/ -

STATE RESEARCH CENTER OF RUSSIA

INSTITUTE FOR HIGH ENERGY PHYSICS ’

[HEP 2000-55 ’

E.M.Boldyrev

PECULIARITIES OF PARTICLE MOTION
IN THE PLANE MONOCHROMATIC
ELECTROMAGNETIC WAVE FIELD

Electronic address: boldyrev@mx.ihep.su
—
——F
S—
= b
N
Iy — ]
1
ﬁ=g Protvino 2000
€ - O
]

FERMILAB



mailto:boldyrev@mx.ihep.su

UDK 681.3.06 : ‘ M-24

Abstract

Boldyrev E.M. Peculiarities of Particle Motion in the Plane Monochromatic Electromagnetic Wave Field:
IHEP Preprint 2000-55. — Protvino, 2000. — p. 9, tables 10, refs.: 6.

With a spiral approach of a charged particle motion (into a beam) in the plane monochromatic
elliptically polarized electromagnetic wave field some peculiarities of this motion were brought out. It is
shown that the motion of a low energy particle is physically predicable.. The motion doesn’t depend on
a particle movement along or against the wave spreading; the particle frequency is comparable with a
wave frequency; the deflection of particle from the axis of initial motion is inversely proportional to its
mass. It is shown that the motion of a high energy particle (an ultrarelativistic particle) has a number
of peculiarities. The motion depends essentialy on the way the particle moves along or against the wave
spreading. If the particle moves along a wave spreading, the particle frequency is a few cycles only or even
less. The deflection of particle from the axis of initial motion may be proportional to the particle mass. If
the particle moves against the wave spreading, the frequency is twice as much as the wave frequency and
the motion of particle is independent of the particle mass. The peculiarities associated with the particle
mass were first established.

Anxnoranusa

Boanriper E.M. OcobenrocTn ABMXKEHMS YaCTHIB! B 3JIeKTPOMATHNTHOM [IOJIE IIJIOCKOX MOHOXpOMAaTHYe-
ckoit Bonuur: Ilpenpunt NPBD 2000-55. — [Iporsuso, 2000. — 9 c., 10 Tabn., 6ubmuorp.: 6.

[Ipu ycnoBMMm BHHTOBOrO NPUGIMIKEHMS OBMXKEHHS JacTUUnl (B MydUke) B 3JIeKTPOMarHUTHOM [ONe
ITOCKOH MOHOXPOMAaTHYeCcKOd 3JIMITHYEeCKH [IOJISPU30BAHHOMA 3IeKTPOTHUTHON BOJIHEI BHISBIEHL! OIpe-
IeneHHble 0COOEeHHOCTH yKa3aHHOTo JBMXeHUA. [loKa3aHo, YTO ecny AN YaCTUOL! HU3KOM 3HEPTUHU [BH-
XeHNe QHM3NYecKN NIpeAcKa3yeMo: NBMXEeHHMe IPaKTU4ecK! He 3aBUCUT OT TOro, KakK ABMXeTCH JacTula —
BIOJIb MM IPOTUB PAacIPOCTPaHEHU BOIHEL; YaCTOTa Ko/lebaHNA JacTULL! CPABHUMA € JACTOTOM BOITHEL,
OTKJIOHEHMe JacCTUIB! OT OCHM Ha4aJIbHOTO NBMXEHUs o6paTHO NPONOPIUOHAILHO ee Macce, TO HJIA 4Ya-
CTHUIBI BEICOKO# 3HepruM (yNbTPapensTHBUACTCKOR JacTHUbI) IBUMKEHMe obnazaeT pAmoM ocobeHHOCTER:
IOBAXEHNEe YaCTHULBI CYIIECTBEHHO 3aBUCUT OT TOT0, KaK JBEXKETCH YACTHIA — BIOIbL MK NpOTHB pac-
HpOCTpaHeHHX BOJIHEI. B IeEpBOM Cniy4dae JacToTa KO.TICG&HHH YacTHUbI MEHBbIIIe 6onee JYeM Ha HOecATh
NOPANKOB JNIMHEL BONIHBL U CYIIECTBYET BO3MOXHOCTD TOTO, UTO OTK/IOHEHME YaCTUUEI OT OCH HAYAJILHOTO
IABUXEHNUA NPONOPLMOHAJILHO ee Macce. Bo BTopoM ciydae wacToTa KoleGaHUs YacTHObI BIBOe BOJILIIE

