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Abstract 

Leznov A.N. and Yuzbashyan E.A. Two-Dimensional integrable Darboux-Toda substitution and 
Davey-Stewartson hierarchy of integrable systems: IHEP Preprint 95-28. - Protvino, 1995. ­
p. 1, refs.: 1. 

The equations of (1 + 2) integrable systems belonging to Davey-Stewartson hierarchy are 
represented in an explicit form. 

AHHoTanHJI 

ne3HoB A.H. H I036a.llibHH 3.A. llByMepHaJI HHTerpHpyeMaJI nO.llCTaHOBKa llap6y-TO.llhI 1I 
HepapXHH HHTerpHpyeMhIx CHCTeM ll3BH-CTlOapTcoHa: llpenpHHT H<I>B3 95-28. - ITpoTBIfHO, 
1995. - 1 c., 6H6JIHOrp.: 1. 

B CTaTbe npe.nCTaBJIeHbI B JlBHO:H ¢>opMe ypaBHeHHJI (2+1)-MepHbIx IIHTerpnpyeMhIx CHCl'eM, 
npHIla.nJIe,)KaInHX K HepapXHH ll3BH-CTlOapTcoHa H JlBJUllOlUHeCJI HHBapHaHTHhIMU no OTHOllie­
HUIO K ,ZlHcKpeTHoMy npe06pa30BaluIIO ,ZlByMepuoH HHTerpHpyeMoH nO,ZlCTaHOBKH llap6y-TO,ZlhI. 
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1. Introduction 

In the case of (1 + 1) integrable systems the Hamiltonian formalism has played the 
fundamental (background role for many years). However the situation in (1 + 2) case 
changes essentially. In this case the Hamiltonian formalism (in the usual sense) does 
not work at all and many alternative methods to construct integrable systems and their 
solutions [1], [2] have been proposed. 

The goal of the present paper is to demonstrate that the condition of equations invari­
ance with respect to two-dimensional integrable mapping (discrete substitution, trans­
formation) [3,4,5] allows one to construct equations of the corresponding hierarchy in an 

. explicit form. Moreother it is possible to obtain a wide class of exact solutions, including 
soliton ones [3]. 

The fundamental role in our construction will play the functions which, with respect 
to discrete transformation, are shifted on two-dimensional divergence with respect to 
space coordinates of the problem. Vrle conserve for these functions (for awhile) the 
term Hamiltonian keeping in mind that in one-dimensional limit they indeed go over to 
the corresponding Hamiltonians (up to nonessential divergence) of the (1 + 1) integrable 
system. 

We restrict ourselves in this paper by the case of the Darboux-Toda two-dimesional 
integrable mapping which is diI:ectly connected with (1 + 2) Davey-Stewa.rtson hierar­
chy [7]. 

2. Discrete Darboux-Toda (D-T) transforlnation 

The explicit form of the direct and inverse D-T integrable substitution is the following: 

.­
u = 

1 
-, 
v 

.­
v = v(uv ­ (In v)Xy), 

(2.1) 

1� 



v =~, u= u(vu - (In u)xy). 
u 

+-j 

The functions on variables I(u, v) after j-times direct transformation will be denoted I, 
j-+ +-(-j) j-+ 

after j-times inverse transformation as I ( I =I). 
The condition of invariance with respect to transformation (2.1) of evolution type 

equation 
Ut = F(u) (2.2) 

(u is vector function (u, v), F (u) is also two-dimensional vector function (FI, F2 ) each 
component of which depends on (u, v) and their space derivatives up to some definite 
order) may be written as [3] 

F 
+- =F(</J(u)) = </J'(u)F(u), (2.3) 

where </J'(u) is corresponding to (2.1) Frechet derivative [6] 

,J..'( ) _ ( 0 - ;2 ) (2.4)
0/ U - v2 2uv _ +~D +~D - D 'vztJy

tJ2 tJ Y tJ X xy 

_8D-8h Dwere y = 8y' x = 8x· 
System (2.3) in the concrete case of D-T substitution may be rewritten as 

(2.5) 

It is not difficult to check by the direct conlputations that Fo = (u, -v) is the solution 
of the last equation and so substitution (2.1) is integrable in the sense of [3]. 

