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Optimization in the Extended Variational Approach:
The SU(2)-SO(3) Phase Structure on the Lattice

J. O. Akeyo and H. F. Jones
Physics Department, Imperial College, London SW7 2BZ, UK.

Abstract

We use the linear delta expansion with a trial action based on single links to
explore the phase structure of the mixed SU(2)-SO(3) lattice gauge theory. The
method can be regarded as a systematic expansion going beyond mean field theory
or the variational method, to which it is closely related in first order. At O(§2) the
line of first-order phase transitions is shown to terminate, and at O(6?) the boundarics
between the different phases are well reproduced.
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1. Introduction

The linear delta expansion (LDE) is a promising new analytic approach to field theory
[1] which has been successfully applied to a variety of problems of a non-perturbative
nature. In its basic construction, the LDE includes an arbitrary parameter A in the
action. Physical quantities are evaluated by optimizing A\. The LDE is a systematic
expansion which enables one to go beyond the conventional variational method.

The method consists in constructing an action S5 interpolating linearly between
the action S of the theory and the action Sy of a soluble theory chosen to reflect as
mmch of the physics of S as possible. We have

S5 =65 + M1 - 6)So
= ASo + (S — ASo).

It is clear that Ss=¢ = ASy, while S;=; = S, independent of A . The vacuum generating
functional and the appropriate expectation values are then evaluated as truncated
expansions in 6, which is then set equal to unity in the end.

While the infinite sum is independent of A, the truncated expansion has a nontriv-
ial dependence on A\. We must therefore choose the optimum value of A. The principle
of minimal sensitivity (PMS)[2] has been adopted as the optimization criterion which
minimizes the dependence on A of the result being calculated. If Ry ()) is the result
truncated at order K, the criterion reads

ORg
2y

Besides generating the non-perturbative character of the LDE, this optimization cri-

=0.

terion produces a convergent sequence of approximants out of what would otherwise
be an asymptotic or divergent series (see refs. (3] and [4] for a proof of the convergence
of the LDE in low dimensions).

With various choices of the trial action Sp, the LDE has been applied to the
calculation of the plaquette energy, Ep, of lattice gauge theories [5-7], with results in
good agreement with Monte Carlo (MC) measurements both in the strong-coupling
and weak-coupling regimes.

Recently (8], we applied the LDE to the calculation of the plaquette energy of the
SU(2) gauge theory on the lattice with a trial action based on single links, namely

So=JZtrU1
4

with J = A. By applying the optimization criterion dEp/dJ = 0 to the plaquette
energy Ep, calculated up to O(6%), we obtained results in very good agreement with

1



MC results. This success has encouraged us to apply the method to more complicated
quantities and features.

In this paper, we have applied the LDE to the study of the phase structure of the
mixed SU(2)-SO(3) pure gauge theory on the lattice. Monte Carlo calculations [9-11]
have revealed a rich phase structure for this system, with a line of first-order phase
transitions ending at a critical point just before reaching the SU(2) axis.

While the SU(2) system in the fundamental representation does not undergo a
phase transition, the SO(3) system has a first order phase transition as it passes from
the strong-coupling into the weak-coupling region. The non-deconfining first order
phiase transitions in the SO(3) and the mixed SU(2)-SO(3) pure gauge systems have
been aseribed to a condensation of Z; monopoles, as confirmed by MC measurements
[11-15]). The point 3 ~ 2.2 where the specific heat of the fundamental SU(2) system
develops a sharp peak has been interpreted as a remnant of the nearby critical end-
point [9] in the SU(2)-SO(3) phase diagram. This conjecture has been confirmed [13]
by an explicit MC measurement of the specific heat of the mixed system.

