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The effect of positronium formation in positron-alkali-atom scattering 
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Calcutta 700032, India� 
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We study e+ ·Na, e+ -K, and e+ -Rb scattering using the close coupling approach 
in the static and coupled static expansion schemes. We calculate partial wave ela.'itic 
scattering phase shifts and total elastic and Ps formation cross sections up to an 
incident positron energy of 100 eV. The effect of the positronium formation channel 
on the elastic channel is found to be strong in all cases up to an incident positron 
energy of 10 eV. We also make an estimate of the total cross section which exhibits 
a minimum as a function of energy at. low energies. 

PACS numbers: 34.90.+q, 34.40.+n 

To appear in Chemical Physics Letters 

The close coupling approximation (CCA) scheme provides a practical framework for 
dealing with electron-atom and positron-atom scattering. Unlike the variational calculations, 
CCA deals with rearrangement and elastic channels in an unified way and provides results 
for ionization and positronium (Ps) formation. This approach has been frequently used in 
e+ -H and e+-He scattering[1-7]. 

Recently, there has been experimental[8,9] and theoretical activit.ies in positron-alkali· 
metal-atom scattering[1O-18]. The eCA scheme has been employed in the theoretical studies. 
However, due to technica.l difficulties it is not easy to illclude tllf' reanangPllIell1 positronium 
formation channels in the case of these large atoms. Hence most of t.he CCA calculations 

have neglected these channels. There has been some calculations including the Ps formation 
channel employing simple atomic wave functionsI18]. Even in these calculatiolls a systematic 
study of the effect of the Ps formation channel in positron-alkali-metal-atom scattering has 
not been made. In the present letter we make such a study of the Ps formation channel 
in the CCA treatment of positron-sodium, positron-potassium and positron-rubidium scat­

tering employing realistic at.omic wa.ve functions. It is expected that any meaningful CCA 
calculation of positron-alkali-JIIetal-atolll scattering should include the Ps fOI'lIla.tion channel, 
as this channel is already open at the elast.ic scattering threshold. 

In a recent investigation we studied f+-Li and e+-Na scattering iu .'; and jJ waves using 
the CCA approach in the static and coupled static expansion schem~s[19].  The term static 
refers to the inclusion of only the gl'OlIlId state of the target atom in the expallsion scheme, 
whereas coupled static refers to t.he inclusioll of the ground state of the positronium atom 
in addition to the ground state of the target atom in the expansion scheme of the eCA 
approach. The effect of the Ps formation channel on the elastic channel was found to be 
strong in both cases. In the case' of the lithium atom the effect was dramatic; the inclusion 
of the Ps formation challllel trallsfornlf'd the purely repulsive efectiV<' f+·Li S' wave (static) 
potential to a predominantly aUradive (coupled st.atic) pot.entia.\. In this case, we found that 
in the static model 6(0) -li(oo) :::: 0, wlwreas in t.he coupled stat.ic IIlodel 0(0) - ~(oo) = 7(', 

where ~(E)  is the S wave pha.sf' shift at energy E. According to Levinson theorem this 
suggests a bound or continuum hound state of the system. This means that the inclusion of 
the Ps formation channel in the CCA approach to the ela.,tic 1"+. Li scattering will result in 
strong attraction. In the case of e+-Na scattering the effect of the Ps formation channel on 
5 and P wave ela.,tic scattering wa.s less pronoullced and no change ill ~(O)  - 0(00)' was 
observed. 

In this Letter we perform a complete study of e+-Li, e+-Na. 1"+.1\, and e+-Itb scattering 
ill the static and coupled static scheJlles of the CCA approach. We calculate total elastic 
and Ps formation cross sections up to an incident. positron ellPrgy of 100 eY. The effect of 
the positronium formation on tllf' elastic dlannel is found t.o be strong ill all cases up to 
an illcident positron energy of 10 eY. However, the effect of the Ps formation channel on 5 
and P wave e1a..,tic positron-alkali-llIctal-Cl.l.oJl\ scattering pha.sf' shifts is less pronounced as 
one passes from the lighter to the heavier alka.li atoms. In the casf' of e+ -Li sca.ttering the 
present results and conclusions are in agreements with the previolJsly published results,llO, 
19] and here we present only new results in the ca..,es of e+-Na, e+-K, illld e+·Hb scattering. 