After introducing the new functions F1 = ulI, F2 = V/2 system (2.5) takes the form 
of a single equation for only one unknown function 12 

+- +- -+ -+ 

(UV)(/2 - 12) - (UV)(/2 - 12) = -Dxy I2, 11 = -/2. , (2.6) 

The meaning of notations in the last equation is explained after formula (2.1). 
In further transformations of (2.6) we will use the fact that condition of invariance 

of some function with respect to the discrete transformation F 
+-

= F is equivalent to the 
F =const. This is in some sense the analogue of Liouville theorem in the theory of 

analicity functions. Using this fact for function 12 = f dy(T 
+-

- T) we obtain the Toda-like 
chain equation 

- Txy = To / dy(T - 2T +T), To = uv. (2.7) 

In terms of solution of (2.7) evolution type equation (2.2) (invariant with respect to 
D-T substitution (2.1)) takes the form 

Vt = v / dy(T - T), Ut = U JdY(T - T).) (2.8) 
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3. Solution of the nlain equation� 

Using (2.1) one can get convinced ~.hat T = To is the solution of (3.1). Let us seek 
solution of (2.8) in the form 

T = To 1dyo:o. (3.1) 

After substitution of this expression into (3.1) and some trivial computations we find the 
equation for 0:0 

- o~ = To1dy(ao - (0) +To1dy(Oo - (0) - 00 1dy(To - 2To +To). (3.2) 

Let us try to solve the last equation with the help of the following substitution (with+- ­
notation ~ =(To - 2To + To)) -0:0 = T00:1 + T0f31' 

At first we will assume that 0:, f3 are some numerical constants. Froln (3.2) we immediately 
obtain 0:1 = -(31 = 1 and as corollary we find a partial solution of our llJain equation 
(3.1) in the form 

T1 = To 1dy(To - ~). (3.3) 

Now let us consider 0:1, f31 in the previous expression for 0:0 as unknown functions repre­
senting them in the integral form: (we keep the same letters for convenience) 

(3.4) 

+- +- +­
Keeping in mind that -(To)x = To f dy~ we can rewrite equation (3.2) (equating to zero+- ­
coefficients before To and To terms) as 

-o:~ = +-21To dy(~ - o:d +To 1dy(f31- + o:d - To-1 dy(f31 +ad - 0:1 1dy(~-+ ~), 

-fi; = ~ 1dy(ii - fil) +To 1dy(a,. + fit) - To 1dy(fil + a'l) - fil 1dy(~ +L\). 

Summarizing equation for f31 shifted by direct transformation with equation for 0'1, after 
simple calculation$ we find 

1 +­ C 
dy({31 + o:d = +- , 

(ToTo) 

where c is an arbitrary constant. Substituting these expressions into the last equation for 
0:1 we obtain (below we put c = 0) 

(3.5) 
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-�
This equation is absolutely the same as equation (3.2) wIth obviously changing To on 

-2 
To. Let us take al in the form 

-2 ­
01 = To02 + To(32. 

Assuming that 02, (32 are the numerical parameters, from (3.5) we obtain immediately 
02 = - (32 = 1 and finally the next partial solution of our main equation is 

In the case when 02, (32 are unknown functions, using the same trick (as in the case with 
01, (31 ) we will (after substituting JdY02 instead 02 and the corresponding expression for 
(32) get 

and the corresponding equation for (32. 