JacTOTEI BOMHLI ¥ ABUXKCHME YaCTHUIE! He 3aBUCUT OT ee Macchl. (OcOGeHHOCTH, CBsi3aHHBIE ¢ Maccoi
YacTHILI, BLIABACHE! BIEPBHIE.
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INTRODUCTION

In high-energy physic§ considerable attention has been recently focused on the experimental
set-ups using the beam motion of charged particles in the electromagnetic laser wave field ([1],[2]).
This invites further study of a charged particle motion in the plane monochromatic elliptically
polarized electromagnetic wave field (TEM) as most fitting the description of a laser wave field.

Motion of charged particles (electron, proton) of both low (10® eV) and high energy (10*? eV)
for different parameters of TEM was calculated from the formulae in [3]. The calculational
results (see APPENDIX A) have revealed some peculiarities of the motion of a charged high
energy particle. The motion depends essentially on how the particle moves along or against the
wave spreading. If the particle moves along the wave spreading, the particle frequency is a few
cycles only or even less. The deflection of the particle from the axis of its initial motion may be
proportional to the particle mass. If the particle moves against the wave spreading, the particle
frequency is twice as much as the wave frequency and the motion of particle is independent of
the particle mass.

This is in contrast to the case with a low energy particle. The motion does not depend on
how a particle moves along or against the wave spreading; the particle frequency is comparable
with a wave frequency; the deflection of particle from the axis of initial motion is inversely
proportional to its mass. It is physically predictable. ’

In recent paper [4], to account for these facts an analysis of the motion of particle has been
made for a special case: the zero initial conditions (with the exception for an initial longitudinal
momentum) and with the phase of TEM being virtually zero.

In the present paper we pursue a related analysis for the initial conditions characteristic of
a particle moving in the beam and with the phase of TEM being not virtually zero.

The stated generality of this analysis has made possible practical estimations of the particle
motion in electromagnetic laser wave field.

1. PRELIMINARIES

The [z,y, 2, ct] is the laboratory system of coordinates and it has the signature [—,—,— 4]
(c is the velocity of light). The V = (V,,V,, V,) is the vector. V,,V,,V, are the coordinates of

V.V =V = J(V2+ V2 + V)




Infinitesimal quantities are considered in comparison with 1. In this case I(+a) = 1+ a if
a < 1.

We consider a particle with mass m and charge e (e = g.le|, g. = %1, || is the magnitude
of e).

Particle parameters

7o = (%o, Yo, 20), 130 = (Poz, Poy, Po:), and &, are the respective radius-vector of the initial
position of particle, initial momentum of particle, and initial energy of particle at the initial
time instant ¢t,. In this‘case, Py, = Pycosposinby, Poy, = Posinggsinby, Py, = Pocosby, Pory =
maz(| Pog|, | Poy), To = £

Wave parameters

E and H are the respective electric and magnetic fields. E, and E, are the respective
amplitudes of E, and E,, En.. = maz(|E,|,|E;|). w and ¢ are the respective frequency and
phase of TEM. g = %1 is the degree of polarization. £ = ¢ — £.

E= (E1 cos(wé — ), gE;sin(w€ — ¢,0).
H = (—gE,sin(wt — @), E; cos(wé — ¢),0),

50 =to — icp') ¢0 = QJ£0 - ¢ = w£ ) C(¢) = COS¢ - COSQSO, S(¢) = szn¢ - 5in¢0-

The TEM propagation in the z direction.

T=1t- to. .