V./e also calculate til{' partial wClve SIIJIIllwd elastic Clnd I's formatioll ClOSS sections at 

~  



various energies. Experimentally, the results for total cross section is available. Estimate 
is made for the total cross section using previously published results for excitat.ion noss 
sections and present elastic alld Ps formation cross sections. 

In the following we give some details of the positron-alkali-metal-atom scattering equa­
tions. In the CCA approach the tot.al Wllve function for the posit.ron-alkali-lJIetal-atol1l 
system is written as[lOl 

'11(;'1, Ti, ... ,in , i) = L ~i(,71' ,72, ... , ,";',,)Fi(:r) + L ~t.(rl'  ,72"" ,-:',_1 )T/,,(p)G.,( R), (I) 

with 

{i = (x - ,-:',), R= (i" + £)/2, (2) 

where ri(j = 1,2, ... , 7l) are the coordilla.l.es of the atomic electrous alld X is the positron 
coordinate. Here <Pj( rl, fi, ... J,,) alld 'J,,({i) are the ith and vth eigenstates of the alkali­
metal and positronium atom systems, respectively. The ground state wave function of the 
alkali-metal-ion is described by <t>t~(rl' 1~, ..• ,7-:',_1), Fj(:r) desnibes thf' motion of the incidellt 
positron and GII(R) describes the relative motion between t.lw positronium and the alkali­
metal-ion. In our trea.tment we include at most only one term in each slim of Eq. (I), e.g., 
the ground states of both alkali-metal and positroniulD atoms. In the static scheme ollly olle 
term in the first sum of Eq. (l) is included, in the coupled static scheme one term ill each 
sum of this equation is included. 

We shall be working with the usual coupled scattering integral LipplIlallll-Schwillgf'r type 
equations of the CCA ilpproach which iln' writt/>n ill t.he following forl\l:[1 7] 

f{Jo(k', k) = f;~.(k'. k) __1_" /(lk"f~r,,(r',  k")!",,(k", k) (3)
,l1r 2Jl v ~ E + iO - Ell . 

flere I{JOI(k', k) is the scattering amplitudl' for transition from chanlICI Q to challnel (3, kand 
~,  are the relevant relative momenta in these channels, ltv is the reduced mao;s ill channel 
I, 1101(k', k) is the corresponding Born amplitude. The partial wave expansion of f{J(>(k',k) 
'rom the initial state In/m > of the ta.rgf'1. atom to the final state < n'I'm'l of the target 
Itom is given by 

fI301(k',k) = (kk~  1/2 L L L < L'I'MU 71l'IJ M >< U/lIJ,lILIJ M > 
.) JM L,Ah V,AlL' 

x l~fo(T'e, Tk)}~/M)i.')lL'\(L(k), (1) 

,here Land ML are the orbital angular momentum and projection of the illcident projectile 
,ate, n, I and m are the principal quantum numher, orbital angular 1ll0lllentuIII and projec­
on of the initial state of the target atom, and J and 114 are the total angular momentum 
ld projection, < LlMoulJ M > is the usual Clebsch-Gordan coelfieiellt.. A similar partial 
1I.ve expansion holds for the Bol'II tPWI. Also, T stands for tilt' folledive qnanl.um numbers 
, I,m). 

After partial wave analysis th(-> coupled illl.('gral equatiolls !>"COIIH' 

1to(r'k',rk) = Bt,,(r'k', TI.-) + _1_ ""' I k.1I2dk.1I B~,,(T'k', r"k")1';!o(T"k", Tk) (5)
21r 2 ~ . .. k"2 - A·2 - iO . 

