 9 where the relative flux value is plotted against the sunspot 

numbers. Indeed, a fit with a linear relation between the relative flux value and the 

sunspot numbers is quite consistent with the constant flux. At 90 % eL, 

I flux(SSN = 0) - flux(SSN = 160) I < 39.5% 
flux(SSN = 0) 

as shown by the dashed lines in Fig. 9. 
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Table 2: Predictions of three representative standard solar model calculations for the 

capture rates of 37CI and 71Ga radiochemical solar neutrino experiments and for the 

8B solar neutrino flux. The experimental results are also listed. The uncertainties in 

the SSM predictions by Bahcall and Ulrich and by Bahcall and Pinsonneault represent 

"total theoretical ranges" or "effective 3<1" as the authors quote. They used 3<1 errors 

for measured quantities. On the other hand, Turck-Chieze and Ropes used 1<1 error for 

measured quantities in estimating the uncertainties in their SSM calculations. 

Standard solar models 

Bahcall Bahcall Turck-Chieze 

& Ulrich & Pinsonneault & Ropes 

37CI 

(SNU) 

pep 
7Be 

8B 

13N 
15 0 

0.2 

1.1 

6.1 

0.1 

0.3 

0.2 

1.2 

6.2 

0.1 

0.3 

0.22 

1.10 

4.63 

0.063 

0.21 

total 7.9 ± 2.6 8.0 ± 3.0 6.4±1.4 

Homestake (1970.8 - 1991.5) 

Homestake (1986.7 - 1991.7) 

2.28 ± 0.23 

2.95 ± 0.34 

71Ga 

(SNU) 

pp 

pep 
7Be 

8B 

13N 

150 
total 

GALLEX 

70.8 

3.0 

34.3 

14.0 

3.8 

6.1 
132+20

-17 

70.8 71.1 

3.1 2.99 

35.8 30.9 

13.8 10.77 

3.0 2.36 

4.5 3.66 

131.5+f~ 123 ± 7 

83 ± 19 ± 8 

SAGE (1990) 20~~g ± 32 

SAGE (1991) 85+22 ± 20-32 

iP(8B) 
(cm-2s-1) 

SAGE (1990 & 

SSM 

1991) 

(5.8 ± 2.1) x 106 

58+~~ 

(5.7 ± 2.5) x106 

± 14 

(4.4 ± 1.1) x 106 

Kam-II/SSM 

Kam-III/SSM 

0.46 ± 0.05 ± 0.06 

0.55 ± 0.07 ± 0.06 

0.47 ± 0.05 ± 0.06 

0.56 ± 0.05 ± 0.06 

0.61 ± 0.07 ± 0.08 

0.73 ± 0.09 ± 0.08 
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3. Comparison with the SSM Calculations 
Table 2 compares the prediction of the three SSM calculations and the experimental 

results on the average solar-neutrino flux. Before discussing the comparison between 

the SSM predictions and the data, I would like to make a comment on the two SSM 

calculations by Bahcall and Ulrich [1] and by Bahcall and Pinsonneault [2]. These SSM 

calculations give almost the same prediction on the neu trino fluxes from varios reactions. 

However, there are numerous differences in the input values of physical quantities and 

treatment of physical processes between the two calculations. Bahcall and Pinsonneault 

[2] took account of the helium diffusion for the first time, and the results presented in 

Table 2 are "the best results with helium diffusion" as they quote. Apparently, there 

is a nice cancellation among the effects caused by the individual differences between 

the SSM calculation by Bahcall and Ulrich [1] and that by Bahcall and Pinsonneault 

[2]. If the helium diffusion is not considered, their best standard solar model yields the 

37CI capture rate of 7.2 ± 2.7 SNU, the 71Ga capture rate of 127.5~i~ SNU, and the 8B 

2 1solar-neutrino flux of 5.06 x 106 cm- s- [2]. 

Now, Figs. 10 and 11 show the comparison of the experimental data with the SSM 

calculations by Bahcall and Ulrich [1] and by Turck-Chieze and Ropes [3], respectively. 

In these figures, the experimental data relative to the central value of the SSM pre

dictions are plotted. A box associated with each datum point shows the systematic 

uncertainty, and bars at both ends of the box represent the 10' statistical error. This 

plot is made with the following fact in mind that the experimentally determined central 

value may be shifted over the full range of systematic uncertainty. This plot therefore 

represents the maximal uncertainty involved in the data. Also, the uncertainties as

sociated with the SSM calculations are shown by large uncertainty boxes around 1.0. 

The uncertainty boxes in Fig. 10 represent "total theoretical range" or "effective 30"1 

as Bahcall and Ulrich quote [1]. For the measured quantities they used 30' errors. The 

uncertainty boxes in Fig. 11 represent the uncertainties which Turck-Chieze and Ropes 

quote [3J. They used 10' errors for the measured quantities. In their calculation, they 

consider any theoretical error as a minimal error (absence of error on the assumptions of 

the calculation) and only indicative of the present status and of the occurring improve
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ments. This is quite different from Bahcall and Ulrich. In any case, uncertainties in 

theoretical quantities do not have statistical nature, and therefore it may be dangerous 

to interpret the total uncertainty as 10' or 30'. 

It is quite a distinctive feature that all the results on the average flux from the 

present solar-neutrino observations are less than the SSM predictions. Nevertheless, it 

seems that the average solar-neutrino fluxes observed by Kamiokande, GALLEX, and 

SAGE (1991 or 1990 & 1991 combined) are all not very significantly far away from the 

SSM predictions, considering rather large experimental and theoretical uncertainties. 

Only the Homestake result seems very difficult to reconcile with the SSM prediction, if 

their possible systematic error is not so large. 

4. Implications 
In this section, I discuss the phenomenological implications of the solar-neutrino 

observations mainly focusing on the average solar-neutrino flux, because the recent 

Homestake data do not show an impressive relation with the sunspot numbers (see 

Fig. 4), and moreover, the Kamiokande results exhibit no significant time variation. 

Nevertheless, at the end of this section time variation will be discussed in relation to 

the resonant spin-flavor precession. 

4.1. Solar Models 

Are there any possibilities to consistently explain all the results of solar-neutrino 

observations in the framework of the standard solar model? This is difficult because 

taking the face values, the Homestake result and the Kamiokande result are mutually 

inconsistent if one assumes standard neutrinos. Namely, with the reduction factor of 

the 8B solar-neutrino flux as determined from the Kamiokande result, the Homestake 

37CI capture rate would be oversaturated, and there would be no room to accommodate 

the 7Be solar neutrinos. This difficulty, fOf example, is seen in the bad fit with the 

hypothesis of cooler Sun (12,13]. According to Bahcall and Ulrich [1], the dependence 

on the solar core temperature Tc of the 8B, 7Be, and pp solar-neutrino fluxes are 
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Using these relations, and assuming either ¢(CNO) rv T!8 or ¢(CNO) rv const., Bludman 

et al. [13] obtained 0.92 Tc as the best-fit result for the combined Kamiokande-II and 

-III and the Homestake (they used 2.1 ± 0.3 SNU) data. Using the results from all 

experiments, Kamiokande-II and -III combined, Homestake, GALLEX, and SAGE (1990 

and 1991 combined), they obtained 0.92Tc again. In both cases, the X2 value is very 

large, and the fit is excluded at > 99.9 % CL (confidence level). Moreover, the full range 

of theoretical uncertainties in the SSM seems to allow < 2 % change of T
c 

[IJ. 

