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Abstract 

Starting from the Schwinger unitary operator bases formalism constructed 

out of a finite dimensional state space, the well-known q-deformed commu

tation relation is shown to emerge in a natural way, when the deformation 

parameter is a root of unity. 

I. INTRODUCTION 

Fi'om the studies of deformed algebras, which appeared in connection with problems in 

stat.istical mechanics and in quant.um field t.heory (QFT), it came out t.hat the q-deformation 

parameter is, in its general form, a complex number. In many applicat.ions it. assumes a real 

value while in other cases its imaginary part also plays a physical role. Apart from the basic 

quantum mechanical study of the q-deformed oscillator by Biedenharn [1] and MacFarlane 

[2J, in which a real deformation parameter is assumed, Florat.os [3], on the other hand, 

in his study of the q-oscillator many-body problem, also discusses the case where q is a 

pure complex nnmber. Furthermore, in the particular case when q is a root. uf nnity, it 

can be shown that the underlying st.ate space, characterizing t.he physical system, is finite 

dimensional. The q-deformed algebras generat.e a suit.able framework in this case and has 

been explicitly used in connection wit.h the phase problem in opt.ics [4]; moreover, it. has alsu 

been point.ed out t.heir impurtance in QFT [5]. 

A long time ago, Schwinger [61 has point.ed out that it is possible t.o construct an operator 

basis, in the operator space, once we are given a finite dimensional st.at.e space. The two 

fundamental unitary operators from which the basis is constructed sat.isfy the Weyl cummu

tation relation and act cyclically on the corresponding st.ate space, t.hus admitting as many 

roots of unity, as eigenvalues, as is the dimension of the space. Here we will shuw huw the 

Schwinger operator basis can be used as a natural tool in urder to ubtain t.he q-defurm",d 

commutation relation in the particular case when q is a root uf unit.y. 

II. THE UNITARY OPERATOR DASES 

For the complete quantum description of a physical system, a set of operaturs must. be 

found in such a way as to permit the construction of all possible dynamical quantit.ies related 

to that system. The elements of that. set are then ident.ified as the elements of a cumplet.e 

operator basis. 

One particular set, consisting of unitary operators, has been st.udied by Schwinger [6] 

and will be briefly recalled here. Let us consider a N - dimensional linear, normed space uf 

states to be underst.ood as the quant.um phase-space of the relevant. syst.em. \Ve can define a 

unitary operator V thruugh the mapping of an orthonormal syst.em {{UA: I} kILN I defined 
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in this space, onto itself, by a cyclic permutat.ion as 

(Uk I V = (Uk I I I ,k = 0, ...N - 1, (UN 1= (Uo I 

A eet of linearly independent unit.al·y operators can then be constructed t.rivially by mere 

repeated action of V, 

(-Uk I V" = (-Uk+1I I 

with 

(Uk I V N 
= (Uk I , 

thus implying 

vN = i , (2.1) 

where i is the unit operator. 

The eigenvalues of V obey this same equation and are thus given by the N roots of unity 

(27rik)k 
1'k = w = exp N . 

Furthermore, since that unitary operat.ur has N distinct eigenvalues, the corresponding 

normalized eigenvectors, {(VI I}/=O, ...N-l ,provide us with an alternative ort.honormal system. 

Schwinger has also shown t.hat an operator U exists such that 

(Vk I U = I , (Vk-.1 

which is of period N, i.e., 

UN = I, 

thue implying the same spectrum as V for the eigenvalues: 

k, (27rik)
1/'k = w = exp N . 
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The fundamental point here is that the eigenvectors of U, {(Uk Ih,--",O, ... N _.1 ' can be shown 

to coincide with the orthonormal set from which the construction started. 

From (2.1) we can see that the special operator normalized to unit trace 

1 No-I 

G(Vk) = N L: vjv;j (2.2) 
j=O 

is such that 

(VI IG(vd =- (VI I Ot,k , 

where 

1 N-l _. 

= - '" 1'-)'.1b'k, N ~ k <lj 
)=0 

plays the role of a Kronecker delta mudulo N. 