(> 

The elastic scattering phase shift for 1,111' dast.ic challl)('1 denoted by suffix 1 is ddilicd by 

I [He(1/1)]

6} = - ardan.) I (1'J) , (6) 
. 2 _1r - 171 II 

where 1'1~  is the Oil-sheil e1ilstic l IIliltrix c1emcn!.. 
Next we illustrate some details of t.he positron-lit.hium system. TIJ(' Born nliHtix elenlPnt. 

for the elastic channel is givI~\1 by 

B - k 1 / 1k."~<I>' _ __ [Z 1 1 1)
f'l(kj,")=-;-2 e _ _ 1--1-: ";'12.,(7·,,1"1,1·:J)---1 -,--,.-:

1r .r .r - rl X - r2 .1. - 13 

x <P2.( 7'1, ,~, 7~dd7";'1 dl";'l di'S ([;r. (7) 

In this equation Z is the number of atolllic (,Iecl.rolls and k = kj - f j . The lithium wave 
function is given by 

(!Jl.( /'. ' ,-:'1. I-::sl = AI ill ,( /'1 )1I\<(i;"2 )lI zs (i'dl (8) 

where A denotes the proper illll.isylllllll·t.riz"r for eledrolls, aud tilt' atollli(' orhitals for tlw 
Is and the 2s electrons are givell h.\' 

Ii 

IL 
lls 

(t) = L (/,(I/ .... )I'("',--Ilc-·\,rl~ll~). (9) 
,=1 

The transition BOrll l1I11l.rix e1t'lllI'lll 10 t.11l' I's fOrlllilt.ion cllallllel, dl'lIoted by suffix 2, is 

given by 

1_ .. [(Z (IB - - 1/
~ 'ii]-,(.,~\(1..( / 1/1>("-1'11)11'1,+(1'1,7'1) - • _ ---Z) - ~---~-_-

I)!21(k j ,k:;}=-­
1r :r r3 I·r - "11 17':\ - rll 

( 1 I)] 1 - - - t- /- ,- ,­- ~  - -_--_- 1'1,(1"1,1'1,1':1)(.1'1 1.1"1/":1(.1'. (10)
Ix - "21 11':1 - I'll 

hi this equation p= ki - kf /2_ The lil.hilllli iOIl wave function is taken to be givell by 

<1>/.,+(,71 .,-:'1) = A!lIi,(i7dlLis(77z)! (II) 

where the atomic orbitllis Me gi"CI' !l.\' 

ui,('";') = L
·1 

0;( 1-,,)c-\"l;)()U). (12) 
1=1 

The constants for these wave fUJldiollfi are taken from Ref. [20]. In the calculation it is 
assumed that only the 2$ electron participates in t.he Ps formation, so that the diagonal 

Born term fE = o. 
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Similar calculations have been carried out for the other atonlS of the alkali series. The 
wave functions for these atoms are also taken from Clementi and Roettil20J. 

The resulting partial wave scattering integral equation for the t matrix is solved by the 
standard matrix inversion technique without any further approximationl21 J. 

The results of e+-Li scattering have already appeared in the literaturellO, 19J and the 
present calculation agrees with the previous ones. Here we present results for the other cases. 
In Figs. 1 (a) and 1 (b) we exhibit results for Sand P wave phase shifts, respectively, for the 
e+-K scattering for the static and the coupled static approaches. Similar results for e+ -Rb 
scattering are shown in Figs. 2 (a) and 2 (b). The results for e+-Li and e+·Na scattering 
phase shifts have appeared recently. [I 9J We find that in all four cases. at low encrgies « 

10 eV) the static and coupled static phase shifts are different showing t!t(, r('I('\,allc<, of the 

Ps formation channel in the eTA approach. However, the diffcH'lIn' is 1<'8:) in thl' case of 
heavier alkali atoms than in the case of lighter alkali atoms. 

