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ABSTRACT 

A one-tenn separable potential which produces the 2sl/2 single-particle 
170bound state in generates an anomalous phase shift. The correct 

behaviour of the phase shift may be restored by adding a second teon to the 
original potential. Using the two-tenn separable s-wave potential and also a 
d-wave separable potential which reproduces the IdS/2 single-particle state in 
170, a three-body calculation of the 160(d,p)I70 reaction is perfonned. 

I. CONSTRUCTION OF THE S-WAVE POTENTIAL 

The stripping reaction 160(d,p)170 has been studied using a three­
body model consisting of an inert core of 16() plus two nucleons (the neutron 
and the proton in the incident deuteron) 1,2. In the process, the neutron 
cannot be captured in the single-particle states already occupied in the target 
nucleus. This fact may be simulated2,3 using for the neutron- 160 
interaction, a separable potential which generates only the 1dS/2 and the 
2s 112 single-particle states, which are allowed by the exclusion principle. The 
term which generates the 2s 1/2 state may be taken of the fonn 

As -­112< QIVsI/2IQ'>= --2vSI/2 (Q)vSI/2 (Q')l:< Qly 1 >< YI IQ'> , (1) 
m II O-J.l O-J.l 

,... 2 2 

where Q and m are the momentum and the mass of the neutron and ASI/2 IS 
the magnitude of the interaction. For the fonn factor, we may choose 

3 ) 1J32 Q2 
V (Q)=(Q2+ a 2 ) __ ~2  Q2 e-2 S1/2. (2)

s1/2 51/2 ( 2 51/2 

Taking 

=1J: dQ Q2 h'2 (Q)]2 (3) 
.. A'I12 Q2 +a2 

51/2 r· 
we get a boood state with energy 

a;1/2 
(4)

E SI/2 = - 2m 

and wave fooction 

_!J32 Q2 
, o!~ (Q) = N'112 ( ~ -1l;1I2 Q2 ) e 2 '112 < QIVo!~  > , (5) 

2 2 

where NS \l2 is the nonnalization factor. This function is identical to the 
eigenfunctIon describing the 2s1/2 state of the hannonic oscillator. The value 
of the parameter as 12 (0.3974 fin-I) is fixed by using Eq. (4) and the 
experimental value kSl/2 = -3.275 MeV. The value of PSI/2 (2.176 fin) is 
chosen to give the correct mean square radius (4.07 fin) of the 2s1/2 neutron 
orbit in 170 (Ref. 4). The parameter ASI/2 is fixed by Eq. (3) and its value 
turns out to be 17.280 finS. We mention here that, for simplicity in the three­
body kinematics, the mass of the core is asswned to be infinite. 

Fig. 1 shows the phase shift and the cross section corresponding to the 
potential defined by Eqs. (1)-(3). The phase shift exhibits clearly an 
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anomalous behaviort namelYt it does not decrease monotonicalJy with the 
energyt as it happens for the phase shift originating from local attractive 
potentialsS. In fact t the phase shift bends back toward the value zero and this 
oscillation generates a slight hump in the cross section. 

We here make th~ remark that the energy (Ecrit = 6.57 MeV) where 
the vanishing of the phase shift occurs is the energy Q2/(2m) for which the 
factor (J /2 - p2 Q2) appearing in expression (2) vanishes. For a specific 

51/2 

choice of the parameter ASl/2 (Acrit = 11.30 fin5) a continuum bound state 
5112 

occurs at the energy E = Ecrit. For values of A close to Acrit the
Sl/2 51/2 

continuum bound state becomes a narrow resonance (Fig. 2). For the actual 
value (17.280 finS) of ASl/2t the resonance pole has moved away from the 
real axis and one sees only the slight hump in Fig. 1. The relation between 
the anomalous behavior of the phase shift and the presence of a bound state in 
the continuum was pointed out by Beam6 long time ago. 