Corresponding to (2.2) we can also define 

A 1 N-I .' 
T(ud = N L U-)u~ (2.3) 

j=O 

with additional equations similar t.o the above ones. 

Using these properties we can show that t.he two coordinate systems are relat.ed by a 

finite Fourier transformation with coefficients 

1 (27rikl)(Uk, I 1'1) = /Rexp N . 

Now, a simple verification leads us to the relation 

V'Uk (27rikl) UkV= exp ----;:;- ' , (2.4) 

which, together with V N = i and UN = I, fulfill the conditions which characterize a 

generalized Clifford algebra [7-10]. Here, however, we will concentrate on just. one special 

feature exhibited by such a set of operators, viz., that the set of N2 operat.ors, 

umv" 
8

A 

1 (m,n) = ..,IN ,m,n = 0, 1, ... ,N -1, 
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constitutes a complete orthunormal uperators basis, with which we can construct all possible 

dynamical quantities pertaining tu that. system (6). In this way, an operator decomposition 

in this basis is written as 

lV-I 

() = L O(m,n),C;, (m,n) , (2.5) 
rn,'&: It 

where 

0(/11. n) = 7'7' [,c;i (/11,1/,) oj . 

A very int.erest.ing pruperty manifested by the uperat.or basis {.i:;,} is t.he factorizatiun 

property 

II. 

,2;, (m.l/,) = IT ,C;\1 (ml, 111) , 
I·c,' 

where t.he sub-bases 

• [lmIV'" 
SII (111/.111) = - IJT{ ,'11,,111 = 0, I, ... 1~ - I , 

obey the commut.at.ion relat.iulls 

\111 [1/1 = [111 \111 ,i, :f. i2 , 

(27T'i)\IJPI1 = exp r;; [112 \Iz, ' i, = i2 , 

where h is t.he total number of primes fadors in N including repetitions, with n a prime 

factor of N. This decomlJosition shows that the factorized basis is construct.ed from operator 

sub-bases, each of which associated with a prime number of st.ates, the pair of operat.ors U 

and V of each suu-basis being classified by t.he value of the prime int.eger PI = 2, :~, 5, .... It. 

is straightforward t.o verify that. t.he pair [1 and \/ assor:iat.ed wit.h the canunical courdinate

momentum pair q - p is uut.ained in t.he particular case 1~ = 00. Then, accurding to 

Schwinger, due t.u t.his factorizat.iun pruperty and mut.ual orthogonality, each of t.hese sub

bases is associat,ed to a lJll1'ticulur degree uf freedom uf t.he lJhysical syst.em. 
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In order to emphasize the complete symmetry bet.ween U and V, we want. alsu t.u ubsel"\'e 

that we could have introduced t.he new form for the operatur basis elements 

• UmVfI. (imnn) vnum (-i7T'mn)
52 (tn, n) = IN exp --;:;- = IN exp -N- , 

which preserves all properties already discussed under the substitut.ions U --+ V and \I --+ 

U- 1, combined with m --+ t/. and 7/. --+ -m. 

For different degrees of freedom we must conveniently choose the range of variatiun uf the 

state labels in order to correctly treat. t.he system kinematics: for instance, it is import.ant. tu 

emphasize again t.he canonical case, i.e., PI = 00, for, in stich a case. the unitary opE'rat.urs 

are immediately identified wit.h t.he well-knuwn shift. operaturs 

\/ --+ ci'/P 

[1 --+ Ci1 •Q 

when one cunsiders t.he symmetric interval m, n = - j'J2J , ... , + lV;1, and thE'n t.akes t.he 

N --+ 00 limit by prime numbers [6). However. it. is also possible t.u perform a const.ructiun 

of the unitary operat.ors U and \I in such a way to obt.ain an explicit. " angle - act.iun" pair, 

characterizing an Abelian t.wo-dimensional rutat.ion; in t.his case it. can be shown that 

IT (.27T' J') (2.6)Y --+ exp 1. N . 