There are a number of possibilities for the non-standard solar model, but most of 

them do not possess solid physical and/or astronomical bases. White, Krauss and Gates 

[14] examined the two cases, one allowing the 8B neutrino flux to vary arbitrarily from 

oto 100 % and the other allowing the 8B and 7Be neutrino fluxes both to vary in pro

portion to their dependence on Tc (no such real models exist, however). They showed 

that even such non-standard solar models provide a poor fit to the combinations of the 

Kamiokande and Homestake data. 

4.2. MSW Mechanism 

The MSW mechanism in the Sun is very attractive in explaining all the experimental 

data on the average solar-neutrino flux consistently. Figure 12 is taken from Ref. [13] 

and shows the 90% CL allowed region in the neutrino oscillation parameter space for the 

Homestake result (average capture rate of 2.1 ± 0.3 SNU is assumed), for the combined 

Kamiokande-II and -III results, and the combined GALLEX and SAGE 1990 and 1991 

results (they use the average 7lGa capture rate of 71 ± 15 SNU), in the two-flavor 

mixing scheme. The reference solar neutrino flux is taken to be the central value of the 

Bahcall and Pinsonneault SSM calculation [2]. The shaded regions in this figure are 

allowed at 90 % CL in the combined MSW fit. There are two allowed regions, one being 

6.m 2 = (0.3 - 1.2) x 10-5 ey2 and sin228 = (0.4 .- 1.5) x 10-2 (non-adiabatic solution) 

and the other 6.m 2 = (0.3 - 3) x 10-5 ey2 and sin228 = (0.6 - 0.9) (large mixing angle 

solution). 

Actually, there are rather large theoretical uncertainties in the SSM calculations as 

shown above. Previously, most of authors who made theoretical analyses of the solar
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neutrino data did not consider these uncertainties involved in the SSM calculations. 

Now that not only the Homestake and Kamiokande results, but also the GALLEX and 

SAGE results are available, and that there'is good anticipation for reduced statistical 

errors in all the experiments, it is desirable to take these ullcertainties in the SSM cal

culations into account when one tries to analyze the data. In fact, some of the recent 

theoretical analyses have been made along these lines [13,14]. As a result, the allowed 

parameter regions are enlarged, but not quite awfully. 

4.3. Long Wave-Length Vacuum Oscillations 

Long wave-length vacuum oscillations between two flavors of neutrinos can also 

explain all the available data on average solar-neutrino fluxes. This possibility was 

previously pointed out to explain both the Homestake and the Kamiokande results 

[15,16]. 

Figure 13 shows the 95 % CL solution in this scenano to the Homestake and 

Kamiokande data, where the iso-SNU contours of the predicted 71Ga capture rate are 

also shown [17]. Both the case of V e - vp. or V r active neutrino mixing and the case 

of V e - Vx sterile neutrino mixing are considered. Clearly the allowed regions can also 

explain the GALLEX and SAGE 1990 & 1991 data, so that the shaded regions are the 

solutions to all the available data on average solar-neutrino fluxes. It shoud be noted, 

however, that this scenario requires a rather large vacuum mixing angle which is less 

favored from the theoretical point of view than small mixing angles allowed by the MSW 

mechanism. 

4.4. Neutrino Decay 

Before the GALLEX result was available, the scenario of neutrino decay with mix

ing had been yet another possibility to explain both the Homestake and Kamiokande 

results [16], though this solution looks a little bit too artificial and also it requires a 

large mixing angle. In this scenario two flavors of neutrinos V e and Vp. are assumed to 

be mixtures of mass eigenstates VI and V2, and V2 is assumed to decay with lifetime 

TO as V2 -+ i/1 + </>, where </> is a new scalar boson. The present laboratory neutrino 
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oscillation bounds are not violated if the mass of V2 is in the range of 0.1 to 0.01 eY. 

The masses of VI and ¢; should be much lighter than the V2 mass. Because of the I 

factor in the neutrino life in the laboratory frame (r(E) = (E/m2)rO], the 37CI capture 

rate is naturally more suppressed than the Kamiokande result. However, if one tries 

to explain the Homestake and Kamiokande results with neutrino decay, the prediction 

for the 71Ga experiment, in which low-energy pp and 7Be neutrinos mostly contribute, 

is less than 45 SNU [12J. This prediction is in contradiction to the GALLEX result. 

Even considering the uncertainties in the SSM prediction, very little allowed parameter 

region is left for this scenario. 

4.5. Resonant Spin-Flavor Precession 

The resonant spin-flavor precession mechanism [18] is considered to be an almost 

unique possibility to explain time variation of the solar neutrino flux anticorrelated with 

the solar activity, but a neutrino ma.gnetic moment in excess of 10-11 liB is required for 

a reasonable strength of the magnetic field in the convection zone of the Sun, where jJB 

is the Bohr magneton. Although these values of magnetic moment are consistent with 

the bound derived from the laboratory experiment [19], they exceed the astrophysical 

bounds [20,21]. Therefore, if one takes the astrophysical bounds seriously, the resonant 

spin-flavor precession mechanism would be confronted with a serious difficulty. 

If one admits a neutrino magnetic moment in excess of 10-11 jJB, however, an inter

esting possibility arises to explain the average flux observed in the existing experiments. 

Nunokawa and Minakata (22,23] showed that for jJB ~ 2 x lO- lO jJB kG there are three 

regions in the ~m2 - sin 220 plane allowed at 20' level from each of the Homestake, 

Kamiokande, and GALLEX result, where jJ is the neutrino magnetic moment (diagonal 

for Dirac neutrinos and off-diagonal for Majorana neutrinos) and B is the solar magnetic 

field which they sssume to be uniform everywhere inside the Sun. An example is shown 

in Fig. 14 for Majorana neutrinos with jJB = 2 x 10-10 jJB kG. The two regions almost 

coincide with the regions allowed in the MSW scheme (see Fig. 12), but a new allowed 

region, ~m2 :::- 10-7 ey2 and sin2 20 :::- 0.01, appears. Similar results are obtained for 

Dirac neutrinos. 
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Now, an interesting problem is whether these solutions can explain the time variation 

of the Homestake data at the same time, while keeping the Kamiokande's time variation 

within the amount allowed by the statistical uncertainty. Nunokawa (23] found that 

solutions which reasonably explain the Homestake data also introduce a time variation 

in the Kamiokande's observation though this seems marginally allowed by statistics as 

shown in Fig. 15. However, there are other difficulties. First, in order to avoid too large 

a time variation in Kamiokande's observation, sin2 28 should be larger than 0.1; the new 

solution above does not predict tolerable time variation. Second, the predicted 7lGa 

capture rate is only,....., 10 % of the SSM expectation (1], and therefore it is inconsistent 

with the GALLEX result. 

Babu, Mohapatra, and Rothstein (24] also made an analysis of the time variation of 

the solar-neutrino flux in the framework of resonant spin-flavor precession, assuming a 

certain spatial profile of the magnetic field inside the Sun. They determined parameters 

that explain the time variation of the Homestake data while keeping time dependence of 

the Kamiokande rather weak. With these parameters, the predicted 71Ga capture rate 

shows a large time variation, ,....., 80 SNU during the quiet Sun and ~ 40 SNU during the 

active Sun. This prediction is in disagreement with the GALLEX observation which 

was made during the active Sun. 

5. Concluding Remarks 
Although the solar-neutrino problem has long been persisting, we have now richer 

experimental information than ever. All the existing solar neutrino experiments indicate 

the deficit of solar neutrinos compared to the SSM predictions. However, the statistical 

uncertainty of the data, in particular that of the gallium experiments, is still too large. 

It is of prime importance to improve the statistics. At the same time, every effort to 

obtain better understanding of the systematic effects should be done in all the existing 

experiments. For radiochemical experiments, a calibration with intense neutrino source 

is highly desirable. 

