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Abstract 

A new derivation from first principle. is given of the energy-time 
uncertainty relation in quantum mechanics. A canonical transforma
tion is made in clusical mechanic. to & new canonical momentum, 
which is energy E, and a new canonical coordinate T, which is called 
tempu, co~ugate  to the energy. Temp.. T, the canonical coordinate 
conjugate to the energy, is conceptually different from the time t in 
which the system evolves. The Poiuon bracket is a canonical invari
ant, 80 that energy and tempu satisfy the same Poisson bracket as 
do p and q. When the system is quantised, we find the energy-time 
uncertainty relation aE aT ~  ,.,/2. For a conservative system the av
erage of the tempu, operator t is the time t plus a constant. For a 
free particle and a particle acted on by a constant force, the tempu 
operators are constructed explicitly, and the energy-time uncertainty 
relation is explicitly verified. 

·On leave o{ absence {rom Insututo de Fi'aica Te6rica - UNESP - 01405-000 Sio Paulo, 
SP - Brazil, with a grant from FAPESP, Brasil. 

1 Introduction 

Ever since the discovery of quantum mechanics, the energy-time uncer
tainty relation, 6.E 6.t ~  h/2, has had a different basis than the position
momentum uncertainty relation, 6.q6.p ~  h/2. In nonrelativistic quantum 
mechanics time t is a parameter, not an operator as is the coordinate q. 
Therefore the usual quantum mechanical average and uncertainty in the 
time cannot be calculated as in the case of the coordinate. For this reason, 
it has been suggested that the energy-time uncertainty relation simply be 
eliminated from quantum mechanics [1]. This radical suggestion overlooks 
the many different approaches to the physically useful energy-time uncer
tainty relation. 

We briefly mention some of the derivations of the energy-time uncer
tainty relation, even though some are only heuristic [2, 1]. (1) The energy
time uncertainty relation can be obtained by showing that a wave packet 
of width 6.t in time requires a spread in angular frequencies 6.w such that 
6.w6.t", 1. Together with the Planck relation E =1i.w, we obtain 6.E6.t '" 1i 
[4]. (2) The energy-time uncertainty relation is derived by reducing it to the 
position-momentum uncertainty relation (3, 1]. If 6.E = (8E/8p)6.p = v6.p 
and 6.t = 6.q/v, where v is the group velocity, then 6.E6.t = 6.p6.q ~  ",/2. 
In this context, the meaning of 6.E and 6.t is not precisely given. (3) Man
delstam and Tamm (6] showed that the energy-time uncertainty relation can 
be derived from the Heisenberg equation of motion for an arbitrary opera
tor A and the generalized uncertainty relation for A and the Hamiltonian II 
(3, 1]. If we define 6.t to be the smallest 6.t..... == 6.A/(d < A > /dt) for all 
operators A, and 6.E = 6.H, we also recover the energy-time uncertainty 
relation [8, 1J. (4) Wigner [10J has considered the expectation value of t n in 
the state t/J = t/J(q, t) to be 

n _ J~oo dttn 11J1(q, t)I' ( ) 
< t >- J~oo  dt It/J(q, t)I' . 1 

Therefore he defines the square of the uncertainty (6.t)2 =< t' > - < t >2 
at constant q and defines (6.E)2 similarly. He shows that 6.E6.t ~  h/2 holds 
at constant q. Cook [11] uses this form of the uncertainty relation to explain 
a thought experiment of Einstein [12]. (5) Many authors [13]-(29] have tried 
to find a time operator i, which satisfies the canonical commutation relation 
[i, II] = ih. Then the energy-time uncertainty relation can be derived by 
the same procedure as for the position-momentum uncertainty relation [7J. 
These attempts have to contend with Pauli's argument [30] that a time 
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operator cannot exist in general because the spectrum of the time operator 
is continuous and unbounded, while the spectrum of the Hamiltonia.n may 
be discrete and is bounded from below. The role between the time t as a 
parameter and the time operator i is often not clear in these attempts. A 
clear distinction is however made by Razavy [17, 1]. (6) In scattering theory 
it is the time of arrival which is important, and attempts have been made 
to find an operator which describes this quantity 

[31]-[36]. (7) In the context of the density matrix p, Eberly and Singh 
[37] have shown that lJp/8t plays the role of an "inverse time operator" from 
which the energy-time uncertainty relation can be derived [38]. (8) The role 
of the uncertainty relations in relativistic quantum theory has been discussed 
by a number of authors [39]-[43]. (9) The interpretation of the energy-time 
uncertainty relation is a part of quantum measurement theory [44]-[51], and 
is distinct from its derivation. The energy-time uncertainty relation for 
decaying states has been improved by Gislason, Sabelli, and Wood [52]. 