[1 --+ ex]) (i8) . (2.7) 

Here, the int.erval of variation of t.he st.at.e labels are suitauly ddlned tu be In 

_N;', ... ,+N;I and n = _N2'1r, ... ,+lV;l7l' in such a form t.hat, in t.hE' limit of N ~> 00, 

one recovers m = {-oo, ... ,+oo}, running uy int.egers. and 71 = {- if, 7T} [II). 

For t.he sake of rumlJleteness it is imlJort.ant tu gu uack t.o the IJlJewt.or decoll1lJusitiun 

procedure, Eq.(2.5), and discuss the impurt.once uf t.he lJurf.iclllur chuice of t.he op{'rutur 

basis. In fad, in order to emlJhasize t.he discret.e phase slJuce dwraeter of the desl'ript.ioll, 
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it was shown that 111], the Fuurier transfurm of the original Schwinger basis .el'l (m, n) must 

be considered so t.hat a disnete Weyl t.ransform can be directly identified out of the de

composition scheme. With this new basis it is straightforward to recover the well-known 

Weyl-Wigner t.ransformat.ion for the canunical continuous case as well as a transformation 

for an angle - angular mumentum degree uf freedum as special cases of the N - 00 limiting 

procedure. Furthermore, since the Srhwinger basis /)'l ('In, n) is not invariant under a modulo 

N operation when t.he state laoels are unrestricted in their domain, it. was shown t.hat a new 

operatur basis could be devised in order tu lJreserve this symmetry, namely [12J 

" N 1 N 1 'j' (j, l) [21Ti ] 
(J (111.11) = L. L /I\i exp -- (mj + nl) 

j II I II vN N 

where 

l' (.j, l) = ,4:;1 (j, l) ex}) [i1Tc/) (j, l; N)J 

The phase (/) (j, l; N) guarant.ees t.he mud N invarianre. 

III. Q-DEFOIlMED AI,GEURAS 

Since the Schwinger unit.ary operator bases furmalism is const.ructed uut of a finite-

dimensional st.at.e slJace, the relaoelling lJrucedure defines the unitary shifting uperaturs, 

which have as many eigenvalues (ruut.s uf unit.) as is t.he dimension of t.he underlying st.ate 

space, N. 

Let us now cunsider t.he set uf eigenstates uf the unit.ary uperatur V. (Based on the 

symmetry stated in the last section. t.his choice is not. essent.ial for what follows and could 

be replaced by the set of eigenstates uf t.he lIni tary ulJerator U as welL) Since {11.'k) }k=:oO, ... N-1 

is finite-dimensional and the llnitary operatur l T shifts cyclically the states of this space, one 

cannot int.erpret U and Vas the currespunding creation and annihilation operators. In fact, 

in the space of eigenstates of V the original pair of unitary operators are represented as 

N-l(27ril)
V = NL J 

eXIJ N 1'1'/)(11/ 1= L V, IV/)('" I 
1,.11 I-II 
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N-I

L wi 111,)(111 I (3.1) 
1=0 

N-I 

[l = I: 1"111)(1 11 I (3.2) 
1=0 

Nevertheless, starting frum the unit.ary uperaturs and making a convenient chuice fur t.he 

state label range, we can cunstruct a pair of ulJerators which will play the role of creatiun 

and annihilation uperators in this finite-dimensional space. 

To begin wit.h, it. is immediate to see t.hat., due to the symmet.ry of the circle emoudied 

in the unitary olJerator definition, one is not able to fix a vacuum state solely frum kine

matical consideratiuns, i.e.. t.heir action does not select" a lJriuri" any part.icular state as 

a vacuum state, since the unitary olJeratol's act. cyclically in the st.at.e spare. In this case, 

one must adopt some criterion to characterize this particular stat.e. This rhuire will break 

t.he symmetry of t.he drde and is nut. related tu t.he kinematical runteJlt of t,h(' descriptiun 

uf the physical syst.em. Mure precisely, one must constmct. an olJerat.ur uut, uf t.he unit.ary 

operators in such a form to annihilate the vacuum st.ate; in addition, we mllst alsu have a 

creation operator which generates t.he "excited" states uf the multiplet. 