The currently available SSM calculations suggest that some as yet unknown neutrino 

properties must be invoked to explain all the experimental data consistently. The MSW 
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mechanism seems to be most promising, but the long wave-length vacuum oscillations 

nicely explain the data, too. The neutrino-decay scenario seems to have been almost 

excluded. If a neutrino magnetic moment in excess of 10-11 flB is admitted, the resonant 

spin-flavor precession mechanism also provides another solution to the solar-neutrino 

problem. However, this mechanism with a large neutrino magnetic moment was invoked 

to explain the time variation of the Homestake data anticorrelated with the sunspot 

numbers. Therefore, the fact that the solu tion to the average solar-neutrino flux cannot 

be a solution to the time variation as shown by Minakata and Nunokawa makes this 

mechanism less attractive. At any rate, improved calculations in the standard solar 

model are indispensable to obtain deeper insight into as yet unknown neutrino properties 

from the solar-neutrino observations. 

Assuming that the solution to the solar-neutrino problem be provided by some non

trivial neutrino properties, how can one discriminate various scenarios? There are at 

least two very important things to do experimentally. One is the measurement of energy 

spectrum of the solar neutrinos and the other is the measurement of the solar-neutrino 

flux by utilizing neutral-current reactions. At present only the Kamiokande has sensitiv

ity to the energy spectra through the measurement of recoil electron energy. However, 

this sensitivity is not very high because of low statistics and high threshold. Thus, high 

statistics and low threshold experiments which are sensitive to the neutrino energy are 

required. It should be noted that the neutrino energies can be directly measured in 

the inverse beta decay reactions. The mesurement of the solar-neutrino flux through 

the neutral current interactions is important because the neutral current interactions 

are the same for all the neutrino species. A comparison of the flux measured through 

neutral current interactions with the flux measured through the charged current inter

actions will provide an essential information whether the neutrino oscillations are the 

real solution to the solar-neutrino problem. 

There are several ongoing or proposed projects of new solar neutrino experiments. 

Superkamiokande with 50,000 tons of purified water is under construction. The fiducial 

volume for the solar neutrino measurement will be 22,000 tons which is compared with 

that of 680 tons in the Kamiokande-II experiment. With a threshold of 5 MeV, the 
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expected event rate is (20 30)/day on the assumption that the 8B solar neutrino fluxI"V 

is 46% of the SSM prediction. This experiment is sensitive to the solar-neutrino spec

trum through measurement of recoil electron energy. Sudbury Neutrino Observatory 

(SNO) will use 1,000 tons of heavy water DzO with which solar neutrinos will be mea

sured through both inverse beta decay (lieD e-pp) and neutral current interactions---l

(lIxD ---l- lIxpn). In addition, lie scattering events will also be measured. With a thresh

old of 5 MeV, about 12/day of8B solar neutrinos are expected to be observed. Borex is a 

proposed experiment at Gran Sasso using 2,000 tons of boron-loaded liquid scintillator. 

The 8B solar neutrinos will be measured through inverse beta decay (lI/1B ---l- e-llC(*), 

llC* ---l- llC,), neutral current interactions (lIxllB ---l- lIxllB*, llB* ---l- llB,), and lie scat

tering. The expected rate in Borex with a threshold of 3.5 MeV is about 7 events/day. 

Its main contribution, however, will be the observation of monochromatic 7Be solar 

neutrinos at 862 keV via lie scattering, if the detection threshold for the recoil electrons 

can be lowered to ,...., 250 keV. Since the 7Be solar neutrino flux is high enough, a rate of 

I"V 50 events/day is expected from the SSM, which would be higher than the background 

rate above threshold thanks to ultrapurified liquid scintillator. 

If everything goes successfully, the next generation of the solar neutrino detec

tors with capabilities of getting high statistics and qualitatively new information, Su

perkamiokande and SNO, will start operation in 1995 - 1996. It is hoped that these 

experiments will solve the solar-neutrino problem finally. It is also to be noted that 

these new experiments start operation prior to or during the next solar minimum. It 

would then be hoped also that a definite conclusion can be obtained regarding the time 

variation of the solar neutrino flux toward the peak of the next solar cycle. 
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Figure 1: The solid curves show the energy spectra of solar neutrinos from the reactions 
in the pp chain and the dashed curves show those from the reactions in the eNO cycle. 
Also shown are the detectable energy regions for the cunellt solar-lleutrillo experiments 
as well as future experiments, Superkamiokande and SNO. 
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Figure 2: This figure shows the data-taking periods of the four solar-neutrillo exper
iments. The data from the periods indicated by the solid lines are discussed in the 
text. 
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Figure 3: The 37 AI' production rate observed In the Homestake chlorine experiment 
since the middle of 1986. 
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Figure 4: Time dependence of the 5-point running average of the neutrino capture rate 
in the Homestake chlorine experiment. The sunspot numbers are also plotted, but in 
the direction opposite to the capture rate. 
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Figure 7: Time dependence of the solar neutrino flux relative to the standard solar 
model prediction. Both the Kamiokande-II and -III results are plotted. 
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Figure 8: Sunspot numbers as a function of time. 
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Figure 9: Solar neutrino flux vs. sunspot numbers. Both the Kamiokande-II and -III 
results are plotted. The solid line shows the best fit result when a linear relation is 
assumed between the flux and the sunspot numbers. The dashed lines show the time 
variation allowed at 90 % CL. 
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Figure 10: This figure shows the comparison of the solar-neutrino data with the SSM 
calculation by Bahcall and Ulrich. The experimental data relative to the central value 
of the SSM predictions are plotted. A box associated with each datum point shows the 
systematic uncertainty, and bars at both ends of the box represent the 1<7" statistical 
error. Uncertainties associated with the theoretical calculation are shown by large 
uncertainty boxes around 1.0. 
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Toward Lepton Mass Matrix 

Morimitsu Tanimoto 

Science Education Laboratory, Ehime University, Matsuyama 790, Japan 

We discuss important ingredients of the mass matrix in order to construct 

the lepton mass matrix phenomenologically. The calculability, the phases and the 

evolution of the mass matrix are investigated. 

1. Introduction 

In the standard model, mass matrices of the quark sector have 26 free parame

ters. These paremeters correspond to the arbitrary change of the basis, and hence 

these are not fixed as far as the Higge sector is unclear. However, the specific choice 

of the basis may give us significant informations of the origin of the quark mass. 

For example, one can choose generally the nearest-neighbor interaction basis[l] as 

follows: 

(1)MQ = (~ ~ ~) 
Ode 

where a, b, c, d and e are complex numbers. In this basis, physical quantities 

are n 2 + 1, on the other hand, mass matrices parameters are 5n - 3 for the n 

generations model. As far as n ~ 4, the generality of eq.(l) is not lost. Some mass 

matrix models may give constraints for the parameters in eq.(l). The Fritzsch mass 

matrix[2] asserts a = band c = d. Then, the number of the physical quantities is 

larger than that of the mass matrix elements. Namely, this mass matrix suggests 

new physics beyond the standard model. Thus, the success of a specific mass matrix 

give us clues to go beyond the standard model. 
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However, successful mass matrices in the quark sector should be tested in the 

lepton sector. The neutrino oscillation experiments will test the specific mass ma

trices. Recently, the solar neutrino data suggest the neutrino oscillation. The 

flavor mixing of the lepton is obtained from the allowed nonadiabatic narrow MSW 

band[3] with recent GALLEX data[4]. Moreover, the depletion of the atmospheric 

muon-neutrino flux has been observed by Kamiokande and 1MB Collaborations[5,6]. 