Analytically, the system has been studied by a variety of techniques. Zeroth-order
mean field (16,17] and first-order variational [18] methods reveal the expected phase
structure, but fail to produce the critical end-point observed in MC experiments; the
line of first-order phase transitions crosses the fundamental SU(2) axis. Mean field
with one-loop Gaussian corrections and gauge fixing (Us = 1 in a particular direction)
[19,20] as well as the mean-plaquette [21] and the strong-coupling expansion methods
[22] produce the desired end-point with varying degrees of accuracy. Renormalization-
group techniques of the Migdal-Kadanoff type have also been applied [23] to produce
a phase structure for the mixed SU(2)-S0O(3) system in excellent agreement with MC
measurements.

In a study devoted to the investigation of the mechanism causiug first-order phase
transitions in the mixed SU(N) lattice gauge systeins, Bachas and Dashen [24] observed
that in four dimensions, “the existence of non-trivial, non-degenerate minima of the
one-plaquette action gives rise to a first-order phase transition and the critical end-
point of the line of these first-order phase transitions occurs where the non-trivial local
minima become unstable”. We will return to this point in section 3.

The details of the model and the calculational framework are explained in section
2. Section 3 contains the results of our calculations, which are displayed graphically in
Figs. 1 -3. Our conclusions follow in section 4. In the course of this investigation we
developed a new method of calculating the required expectation values with respect
to the single-link trial action So. This method, which makes the evaluation of higher-
order correlations much simpler, is presented in an appendix.

2. The Model

We consider a mixed fundamental-adjoint SU(2), i.e., SU(2)-SO(3) pure gauge theory
on a four-dimensional hypercubic lattice with action

S=BY tUp+ 3843 tralp (1)
P P

where tr (tra) denotes the trace in the fundamental (adjoint) representations of the
SU(2) gauge group. f (f4) is the coupling constant for the SU(2) (SO(3)) system and
Up is the usual product of group link elements around elementary plaquettes of the
lattice.

This mixed system has three limits:

{i) B4 = 0 - the usual Wilson SU(2) theory

(ii) # = 0 - the action only depends on the adjoint representation corresponding to
the standard Wilson SO(3) gauge theory

(ii1) B4 = oo - all plaquette variables in the SO(3) gauge group are driven to the
identity. Each plaquette variable in the SU(2) system must then lie in the centre
of the gauge group, i.e. Up € +I . Hence, up to a gauge transformation, all link
variables belong to the centre of the group(9]. In this limit we thus obtain a 2, lattice
gauge theory. Both SO(3) and Z; lattice gauge systems undergo first-order phase
transitions, and therefore we expect lines of first-order phase transitions to enter the
mixed SU(2)-SO(3) system from the # = 0 and the 84 = co axes.

We use the following identity between the adjoint and fundamental representa-
tions:

tral = (te U)? =1 (2)
All our calculations are then in terms of traces in the fundamental representation.

In the continuum limit the SU(2) and SO(3) lattice actions are the same. The
main difference between the two systems is that SU(2) distinguishes between +U,-U,
while SO(3) does not. To take account of this fact we introduce the Z, (centre) degrees
of freedom explicitly on each link £ of the lattice and write

Ug— Uwoe, Up = Upop. (3)

where 0¢ = £1 € 23, op = [[4ep 0e. Therefore the model we adopt to study the
phase structure of the mixed fundamental-adjoint SU(2) action is

S=8Y tr (Upor) + %ﬂA Y it Up)? 1) 4)
P P
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For our trial action we choose a mixed single-link SU(2) and Z; action given by

So=JZtrUl+mZ¢71. (5)
4 [4

where J and m are arbitrary parameters, taken to be the same on all the links of
the lattice. As illustrated in the appendix, we treat the SU(2) and the Z; elements
separately in evaluating the appropriate expectation values with respect to the trial

action Sp. :

The linear interpolating action is then given by .