In order to recover the appropriate behavior of the phase shiftt we may 
add a second tenn to the potentialt thus getting 

< QIV'II2 IQ'>= [- A;~2  v'I/2 (Q)v'1/2 (Q')- ~~2  g'll2 (Q)g'1/2 (Q')] 

A A 

x L<QIV 1 ><V 1 IQ'> (6) 
II O-J! O-~  

r 2 2 

where the first term is the original potential. For conveniencet the fonn factor 
gS112 (Q) is chosen as 

__ I p2 Q2 

g5112 (Q) =e 2 5112 (7) 

roo 2 1
Jo dQ Q gSl/2 (Q) 2 2 vSl/2 (Q)

Q +asIl2 

roo 1 3 ) I 2 2=Jo dQ Q2 e-2P~1/2 Q2 _ -132 Q2 -"2 PS II2 Q (8)( 2 Sl/2 e = 0 t 

the bound state corresponding to the original potential [Eqs. (4) and (5)] 
remains unchanged. Howevert the phase shift is affected by the new term. If 
this term is repulsive (ASI/2 < O)t the behavior of the phase shift does not 
improvet the hump in the cross section getting even more pronounced. For 
As 12 positivet and equal to 18.2 fint we obtain an agreement between the 
calculated phase shift (Fig. 3) and the non-resonant phase shift deduced from 
experimentS. Howevert the potential now supports another bound statet at 
-11.527 MeVt besides the original 2s bound state. The corresponding wave 
function has no nodest and therefore represents a 1s state. It thus seems that 
it is not possible to reproduce the appropriate behavior of the phase shift by 
using a potential which supports only a 2s bound state excluding the Pauli 
forbidden 1s state. To check this pointt we constructed the rank one 
separable potential which reproduces the 2s bound state generated by a 
square well potential. The phase shift corresponding to this separable 
potential is similar to that of Fig. 1 while tJle phase shift for the square welJ 
potential is close to tJlat of Fig. 3. Thust we may say that the inclusion of the 
additional term in VSII2 [Eq. (6)] makes the potential more equivalent to a 
local potential. 

The pwpose of this work is to make a calculation of the reaction 
160(dtp) 170 using the modified potential given by Eq. (6). Of courset this 
potential introduces a spurious transition (to the 1s state). But it provides a 
better description of the continuum states of the nucleon-core system. 

As a consequence of the orthogonality relation 
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II. DESCRIPTION OF THE THREE-BODY MODEL 

As mentioned, we consider the neutron- 160 interaction to act only on 
the Sl/2 and dS/2 waves. The S]/2 interaction was already discussed in Sec. 
I. With regard to the dS/2 interaction, we use the potential 

< QIVd5l2 IQ'>= - A;~2 vdsl2 (Q)Vd l2 (Q')s

~ ~ 

x L< Qly' 5 >< Y. 5 lQ'> , (9) 
II 2-~  2-~  
t'" 2 2 

where the fonn factor is taken to be 2 

I 
VdS/ (Q) = (Q2 +a2 )Q2e-2~~512 Q2 (10)

2 dS/ 2 

If the parameter Ad
s12 

is constrained by a relation analagous to Eq. (3), 

A j [ 2)-1d I2 = J;'dQ Q2 vd512 (Q)] (11)S Q2 +a2 
dS/ 2 

the binding energy is given by 

2 
a dS/2 (12)tdsl2 = - 2m 

_!p2 Q2 
~ 5 (Q)=Nd Q2e 2 dSI2 <QI Y. 5 > , (13)
2-~ S/2 2-~  

2 2 

Nd being the nonnalization factor. The experimental values4 
s12 

td = -4.146 MeV and «r2>d / )l/2 = 3.44 fin require the following values s12 s 2
of the parameters: Ad = 34.664 fin9, ud = 0.4472 fin- I ands12 s12
Pd 1.839 fin.s12= 

Concerning the proton-core interaction, we do not take into account the 
Coulomb repulsion since there is no reliable way to treat numerically tltis 
interaction in the three-body problem. For deuteron energies well above the 
Coulomb barrier (= 3.5 MeV), we expect tllat it is a reasonable first 
approximation for the treatment of the (d,p) stripping channels, since the 
Coulomb force will not deflect appreciably both the incoming deuteron and 
the outgoing proton. For the nuclear part of the proton-core interaction, we 
use the same potential as for tile neutron, that is, our model treats the neutron 
and the proton in a symmetrical way (symmetric model). 