A possible explanation of this depletion is sought in neutrino oscillations in vacuum 

and/or in matter. The allowed neutrino oscillation parameters have been given in 

ref.[5] , from which we expect the large mixing of the muon-neutrino with another 

neutrino. This situation is very different from the quark rn.i.xjng, where the c-quark 

mixes with the d-quark in the magnitude of 0.22 while with the b-quark slightly. 

The existence of the right-handed Majorana neutrino masses could offer the natural 

explanation of the large mixing of the muon-neutrino. Namely, the existence of the 

Majorana neutrino is the new ingredient for the lepton mass matrix. In this report, 

we study important ingredients of the mass matrix in order to construct the lepton 

mass matrix phenomenologically. The calculability, the phases and the evolution of 

the mass matrix are investigated from analyses of the quark sector, and then these 

extension to the lepton sector is discussed. 

2. Quark Sector 

A. Calculability 

If the number of the observable quantities is larger than that of the quark mass 

matrix parameters, the KM matrix[7] elements are given in terms of the quark mass 

ratios. We call these mass matrices as the calculable quark mass matrices. Most 

mass matrix models are calculable ones. However, the calculability is not trivial. 

For example, let us consider the case in which the KM matrix is symmetric. The 

condition I Vtlb 1=1 vtd I seems to be not reproduced by the calculable models. 

One needs 10 parameters to get the symmetric KM matrix of three generations 

as studied in our previous work[8], where the democratic matrix was used as the 

basis. That is just the non-calculable mass matrix. However, even if the mass 

matrices are non-calculable ones in the quark sector, these may be the calculable 
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ones in the quark-lepton unfied world because parameters in the lepton sector are 

not independent of those in the quark sector. Therefore, it is significant to study 

the mass matrices in the lepton sector. 

B. Phases of the mass matrices 

In the simple models, the phases of the mass matrices are removed by the 

re-definitions of the quark fields. For example, consider the Fritzsch mass matrix: 

Using the diagonal phase matrices P and Q, 

o 
ei(a-I3-I3'+r) 

o 

(2)
 

o 

o 
(3) 

the phases of the quark mass matrix are removed such as 

0 A 0)
MQ = pi A 0 B QR. (4)

( 
o B C 

By the following re-definitions of the quark fields, 

(5)
 

quark mass matrices become real ones, and then the left-handed charged current is 

changed as 

(6) 

where () and T are free parameters. However, this phase structure are not realized 

in the lepton sector if the neutrino has the Majorana mass. This is one of the 

important problems in the lepton mass matrix as discussed in the next section. 
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c. Evolution of the mass matrix elements 

Once the mass matrices are defined at one energy scale, its matrix elements 

evolve with the energy scale by the renormalization equations. Even if the Frizsch 

mass matrices are given at the GUT scale, its form is not any more maintained at 

the electroweak scale. For example, let us consider the large Yukawa coupling(heavy 

top quark) in the Fritzsch mass matrix. Then, the mass matrix changes between 

M x and M w as follows(9]: 

0.114 0.116 -0.01 ) 
o 1.~9) ::::} U(A1w ) = 0.3 (0.~15 -0.16 1.;8 , 

1.69 3 -0.01 1.44 
(7) 

where Mx = 1015 GeV and mt = 230GeV. Thus, the effect of the evolutions should 

be taken into account in the phenomenological analyses in the unfied theory. 

2. Lepton Sector 

Recent solar neutrino data and the depletion of the atmospheric muon-neutrino 

flux suggest that the lepton mixings. Now, it is significant to study the lepton 

mixing from the standpoint of the mass matrices. Let us start with considering 

the neutrino mass matrix with the Majorana mass terms. For three generations 

it takes a form given in terms of the 3 x 3 Dirac mass matrix DN and the 3 x 3 

right-handed Majorana mass matrix M n as follows(10]: 

(8) 

where the left-handed Majorana masses are set to be zero and the right-handed 

Majorana masses are taken to be of the order of 1Q1O GeV. We first diagonalize the 

submatrix Mn by an orthogonal transformation V and then obtain the form(ll] 

-YXO-1y t 

MN= (9)( 
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up to b2 in the expansion of b = DN/MR by the subsequent transformation, where 

M R = VtXV; Xij = Mibij, Y = DNVt, Zij = bij ~i(ytY)ii' (i,j = 1,2,3). 

(10) 

We diagonalize the submatrix YX-I y t by the unitary transformation SN, 

(11) 

Thus, the diagonal light neutrino mass submatrix is obtained by the unitary trans

formation 

(12) 

Since the charged lepton mass matrix ME is simply diagonalized by UE such as 

UEMEU1, the lepton mixing matrix is given as 

(13) 

Then, we should discuss the structure of the matrix Y X-I yt rather than that 

of D N in order to study the lepton mixing, in other words, the structure of the 

Majorana mass matrix plays a siginificant role for the flavor mixings of leptons. 

The possibility of the large mixing between the second generation and third one is 

discussed in the Matuda's talk of this workshop. So, we skip over the dicussion of 

the structure of the Majorana mass matrix. In this reprort, we concentrate on the 

phases of the Dirac mass matrix. Now, let us consider the Dirac mass matrix such 

as 

(14) 

where PL and QR are given in eq.(3) and R is a real matrix. Then, by the re

definition of the neutrino field such as in eq.(5), the neutrino mass matrix in eq.(8) 
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changes to 

M N = (QR2 ROTPLt2 Q ~~ Qt ) (15) 
RlvlR R 

Then, the light neutrino mass matrix is given as 

(16) 

Even if MR is proportional to the unit matrix, the phases are not removed in this 

matrix as follows: 

M1ig ht = _1_RQ2 R t pt2 (17)v M R L'
R 

so M~ight matrix is not diagonalized by an orthogonal matrix which diagonalizes 

the matrix R. In the case of the Fritzsch mass matrix in eq.(2), the light neutrino 

mass matrix is 

ABe2i(,B'+,) ) 

A2e2i(a'+,B) +° B 2e2i(,B+,') BCe 2i(r+,') . (18) 
BCe2i (,B+,') C2e2i(r+'y') 

Phases in this matrix could be partially removed by the re-definition of the neu

trino fields, however, this matrix certainly involves some phases. Thus, the phase 

structure of the lepton mass matrices is more imortant than that of the quark mass 

matrices. In other words, the lepton mass matrices should be analyzed including 

the phases of the matrix elements. 

4. Summary 

We discuss important ingredients of the mass matrix in order to construct 

the lepton mass matrix phenomenologically. The calculability, the phases and the 

evolution of the mass matrix are investigated in the quark sector. Introduction of 

the Majorana mass term give us some new ingredients for the lepton mixing. At the 

further investigations, we will try to study the Dirac and Majorana mass matrices 

from the standpoint of the quark-lepton unified theory. 
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How to Solve the Quark and Lepton Mass Matrices 
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ABSlRACf
 

How to solve the quark and lepton mass matrices is discussed in some detail. Various ways 

to explain the mass matrices are briefly reviewed for comparison. A program for determining the 

mass spectrum of quarks and leptons is proposed. The CKM quark mixing matrix is almost solved 

in the composite model of quarks and leptons. New relations such as m't == (m~ / me f/2 are 

suggested. Future prospects for explaining the quark and lepton mass matrices completely are 

presented. 
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How to solve the quark and lepton mass matrices seems to be the most important, challenging 

and difficult problem in particle physics. Although I have been asked by Professor Koide, the 

organizer of this Workshop, to give this talk as a concluding one, I can hardly make it complete for 

at least two reasons: 1) I will spare very little part for discussing the non-vanishing neutrino mass 

and the neutrino oscillation or lepton mixing to which many talks have been devotedl). This is 

simply because the experimental evidence for them has not yet been established and because the 

magnitudes of them, if any, are too obscure to be taken seriously yet for theoretical explanations. 