S5 = So + 6(S — So). (6)

The trial partition function is given by

Zo=/HdUlH(% > e
t 4

o=+*1

= [f() M fg(m)]™e. (7)

where f(J) = I(2J)/J and g(m) = cosh m. N is the total number of links and
I,(r) is the modified Bessel function of order r. The connected vacuum gencrating
functional is then evaluated as an expansion in the parameter 9, i.e.,

Z=eW= /HdUt H(% Z )esnea(s-s.,)
t ¢

or=%1
= 2y < 85750 5 (8)

W is the free energy of the system, and the expectation value of a variable X

w.r.t. Sp is defined as

1 1 .
< X >o= Z—O/I:Idvll:[(é Z JeSo X, (9)

ae=%1

Expanding the exponential in eq. (8) gives the free cnergy

[ +] 6"
w:wo_zmqs_so)wc. (10)

n=1

where the subscript C denotes the connected expectation value. This expansion will

be truncated at some finite order I, and é then set equal to 1.

4

To monitor the behaviour of the system, we have calculated the free energy per
link, F, and the order parameters Er and E4 defined by

Felwelw S8 ((5-s) 11)
=WV =N L < (- S0" >e, (
1 1 oF
Er =< 5'—!‘ (UPUP) >= —m %, (12)
1 2 oF
Ef =< -t = —
A=< 3talp>= ~N@—1) s
We note that Wy = —~InZy and d is the number of space-time dimensions, equal to

four in our calculations. We have worked in the temporal gauge.

In the LDE, the free energy and the order parameters of a lattice gauge system
always have a local minimum (maximum) around J = 0 (m = 0) associated with
the strong-coupling limit of the theory. This trivial minimum remains the only local
minimum within the strong-coupling region. But as soon as we cross from the strong-
coupling into the weak-coupling region a nontrivial local minimum of the free energy
(order parameter) suddenly appears at J # 0 (m # 0). In our optimization scheme,
this nontrivial minimum (maximum) is normally the PMS stationary point at which
we obtain the value of the physical quantity in the weak-coupling region. The fact that
a nontrivial local minimum occurs suddenly as we cross from the strong-coupling into
the weak-coupling region can be used to estimate the location of a phase transition
point in lattice gauge theory.

Thus for. the mixed SU(2)-SO(3) lattice gauge theory, we have determined phase
transition points by applying the PMS optimization criterion:

Ry _

. Rk _
27 =% om =

om

for the three separate cases R = F, Er, E4. At a transition point the free energy
F <o0.

0 (13)

To determine the phase transition points in the two-coupling space of the mixed
system, we fix (3, say, and vary 84 until a nontrivial local minimum just appears or
disappears depending on which side of the coupling, strong or weak, we approach it
from. Such a point (3, 4), where the PMS point just appears or disappears is a phase

transition point.

All the phase transition points we have determined in this way are first order -
the physical properties of the system change discontinuously at the transition points.
We thus find lines of first-order phase transitions separating the strong-coupling and
the weak-coupling regions of the mixed fundamental-adjoint SU(2) pure gauge theory.
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3. Phase Structure of The Mixed Action

Using Eqgs. (4), (5), (7), (11) and (12), we have calculated expressions for the free
energy and order parameters of the system. To study the phase structure of our
model in the various coupling limits, we consider the following expressions for the
() free energy and the O(6) order parameters (corresponding to 0O(6?) free energy)
calculated for the moment without gauge fixing:
(i) 5

F=F+2J]V; + mt - E(ﬂClt‘ + BaV4) (14)
where Fg = —(1/N¢)InZ¢ = =In(1;(2J)/J) — In(cosh m)
(i)

1
Er= %c.z‘ - %JC{t‘ ~ 2mCi(1 - ) + 58Dy = CH +200%(Dag - i)

+ 84t"(Day = CiDay + 20(Da — Cy D)) (15)

(iif)
1 1
E =V - Sjulgl + §ﬂA(Dn — D}, + 20(Das - D},))
+ %ﬂt‘(Du — C1 D2y +20(D32 — Cy1Dyy)) (16)

where C,, D;; denote plaquette diagram correlation functions with respect to the
single-link SU(2) trial action and the primes represent first-order differentiations w.r.t.
J. We give in the appendix the definitions and complete expressions for these diagrams.
In general they are functions of ratios of the modified Bessel functions of the form,
V, = I(2J)/1,(2J). We have denoted t = tanh m.

