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- Abstract

_ We study the 7> — +4*y process using different model wave-functions in the null-plane.

: We compute the 7° decay and electromagnetic transition form-factor, and we found out

that the 7° width has a strong model sensitivity and should be used as an important
constraint to the model wave function.

The neutral pion electromagnetic transition form-factor of the reaction 7° — 4*y has
been recently measured by the CELLO Collaboration [1]. They measured F(kZ, k2), where
k4 and k5 are the photon four-momentum, for k% ~ 0 and in the space-like region of k.
The extracted value of the neutral pion radius, rye = 0.65 £ 0.03 fm, is in remarkable
agreement with the charged pion radius rem = 0.657+£0.012 fm [2]. This new set of data
provides further tests of the description of the pion wave-function in relativistic models.
In particular we are concerned with the pion wave-function defined in the null-plane [3-8].

The relativistic approach to the wave-function based only on constituents quarks is
possible in the null-plane due to the suppression of pair creation process. This property
arises from the particular choice of the null-plane coordinates [9,10]. Also the center
of mass coordinate is easily separated [3]. In specific processes involving a bound-state,
the internal loop-momentum is integrated first in the null-plane energy, then the wave-
function of the bound-state appears naturally [9a]. This procedure is the essence of the
“diagrammatic approach” that was applied in ref. 8 to obtain the weak decay constant and
electromagnetic form-factor of the charged pion. In this reference, it was used one-loop
diagrams; the triangle diagram for the form-factor and the bubble diagram which expresses
the Partial Conservation of the Axial Current (PCAC) [11]. The important point is the
convergence of the null-plane energy integration. This is the case for the “good component
of the current” [10]. For the weak decay constant, this integration is also convergent [8].

In ref. 8, the null-plane quark-antiquark bound state wave-function was introduced in
the calculation of the electromagnetic form-factor of the pion, starting from the triangle
diagram with constant pion vertex. The pion wave-function in the null-plane, for a con-
stant vertex, goes asymptotically as the inverse of the difference between the squares of the
pion and the free quark-antiquark pair masses. Then, it was obtained the normalization
factor for the replacement of the asymptotic wave-function by a model wave-function in
the expressions of the form-factor and weak decay constant. With the substitution, the
formulae were the same as those obtained in the Hamiltonian Front-Form dynamics [6,7].

Our aim in this work is to study the 7° observables. We construct the electromag-
netic transition form-factor of the neutral pion from the one-loop quark diagram with
two external photons. As far we know, this observable has not yet been studied in
the phenomenological null-plane approach. We follow the same procedure of ref.8. The
integration over the null-plane energy in the triangle diagram is performed and the asymp-

totic wave-function of the bound quark-antiquark pair is replaced by phenomenological



pion wave-functions. We use three distinct model wave-functions: 7) the Gaussian; {5-7];
i1) the hydrogen-atom [8] and iit) the wave-function model of ref. 12. This last model
has the two characteristics that one believes belongs to Quantum Chromodynamics, i.e.,
confinement and short distance one gluon exchange. The Gaussian model has only the
property of confinement and the Hydrogen model mimics the one gluon exchange at short
distances. We study the consistence of the description of the recent neutral pion data and
charged pion data within the relativistic approach.

In the next, we present the formulation of the neutral pion electromagnetic transition
form-factor in the null-plane approach, followed by our numerical results for the transition
form-factor. Finally we present our main conclusions.