In Fig. 3 we exhibit the partial wave summed elastic and Ps formation cross sections 
for e+ -Na scattering using the static and coupled static eCA approaches. Note that there 
is no Ps formation in the static approach. In the partial wave sum at low energies some 7 
partial waves were included wherea.c; at higher energies some IS partial waves were included. 
Convergence was achieved in all cases. In Figs. 4 and .) we show tllf' same rf'sults for ('+­
K and e+ -Rb scattering. In all casf':) , W(' find that. the Ps fOrJllatiol1 challllel has a strong 
effect on the results of elastic scattering. Hencl' in any realistic calculation using the CCA 
approach it is extremely important to include the Ps format.ioll channel. This ca.sts doubt 
on some analyses of positron-alkali-lIIetal-atol1l scaUerilig in tlw C(:A approach Ilf'glectilig 
the Ps formation channel.!l2, 15, 16] 

It is instructive to estimate the total positron-alkali-llleta.J-a.tolll cross section in the 
case of sodium, potassium. and rubidilllll in the presence of the Ps formation channel in 
a CCA approach. Similar estimate has appeared in the case of the lithiullJ.ltOJ Recent 
experiment has revealed IS, 9J that the total cross section has a minimum near the lowest 
excitation threshold in the case of pot.assium and rlibidinlll. Previous (~(,A  ralculatiolJ of 

e+ -Li scattering including the Ps fOrlnation dUlllnel has df'mollstrated a minimulll in the 
total cross section near tllP lowest f'xcitatioll threshold.[IO] Tilt" ('CA ralndiltiollS Ilf·glecting 
the Ps formation channel highly overesti IlJat.es!I 2, 15, 16J til<' elastic cross s(,ctiolls at low 
energies, and consequent.Iy, there is no minimum in the total cross sedion. TIl<' tota.J cross 
section is given by 

(Jt = (JtI + (Jp, + (Jeu + (Jio", (1:3 ) 

where el, Ps, exc, and ion stands for elastic, Ps forlllation, f'xcitatioll. ami ionization, 
respectively. In the present estimate the partial wave summed Plastic and Ps formation 
cross sections are taken from this study. The excitation cross sections are taken from the 
theoretical cakulations of thf> York univf'rsity grollp.[l.'l, 16J The ionizat.ion cross sedions are 
expected to bf> small[22J and are lH'glected. Tile presf'lIt estimates of til(' total ClOSS s('cl.ioll 
in the cases of sodium, potassiulIJ, alld rubidiulII alT f'xllibit(·d ill Table I loget.lwr wilh I1w 
present results for elastic and Ps forlllation cross sectiolls. 

In all three cases the present ('stimate for the totol cross section f'xltibits it lllillilllUlll 

near the lowest excitation threshold(s), as on(' can see in Table 1. Similar minima have been 
observed in the recent measurements of the total cross section in the cases of e+ -K, and 
e+-Rb scattering.[9} However, the present estimates of the total cross section, though much ! 

smaller than those of the York university grouPllS, 16] and of Sarkar et al.,112] are larger than 
the experimental results. Though we do not have a complete explanation of this fact some 
explanatory remarks are in order. The present coupled static calculation while compared 
with the CCA calculation of the York university group neglecting the Ps formation channel 
reveals that the inclusion of the Ps formation channel highly reduces the elastic cross section. 
It is likely that the inclusion of the Ps formation channel in a fully convergent calculation 
using Eq. (1) may similarly reduce the excitation cross sections. This has been observed 
by Basu and GhoshllO] in their study of positron-lithium scattering. They reported results 
for 2s-2p excitation cross sections for e.+ -Li scattering using the two following basis sets: 
(a) Li(2s,2p), and (b) Li(2s,2p)+Ps(ls). They found that below the incident energy of 10 
eV, the excitation cross sections obtained using basis (b) were appreciably less than those 
obtained employing the basis (a). Conseqllelltly, it is expected that after a fully convergent 
multichannel CCA calculation including many states of the target and the positronium atom 
in Eq. (1), the excitation cross sections and the total cross section of the alkali-atom-series 
might get reduced in agreement witll experiment. 

The present phase shifts a.rp in fair agn>elll('nt with previous (alculations.[1O.19] However, 
in previous calculations phase shifts were 1I0t plotted. Also, a quantitative comparison of 
results of various calculations is not to the point, beca.use different approximations and wave­
functions were employed in various calculatiolls. For example, the atomic wave functions 
used by Basu and GhosepOJ arf> different frolll those employed in thp present calculation. 
However, the qualitative features of tlwse two calculations are similar whenever results are 
available. Also, the calculat.ion of Ghosh et al.! ll, 12] and Ward et al.p5, 16J did not include 
the Ps formation channel. As we are studying the illlportance of the Ps formation channel, 
it is not fair to compare with these two calculations. 