7= (2,9,2) = (@(8),y(t), ), P = (Po, P, P.) = (Pu(t), By(8), Pu(1)), ¥ = (v2,v,0.) =
(va(t), vy(2),v:(2)), @ = (az, ay, a,) = (a=(t), ay(t), a.(t)), and £ = £(t) are the respective radius-
vector of particle, momentum of particle,velocity of particle, acceleration of particle, and energy
of particle at .

2. ANALYSIS OF MOTION

With our conventions the classical equations of motion are

P =ym#, & =4me?,
%26E+§[17,H], ﬁ:‘l_;, (1)

P(to) = P, #(to) = 7%,
— 1 _
where v = Jiew B =
It follows that the motion of particle in TEM is well determined if 7(t), P(t), £(t), #(t), and
d(t) of particle are determined in the laboratory system of coordinates (¢ € [t9, 0)). .
Here the motion of particles of different mass are determined at the same initial conditions.
On this assumption, }—’;, and 7; are independent of the particle mass.
The solution of Eq. (1) can be considered as a spiral approximation. Hereafter we shall use
the term “a quasi-spiral motion” for the spiral approximation.
The quasi-spiral motion is defined as the motion wherein 2(t) is linear in t, v,(t) and P,(t)
are constant, and |a,(t)| < |a.(t)|, |a,(t)| with an accuracy of infinitesimals.
That approximation is due to the following fact: For a spiral motion, the quasi-spiral motion
is the simplest and it spans a wide enough class of problems, in particular, so important for the
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practical implementation the class of problems such as the motion of high energy particles. As
an illustration, the data given in APPENDIX A showed that only rows 7, 8 of Tables 1, 2 did
not fit this approximation. At the same time the spiral motion of a particle is possible in TEM
of a circular polarization only under those initial data conditions that they cannot be realized
for the beam of particles. In this the case of a linear polarization is ruled out [3].

The quasi-spiral motion is determined by the requirement so that I' < 1, where

F = 4[:;‘Emac('li_l'Ema.z + PO:y)G (2)

and G is determined below.

The area of particle and wave parameters, where the above requirement (2) is obeyed, will
be called the area of quasi-spiral motion.

The motion of the particle in the beam is determined by the requirement so that Fp, < Po,
and Poy < Po,. For this it will suffice to require that 6, = ¢ (no=1)and by =7—0 (no = —1)
where § € 1 and 7 = 3.14....

Then Py, = Pocospol, Poy, = Posingef, and Po, = no PoI(—6).

In that approximation solution (1) is presented in APPENDIX B.

A low energy particle. & ~ mc? ie. mp < 1.
I_n this case we have: R = L1, Z =noPk, P =mn, A;=I(-nom), A=
I(no'ﬂ'o + 02)

G =

'mi’t:2 ?

'mc P
£ = mcI(nomol? + 72), v, = #TLOPOI(—’ILO‘II'QIQ - 72).

It immediately shows that the motion of the particle is inversely related to the particle mass.
The particle frequency is nearly equal to the wave frequency. The area of quasi-spiral motion
is essentially bounded as P, < 1. Moreover, it can be enhanced at the cost of an increase of
the wave frequency. In other words, P, and the wave frequency balance out each other, which
narrows down this area.

A high energy particle. £, > mc? and thus 75! < 1. In this case we have R = 7, A=
P’: , and
E = cPI(T? + 752).
'/Furthermore, a distinction needs to be made between the case ny, = 1 and the case ng = —1.

Case no = 1. In this case: Z = cI(I'? - 6?), P =I(I?- 6?), and v, = cI(—8* — 75?).

Here a possibility exists that ¢ < 1.

In the case of ny = 1, a distinction needs to be made between the case 7r0 < 6? and the
case 0% < 752,

In the case of 752 < 6%, we have 4; = 6%, G = %62

It immediately follows that in this case TEM becomes less and less discriminate to the
particle mass as § increases (see Tables 4,5). In this case the area of the quasi-spiral motion
is sufficiently large, because in contrast to the foregoing case, the particle parameters and the
wave parameters complement each other from the viewpoint of expanding this area and enclose
the values of all the parameters used in APPENDIX A. In rows 7, 8 of Table 4 T = 0.01.