In the limit 84 = 0 (4 = 0), Eqs. (14-16) reduce to the respective expressions
describing the SU(2) (SO(3)) pure lattice gauge theories to O(6). The limit 4 = oo is
less trivial. In this limit, J = oo, and the modified Bessel function ratios V; = 1, with

their derivatives w.r.t. J equal to zero. Using this property in Egs. (15) and (16), we

obtain
Es=1

and
Ep =t* +28(1 — t* +20t%5(1 — £*)) —amt*(1 - t*) =< 0p > . 17)

Hence in the limit 34 = oo, the mixed system is in the weak-coupling region of the
SO(3) gauge theory and the order parameter Ef reduces directly to the expression
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for the plaquette energy for the Z; lattice gauge theory in the LDE (or variational
cumulant expansion) with action

Sz=8) op. (18)
P

and trial action

So,,.=m2cr¢

t

This confirms explicitly that in the limit 84 = 0o, the mixed SU(2)-SO(3) pure lattice
gauge system reduces to a Z; pure lattice gauge system. We therefore have three
distinct phase regions, as observed earlier. It is remarkable to note that with the
choice of the single-link SU(2) trial action in the LDE, the Z; gauge system emerges
very simply from the properties of the modified Bessel function ratios in the limit
Ba = oo (J = o).

In the temporal (axial) gauge, we set all link elements Uy — Uy = 1 in the time
direction, so that only elements on the spatial links are active. This differs slightly
from the gauge fixing procedure adopted in the mean field methods [19) where the Z,
elements have been kept active on all links, both spatial and temporal.

To O(é) our expression for the free energy is exactly the same as that obtained
in the variational method [18}, and without gauge fixing (eq. (14)) gives precisely the
same results for the phase diagram, since at this order the LDE optimization procedure
coincides with the variational principle used as a criterion in determining the phase
transition points in the variational method. However, in the temporal gauge, our O(4)
free energy gives a much better picture of the phase structure of the system compared
to the variational and mean field results {18-20] at this order, even though a line of
first-order phase transitions crosses the fundamental SU(2) axis (28 ~ 2.34)— at a
point where there is normally some activity in the SU(2) gauge system. This result
does not agree with the Monte Carlo picture, as explained in the mtroduction. At this
order in the LDE the order parameters are trivial and cannot be used to monitor the
behaviour of the system using the optimization criterion of eq. (13).

Taking the calculation to O(6?%) in the free energy and O(6) in the order param-
eters, and applying eq. (13), we obtain much improved results in general agreement
with the MC picture. The optimization criterion produces an end-point observed in
the MC measurements at this order in the LDE. The O(8?) free energy and the corre-
sponding order parameters now locate the phase transition point on the SO(3) axis at
Ba ~ 2.533, very close to the MC point 84 ~ 2.5. We locate an end-point within the
same region as the MC observation; our end-point occurs at (28, 44) ~ (1.5,0.73) and
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(23.84) ~ (1.64,0.9) determined with free energy and order parameters respectively.
The MC end-point t occurs at (28,B4) ~ (1.57 £ 0.05,0.78 + 0.05).

The O(6?) calculation (free energy) simply confirms the order-by-order conver-
gence of the LDE to the MC results. The phase transition point on the SO(3) axis
now coincides with the MC point at #4 ~ 2.5. The Z; transition is localized around
23 ~ 0.44, while we locate the triple-point at (28, 84) =~ (0.535,2.35) compared to
the MC point (28, 84) ~ (0.55 £ 0.03,2.34 + 0.03). The end-point at this order is
estimated at (283, 34) ~ (1.56,0.82). All our phase diagrams are shown in figs. (1-3).
MC points have been extracted from ref. [9].