In this paper we give a new derivation of the energy-time uncertainty re
lation, which is based on first principles, and does not resort to any heuristic 
or ad hoc arguments. Our derivation is firmly based on classical mechan
ics and its quantization, and puts the energy-time uncertainty relation on 
the same footing as the position-momentum uncertainty relation. In clas
sical mechanics we make a canonical transformation from the old canonical 
variables (q,p) to new canonical variables (q',P'), where the new canonical 
momentum y is the energy E of the particle and the new canonical coor
dinate q' is a quantity T conjugate to the energy, which we call tempus. 
This tempus T has dimension of time, but is conceptually different from the 
time t in which the system evolves. Since T and E are canonically conju
gate variables, and the Poisson bracket is a canonical invariant [53], their 
Poisson bracket is unity. Upon quantization, the tempus operator t and the 
energy operator E satisfy the canonical commutation relation. Therefore, 
the energy and the tempus operators satisfy the usual energy-time uncer
tainty relation AE AT ~  l/2, as long as the expectation values of T and 
1'2 exist. For a conservative system the expectation value of the tempus 
operator is equal to the time t plus an irrelevant constant. The distinction 
between the tempus operator t conjugate to the energy operator and the 
time t of evolution is thus made clear. 

This approach is applied to two examples: (1) a free particle and (2) a 
particle acted on by a constant force. In both cases the tempus operator 
T is constructed explicitly by quantizing the corresponding classical tempw 
T conjugate to the energy. In the subspace of the Hilbert space in which 
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it exists, the average value < l' >= t plus a constant. The energy-time 
uncertainty relation is explicitly shown to be satisfied. 

In Section 2, a canonical transformation is made in classical mechanics 
to energy and its canonical conjugate tempus. Using Poisson brackets, we 
quantize the system in Section 3 and derive the energy-time uncertainty 
relation. In Section 4, examples of a free particle and a particle acted on 
by a constant force are considered, and it is shown that the energy-time 
uncertainty relation is explicitly satisfied. Finally, the conclusion is given in 
Section 5. 

2 Energy and Tempus as Canonical Variables 

In the Hamiltonian formulation of classical mechanics, the canonical coor
dinate q and the canonical momentum p conjugate to it satisfy Hamilton's 
equations 

Ii =lJH/lJp, p= -8H/8q, (2) 

where H =H(q,p,t) is the Hamiltonian for a system of one degree offree
dom, and the overdot denotes the total time derivative. Using a generating 
function S, we can make a canonical transformation to a new set of canonical 
variables (q',y), which also satisfy Hamilton's equations [54] 

Ii' = 8H'/fJp', p' = -8H'/8q', (3) 

where the new Hamiltonian is H' = H + fJS/8t. 
If the new canonical momentum p' is chosen to be the energy E, the new 

canonical coordinate q' conjugate to it is called tempus and denoted as T. 
This tempus canonical coordinate conjugate to the energy is conceptually 
different from the time t in which the system evolves, and is a function of 
q, E and t [55] with the dimension of time. 

The generating function of the second type Seq, E, t) which implements 
this canonical transformation satisfies [53]-[55] 

p =8S(q, E, t)/lJq (4) 

and the new canonical coordinate tempus is 

T = lJS(q,E,t)/8E. (5) 

By integrating Eq. (4), we obtain 

S(q,E,t) = f~ p(q,E,t)dq+ S(qc,E,t), (6) 
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where /lO is an arbitrary initial displacement. The arbitrary function S( /lO, E, t) 
of E and t in Eq. (6) can often be chosen to be zero without loss of gener
ality. To obtain the generating function in Eq. (6), it is necessary to find 
the canonical momentum p as function of q, E and t. The new generalized 
"Coordinate tempu.s T can be obtained as a function of q, E and t from Eq. 
(6). When this equation is solved for 9 as a function of T, E and t, we have 
the solution to the problem if we mow T and E as functions of time t. 