We begin introducing the pseudo-scalar coupling of the pion to the constituents quarks,

which can be expressed through the following effective interaction Lagrangian:
in M, _ . :
Ly = —zf—’w. °7q, (1)
where M is the constituent quark-mass, f = 93MeV is the weak decay constant of the

pion, ¥ and ¢ are respectively the pion field and quark wave function. Qur units are such
that h=c=1.
The amplitude for the electromagnetic process #° — v*v is diagrammatically repre-

sented in Fig.1. The tensor, T** has two components, due to the bosonic symmetrization
of the amplitude:

Tuu(kla k) =t (k1 k) + tw(k%kl)@ . (2)
The tensor t*“(k,,k;) is obtained after the traces in the spinor and flavour space are

.performed and the result is [11]

aM? .
tuu(kyy k) = gf—eche“mpkl KST(k?) 3)
v:vhere
dk 1
2y
1O = | Gtk v
1
= M2+ ie)[(ky — k)? — M? + €]’ )
N, is the number of colors (= 3), k¥ = ki + k% is the 7° momentum, ¢* = K} is the

space-like momentum transfer, and e, is the unit charge. The factor of 1/3, in eq. 3, comes

from the trace in the flavour space.

The integration in eq. 4 is performed after changing to the null-plane variables, E 1,
E* = k°+k® and the null-plane energy k= = k°—k°. After the integration over the k™
momentum, the asymptotic 7° wave-function appears explicitly, and from that the model
wave-function is introduced in the expression [8]. We have two cases for the analysis of the
k™ integration, the processes 7° — yyand 7° — ~*y.In the following we will discuss
in detail the last case.

The first step in the k= integration of eq. 4, is the factorization of k¥, k¥ —k* and
kf —k* in the energy denominator. The system of reference is chosen such that gt = ¢~ =0
and the momentum transfer is transversal, ¢,. This frame is always possible to find due

the the space-like character of ¢*. In the new set of variables

o
(¢ = 2(21”4 JEa X (k*(k,’,’ — Kk — Kk - Ei_‘f_z{ﬂ))
(=B + M? —ie (Fo— B2 +M2—ic )
x((k;—k-— Lo Ry - )) e
where kf = ki and k; = k; .

The integration in k- is convergent, and is perforined using Cauchy theorem. The
position of the poles in the k= complex-plane depends on the value of k*. Due to the fact
that k¥ = k}, only one region of k+ values makes the integration non-vanishing. The
set k* < 0 and k* > k¥ does not contribute to the integral because the three poles
have imaginary parts with the same sign. The only contribution comes from the region
where the + component of the momentum of the quark cannot exceed the pion momentum

(0 < k* < k). This corresponds to the on-mass shell quark. The result is

, T _T)2 2\ 7!
o : dzd’k; _ +_k1+M2_(k2"'k)J_+M
) = _2(27r)3./:1:(1 —z)? ks z 1-zx

T l1-2

-1
2 2 n _]'C‘z M?
x(k;k:—’“*M (b BN+ ) , (6)

where the momentum fraction ¢ = k*/k} and0 < z < 1.



Introducing in eq. 6 the relative quark-antiquark perpendicular momentum, defined
by (3]
R =0 -a)k —a(k, —F),, )
we have dad?
d*K 1
I(q?) = Z 1 _ 8
D= s | G (@ e~ ©

where m, is the pion mass. The free mass operator for ¢ — g pair is written in terms of

the momentum fraction and the relative perpendicular momentum as
2 2
2 _ K +M . 9)
z(1 —z)
The matrix element of the electromagnetic transition current is obtained from eqs. 2, 3
and 8

3u(9) = € uapsd® Ko Fro(—¢*) (10)
where the neutral pion electromagnetic transition form-factor is
M? ;dzd®K, 1
- fivr3 / (1-2) (B + )} + M2)(ME ~m2) )
and €, is the polarization of the real photon.
In the soft-pion limit, following respectively refs. 11 and 13, we have
F,o(0) = 1 and 1,0 = ! (12)
4nf, VeM
The neutral pion decay width is [11]
L = 7 L), (13)

where « is the fine structure constant.

i

Our next task is the introduction of the null- pla.ne pion wave-function in eq.11. Ac-

cording to ref. 8, the asymptotic wave-function in the null-plane model is replaced as
below:

! wh g (k) 14
- TS
SRt M3 MYMGN, ) (14)
where the wave-function ®,(J?) is normalized to one:
/ FPEB(KY = 1. (15)
5