In the case of % < 752, we have A; = % "‘;52 , G= 2m,c,I(Oz)

If ¢ <€ 1, the motion of particle varies in direct proportion to the particle mass (see Tables
3,9). The area of the quasi-spiral motion is narrowed as compared with to preceding case. For
example, in rows 7, 9 of Table 3T ~ 0.1.




In both cases, the particle frequency w, = A;w falls far short of the wave frequency (see
Tables 5,6,9,10), in this with decreasing 6 the particle frequency diminishes especially for electron
(cf. Tables 3,4).

Case ng = —1.
A =2, Z=—-cI(I?-6%), P=-I(I%?- 6%), G=

v, = —cI(-6% — x5?%).

That is to say, in this case the particle frequency is twice as much as the wave frequency.
The motion of particle is independent of its mass (see Table 6). At least, the quality is still
retained in the circular cone with the axis along Oz and with apex angle of cone (7 — 10~3) rad
(see Table 5). In this case the area of the quasi-spiral motion is the greatest, since the particle

parameters and the wave parameters complement each other from the viewpoint of expanding
this area. For example, I' ~ 10713 in rows 7, 8 of Table 5.

Conclusion

In summary let us take up the results of APPENDIX A.

Comparing rows 5, 7 of Tables 1, 2 and rows 7, 8 of Tables 7, 6 we see that the motion of
particle is practically the same in these cases. It allows one to conclude that the motion of a low
energy particle in high-powered TEM is independent of the polar angle in the range from 0 to
1073 rad and, thus, the particles, entering TEM with an angled initial momentum in this range
\ move the same. Consequently, TEM may be used both as a focuser or as a means for deflecting

the beam. In the latter case, p remains invariant within the indicated limits of angles and it is
\ possible that these limits may be belled up to 10~2 rad as the estimations above show.

Further note that A€ has a great value in rows 7, 8 of Tables 1, 2 (7, 8) and in the last rows
of Tables 4, 5. This suggest the use of TEM as an accelerator of charged particles. But here,
while the problem of radiative friction is not as challenging as the motion of a charged particle
in the stationary uniform magnetic field, this problem requires a more sophisticated treatment
with the use of TEM as an accelerater.

There is a need to note that the particle frequencies are various for the different Fp, m

\ particular, for electrons with ®, = 0 (cf. Table 1 and Table 3). Here the difference of frequencies
are by thirteen orders! And the particle frequency is twice that of the wave frequency when
both the particle and TEN move to meet each other (see Table 6).

‘ Finally, it should be noted that the particle parameters and the wave parameters given in
APPENDIX A are the limiting values for m, P, @, P, and A for the bulk of beams and TEM
([5],06]). Since these parameters in 7, Py, and @ change monotoneously {3], so the results of

APPENDIX A provide a useful approximate estimate on the motion of an arbitrary particle in
an arbitrary TEM.