The new Hamiltonian H' in Eq. (3) for the new canonical variables 
(q',p') = (T, E) is 

H' = H +(IJS/lJt)q,s. (7) 

The energy E may not be equal to the Hamiltonian H, so their difference is 
defined as 

~=H-E. (8) 

When Eqs. (7) and (8) are used in Hamilton's equations (3) for the new 
canonical variables (T, E), we obtain [55] 

T = 1 + [IJ(~ + IJS/Bt)/BE)T,t (9) 

and 
E = - [8(~ +8S/8t)/lJT]s,t. (10) 

In Eqs. (9) and (10) it is necessary to express ~  + (BS/8t)"B as a function 
of E, T and t before differentiation. Hamilton's equations (9) and (10) can 
be solved for T(t) and E(t). The solution to the original problem is q = 
q(E(t), T(t), t) == q(t). 

For a conservative system, there is no explicit time dependence in SJ .0 
IJS/ IJt = O. In this case, the Hamiltonian H can be chosen to be the energy 
E, so ~ = H - E =O. Therefore, Eqs. (9) and (10) reduce to 

T= I, E =O. (11) 

The solution to Eq. (11) is T = t - to and E = Eo, where to and Eo are 
constants. In this case tempu.t is equal to the time t minus a constant. The 
solution to the original problem is therefore q =q(E, T) = q( Eo, t - to). 

Quantization 

In order to quantize a system, it is necessary to replace the Poisson bracket 
of two functions of the canonical variables by (itt)-l times the commutator 
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ofthe corresponding operators. The Poisson bracket between A =A(q,p,t) 
and B =B(q,p, t) is defined as 

{A B} = BABB _ BBBA (12) 
, qoP 8q Bp 8q 8" 

The Poisson bracket is a canonical invariant [53), 80 

{A,B}qoP ={A,B}q'oP' ' (13) 

where the new canonical variables (q',") are related to the old canonical 
variables (q,p) by a canonical transformation. If A = q and B = p, we have 

1 = {q,p}q,,, = {q',p'}q'oP' = {q',p'}q." = {T, E}q,,,' (14) 

from Eqs. (12) and (13). 
When the system is quantized, the operators q and p (t and E) corre

sponding to q and p (T and E) satisfy the commutation relations 

[q,p] = itt (15) 

and 
[1', EJ = itt, (16) 

from Eq. (14). 
In general, the uncertainty relation for the operators A and il in the 

state t/J is [56) 

.6A.6B 2: ~I < C> I, (17) 

where iC = [A, il] and < C >=:< t/JICt/J >. The square of the uncertainty 
in A is defined as 

(.6A)2 =< t/JI(..4- < A>)2t/J > . (18) 

For the energy and tempu~  operators in Eq. (16) we have the uncertainty 
relation 

.6E .6T ~ tt/2, (19) 

where the state t/J must be in the domain of E, E2, 1', and T2. The choice 
of the new canonical momentum p' = E and the new canonical coordinate 
q' =T puts the energy-time uncertainty relation in Eq. (19) on the same 
solid basis as the momentum-position uncertainty relation .6p.6q ~ tt/2 
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[56]. In contrast to t, the new canonical tempw operator l' is conjugate to 
the energy operator E. The uncertainty in the tempus operator h&8 a well 
defined meaning for states that are in its domain. 

For a conservative system the aver&ge of the tempw operator l' is the 
tIme t plus an irrelevant constant. The Schroedinger equation is 

H(q,p)""(q, t) =it&lN(q, t)IBt, (20) 

for a system with a time-independent Hamiltonian il = H(q,p). 
The time-dependent wave function ""(q, t) can be written &8 

""(q. t) =U(t)""(q, 0), (21) 

where ,p(q. 0) is the wave function at time zero. The time evolution operator 
is 

U(t) = exp[-iHtl1&], (22) 

where iI is the time-independent Hamiltonian operator. 
From the commutation relation in Eq. (16) and E = il we can show 

that the expectation value of the tempu.s operator l' is 

< ""(t)lt,,,,(t) >= t + < ""(0)11'''''(0) >, (23) 

where < ""(0)11'''''(0) > is a constant depending on the initial Wave function. 
Therefore, Eq. (23) shows that the expectation value of the tempus operator 
is directly related to the time t of evolution of the system. 