2) Nor will I discuss in detail the so-called Fritzsch type matrices to which many other talks have 

been devoted2). This is because they are still rather arbitrary and have not yet been put on a unique 

and natural ground. 

This talk will consist of the following contents: 1) Introduction, 2) Various Ways, 3) Mass 

Spectrum of Quarks and Leptons, 4) CKM Quark Mixing Matrix, 5) Simple Relation among me' 

mil' and m t and 6) Conclusion. Most of the contents of 3),4), and 5) can be found in Refs. 3,4 

and 5, respectively. 

1. Introduction 

The experimental data for the lepton mass matrix are summarized by the Particle Data Group6) 

as 

Vjl
ml = (m ve m mV'tJ 

me mJl m't 

< 7.3eV(or lOeV) < O.27MeV(or O.50MeV) < 35MeV(or 31MeV) ] 

= [ O.51099&~~MeV 105.6586~~MeV 1784~lJMeV(or 1776.9MeV~8:5 ±O.2MeV) 

where the value for m in the parenthesis has just come out from BEPS7). The (current) quark t 

masses except for m have been estimated by Gasser and LeutwylerS) and by many others to bet 
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m q = (m u 

md 
me 
ms 

mt J 
mb 

= 
4.5±1.4Mey 
(S.6±1.1MeV) 

1350±50MeV 
(13S0±SOMeV) 

>91GeV ]
(110-190GeV)(131~iiGev) 

[ 7.9±2.4MeV 
(9.9±1.1MeV) 

155±50MeY 
(199±33MeV) 

5.3±O.l-5.9±O.lGeV 
("'SGeV) 

where the values in the parentheses are the world averages by the Particle Data Group. The 

meaning of such world averages seems somewhat obscure, though. The values for mt are the 

experimental lower bound (>91Gev)6), the estimate from the radiative corrections (11O-19OGev)9) 

and that from the latest analyses of the CDP candidate event for top-antitop production 

(13I:::HGev) 10), respectively. 

On the other hand, the CKM quark mixing matrix elements (except for their phases) have 

been determined experimentally as6) 

YUd Yus VUbJ 
= Yed Yes Yeb 

( 
Vtd Yts Ytb 

0.9747 - 0.9759 0.218 - 0.224 0.002 - 0.007 J 
= 0.218 - 0.224 0.9735 - 0.9751 0.032 - 0.054 

[ 
0.003 - 0.018 0.030 - 0.054 0.9985 - 0.9995 

where the unitarity of Vq is assumed in determining the unknown Vtd' VLS and Vtb· 

Our goal is now to explain not only these lepton and quark mass matrices, mt and mq, but 

also this CKM quark mixing matrix, Yq' completely. In what follows, I shall discuss how to do it 

although we have not yet reached the goal. 

2. Various Ways 

These are several different ways in which the quark and lepton masses and/or the quark 

mixing matrix elements are determined (or at least constrained). I shall make a list of them and 

discuss them briefly one by one. Note that theses ways are not independent with each other. Nor 

is the list complete since it can possibly miss a few other unknown ways, one of which may turn 

out to be a right one. 
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1) radiative corrections 

The origin of quark and lepton masses can be (at least partially) radiative corrections. 

Historically, a suggestive hint came from the Nambu's empirical relation 11 ) of 

m~ == (3/2)(me / a) where a is the fine structure constant. More plausible empirical relation of 

me == (3a / 1t)m~ In2(= 0.51OMeV) was found by Bjorken12) in early seventies but has not yet 

been derived. Many attempts have been made in order to explain the hierarchy of quark and lepton 

masses, i.~. me«mf..l «m't and mu' md«ms«mc«mb«m t, by the "radiative chain" such as 

mf..l...{)(am't) and me...{)(amf..l)' However, no model is yet sophisticated enough to reproduce the 

existing mass spectrum of quarks and leptons, which does not seem to fit such an idealistic chain 

structure. 

2) symmetries, etc. 

There is a kind of folklore that Vus may be related to the ratio of the current quark masses as 

1/2
Vus == (md / ms) == (0.23)13). It was first pointed out by Pagels that the relation can be derived 

from such a special structure of the mass matrix as (~ ~). Many attempts have been made to 

0 a OJ 
extend this for three generations of quarks2), 14). The particular extension of a 0 b ,which is

(o b c 

called the mass matrix of the Fritzsch type, has been popular but seems to be in trouble with the 

latest experimental data for the CKM matrix, as emphasized in this Workshop.2) In any case, 

however, this approach seems too phenomenological. Unless a natural explanation is given for a 

particular form of the mass matrix, the original problem would never be essentially solved, Often 

some symmetries have been assumed on the Higgs potentials or directly on the mass matrices. 

Why are those symmetries and why are they slightly broken, then? 

3) mass renormalization 

Buras ~ ill. 15) have obtained the relation of mb-3m't from the effect of mass renormalization 

(due to strong and electroweak interactions) at the low mass scale (-GeV) by assuming that the 

equality of mbO) = m~O) holds at the grand unification mass scale (_1015± 1 GeV). Similarly, 

Georgi and Jarlskog16) have obtained the relation of ms-mf..l by assuming m~O) = (1/ 3)m&O) due 
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to the additional Higgs scalar. Although these results look satisfactory, this approach can never 

provide any informations on the masses of up-type quarks or on the mass hierarchy existing in 

different generations of quarks and leptons. It seems too radical, although possible, to suppose 

that the origin of generations is due to mass renorm alization 17). Here, however, note the 

Nishijima's latest program in which all the quark (and lepton) masses can be in principle determined 

under certain conditions. I8) 

4) Nambu-Jona-Lasinio model 

In order to find how spontaneous breakdown of symmetry generates the masses of quarks 

and leptons, it is always more than instructive to investigate it in a model of the Nambu-Jona-

Lasinio (NJL) type. In our unified model of the NJL type19) where not only the Higgs scalars but 

also the gauge bosons are composites of quark-antiquark (or lepton-antilepton) pairs, we have 

derived the sum rules of 

2 4 
Iml,q 1 2 Iml,q _ 1 2 
8N = '3 mw , Imf.q - 4 mH (1),(2)

g 

where Ng is the number of generations. The first sum rule is essentially a consequence of the 

relation between the effective Yukawa coupling constants of quarks and leptons and the effective 

gauge coupling constant of W± derived in the model of the NJL type and, therefore, model-

dependent. On the other hand, the second sum rule is less model-dependent since it can be taken as 

a consequence of Nambu's "0:1:2 relation" on Nambu's quasisupersymmetry.20) 

For N =3, from these sum rules I have predicted the top quark and Higgs scalar masses as2I )g

mt == .,J8T3mw == 131GeV and mH == 2m t == 261GeV for mw = 80GeV. (3) 

I have also suggested that the Higgs scalar behaves almost as a composite of top-antitop pair. More 

recently, Nambu, Miransky et al. and Bardeen et al.22) have made similar predictions by assuming 

that the Higgs scalar is a composite of top-antitop pair. It is remarkable that the experimental lower 

bound (mt>91GeV)6), the estimate from the radiative corrections (mt=110-190GeV)9) and that 

from the latest analyses of the CDF candidate event for top-antitop production 

(m t = 131~HGev)1O) all agree with myoid prediction of m t == ...j8j3mw == 131GeV2I). 
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5) finite self-masses 

It has been known for a long time that the self-mass of particles can be finite if some relations 

are satisfied among gauge coupling constants and particle masses.23) Veltman24) has found that the 

self-mass of the Higgs scalar can be free f('()m quadratic divergence if the relation of 

2 3 2 3 2 3 2I,m) q = -mw +-mz +-mH 
, 2 4 4 

holds. Nambu25) has found that it can be further free from logarithmic divergence if another relation 

holds. Recently many similar relations have been obtained from similar considerations although all 

of them are not consistent with each other26). 