In the general case it can be proved by induction using every time substitution: 

_k+lJ -J 
Ok = To dYOk+l +To dy(3k+l 

on the n-s step we will have the following equation for On 

This equation possesses the obvious partial solution of the form (compare with the corre­
sponding solutions in the cases 01,2) 

-n+l 1­
On = To - To. (3.8) 

After this explicit expression for Tn may be reconstructed in the form of the sum of 2n 

terms, which can be written in following syrnbolical form: 

n n J -1 J -2 J-n 

Tn = To 11(1 - exp[-(i + l)di - ~ dk]) dyTo dyTo...... dyTo, (3.9) 
a=1 k=a+l 

where symbol exp dp means the shift by unity of the argument of p-repeated integral 
-p -p+l

(.... f dyTo... -+ ... Jdy To ... ) in (3.9). 
Substituting this expression for Tn in (2.8) we'll find the equation of order (n + 1) of 

the Davey-Stewartson hierarchy. 
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4. Recurrent formulas for Tn-functions� 

We may assume that the following recurrent pure algebraic relation connecting Hamil­
tonian functions Tn takes place 

1 n+l n-l 
n kTn +1 = '2 E[F1

k F2 - +1 +Ff- k+1 F;] + ETk f dyTn - k - 1 • (4.1) 
k=O k=O 

\Ve have checked this relation by direct computations up to n = 4. But we don't know 
now if this relation is a direct corollary of our general formulae (4.1) for Tn or not. 

5. Conserved values 

We have checked also that all the constructed Hamiltonian fUllctions Tn (3.9) up to 
n = 3 are the conserved quantities which in one dimensional limit (8z = 8y) up to 
all unessential derivatives go to Hn+1 -hamiltonian functions of equations of the one­
dimensional nonlinear Schrodinger hierarchy. All functions Tn are shifted with respect to 
D-T discrete transformations (2.1) on divergence in two-dimensional space. 

6. Examples 

In this section we represent the simplest integrable systems for unknown functions u, v 
corresponding to Hamiltonian functions Tn with n = 0, 1, 2, 3, 4 

6.1. n=O 

To = UV, 'lLt = auz + buy, Vt = avz + bvll,· 

In examples below we shall choose a = 1, b == 0 keeping in mind that it is always possible 
to add the term ( with a.rbitrary numerical coefficient) in which x is changed by y and 
vise versa. 

6.2. n=l 

T1 = VUz - VxU, 

Ut = U xz - u Jdy(uv)x, -Vt = Vzx - v Jdy(tlV)zo 

This is the Davey-Stewartson equation in its original form [7]. 
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6.3. n=2 

T2 = (uv )xx - 3uxvx - 3uv j dy(uv )x, 

Ut = Uxxx - 3ux j dy(uv)x - 3u j dy(uxv)x, 

Vt = Vxxx - 3vx j dy(uV)x - 3v j dy(vxu )x' 

This is the equation of Veselov-Novikov. 

6.4. n=3 

..� 
T3 = -(Tdxx - 2(UxVxx - vxuxx ) +2uv j dy(Tdx +4T1 j dy(uv )x, 

Vt = -Vxxxx + 4vxx Jdy(uv)x - 2vx(J dy(Tdx - 2 j dy(uv )xx) + 2v(j dy(uv )xxx­

j dy(uxvx)x + j(uvxx)x - ([J dY(UV)]2)xx - [j dY(UV)x]2). 

The equation for u may be obtained from the equation for v under changing u -+ v, v -+ 

u, t -+ -to 

7. Conclusion 

The nlain concrete result of the present paper consists in the explicit form of equations 
of the (1 + 2) dimensional Davey-Stewarson hierarchy which are invariant with respect 
to transformation of corresponding integra.ble mapping (2.1). We want to emphasize that 
finally result uses knowledge only of To Hamiltonian function and some general properties 
of discrete transformation (2.1). Our calculations were purely technical and we are very far 
from the understanding of their connection with the theory of representations of discrete 
mapping, which as it follows from the results of the present paper plays the fundamental 
role in the problem under consideration. We invite all mathematicians to help us in the 
solution of this interesting problem. 

For one of the authors (A.N.L.) the research of this paper partially was possible by 
Grant N RMNIOOO of International Science Foundation. 
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