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Abstract

Leznov A.N. and Yuzbashyan E.A. Discrete transformation and explicit form of equations of
two-dimensional Heisenberg hierarchy: IHEP Preprint 95-29. — Protvino, 1995. - p. 6, refs.: 6.

The equations of (1 + 2) integrable systems belonging to the Heisenberg hierarchy which are
invariant with respect to discrete transformations of the corresponding integrable mapping are
represented in the explicit form.

AHHOTaIUA

Jlesno A.H., I036ambsan O.A. Iluckpernoe mpeoGpa3oBanue M ABHas GopMa ypaBHEHIH ABY-
Mepuoit IaiizenGeprosckoit wepapxmu: Ilpenpmutr UDPBI 95-29. — Ilporsuno, 1995. - 6 c., 6u-
6auorp.: 6. '

B cTaTbe npencraBileHH B ABHOI (opMe ypaBHeHNA (2+1)-MePHEIX MHTErPpHPYEMEIX CHCTEM,
npuHaanexammux K I'ajizenGeproBckoil Mepapxuu U ABALIONMECS UHBAPHAHTHLIMH II0 OTHOILIIe-
HUIO X IHCKPETHOMY IIPeoGpa3oBaHHIO COOTBETCTBYIONIEH MNTErpUPYyEeMOil TIONCT aliOBKH.
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1. Introduction

In this paper we will continue investigating two-dimensional integrable systems [1,2]
in terms of properties of the group of discrete integrable mappings [3,4,5].

This program was formulated in [3] and consists in the following construction. With
each local invertible substitution of the form

715¢(u) = ¢(u,u',u”,...) (1.1)

(where u is s-dimensional vector function , u” are its derivatives of arbitrary order with
respect to independent arguments) it is connected with the Frechet derivative operator
0 0 0
d- By By, B
Ou  Ou ou"
As it follows from definition (1.2) ¢'(u) is s X s matrix operator. Then it is necessary to
consider the following equation:

D* + ... : (1.2)

—

F = F(g(u) = ¢'(u) F(u), (1.3)

where F is s—dimensional vector, components of which depend on vector function u and
its derivatives up to some limited order.

Equation (1.3) always possesses one (trivial) solution F'(u) = v’ in which it is possible
to get convinced by differentiation (1.1) with respect to some of independent arguments
of the problem. If (1.3) possesses some other solution different from the trivial one such
substitution was called in [3] the integrable substitution or integrable mapping. With
each of solutions of (1.3) it is possible to connect the evolution type equation

ue = F(u), (1.4)

which is obviously invariant relative to transformation (1.1). In [4,5] hope was expressed
that the background of future theory of integrable systems is the theory of representations
of groups.



The goal of the present paper is to investigate two-dimensional Heisenberg integrable
mapping and construct on this base the explicit form of integrable systems belonging to
this hierarchy.

2. Two-dimensional Heisenberg substitution

Under this term we will understand the direct (f) and inverse (f) transformations of
two functions (u,v) of the form

- 1 1 oz
U = —1, — = + Y = 111 v
v 1+uv 1+uv by’ ¢ ’
(2.1)
- 1 1 b
= -1 = d 4 = 1 .
v=u", s 1+uv+¢,,-1/)y’ P =Ilnu
Denoting t; = (_1%:%)2 and t; = (;‘—-f:vl); one can get convinced that
(ln tl).z'y = E + t_; — 2t1 = Al, (111 tg)zy = t‘-; + tz - 2t1 = Ag. (22)
The explicit form of the Frechet derivative operator in this case is the following:
' 0 —v (2.3)
¢ u)= v+- uv'— D - - v : ¢
() —(1+ (8E) + (R)?6(¢7' Dz + 6, Dy — 3% Dsy)

In (2.3) D,, D, are operators of differentiation with respect to two independent space
coordinates of the problem,
VUzy -

6= , R=14uv, R=1+uv.

VgUy

By a short calculation it is possible to show that equation (1.3) possesses nontrivial
solution F; = u, F; = —v and so substitution (2.2) by definition is integrable.
Now we can rewrite equation (1.3) in more observable form. Let us denote F; =

uB, F; = vA. Trom the first equation (1.3) we obtain immediately B = —A. The second
equation after some transformations may be rewritten in the form of single equation for
function A '

—

(m)(!‘l" A) -

m @Az + ?ﬂAy — Azy). (2.4)

Pz Py
As we know from introduction main equation (1.3) always possesses the trivial solution

Fy = ug, (uy); F2 = vg,(vy) or A = ¢, (¢y). Let us look for the solution of (2.4) in the
form A = ¢,a. Instead of (2.4) we obtain equation for a

(A—A) = (¢s8)™(

—
Uz Vg — ULV, — ¢y
(Trwor =%

1+uv)2)(a—a)—(1+—uv)2(a—a) = (%l)z, 0= e (2.5)



Resolving (2.5) by the substitution

% =5—s
we obtain the equation for determining s
— 1— —_ .
5o =50 [ dylO(5 —5) = 8 (s - 3], (2.6)
where
UzVy
80 = .
T (14 uv)?