The general form uf the creation and annihilatiun uperators will reveal the lJussibiIit.y 

of part.icular choices for underlying algebras. To accomplish t.he const.rndiun, we draw om 

attent.ion again to the relat.ions (3.1) and (:t2). By comparison we can writ.e these ulJerat.urs 

as 

N 1 

a = I: g (k) !l lk)(Vk+J I 
k=O 

and 

N-I 

at = I: I rktl)(vk I· 
k=O 

The form of t.he creat.ion operator only st.ates t.hat one jumps from the vacullm state IIp 

t.o the last. (N - 1) state and so on cyclically. In what refers t.o the annihilat.iun uperatur 
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we see that a particularly suit.able chuice for t.he nnknown function g(k) must use an anti

symmetric function of the state label k so as t.o select the vacuum state. Now, the natural 

antisymrnetric periodic function defined on t.he circle is the sin(O) function, what requires 

odd N's. Therefore, the proposed annihilat.ion operator is then written as 

N-I sin (~) 
a = L . (21r) I 11k - 1)(11k I 

kll sm IV 

According to the discussiun in sedion 2. we can decompose t.hese operat.ors in the oper

ator basis, 

() = 
N·

L
I 

()(m.n)Ci(m,n) 
m,ti-n 

obtaining 

at = l! 

and 

l! = l r- I V - V-I 
w-w" 

respectively. 

The question t.hat. can ue lJused nuw is if t.here exist.s some relation between the bilinear 

products of the creation and annihilatiun olJerators. at, a. Starting from the Weyl relation, 

Eq. (2.4), the definit.ions Eqs. (2,6) and (2.7), where instead uf j we nuw use IV , t.he 

number operator and lIsing t.he abuve expressiuns for (J. and a. t . we can immediat.ely obtain 

the following relation 

flO t - wa ta = w iii . 

Therefore, we have seen that. st.art.ing from t.he Schwinger unitary upt'rntors, t.he well-

known q-deformed commut.atiun relat,iun emerges in a natural way, when t,he deformation 

parameter is 11 root, of unity. Furthermore, it is immediate t.o verify that. the creat.ion and 

annihilation uperat.urs. (I. and (I t prupused here are directly relat.ed t,o t,he II. and 9 fllnrt.ions 

proposed by Florat.os in his discIIssiun lIf q-deformed algebras for t.he busunir case [3J. 
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IV. REMARKS AND CONCLUSIONS 

The main objective of this paper was to show that t,he q-defolmed algebras can be put 

in correspondence to Schwinger's unitary operator bases formalism, when t.he deformation 

parameter is a root of unity. 

Furthermore, it. was shown that this formalism is t.he natural arena for t.he discussion of 

recent work un general finit.e dimensiunal quant.um mechanics problems. Part.icularly, the 

Schwinger's formalism was used t.u represent. any operat,or act.ing on any finite diml"nsional 

st.ate spaces 111,12]. To be specific, it, has alsu been llsed t.u st,lldy t.he LiU1l\·illian dynamics 

in the general finite dimensiunal phase spaces 1131 as well as tu desrribl" physiral syst,ems 

from t,he part.icular case of a spin 1/2 (N = 2 space) up to t.he canunical runfinllulls rase (as 

t.he limit N ~ 00). The special case uf phase and nmnber operat.urs appearing in runllertiun 

with qnantum uptics has alsu been t.reat.ed within t.his framewurk pot]. This latter prublem, 

or equivalently it,s Pegg-Barnet.t desniption l-lj, being jnst a part.icular case uf t.he general 

Schwinger formalism, can t.herefure be alsu embodied in t.he q-dt'furmt'd algelJra ('unt.ext. 

along the lines st,ndied here. 
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