Table 1. ]
Particle is electron.
|Po| = 103¢Y @ = Orad.
N | A Sp p A€ Ggy a, w
1 [107°[05 [0 || 0.7«107° [ 0.5%107™° [ 0.2%10™ | 0.710° [ 0.6+ 10™°
2| - - [ 0g [[0.4%107% [0.1x10"5 - - -
3] - J]10°]0¢ [[0.1%107° | 0.2%10°° - 0.1%10° [ 0.3x10"7°
4| - - |04 [ 0.1%x10% | 0.5%10°° - - -
5 1107 [ 05 [0, || 0.2%107% ] 0.5%10"% | 0.8%10%% [ 0.5% 1078 ] 0.6 x 107"
6 | - - [0y [ 0.1%107% ] 0.1x1072 - - -
7] - [10°]0¢ || 0.4x10! 0.2 10° - 0.1x10%% [ 0.3 %1072
8| - - |04y [ 051073 | 0.4%10* - - -]
[ Table 2.
Particle is electron.
|Po] = 103X © = 10~3rad.
N P A Sp P A€ Gzy a, w
1 [107% [ 0.5 [0 [| 0.6%107* [ 0.5%10=" [ 0.2+ 10'° | 0.6+10° | 0.6+ 10'°
2 [ - - [0y - 0.2%10-1° - 0.5+ 1010 -
3 - [10° [ o - 0.2%1078 - 0.1x10° | 0.3 10"
4| - - | 0y - 02107 - 0.5 x 101° -
5 [ 10 [ 0.5 | 05) [[0.2%1072 | 0.5x107° | 0.8%10%% [ 0.6+ 10'® | 0.6+ 10"
6| - - |0y [[0.6«10* ] 0.1x10~2 - - -
7] - 110310 [ 0.4x10" [ 0.2x10° - 0.1x10%2 [ 0.3 10"
8 - - [ 04y [ 0.4%107% | 0.4x10% - - -
Table 3.
Particle is electron.
|Po| = IOISTV © = Orad.
N P A Sp P A€ Ary a; w
1]1103]05 [0 [01+1072% [0.1x107%1 [ 0.8+x1071° [ 0.8%107*" | 0.810°
2| - - |0y [[0.8+10712 - 0.2+10° - -
3] - [10%] 0 [[0.7x107% - 041071 [ 0.9%107%" [ 0.4%10°!
4| - - [0 || 0.8%107%2 - 0.2%10°% - -]
5110 [ 0.5 [0 || 0.4%10°% 0.0 03%107° [ 0.8%107™ | 0.8%10% |
6| - - [0 [[03%1075 [ 0.1%10°% [ 0.5%10° - - ‘
7] - J10% [0 [02%107% 0.0 0.1+10°° - [04x1071
8| - - [0 [[0.3«107° [ 0.1+107% [ 0.5%10° - 1 -




Table 4.

Particle is electron.

|Po| = 1012¢X © = 10~ 3rad.

N P A Sp p A€ sy a, w
11073705 |0, [[03x10"1] 0.2%10°1° | 0.6%10% | 0.9x10"* [ 0.3x10°
2 | - - | 0 - —0.2%10"1 | 0.2%10° 0.2 -

3] - [10% [0 - 0.0 0.6 0.1x10-"% ] 0.2 10°
4| - - | 0y - —0.4x10"1 | 0.6x10° 0.6 -

5 | 1019 [ 0.5 | 0y - 02102 [ 0.2%10%° [ 0.9x10"1 | 0.3« 10°
6| - - | 0y - 0.1x10° | 0.6%10° | 0.1x10" -

7] - [10% | 0y - 0.1x10=% | 0.2x107 0.1 0.2 x 10°
8| - - [0y - 0.1x10° ]0.2x10™ | 0.2x107 -

Table 5.
Particle is electron (proton).
|Po| = 1012¢Y © = (7 — 10~%)rad.

N P A Sp p AE Azy a, w
1[107°] 05 |04 |[ 031077 [ —0.1x107%" [ 0.2 10™° | 0.4%10"7 | 0.1%10"°
2| - - | 0y - 0.5%107% - 0.2 %107 -

31 - [10%[ 00 - 0510~ [0.2x10™ [ 0.7+10~* | 0.6 x 102
4| - - | 0 - 0.1x10~* - 0.2 %107 -

5 [ 10T [ 0.5 [ 0s) - 0.1x10"% [0.8x10™ [ 0.4%10° [ 0.1x10™°
6| - - [0 - 0.1x10~F - 0.8%1013 -

7] - (10 [0 - 0.4%10° [0.8%10™ | 0.7+10° [ 0.6x10™
8 | - - | O - 0.3 x 10° - 0.8 x 1013 -

Table 6.
Particle is electron (proton).
|Po| = 101X @ = 7rad.