For the neutron-proton triplet s-wave interaction, we use the separable 
potential 

<P/VI2 /P'> = - A v(p)v(p') LII,Ms ><I,Msl , (14) 
m M s 

where P is the relative momentwn and 11, M s> is the spin wave function of 
the triplet state. The fonn factor is chosen to be of the Yamaguchi fonn, 
v(P) = 1/(p2 + ( 2). The experimental values a = 5.42 fin and ro = 1.76 fin for 
tile scattering length and tile effective range of the triplet s-wave 
neutron-proton scattering are reproduced if one takes a == 1.406 fin-I and 
A = 0.382 fm-3. With tllis choice, we get 2.223 MeV for tile binding energy 
of the deuteron. Since tile model is symmetric and tile process is initiated by 
tile deuteron which has isobaric spin T = 0, the singlet s wave interaction will 
not come into play. 

and the bound state 
function, 

wave function is exactly the 1dS/2 oscillator wave 
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III. RESULTS OF THE THREE-BODY CALCULATION 

We worked out the Alt, Grassberger and Sandhas (AGS)7 equations 
for the interactions described in the preceding sections. The derivation of the 
final fonn of the equations is contained in Ref. 2, except for modifications 
due to the fact that we use a two-term separable potential for the s-wave 
nucleon-core interaction. The coupled integral equations were solved 
numerically by the method of contour rotation8. Using the Gauss quadrature 
method to approximate the integrals by finite sums, we end up with a system 
of algebraic equations. 

The calculation was performed for a deuteron energy Ed = 6.26 MeV. 
At this energy, there are available the (energy averaged) experimental data 
of Cords et 01.9. It was necessary to include thirteen partial waves 
(J7t = 0-, 1+, 1-, ... , 6+, 6-) in order to reach convergence. We did not 
consider a higher energy (one really well above the Coulomb barrier) as this 
would need the computation of a much larger number of partial waves. 

The results (full line) are shown in Figs. 4, 5 and 6. One sees that a 
reasonable agreement with experiment is obtained despite the simplicity of 
the model. In fact, our stripping cross sections are close to the ones obtained 
by Cords et 01. using the DWBA. 

In order to see the importance of the second tenn in the s1/2 potential, 
we performed a calculation omitting this term. The results are the curves 
drawn with dot dashed line in Figs. 4, 5 and 6. One sees that the second tenn 
has a small effect but in the case of the (d,Pl) and (d,d) reactions (Figs. 5 and 
6) the results are slightly improved when it is included. The smallness of the 
effect of the additional term may be due to the relatively distant location of 
the pole corresponding to the spurious bound state, but a definite explanation 
requires a further investigation. 
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FIGURE CAPTIONS 

FIG. 1. Phase shift and total cross section predicted by the one-tenn s-wave 
separable potenti31 (Eq. (l)]. The values of the parameters are 
aS1/2 = 0.3974 fin-I, PS1/2 = 2.176 fin and As 1/2 = 17.280 fin5. 

FIG. 2. Same as Fig. 1, but with the strength parameter AS1/2 = 13 fin5, close 
to the critical value 11.30 fin5 which produces a continuum bOWld 
state. 

FIG. 3. Same as Fig. 1 for the two-tenn separable potential [Eq. (6»). 

FIG. 4. Angular distribution for the stripping to the groWld state (ldS/2 
S.p. level) of 170. The full (dot dashed) line corresponds to using 
two tenns (one tenn) in the s-wave nucleon-core interaction. The 
experimental values (represented by dots) are from Ref. 9. 

FIG. 5. Angular distribution for the stripping to the excited state (2s1/2 S.p. 
level) of 170. The drawing convention is the same as in Fig. 4. 

FIG. 6. Angular distribution for the elastic scattering of the deuteron. 
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