This is the normalization condition in the framework of the Hamiltonian Front-Form dy-

namics [6,9c). The functional dependence of K? with R, and z comes from the free mass

operator [6,9¢]

M?
4

From the above egs. 11-16, we obtain the central formula of the present work, the

K== _M*. (16)

neutral pion transition form-factor for a null-plane model of the quark bound-state wave-

function:
N.M dzd’K o, (K?
Fe(og) = L / 1 \/lAT z (2 ) o an
(=20 (R — 20)% + M)
In the limit of —¢? — oo, the form-factor behaves as ~ ¢~2 and we define
_ 2 vVN.M dzd*K &(K?
A= lim [=a'Fee(=g) = Yo [ i a6 (18)

The calculation of ref.14 within Perturbative Quantum Chromodynamics, gives 2 f, for
the above limit. This value should be compared with eq. 18 for the null-plane models of
the pion.

It is straightforward to derive the neutral pion radius from eq. 17,

a / o dzd®K —I_\’1+M2
o F,o(O)m (1 - 2)VMo (B2 + M2y

For the purpose of completeness, we return the neutral pion decay. The amplitude for

D.(K?) . (19)

this process can be formulated using the same reasoning that led to eq. 17. And the result

is

F _2VNM / dzd’K o, (K?) (20)
decay 3 il 1-2)vVM, ((I? - 23;]—;"1)1 + M?) ’
where | k] |=m,/2and 0 < z < i
In the soft-pion limit and for constant pion-vertex,
Fdecuy = Ff"(o) . (21)

In practice the calculation of the neutral pion width with either Fyeca, or Fy(0), through
egs. 20 or 17, give the same results within the null-plane approach. This arises because of
the small pion mass compared to the inverse of the typical size scale of the wave function.

The calculations of the neutral pion electromagnetic transition form-factors are per-

formed with three different quark-antiquark wave-functions. The Gaussian, in which the
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main characteristic is confinement and is frequently used [4-7], an Hydrogen atom type
that mimics one gluon: exchange at short-distances and the pion wave-function model of
ref. 12. This last model presents the (iterated) one-gluon exchange and confinement. The
quark-mass in this model is 220 MeV. We will explore the model sensitivity of the neutral
pion observables with this set of wave-functions.

" The phenomenological Gaussian and Hydrogen-atom wave-functions are function of

two independent parameters, the quark-mass and the non-relativistic charge radius

rhg = -ﬁd% / PK®,(| K + % N&(K) . (22)
This equation defines the range parameter. The wave functions ®, used are, respectively,
e~ WRNNR and 1/(ri% + K22

The quark-mass influences strongly rro, as is suggested by the soft-pion limit [13],
rro = (VZM)™' . We chose for ryp the values 0.195fm and 0.4fm. The first value is the
non-relativistic pion radius of ref.12. The results for the neutral pion radius as a function
of the constituent quark mass are presented in Fig.2. The trend of the curves follows
(\/ﬁM )~! for both values of ryg. Also, the result of ref. 12 is consistent with the Gaussian
and Hydrogen-atom models calculated with the same quark mass. The experimental value
of rse is an important constraint for the fitted constituent quark mass.

The calculation of the neutral pion width as a function of the weak decay constant is
shown in Fig. 3. The increase of I'yo with f;2, as suggested by eq. 13, is qualitatively
followed by our results. But now, the model dependence is important and I',. is not
completely determined by fy. Thus, we conclude that this observable is a test of the pion
wave-function beyond the value of f,.

The asymptotic value of the transition form-factor multiplied by the squared momen-
"tum transfer,A ., is shown as a function .of f, in Fig. 4. The set of values are obtained
by changing the quark mass. In the framework of Perturbative QCD [14] this asymptotic
limit is 2 fx. Our calculations have the nice feature of following this trend.