N P A Sp p AE Ay a, w

1 [103]05 |0y [[04x10°2° [ —0.2x102T [ 0.2%10° | 0.4x10~7 [ 0.1x10%°
2 - - 0y || 0.9% 10—22 - - - -

3 - 10% | 0¢;) || 0.6 «10712 | 0.5%10"1° - 0.7+ 10~ % [ 0.6 x 102
4] - - [0 [[04%10"5 ] 0.1«10"T° - - -
5110 | 05 [0, [[ 01x107% | 0.1x10"% [ 0.8x10" ] 0.4%10° | 0.1x101°
6 | - - [ 04 [[03x10" | 0.3x107° - - -

7] - J10°[0g || 0.2x107° | 0.5%1072 - 0.7%10° | 0.6 10'?
8| - - [ 0g || 0.1x10=% | 0.1x1072 - - -




Table 7.

Particle is proton.

|Po| = 103¢¥. © = Orad.

A€

N Sp p Azy a, w
1[102]05 [0 || 041072 [ 0310718 [ 0.1£10™ | 0.2+ 10" [ 0.6+ 10%°
2| - - |0 [[ 02410718 [ 0.741071° - - -
3 - [10°{0¢ || 0.7%1077 [ 0.1x10~ 1 - 0.4%10% | 0.3%10"2
4| - - |0y [ 0.7%10712 [ 0.2410-12 - - -
5] 10 | 0.5 | 0(g) || 0.1%107° | 0.3%107° [ 0.4%10™ | 0.2% 10" [ 0.6+ 10™°
6| - - [0qy | 0610772 | 0.5%107° - - -
7] - [10° [ 0p) || 0.2%107% | 0.1x10° - 0.4+ 107° | 0.3« 1012
8] - - [0y [ 0.3¥10°° | 0.2« 10" - - -
Table 8.
Particle is proton.
|Po| = 10¢Y © = 10~3rad.
N P A Sp P AE Azy a, w
11107705 [0 [[ 031077 [ 0.3+10"™ [ 0.1x10™% [ 0.2%10"T | 0.6« 107
2 | - - | 0 - 0.2x10°1% - - -
3] - [10° [ 0 - 0.1x10"* - 0.4x10° | 0.3 10"
4| - - | Oy - 0.2%10-1° - 0.1%10% - -
51107 [ 05 [0,) [ 0.2%10=° | 0.3x107° [ 0.4x 10" | 0.2%10™ [ 0.6+ 10'°
6| - - |0y [[0.4%10°7 | 0.5%10°° - - -
7] - ]10° |0 [ 0.2%107% | 0.1x10° - 0.4%10% ] 0.3x10"%
8] - - |04 [[0.3%107° ] 0.2x10° - - -
Table 9.
Particle is proton.
|Po| = 1012¢X. © = Orad.
N P A Sp p AE Gzy a, w
11073705 [0¢ [ 0.1%107T [ 0.2%107 T | 0.5%10° [ 0.7%1071% | 0.3 x10° |
2| - - |0y [ 0.2x1071F [ 0.1x10715 - - -
3] - [10°] 0 [[0.8%10°7° 0.0 0.5 0.1%1071% | 0.1%10°
4| - - [ 04 [[03x10" 7 [ 04510~ [ 0.5x10° - -
51 10T [ 0.5 [0 || 0.4%107° | 0.2%10=2 | 0.2%10° | 0.7%10"1 | 0.3 10°
6 | - - [ 0g) [ 0.7%10=° | 0.1x10~2 - - -
7] - (103 [0@) [[0.3«10= ] 0.7%«10=° [ 0.1%107 0.1 0.1%10°
8] - - | 0y [0.8%10712 ] 0.4%107% [ 0.2%10%° - -