To conclude this section, we make a few remarks about the end-point, which is

an important feature of the phase structure of the mixed SU(2)-SO(3) lattice gauge
system. According to the argument presented in ref. [24], the end-point of first-order
phase transitions in mixed fundamental-adjoint SU(N) lattice gauge theories should

occur above the line
Nt -1

2N?

below which the nontrivial local minima of the one-plaguette action become unstable.

Ba+ B cos(2n/N) =0, (19)

In our optimization scheme, the end-point (28°, 35) occurs where the system just
enters entirely into the weak-coupling region, with PMS points now appearing for all
(23, 84) as we move away from the end-point towards the fundamental SU(2) axis. In
particular, since we are in the weak-coupling region, the free energy remains negative
and no longer changes sign as we vary 4 down to 84 = 0 for any # > . Hence there
are no more first-order phase transitions between the strong-coupling and the weak-
coupling regions. Notice that our end-point coordinates are in excellent agreement
with the criterion of eq. (19).

b Ref. [9] quotes (1.48 £ 0.05,0.9 £ 0.03), but both the diagram in that paper and
ref. [10] give (1.57 £ 0.05,0.78 £ 0.05) for the end-point.
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4. Conclusions

In this paper we have sought to extend the range of applications of the linear delta
expansion within the context of lattice gauge theory. Hitherto the method has been
applied only to the plaquette energy, for U(1) [5] and pure SU(2) systems [6-8]. In
principle the choice of trial action should ultimately be immaterial, but of course in
practice it is important to choose a trial action which gives rapid convergence.

From this and previous studies it seems that the trial action Sy based on single
links [25] is suitable for a wide variety of situations (although in the strong-coupling
régime of lattice SU(2), an action based on a maximal tree of plaquettes [7] gives
rather better results for Ep). The method developed in the appendix for evaluating
higher-order correlations makes it feasible for such calculations to be carried out even
when the number of plaquettes involved is quite large.

As in previous applications of the method, the role of the PMS criterion is crucial.
It is this aspect of the method which makes it truly non-perturbative, although the
inethodology prior to optimization is perturbative in nature. As mentioned in the
introduction, the PMS is also crucial for the convergence of the expansion. This is
certainly the case in practice, and it has now been proved analytically [3,4] in zero and
one dimensions.

One can therefore be optimistic about the prospects for applying the method to
further aspects of lattice gauge theory, such as finite temperature, string tension, mass
gap etc. We shall be investigating some of these aspects in future papers.



Appendix

In ref. [25], a method was given for evaluating the expectation values of plaquette di-
agrams w.r.t. the single-link trial action, So based on the group integration technique
of Creutz [26]. This method becomes increasingly tedious, making progress exceed-
ingly difficult beyond diagrams involving four plaquettes, for example beyond O(4*)
in calculating the plaquette energy of the SU(2) system. In this appendix, we present
a simpler technique and a set of identities for calculating these expectation values to
any desired order. We also illustrate how to handle the Z; degrees of freedom in the

calculations. .

SU(2)

We shall include only the important steps. We note at the outset that our single-link
trial partition function Zg = [ [],dUcexp(3, tr (JeUr)), where we have taken Jo = J
as constant in our calculations, is basically a generating function for group integrals,
and we can therefore obtain values of group integrals by successive differentiations of
Zy w.r.t. J. The starting point in the calculation of plaquette diagram expectation
values is that for a single link element in the order n calculation, we have the simple

formula

<(trUY' >0 = /HdU{tzs"(tr vy
¢

i (C)
=50y (A1)
For the SU(2) group,
5L(2J)

fJ) = -

Denoting w,, =< (tr U)" >¢, and performing the calculation in cq. (Al), we find

the following general form:
Wn ‘—'(’l]V.,.H +(12V"_1 + e +0kVL. (AQ)
with V, = I.(2J)/1,(2J). The order of the modified Bessel functions, r. decreases in
steps of 2 down to L = 2 (1) for n odd (even). The coefficients a; obey the simple

relations:

k
ay=(n+1); ag=(n-—l)2; and Za;=2". (A3)
=]

A few illustrative examples may be useful;

w) =2V2
wy=3V3+1
w3y =4V, +4V;

wy =5Vs +9V3 +2
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etc. Notice that the coefficients in each case obey eq. (A3) above.