4 Examples 

In this section, we explicitly construct the tempus operators for (l) a free 
particle and (2) a particle acted on by a constant force, and show that the 
energy-time uncertainty relation is satisfied. 

4.1 Free particle 

The tempw operator l' for a free particle is constructed from the corre
sponding classical expression, and the energy-time uncertainty relation is 
obtained. 

For a free particle of mass m, the energy E in terms of the canonical 
momentum p is 
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E =p 2/2m. (24) 

Equation (24) can be solved for the canonical momentump =(2mE)l/2sgn (po), 
where the sign of the initial momentum. Po is sgn (Po). The generating func
tion in Eq. (6) is 

Seq, E, t) =(2mE)1/2(q - qo) sgn (Po), (25) 

where we take the arbitrary function S(qo, E, t) = O. The new canonical 
coordinate tempw is obtained from Eq. (5) and is 

T =(m/2E)1/2 (q - qo) sgn(Po). (26) 

In this way we have derived the canonical coordinate tempus conjugate to the 
energy, which is conceptually distinct from the time t in which the system 
evolves. 

The solution to the classical problem is obtained by solving Eq. (26) for 
q and using the solutions of Eq. (11). We therefore obtain 

q(t) = qo +110(t - to), (27) 

where the initial velocity 110 = Palm =(2Eo/m)l/2 sgn(Po) and T = t - to. 
In order to construct a self-adjoint tempus operator, Eq. (26) can be 

expressed in terms of p by substituting the energy in Eq. (24) into it. Then 
we obtain the canonical tempus coordinate for qo =0 to be 

T =mqlp. (28) 

Equation (28) may be quantized to obtain the tempw operator l' by re
placing q and p by their corresponding operators q and p, and writing the 
operator in a symmetric way [141-[16] [19, 1] 

' 1 (---I + --I')T = 2m qp p q. (29) 

The domain of t is not the whole Hilbert space because of the presence 
of the operator p-1. Nevertheless, for the states in its domain, the operator 
t has useful properties. The argument of Pauli [30] applies only to Hermi
tian operators defined on the whole Hilbert space. From the commutation 
relations in Eq. (15) for qand p, we can derive for l' in Eq. (29) and the 
operator E corresponding to Eq. (24) the commutation relation in Eq. (16). 

8 



The uncertainty relation in Eq. (19) for energy and time can be obtained 
if we choose a wave function which is in the domain of E. E2• 1'. and 1'2. 
Since the tempu", operator in Eq. (29) involves ,-1, it is more convenient to 
work in momentum space where the realization of the commutation rela-tion 
in Eq. (15) is P = p and q = i1ilJlop. We choose a wave function in 
momentum space at time t =°to be 

</>(p, 0) = Npnexp(_Gop2),� (30) 

where Go is a real positive constant. n i. an arbitrary integer ~ 2. and N is 
the normalization constant. Since the Schroedinger equation in momentum 
space is 

H(q,p, t)</>(p,t) = i1io</>(p, t)lot, (31) 

the solution at time t :j:. °with the Hamiltonian H equal to the energy E in 
Eq. (24) is 

</>(p, t) = Npn exp( _ ap2), (32) 

where a = 40+itl2m1i is a complex function of time. With the wave function 
in Eq. (32), the average of the tempU-' operator l' in Eq. (29) is 

< </>I1'</> > = < l' > = t,� (33) 

the time t in which the system evolve., as expected from Eq. (23).� 
The square of the uncertainty in the tempul operator T at time t is� 

(6T)2� == < </>1(1'- < l' >)2</> > 
=< 1'2 > _ < l' >2 (34) 
= (2aom1i)2/(n - 3/2). 

The square of the uncertainty in the energy operator E at time t is 

(6E)2 == < </>I(E- < E >)2</> > 
= < E2 > - < E >2� (35) 
= (n + 1/2)(4mao)-2. 