The discussion of 740, ['ze, Ao and fr, shows that these quantities are to some extend
independent tests for the wave-function. To make this statement more precise, we per-
formed our calculations by using the Gaussian and Hydrogen-atom models such that f, is
fixed at 93MeV.

The results for several quark-masses and ryg for the Hydrogen-atom model are shown

in Table I. The charge radius (rt™) is very stable against the variation of the mass, in

agreement with previous findings [8]. In accordance with such observation, in ref.5 after
fr was fitted, re™ reproduced the experimental data.

The neutral pion radius presents a correlation with the quark mass as already discussed.
The width is strongly dependent on the mass even for f, fixed. The consistence of the
theoretical width and the experimental value is reached together with the radii. The
asymptotic value of the transition form-factor is approximately stable against the mass
variation for fixed f, and it agrees with ref. 14. These conclusions also applies to the
Gaussian model as shown in Table II. From the comparison of both tables we observe the
model dependence of the behavior of the width, with the variation of the mass.

In summary, we explore numerically the consequences of three different wave-functions
(ref. 12, Gaussian and Hydrogen-atom) for the neutral pion radius, decay width and
asymptotic value of the transition form-factor. The decay width is an important source of
information of the wave-function. It is independent to some extend of f,, which determines
it in the limit of constant pion vertex. The neutral pion radius depends strongly on the
constituent quark-mass. The present study points to an average constituent mass of the
up and down quarks of about 200 MeV.

Although we obtained an overall consistence with the experimental data, there are still
some discrepancies that one could solve by using a wave-function from a more fundamental
level. We show the importance of the neutral pion data for testing null-plane models.

This work was partially supported by the Conselho Nacional de Desenvolvimento
Cientifico e Tecnoldgico - CNPq.
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Table Captions

Table I Results for the null-plane Hydrogen-atom model of the pion for fr= 93 MeV.
The last column contains the experimental data, where we have also included the

Perturbative QCD result for the asymptotic value of the form-factor .

M (MeV) 200 250 300 350 400

rnr (fm) 0.404 0513 0.572 0.606 0.626

re™ (fm)  0.737 0.769 0.768 0.759 0.749 0.657 +0.012[2]
reo (fm) 0773 0.686 0.607 0541 0.487 0.65 £ 0.03[1]
T, (V) 840 591 3.78 244 161  7.8+0.6[15]
Ao (GeV) 0216 0186 0.174 0.166 0.160  0.186[14)

Table II Results for the null-plane Gaussian model of the pion for f,= 93 MeV. The last
column contains the experimental data, where we have also included the Perturbative

QCD result for the asymptotic value of the form-factor .

M (MeV) 200 250 300 350 400

rar (fm) 0269 0.374 0425 0451 0.464

rem (fm)  0.602 0.666 0.663 0.645 0.625 0.657+0.012[2)
rro (fm) 0683 0.636 0.578 0.523 0477  0.65+0.03(1]
T,o(eV) 559 528 377 258 177 7.8+0.6[15]
A (GeV) 0221 0.183 0.167 0158 0.152  0.186[14]
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Figure Captions
Fig. 1 One loop diagrams for the neutral pion electromagnetic transition form-factor.

Fig. 2 Neutral pion radius as a function of the inverse constituent quark-mass. Hydrogen-
atom model with ryp= 0.4 fm (dashed line) and ryp= 0.195 fm (dotted-dashed line).
Gaussian model with ryp= 0.4 fm (solid line) and ryp= 0.195 fm (dotted line). The
straight line is the soft-pion result [13], ryo = (vV2M)™}. Data of ref.1 is inside the
limits shown by the two horizontal lines. The model of ref. 12 is shown by the square.

Fig. 3 Neutral pion decay width as a function of f;2. The same description as in Fig. 2.
The soft-pion limit is the straight solid line. Data from ref. 14.

Fig. 4 The asymptotic neutral pion transition form-factor time the squared momentum
transfer as a function of f,. The same description as in Fig. 2. The triangle is the
Perturbative QCD result of ref. 14.
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