With ¢ links under the trace, we find the general property,
< (tr (U UD))™ >0= an Vi + e + ai VL (A4)

For a closed loop of links, € is the perimeter of the loop. This property is crucial in
evaluating plaquette diagram expectation values, as we explain below. Consider first
the case ¢ = 2. Eq. (A4) gives immediately

< tr (UyUp) >9 = 2V
<{(tr (WU2)) >0 =3V§ +1
< (tr (U1 Uh))* >0 =4V} +4V} (A5)
< (tr (UiU2))* >0 = 5VZ + 9V +2

etc. Identifying Vo =w,V3 = Q, V4 = A and Vs = (wy — 3wz +1)/5 in the notation of
ref. [25], eqs. (A5) are exactly the results obtained with the previous method, which
also obscured the simple relation involving Vs above. For n plaquettes sharing all four
links (¢ = 4), we have

<trUp > =2V}
<(trUp) >9=3V{ +1
< (tr Up)® > = 4V} + 4V (46)
< (trUp)* >o =5V} + 9V} + 2

etc., which are the expressions for diagrams Dy,, D2,, D3, and Dy, respectively in
ref. [25]. It is thus very easy to calculate the expectation values of plaquettes sharing
all four links, i.e., plaquettes occupying the same location on the lattice. Diagrams
in which plaquettes share fewer than four links in all possible ways can be evaluated
by noting that the general property in eq. (A4) is obtained by integrating over each
link successively. By keeping mathematical complications to a minimum, we adopt a
simple way to recover the integration over a given link, e.g.,

<tl‘U>o='2V2=>V2=%<tl"U>u

) 1
< (trU)? >o=3V3+1=>V3=§<(crU)2—l>o

etc., so that in eq. (A5) we can write

1
< tr (U Ug) >0= 5 <trU, >o< tr Uz >¢
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< (tr (U4 U2))? >o= % < [(tr Uy)*(tr Ua)? = (tr Uy)? = (br U2)? + 4] >0

ctc., which are the identities calculated in ref. {25]. By carrying out such elementary
steps and integrating completely over only one link in each case, we derive the following
identities:

(i)
< tr (U]Uz) >o=< Vatr Uz >o

(ii)
< (tr (U|U2))z >0=< Vg[(tl‘ Uz)2 - 1] + 1>

(iii)
< (tr (Uy Uz))s >0=< V4[(tr Uz)3 — 2tr U;] + 2Vatr Uy >y
(iv)
< (tr (U1 Up))! >o=< Vs[(tr Up)* — 3(tr Uz)? + 1]+ 3Va[(tr U2)? — 1] + 2 >o (A7)
(v)
< (tr (U4 UR))® >p =< Vi[(tr Uz)® — 4(tr Up)® + 3tr U]
+ 4V4[(tl‘ Uz)a — 2tr Uz] + 5Vatr Uy >0
(vi)
< (tr (U U2))® >0 =< Vi[(tr Uz)® — 5(tr Up)* + 6(tr Uz)? — 1]
4 5Vs[(tr Uz)* - 3(tr Ua)® + 1] 4+ 9V3(tr U3)® — 1] + 5 >¢

Using the recurrence relation for group characters,
Yo+ 4 (U) = xqx3(U) — x4-4(U)

we can write these identities in terms of the characters y %(U ) of the various rep-
resentations ¢ + % of the SU(2) gauge group. For example, the identity (vi) can be
written in terms of characters in the form:

< (tr (U1 Up))® >o=< Vana(Uz2) + 5Vsx2(U2) + 9Vax1(Uz) + 5 >

In each case the highest representation is n/2. As a by-product of our elementary step

in recovering link integrations, we obtain the following general result:
<\ j(U)>e= (27 + )Vja
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A general trend thus emerges which we can use to generate as many of such identities
as we desire. Together with the identities we have given in ref. [8], the above are enough
to evaluate diagrams of up to n = 7 plaquettes connected in all possible ways. The
first four identities above are exactly the same as the results in ref. [25] with the link
eleinent U; integrated out completely. Through the process of successive integrations
using the identities, we note that each link element integrated out contributes an
appropriate factor V.

We now give the expressions for the remaining diagrams used in egs. (14-16):

Cy =< trUp >o= 2V2‘
Dy =< tr (U URUFUF) tr (UsUsUF U ) >o= Viun
Dyy =< (tr (U1 UUFU))? te (UsUsUF UF) >0
= V[V (ws - 2V2) + 2V (48)
D43 =< (tr (LW UUFUF)) (e (UsUsUFUF))? >0
= Vi(wa — 2w + 1) + 6V +1
As observed earlier, in the limit J = oo, all V; = 1 and egs. (15), (16), (A6) and (A8)
give the Z; result, eq. (17).
Z; Elements
To handle Z; degrees of freedom, we use the formula

ne _ 1 dvg(m)
<(0() >o—m dmn

with the general result
< (Ul)" >o=torl

for n odd or even respectively. For the single-link Z, trial action adopted here, g(m) =
coshm and t = d(log g)/dm = tanhm.

We use the following examples to illustrate the calculation of connected expecta-
tions in our mixed model:

< tr (Upop) >0 =< tr Up >o< op >o= Cit!
< (tr (Upop))? >0 =< (tr Up)? >0< (0p)? >o= Dy v (A9)
< (tr (Upop))? >c =< (tr (Upap))? >¢ - < tr (Upap) >i= Dy — C*®
Finally, based on the general properties eqs. (A2)-(A4), the following observations are
important.
(a) In the limit J = oo,
< (trUp)" >0=2". (Al0)
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In fact, for n plaquettes connected in all possible ways, we have

n
<[It=Up >o=2"

i=1

at J = oo. Connected expectation values are zero in this limit, i.e.,

n
< Htr Up, >c=0

at J = oo except for the case n = 1, which gives < tr Up >c=< tr Up So= 2
in this limit. As a consequence, the plaquette energy of the SU(2) system becomes
Ep =< jtrUp >=1at J = c0.

(b) In the limit J = 0, all V, = 0 and

< (tr Up)"™ >o= ai. (A11)

We know that at J = 0, < (tr Up)™ >o= [ [[,dUe(tr Up)® leads directly to the
strong-coupling limit of the system. In fact, the result, a;, obtained from eq. (A11) is
exactly the same as the SU(2) character expansion result [12],

1 n-1 (n+1)!

/IlIdU,(Eu Up)" =C [( — M_ gn I 2;" (A12)
where the constant C = 4/x or 2 for n odd or even respectively. Note that the
term in square brackets can be simplified to [(n — 1)!'/(n + 2)!!]. This identity (A12)
suggests a direct link between the strong-coupling limit we obtain with the single-link
trial action and the strong-coupling character expansion. The connected expectation
values of plaquettes sharing all four links is equal to a constant for n even and zero for
n odd at J = 0. Similarly the connected expectation values of all plaquettes sharing

fewer than four links are zero at J = 0. That is,
< (tr Up)" >c= constant
and

<[[trUpy>c=0 at J=0. (A13)
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Figure Captions

Fig. 1 Phase Structure from F to O(6)
Fig. 2(a) Phase Structure from F to O(6?)
Fig. 2(b) Phase Structure from Ep to O(8)

Fig. 3 Phase Structure from F to 0(6°)
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