6) spontaneous breakdown of quark and lepton democracy 

Very lately, Nambu27) has proposed a remarkable idea in which the heaviness of the top 

quark may be naturally explained. As usual, the Higgs scalar aquires the non-vanishing vacuum 

expectation value in order for the Higgs potential to become a minimum. The Higgs potential and, 

therefore, the vacuum energy can be further minimized by varying the Yukawa coupling constants 

and, therefore, the quark and lepton masses. Under a certain circumstance, he has demonstrated in 

a toy model that the only one fermion (a candidate for the top quark) has a large mass comparable to 

the vacuum expectation value, leaving all the other fermions almost massless. To find whether this 

new mechanism, which may be called "Nambu's spontaneous breakdown of quark and lepton 

democracy" determines all the existing mass spectrum of quarks and leptons needs further detailed 

investigations. 

7) composite model 

Many proposals have been made for explaining not only the mass spectrum of quarks and 

leptons but also the CKM quark mixing matrix in composite models of quarks and leptons. For a 

review, see Ref. 28 for example. Most of the discussions which I shall make in the following 

sections will be based on composite models of quarks and leptons. 
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3. Mass Spectrum of Quarks and Leptons3) 

My program is simply to derive as many sum rules (and relations) for quark and lepton 

masses as possible in a current-algebraic way (without depending on the unknown underlying 

dynamics) and to solve a set of the sum rules (and relations) for quark and lepton masses. The 

simplest example for illustrating my idea can be made by taking a set of our first and second sum 

rules (1) and (2). Suppose that the top and bottom quarks are much heavier than any other quarks 

and leptons. Then, the set of sum rules can be easily solved for their masses as 

Note that these quark masses are real only if 

(4/ .J3)m W ::; mH ::; 4.f2T3mw' 

which provides the following bounds on the Higgs scalar mass: 

185GeV ::; mH ::; 261GeV for mw = 80GeY. 

Since the Higgs scalar mass is not yet known, we cannot compare this solution for mb with the 

experimental value. However, since the top quark must be much heavier than the bottom quark, we 

can re-confirm the validity of my predictions for mt and mH in (3). 

There exist (at least) six leptons and six flavors of quarks. Therefore, there are a dozen of 

quark and lepton masses whose magnitudes we must explain. It is often claimed that the neutrinos 

are (at least practically) massless because of chiral invariance. However, it sounds like a kind of 

tautology unless the origin of the chiral invariance is clarified. In composite models of quarks and 

leptons,28) the neutrinos are also composites of subquarks (or preons), the more fundamental 

particles. Would it, then, sound more reasonable that they are massless because of the chiral 

invariance appreciated by the unknown more fundamental dynamics of subquarks?29) An equally 

viable possibility is that the neuuinos are massless since they can be taken as Nambu-Goldstone 

fermions due to the spontaneous breaking of supersymmetry.30) Yet another possibility is that they 

are massless since they are neutra1. 31 ) In any case, the explanation for the (at least practical) 

masslessness of neutrinos does not seem to be included in our present program of explaining the 
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existing mass spectrum of quarks and leptons by solving a set of sum rules for quark and lepton 

masses. Therefore, we simply assume that the neutrinos are (at least practically) massless. What is 

left, then is to explain the masses of the three charged leptons and the six quarks. To this end, we 

must find nine (linearly) independent sum rules for quark and lepton masses. For example, the 

squared mass sum rule of 

2 2 2 (~ )-1/22,ml,q == 4n v for v = -v2G F == 246GeY, 

which has recently been derived by myself32) from the scalar dominance of the weak currents, 

cannot be included as one of such nine sum rules since it is not linearly independent of our fIrst sum 

rule (1). 

The best candidates for linearly independent sum rules are the square-root mass sum rules of 

1/2 _ 1/2 =m1/2 m1/2 _ m1/2 =m1/2 m1/2 - m1/2 =m1/2 (4), (5), (6) 
md m u e' S U ll' b c 't' 

These sum rules, which were first found by myself33) semi-empirically, have been derived by 

Yasue and myself34) from the partially conserved induced supercurrent hypothesis in a composite 

model of quarks and leptons where quarks and leptons are taken as almost Nambu-Goldstone 

fermions. It is also known that all these sum rules are remarkably well satisfIed by the existing 

quark and lepton masses. In fact, given the experimental data, the left-hand sides of these sum 

rules are 0.69±0.22Meyl/2, 10.3±2.3Meyl/2 and 36.l±1.4-40.1±1.4Mey1/2, respectively, 

while the right-hand sides are 0.7 1Mey1/2, 1O.3Mey1/2 and 42.2Mey1/2, respectively. We have 

also derived the fourth square-root mass sum rule of 33), 34) 

m1/2 _ m1/2 = m1/2 _ m1/2 
S d II e' 

which is satisfIed equally well as the left-hand side and right-hand side are 9.6±2.4Meyl/2 and 

9.6Meyl/2, respectively. However, note that this square-root mass sum rule is not linearly 

independent of the fIrst and second square-root mass sum rules. 

In order to solve the mass spectrum of quarks and leptons, we must find more sum rules for 

quark and lepton masses. After careful investigations of the existing mass spectrum, one may be 

tempted to propose the "generation changing mass ratio sum rules"of 

m1/2 1/2 m1/2 m1/2 m1/2 m1/2
c II _t b 't_ms (7),(8)m1/2 - m1/2 - m1/2 ' m1/2 m1/2 - 1/2 
u dec s m~ 

Although not derived yet, these empirical sum rules seem to be physically meaningful because of 
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the simplicity and regularity. Above all, both of these sum rules are satisfied remarkably well as the 

left-hand sides are 13.1±1.5 and 3.9±1.0 (for mt == 131GeV) while the right-hand sides are 14.4 

and 4.1, respectively. The particular form of these sum rules may indicate one of the following 

plausible pictures: (l) The quarks and leptons in the second and third generations are the excited 

states of the corresponding ones in the first generation. The exciting ratios of their masses have 

certain properties to obey these sum rules. (2) The masses of the quarks and leptons in the first and 

second generations appear as the radiative corrections of those of the corresponding ones in the 

higher generation. The coupling constants causing the radiative corrections have certain properties 

to obey these sum rules. To derive the sum rules in one of these or any other pictures is highly 

desirable and a subject for future investigation. 

Now we have six independent sum rules, (1), (4), (5), (6), (7) and (8). We still need three 

more sum rules in order to determine all the nine non-vanishing quarks and lepton masses. 

Unfortunately, at this stage, we cannot find any more suitable sum rules. Therefore, we must and 

shall content ourselves with the reduced program of determining only the six quark masses by 

solving the set of these six sum rules where all the three charged lepton masses as well as the W± 

boson mass are taken as known constants. Since it is impossible to solve the set of these 

equations, (1), (4), (5), (6), (7) and (8), exactly and analytically, we will solve it approximately 

and numerically. The result is given by 

3.2MeV 1200MeV 131GeV ] 
01 == (4.5±1.4MeV) (1350±50MeV) (131:n GeV )
 

q 6.3MeV 146MeV
[ 6.5GeV 
(7.9±2.4MeV) (155±50MeV) (5.2-6.0GeV) 

which should be compared with the estimates in the parentheses. It is amazing that this set of 

solutions agree well with the estimates of the five known quark masses, explaining correctly the 

unique and irregular character of the quark mass spectrum with the prediction of mt == 131GeV to 

be checked in the near future. 