From Eqs. (34) and (35) the product of 6E and 6T is 

6E 6T = [1 + 2/(n - 3/2)]1/2h./2 ~ h./2 for n ~  2, (36) 

80 the uncertainty relation is established. 
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As n -+ 00, Eq. (36) shows that 6Eli.T = 1'1./2. i.e., equality holds in 
the uncertainty relation Eq. (36). The reason equality holds is that in the 
limit as n -+ 00, there is no distinction between n +4, n +3" .. ,n - 2. Then 
we have 
(i) as n -+ 00 

(1- < 1 »</> = -y(E- < E »</>, (37) 

where -y is a constant, and 
(ii) 

< [(1'- < l' >)(E- < E » + (E- < E >)(1'- < l' »] > 
(38)= 2Re < (1'- < l' »</>I(E- < E »</> >= O. 

which are the two conditions for equality to hold in the uncertainty relation 
[56]. 

4.2 Particle acted on by a constant force 

For a particle acted on by a constant force Fo, the Hamiltonian H is 

H = p2/2m - Foq =E,� (39) 

which is also the energy E. Equation (39) can be solved for the canonical 
momentump, 

p =(2m)1/2(E +Foq)I/2.� (40) 

When Eq. (40) is substituted into Eq. (6) for the generating function S, 
and the integral is performed, we obtain 

Seq, E, t) = (2/3Fo)(2m)I/2 [(E + FOq)3/2 - (E +FOqo)3/2] +S(qo, E, t). 
(41) 

The canonical coordinate tempU6 T conjugate to the energy is obtained 
from Eq. (5), which gives 

T(q, E, t) =Fo-
1(2m)I/2(E + FOq)I/2 +To, (42) 

where To is a constant. Since the Hamiltonian H in Eq. (39) is conservative, 
Hamilton's equations (11) have the solution T = t - to and E = Eo, where 
to and Eo are constants. If Eq. (42) is solved for q, we obtain 

q(t) = I/O + vot + (1/2)at2, (43) 
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where qo = q(O) is the initial position, 110 = 4(0) is the initial velocity, and 
a = q(O) = Fo/m is the constant &Cceleration. Equation (43) is the solution 
to the classical problem. 

In order to obtain a Hermitian tempus operator T, it is necessary to 
express tempus in Eq. (42) in terms of q and p. When Eq. (39) for the 
energy is substituted into Eq. (42) for the canonical coordinate tempus we 
obtain T =pI Fo. When this expression is quantized, we obtain [23] 

T = pfFo,� (44) 

where p is the canonical momentum operator. Because the potential en
ergy in Eq. (39) is not bounded from below, Pauli's argument [30} for the 
nonexistence of a Hermitian time operator does not apply to this example. 

By a direct calculation we can show that the tempus operator t in Eq. 
(44) and the energy operator Ecorresponding to Eq. (39) satisfy the canon
ical commutation relation in Eq. (16). Therefore, from Eq. (17) the energy
time uncertainty relation in 

Eq. (19) is also satisfied. 

Conclusion 

In this paper a new derivation of the energy-time uncertainty relation is 
given based on first principles. It is not necessary to make use of any ad hoc 
or heuristic assumptions. A classical canonical transformation is made from 
the old canonical variables (q,p) to new canonical variables (ql,pl), where 
the new canonical momentum pi is chosen to be the energy E and the new 
canonical coordinate ql conjugate to the energy is called tempus T. This 
tempus canonical coordinate has the dimension of time, but is conceptually 
different from the time t in which the system evolves. In general, tempus 
T is a function of q,E and t. The energy E and tempus T have the same 
Poisson bracket as do p and q, since the Poisson bracket is a canonical invari
ant. When the system is quantized, the operators Eand t satisfy the same 
commutation relations as do the operators p and q. Therefore, E and l' 
satisfy the same uncertainty relation as do pand q. The energy-time uncer
tainty relation is therefore put on the same basis as the momentum-position 
uncertainty relation. The approach used here to derive the energy-time un· 
certainty relation has firm basis in classical mechanics, which makes a clear 
distinction between the time of evolution t and the canonical coordinate 
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tempus T conjugate to the energy. For a conservative classical system, tem
pus T is equal to the time t plus a constant. For a conservative quantum 
system, the average of the tempus operator t is equal to the time t plus a 
constant. 
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