3. Solution of the main equation

First of all let us notice that one of sclutions of (2.6) is exactly the function so by
itself that can be checked up by direct substitutions of all values in (2.6) using the explicit
formulas of Heisenberg substitution (2.1). We have

1 ¢z 1 Py ¢ | &
PR 2 Ty T 7, .. z\; Jz = Pzy __z:g.
1+'U,‘U)+ ¢y¢y1+uv+¢(¢x¢y) ¢y¢y ¢32’
With the help of (3.1) it is not difficult to see that so is indeed the solution of (2.6). Let
us seek for the solution of (2.6) in the form s = so f dyao. After substituting this into
(2.6) and some not complicated computations we find the following equation for aq (this
equation of course is only sufficient but not necessary)

%—So = 2(}53(

(3.1)

(@0)z + ao / dy[030 — 8sp — 050+ 0s0] = 050 / dy(ao — ag) + 0so / dy(ao — ap). (3.2)

Denoting A = —(so — 5(’))0 + (53 — 80)0 it is easy to see that A =12 —t; —t; +t1 and we
can rewrite (3.2) in the form

(@0)s + a0 / dyA = £ / dy(&o — ao) + 1 / dy(@o — ag). (3.3)

Now let us substitute in (3.3) ap in the form ap = tia; + t261. Grouping terms with m
and terms with n and equating expression for m and for n to zero we find for ey and £,

(an)s + 0 [ dy(8+A2) = [ dy(do - o),
(3.4)
(B + B [ dy(A+B2) = [ dy(@ — o),



where ag = Z_lal + t—;ﬁl. Using A +rA; = (A + A2) and summarizing the first equation
with the right transformed equation for B; we obtain

(o + Br)a+ (ca + B1) [ dy(A+ Br) =0,

This equation may be integrated up to the end, but for us it will be sufficient to use the

obvious solution &y + f1 = 0. In that case for a; we have
— 2 — — - _,
(cn)s + o [ dy(A+ A1) = [dsl(tras — t:81) = (frog — Ba), (3.5)

Equation (3.5) possesses the following trivial (with respect to this equation but not to our
problem as a whole) solution a; = 1. From this with the help of the previous formulas
we find the new solution of (2.6)

s =81 = So/dy(tl —t3),

which gives us the next system of equations in the Heisenberg hierarchy. Substituting in
(3.5) instead oy f dya, after simple calculations we have

(a1)z + a1/dy(A + 51) = ?12/dy(&_1 —a1) + g/dy(&; — ). (3.6)

This equation is analogous to (3.5) and we can use the same way representing a; as

—2 —
a; = tl ag + t2,32.
In the general case by inducting the following formulae one may prove

—n+l,1 —n 1—y_,
(cn)e + cn [dyDu = [dyl(E & — tra) = (Haw — 267, (3.7)
or if we take instead a, [dyay,
—n+1 —1 1— —
(an)s +n [dyDo="5 [ dy(@n—an)+ s [ dy(Gnarn), (3.8)

—n+1 —n

-1 n— 1—
Dy=A+An+ .. +An=1t —t+ t1 — 1,

—k+1 1— —
ar= t [ dyagy — 12 /dyak+11

Each equation (3.7) has the trivial solution @, = 1. This solution gives us the sequence
of solutions of (2.6). For example if we want to find s, we should take a; = [dya, = 1,
from which it follows that

—2 1—

alztl—tg’.

«—1 -2 1— 1— e | 2—
S = So/dyao——‘S()/dy[tl /dy(tl — tg) — 15 /dy(tl — tz)]



One can also prove by induction the expression for s, in the following symbolical form

90H 1 — L;exp[—(: + 1)d; — E dk])/dytl /dytl ...... dy tln, (3.9)

=1 k=t+41
where symbol expd, means the shift by unity of the argument of s-repeated integral
«h —h+1 —m -

(..fdyti...— ... [dy t1 ..)in (3.7) and symbol L,, means the exchange of 1 for t;n
—m

in the p-repeated integral ... [dy t1 ... — ... [ dytam...

4. Integrals of motion
We can suppose the following general formulae for integrals of motion:

In=0sn, In=0s, | (4.1)

Up to now we have only checked (4.1) for sufficiently low values of n=0,1,2,3 and so this
proposition may be considered only as a hypothesis. ‘

5. Examples

In this section we represent the simplest integrable systems for unknown functions u,v
corresponding to functions s, with n=0,1.

5.1. n=0

Vg = —Vgz + 2vz/dy(ii+%;)za —Uy = —Ugy + 2uz/d./( )z-

1+ wo
5.2. n=1
et Vime = 30 [ dy(Tom)e 4 Sval [ dy(5) T+
+3v, / dy( (l'fv’;), —3v, / dy( uv" T)ee =0,
Ut + Ugzs — 3uu/dy ] )z+3uz[/dy T v) I*+

r U
+3uz/dy((1v Yy ):: 3ux/dy Y )zz =0.




6. Conclusion

The main result of the present paper is contained in formulae (3.9) which gives the
explicit form of two-dimensional integrable equations of Heisenberg hierarchy. We em-
phasize that in this case by contrast to the case of Darboux-Toda hierarchy the solutions
s, are not the conserved quantities : they are not shifted on divergence with respect to
the transformation of discrete symmetry. This may be the reflection of the fact that the
Heisenberg substitution is not a canonicial one. The invariant Hamiltonian structure is
absent in this two-dimensional case.

For one of the authors (A.N.L.) the research in the present publication was partially
possible due to the Grant N RMMO000 of International Scientific Foundation.
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