Three more sum rules (or relations) are necessary to determine not only the six quark masses 

but also the three charged lepton masses. They must be independent of the other sum rules and 

must not be based on the assumptions which are inconsistent with the other assumptions leading to 

the other sum rules. In fact, there are some other sum rules (or relations) presented in the literature. 
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For example, Fritzsch and Weyers35) have recently proposed the empirical sum rule of 

1/2 1/2 m 1/2
~+~=_Jl_ 
m1/2 m1/2 m1/2 

t b '" 
which is similar to and, therefore, may be related to the sum rule(8); Also, in a minimal composite 

model, the relation of 

me _ 4md -mu 
ms 4m u -md 

has been derived by myself36), but based on the particular picture of generations which differs from 

the picture leading to the sum rules, (4), (5) and (6). Much earlier, Koide37) proposed the empirical 

relation among the charged lepton masses 

m + m + m = 2 (m1/2 + m1/2 + m1/2)2 
e Jl '" 3 e Jl 't . 

This relation is astonishingly well satisfied by the latest experimental value for m", 7), which has 

been emphasized by himself in this Workshop. I would rather still wait for its derivation before 

including his relation in a set of sum rules (or relations) for quark and lepton masses. The relation 

1/213)
such as Vus == (md / ms) and the other relations between the CKM matrix elements and the 

quark masses l4) are also available in the literature but they not only contain the parameters such as 

the CKM matrix elements, which must be taken as additional unknowns, but also depend on the 

totally arbitrary assumptions. It is highly desirable to obtain nine sum rules (or relations) enough to 

determine all the nine quark and lepton masses in a single consistent picture of quarks and leptons 

(perhaps in a composite model). In Section 5, I will continue to discuss how to find more sum 

rules (or relations) for quark and lepton masses. In concluding this section, it cannot be 

emphasized too strongly that the program of determining all the quark and lepton masses by solving 

a set of sum rules, which has been proposed and illustrated in this section, seems to be promising 

and may be one of the only few ways to explain such mysteriously irregular spectrum of the 

existing quarks and leptons. 
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4. CKM Quark Mixing Matrix4) 

The weak charged current can be written in terms of hadrons and leptons as a sum of over ten 

thousand terms, 

J/l == veY/l(l- Ys)e + v/lY/l(l- Ys)1l + v'tY/l(l- Ys)'t 

+ G~ PY (1- g~ ysJn + GV PY (1- g~ YsJA+... , 
a/l /l g~ G/l /l gO 

where G~ / G/l, g~ / g~, '" are over ten thousand parameters. It can also be written in terms of 

quarks and leptons as the sum of at least twelve terms, 

J /l == v eY11 (1 - Ys )e + v/lY/l (1 - Ys )11 + v'tY/l (1 - YS)'t 

+Vud UiY/l(l-Ys)di + VusUiY/l(l-Ys)Si+"" (i = 1, 2, 3), 

where Vud "" are at least nine parameters called CKM quark mixing matrix elements. 

Furthermore, in a composite model of quarks and leptons28) it can be most simply written in terms 

19)
of an iso-doublet of spinor subquarks with charges ± 1/ 2, wI, and w2 called wakems as a ( ) 

single term without any free parameters, 

In other words, the CKM matrix elements can be taken as the expectation values of this subquark 

current:38) 

VudUiY/l(l- Ys)di == (ulwlY/l(1- ys)w2Id), 

VusUiY/l(l- YS)Si == (uIWlY/l(l- YS)W2!S),. ... 

By using the algebra of subquark currents,39) the unitarity of the CKM matrix, vvt==VtV==l, has 

been demonstrated.40) 

In the first-order perturbation of isopin breaking (the Hamiltonian HI)' the CKM matrix 

elements between the neighboring generations can be expressed as 

From these expressions the anti-symmetry relations follow immediately: 
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* * (9), (10) Vus == -Vcd ' Vcb == -Vts ,.··· 

Now it seems natural and tempting to us to assume the approximate universality of 

For m ' md«ms«mc' mb«mt , the above expressions together with this ansatz also produce u 

some other approximate relations such as 

(11)
 

Furthermore, if the matrix elements of the perturbative Hamiltonian HI between quark states whose 

generation difference is larger than one vanish, which is likely to happen due to some quantum 

numper conservation, the CKM matrix elements such as Vub and Vtd can appear as the second

order perturbation effects as 

_ (uIHIlc)(cIHIlt) (uIHdc)(sIHIlb) (dIHIls)(sIHIlb) 

Vub = (m u - mt)(m u - mc) + (m u - mc)(mb - ms) + (mb - md)(mb - ms)' 

_ (tIHIlc)(cIHdu) (tIH1Ic)(sIH1Id) (bIH1Is)(sIH1/d) 

Vtd = (m t -mu)(m u -mc) + (m t -mc)(ms -mb) + (md -mb)(md -ms)" 

For mu' md«ms«mc' mb«m t these expressions together with the above ansatz lead to the , 

approximate relations of 

(12),(13)
 

The above five relations, (9)-(13), are enough to determine the magnitudes of all the CKM 

matrix elements except for that of Vus' In fact, given the experimental value of 

IVusl = 0.218 - 0.2246), the off-diagonal CKM matrix elements can be predicted from these 

relations as 

0.218-0.224 0.0017
 
(input) (0.002-0.007) 

0.218-0.224 0.021 
(0.218-0.224) (0.030-0.054) 

0.0046 0.021 
(0.003-0.018) (0.030-0.054)
 

which should be compared with the experimental values and the constraints from unitarity in the 

parentheses. In view of the rough approximations involved in deriving the relations (9)-(13), the 

agreement between the predictions and the experimental values (or the constraints from unitarity) 

seems to be satisfactory. This provides one of the reasons why we feel confident that the 
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composite model of quarks (and leptons) (especially, the hypothesis of the subquark current) is 

really working. 

What is left is to explain the magnitude of Vus' As mentioned in the last section, there exists a 

kind of folklore that it may be related to the ratio of the current quark masses as 

Vus :::: (md / ms)l12(:::: 0.23).13) Unfortunately, however, such relation has never been derived 

without setting a rather arbitrary assumption on the quark mass matrix. Neither has it yet been 

derived in any composite models of quarks (and leptons). What is needed is to find a dynamical 

composite model in which quarks (and leptons) of the second and higher generations can be taken 

as dynamically excited states of the corresponding one of the first generation. In Ref. 40, Akama 

and myself have adopted some non-relativistic potential models to calculate the CKM matrix 

elements. Although our result is instructive for illustrating the possible strong momentum-transfer 

dependence of the CKM matrix elements, whose experimental check is highly desirable, it has not 

turned out to reproduce the presently known experimental values of the matrix elements. 

Moreover, such non-relativistic potential models are far from realistic since they seem to hardly 

explain such drastic jumps for higher generations in the quark (and lepton) mass spectrum. Thus 

there is a need to find a more realistic and relativistic dynamical model of composite quarks (and 

leptons). In the next section, I will continue to discuss the possible origin of generations in 

composite models. 

5. Simple Relation among me' mil' and m t 5) 

Recently, it has been often emphasized that the heaviness of the top quark is hard to 

understand by saying, "Why is the top quark so heavy?". However, in composite models28) in 

which not only quarks and leptons but also weak bosons as well as Higgs scalars are composite or 

in bootstrap symmetry breaking i!,.la Nambu,22) it seems natural that quarks and leptons are as 

heavy as weak bosons and Higgs scalars. In these pictures, the top quark is the only one of quarks 

and leptons that is reasonably heavy, and all the other quarks and leptons are abnonnally light. 