In conclusion, we have df>lnonstrated til(' strong eff(,ct of the Ps formation channel on the 
elastic channel observables in a C(' A utkulation of the positron-alkali-lIIet.al-a.t.ol1l scattering. 
We have exhibited this efft,ct 011 t.he Sand P wave elastic phase shifts and on the partial 
wave summed elastic cross sections and calcula.ted the Ps formation cross sections. We 
also made estimates for til(> total cross sections for e+·Na, e+·K, and e+-Rb scattering and 
found a minimum in this cross section near tlw lowest scattering threshold{s) in agreement 

with experimental findingI9]. However, the present estimate for the total cross section uses 
the excitation cross seetiolls of t.he York university group calculated in the CCA approach 
neglecting the Ps formatioll ehannl'l and arf> large compared to the experimelltal results. A 
multichannel CCA calculation illcluding the Ps fonna.tion channel should 1)(' performed in 
the future to see if agreemcnt. with pXIH'rilllcntal results is improved. 

The work is supported in part by the Conselho Nacional de Desenvolvimellto - Cientifico e 
Tecnologico (CNPq) and FlInda~i'io  de AIIIparo il Pesqllisa do Estado de Sao Paulo (FAPESP) 
of Brasil. The work is partially supported by the Department of Science and Technology 

(D.S.T.), Government of India ullder projf>ct SPjS2jK-46j89. H. R. is tltallkrlll to D.S.T. 
for a Research Associateship. 
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Tethle Caption: Th(' present. collpl"d st.iltic calculation of partial wa,ve slInlmed elastic 
and Ps formation cross sections togdher with estimate for total cross section (1ra~)  for e+­
Na, e+-K, and e+·Rh scattering. The excitation cross sectiolls are taken from Refs. psI (Na 
and 1<:) and [161 (Rb). In the case of Hb t.he excitation cross sections are obtained by the 
method of interpolatioll hf'twecll t.wo energies. 

Table 1� 

e+·Na e+·K e+·llu 

E(eV) (TJs3s (T3s[>s (T I (T \.\ 1s (T'lsPs (1 t (1~.,5s (T.5sPs (1/ 

0.1� 168 30 198 191 i 198 193 9 202� 
1 134 34 168 1:18 6 ]44 133 10 ]43� 

1.5� 121 33 ]54 122 6 128 117 10 ]27� 
2 110 :12 1·12 116 7 203 101 10� 

2.5� 100 30 l:JO 107 7 240 89 10 l!j()� 

3 91 28 119 DR 7 248 79 10� 
3.5� 8:J 2G II!) ~)( 6 248 73 10 2·'jO� 
4 76 21 185 S I .') 2·14 6,1 10� 

5 65 20 175 72 4 228 53 9� 
7 49 15 114 .54 3 196 38 6 188� 

10 32 8 118 3.) I 156 28 4 ].50� 
20 ]2 I 68 17 0 100 17 I 1l:1� 
30 7 0 48 12 0 74 I·t 0 81� 

50 5 0 :H ~) 0 52 II 0 GI� 

Figure Caption 

l.(a) ,',. wave and (b) fJ wa"(' static (filII linl') ellld COli phi static (dasllt'd lillt» elastic 
scaU.pring phase shifts in radiillls ilt vario\ls (,\lcrgies for positron-pol.assium sCilttt~ring.  

2. (a) S wave and (1)) P W(l\'(' static (fllll line) and coupled static (daslJed line) elastic 
scattering phase shifts ill radians al. various elH'rgies for positron-rubidium sl"ilt.tering. 

:t Total static (filII line), total collpled static (dotted line), and total Ps formation 
(da.'>hed line) cross sections at. various elH'rgies for positron-sodium scattering. Note that 
therr is no Ps fOl'lnatioll in lilt' st,alic Illodc!. 

'I. Sallie as Fig. :~ for positroll p()l.as.~i'II" sCitlt.erillg. 

5. Sallle as Fig. ~ for positron-rubidiulll scatterillg. 
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