l Table 10. |
Particle is proton.
|Py] = 1012¢Y. @ = 10~3rad.
N P A Sp p A€ Ay a, w
1 [1072 105 [0 [ 0.3%x10°T [0.3%10°° [ 0.1x10* [ 0.2%10-3 [ 0.6 10°
2| - - | 0 - 0.2%1071 [ 0.7x10% | 0.1x10? -
3] - [10° | 0o - 0.7%107%1 [ 0.2% 10" [0.5%107"° [ 0.3x10°
41 - - | O - 0.4x10-1 [ 0.8x10% | 0.1x«10? -
5 | 1019 [ 0.5 | 0(5) - 0.3%107% | 0.4x101° 0.2 0.6 x 10°
6 | - - | 0y - 0.4%10° | 0.2x10° [ 0.4x10’ -
7] - [10°] 0 - 0.7%10°% | 0.7%107 0.5 0.3%10°
8 [ - - [ 0y - 0.1x10° | 0.2%10° [ 0.4%107 [0.3x10°
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APPENDIX A

The particle (electron or proton) with the value of Py = 103,102 (£¥) in the initial point of four-
dimension space [0,0,0,0] with © = 0,1073,x,7 — 1073 (rad) and with ¢o = 0 (rad) enter TEM (a
laser wave) with a wave power P = 1073,10'0 (Watt) with a wave length A = 0.5,10® (um), and with
¢ = 0 (rad). TEM is a linear polarization with Sp = 0(;). This is true that TEM is polarized in the
coordinate plane Oyz and with Sp = 0(yy this is true that TEM is polarized in the coordinate plane Oxa.

The terminal time is ¢ = 1072 (s).

From formulae [3] we calculate the following values corresponding to the motion of particle in TEM:

p = Vz2(t) + y2(t)(sm), AE = E(t) — Eo(eV), azy = (/a2 +a2(5), a:(£F), and w(:L;) is the particle

frequency.

APPENDIX B

¢ = 2o+ R[(Poz — 2eE1singo)T — A7 L eE1C(¢)]
Yy = Yo + R[(Poy + g%eEzcosqﬁo)T - gA'l'1 “—11,—eE25(¢)]
z=29+ 2T.

Pz = PO:: + %GE;[S((}S),

Pn == POy - g‘%eE2C(¢))

P, = PP,.



az = eR[A1E1cos(9) + Az 4:],
ay = eR[gA; E;sin(¢) + Az Ay,

a, = ecA1AzA,.

where

A, = £ E,S(¢)[-E2S(¢)cos(¢) + EZC(¢)sin(¢)]- ‘
i‘ny:Ez(Pz)yS(d:)sin(qs) + 2E3P:a5(¢)cos(¢) — E2Po; C(8)sin($)]—
Poz(ElPo,cos(qS) + gEzPa,‘,sin(¢).1

A, = 953 B;C(9)[E3S(8)cos(¢) — E3C(9)sin(¢)]-
’ 59[9571;721(’0:)0(:15)‘-‘03(45) + 2E§P20yc'(¢)5in(¢) — E2PoyS(¢)cos(9)]—
POy(E1P0=COS(¢) + gE2P0y3in(¢))

A, = £[E25(¢)cos(9) — E3C(4)sin(¢)] + E1Pozcos(¢) + 9E; Poysin(¢).

Caseng=1and ¢ K1

T =0+ R[(P(nT — eE1A1(—-;-T2608¢0 + %Alessimﬁo)]
Y=o+ R[(PoyT + eEzAl(%TzsinqSo + éAlWT3COS¢Q)]
z=20+ 2ZT.

P, = Po; — AjeE (—Tcos¢ + A1 T2wsingo),
P, = Poy + gA1eE5(Tsing + %AszwcosqSo),

Pz = PPO
az = R[A1eE;(cosdo — ArwTsingo) + wAz A,

a; = R[gA1eE;(singo + AjwTcosdo) + wAzAy),

a, = ecA1AA,.

Here A, Ay, A, are the preceding A;, Ay, A, where the trigonometrical functions are expanded in ¢ < 1.
In all cases

v, = RP;, vy = RPy.
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