Therefore, the question is, instead, "Why are they so light?" 
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In composite models of quarks and leptons,28) the problem of "Why are the quark and lepton 

masses so small compared to the compositeness mass scale (A which is presumably larger than 

1OOGeV)?" is rather old and has been extensively discussed in the literature. There are the 

following three solutions proposed so far: quarks and leptons are (1) almost chiral fermions,29) (2) 

almost Nambu-Goldstone (N-G) fermions39) or (3) quasi N-G fermions41). The latter two pictures 

may not be independent since quarks and leptons are taken as almost massless N-G fermions due to 

spontaneous breakdown of (approximate) supersymmetry (SUSY) in (2) and as almost massless 

superpartners of N-G bosons due to spontaneous break down of (approximate) flavor-color global 

symmetry in (3). Yasue and 134) have derived the mass formulas for quarks and leptons as either 

almost N-G fermions or quasi N-G fermions from the partially conserved induced supercurrent 

(pelS) hypothesis. We have also shown that the sum rule of m~2 = m~2 - m~233) holds if the 

first generation of quarks and leptons can be taken as almost N-G fermions. As emphasized in 

Section 3, it is remarkable that this sum rule is well satisfied by the experimental value of me and 

the estimates of mu and md' Of course, since the estimation of the current quark masses for the first 

generation is ambiguous,42) this might indicate a mere coincidence. However, if it is taken 

seriously (as by us), it may indicate that the first generation of quarks and leptons are close to the 

almost N-G fermions. In this section, I will further suggest that the first and second generation of 

quarks and leptons can be taken as almost and quasi N-G fermions, respectively, and derive simple 

relations such as m't == (m~ / me ),112 which are well satisfied experimentally. 

Suppose there exist n sets ofN=l supermultiplets <pj = (cpj,Xj) which represent subquarks 

whose masses are (Ilj, Mj). Let 'l' = (x,xCTf be the four-component spinor and 11 = cpL + cpCtR 

be the corresponding scalar, where L=(1-ys)/2 and R=(I+ys)/2. Then, the induced 

supercurrents are given by 

s~ = (illtYIlYuou - 11 tyIlM)j.A'l' + oU(l1t()lluj.A'l'), 

where Mjj = MCjj and j.A(A = 1,... ,n2) are the n x n matrices for U(n) flavor-color symmetry. 

The pels hypothesis introduced in Ref. 34 will be revised in the following way: The induced 

supercurrents consist of three parts as 

sA = sA(l) + sA(2) + sA(3)
Il Il Il Il 
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In terms of subquark fields, these parts probably behave as 

sA(1)=TJty MA,A11f sA(2)=i11tA,Aa 1If sA(3)=TJt O" A,Aaullf 
~ ~ 'l' ' ~ 'I ~ 'l" ~ ~U 'l' , 

and they are dominated by the first, second and third generation of quarks and leptons, 

f~) (l = 1,2,3) as 

sA(l) - _F2 Y f(l) sA(2) = iF a f (2) sA(3) - F 0" a U f(3) 
~ - f~) ~ A ' ~ fi,2) ~ A ' ~ - ff) ~u A' 

where F's are the "decay constants" of quarks and leptons. The PCIS relations now become 

a~s~(l) = iF~l)mf(1)f2), alls~(2) = -iF~2)mf(2)fi2), alls~(3) = 0 
A A A A 

where m's are the fermion masses. It should be noted that the automatic vanishing of alls~(3) is 

closely related to the non-suppression of m f(3). Namely, the masses of the third generation of 
A 

quarks and leptons as ordinary composite fermions are of the order of the compositeness mass scale 

A. 

It is straightforward to derive the following mass formula from the PCIS relations by 

repeating the same procedure as in Ref. 34: 

m;,!i)1 = m;,!i)6(M j -Mj )2(M j (<pf<pj}o + Mj(<PT<Pj}o) (l = 1,2), 
lJ lJ 

for the first and second generations of quarks and leptons specified by f~) = fj)l) for (A,A<p)j = <P j 

that behaves as fijL - <pf\jl jL + (\jIf)L <P j and fijR - <pi\jI jR + (\jIf)R <PIt. This mass fonnula 

indicates that the masses of the first and second generations of quarks and leptons become of the 

orders of M3 / A2 and M, respectively if both the "decay constants" F's and the vacuum 

expectation values (<Pf<Pi}o are determined by the compositeness mass scale Aas F-A and 

(<Pf<Pi}O: 

3 2mf(l) = M / A , m (2) - M (and m (3) - A).f f

For M«A, this estimation not only explains why the masses of the first and second 

generations of quarks and leptons are so small compared to the compositeness mass scale but also 

produces the gross structure in the mass hierarchy of three generations of quarks and leptons, i&. 

m (1) « m (2) «m (3). Furthermore, it suggests the following simple relations among the
f f f

masses of three generations of quarks and leptons: 

3 )1/2 
m f(3) - (m f(2) / m f O) 
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More explicitly, they are 

1/2

m't ~ (m~ fme) == 1520MeV(1777MeV),
 

3 )1/2 (+22)m t ~ (me f m u == 23GeV 13Lll GeV ,
 

3 )1/2 _

mb ~ (ms f md =O.69GeV(5.2 ~ 6.0GeV), 

which should be compared to the experimental value and estimates in the parentheses. These 

relations seem to be well satisfied experimentally as far as the orders of magnitude are concerned. 

Especially, it seems remarkable that the relation for the charged leptons is too well satisfied with the 

coefficient very close to unity. What does this mean? Is it mere accidental? To answer this, we 

must find a dynamical model in which all the masses of an almost N-G fermion, a quasi N-G 

fermion and an ordinary composite fermion can be calculated in a consistent way. 

The simplest toy model for composite fermion is the one in which there exist a spinor 

subquark wand a scalar subquark C whose dynamics is described by the Lagrangian, 43) 

£ = w(i¢- M)w + (jllct(jIlC- M 2Ct C+ gwwCtC 

where M is the subquark mass and g is the coupling constant. It can be easily found that this model 

produces a spinor bound state which consists of wand C and whose mass approaches to 2M in the 

strong coupling limit of g -7 00. This composite fermion simulates a quasi N-G fermion whose 

mass is of the order of M. However, the model does not seem to produce any other composite 

fermions simulating either an almost N-G fermion (the mass~M3 f A2 ) or an ordinary composite 

one (the mass~A). A further effort is needed for finding a more realistic dynamical composite 

model in which an almost N-G fermion, a quasi N-G fermion and an ordinary composite fermion 

can be all explicitly realized. 

6. Conclusion 

In concluding this talk, I wish to make a few comments: Although I have proposed a 

particular way to explain the mass spectrum of quarks and leptons by solving a set of mass sum 

rules, we are still far from the goal in which all the quark and lepton masses will be completely 

determined. It seems also necessary to find other possible principles or programs for solving the 
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mass spectrum of quarks and leptons. On the other hand, the remarkable success in explaining 

almost all the CKM quark mixing matrix elements, which I have discussed, seems to strongly 

indicate that the composite model of quarks (and leptons) is the working hypothesis. After 

studying composite models for almost two decades, 28ht seems to have become reasonable, to at 

least majority of theorists, to imagine that the Higgs scalars are composite. Funhermore, it does 

not sound unreasonable to imagine that quarks and leptons are also composites. There are still very 

few who dare to assume that not only quarks and leptons as well as Higgs scalars but also gauge 

bosons are composites. It seems to me unreasonable, however, that the gauge bosons, whose 

longitudinal components are mixed with the Higgs scalars due to the Higgs mechanism, are 

elementary if the Higgs scalars are composite at all. To sum up, the time has come again when we 

should remember the "Democritus principle" in which everything is composite. 
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