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Abst.ract 

The interplay between temperature and q-deformation in the phase transition 

properties of many-body systems ill studied in the particular framework of 

the collective q-deformed fermionic Lipkin model. It is shown that in phase 

transitions occuring in many-fermion systems described by su(2)q-likc models 
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I.INTIlODUCTION 

q-deformed algebras turned uut tu be a fertile area uf research in the last few years. 

Many avvlications uf q-deformatiun ideas can be found in the lit,erahne, in areas as different 

as optics or particle Vhysics. A natural scenario fur seeking a physical int.ervretation uf the 

q-deformation parameter is the many-body physics. The multiple currelatiuns among the 

constituents of the system may provide ns with a framework where the physical effects of 

such a deformation may show up in an amplified way. 

The many-budy problem in all its complexity calls fur the nse uf appruximate methods or 

the development of simple solvable models which shuuld entail must uf the relevant physics 

combined with a technically simple treatment [1]. A long heritage uf swh models is available 

in the nuclear physics literatlll'e, among which the Lipkin mudel [2] has been extensively 

Hsed as a laboratory to test approximate methods and tu point out the main featmes of the 

many-body systems. 

From the point of view of q-deformed algebra apvlications to physical systems it is 

important to understand huw the basic characteristics and the general behavior of many­

body systems are modified when the underlying algebra is deformed. The use of q-deformed 

algebra in the description of some many-body systems has lead tu the appearance of new 

features when cumpared to the non-deformed case. In this cunnediun we mention some 

examples: a) in the q-uscillator many-body problem [31 it was shown t.hat, when promoting 

the symmetries uf the standard oscillator system to q-symmetries, the spedmm uf the 

system is found tu exhibit interactions between the levels uf the individual oscillators, b) 

the revivals phenomenun present in the Jaynes-Cummings mudel [-1j disaPvears when the 

original su(2) symmetry is deformed, c) a good agreement with the experimental data was 

obtained through uK-deformed Poincare phenomenological fit to the rotational and radial 

excitat.ions of mesons [51, d) a Vurely 8u(2)q-based mass formula for quarks and leptons was 

developed using an inequivalent representation [61, e) vhununs in the slllJerfluid 411e were 

shown to satisfy the Heisenberg q-defurmed algebra [71, f) the rhemiral vutential p(T) has 

~~  

a linear dependf"nce un 'I' in addit.iun tu the usual behaviur fur a free q-defurmed fermiunic 

system [8]. 

Recently, the quasi-svin versiun uf the Livkin mudel has been t.reated by q-defurming 

the su(2) algebra and the ground st.ate phase t.ransitiun was disrussed at 'I' = 0 by di­

rectly diagonalizing the energy matrix runstmct.ed out uf t.he representatiun states I jm) 

[9]. It was then found a suppressiun of that vhase transitiun fur q > 1 [lOj. Afterwards, 

a different treatment uf the Livkin model has been develuved in whkh the q-defurmation 

was verformed already at the fermionif' level. In this uvproach a new q-defurmed cullective 

Lipkin Hamiltonian was ubtained which differs from t.hat uf the vreviuus une by the pres­

ence of a q-deformed mean field term. The reasun behind the care in treating the fermionic 

mean field of the many-body Hamiltunian is the necessity of vreserving the symmetry uf the 

original vroblem when the algebra is defurmed. The 'T' = 0 ground state phase transition 

was studied again by using a variatiunal energy exvressiun cunstmdf"d uut uf q-defurmed 

coherent states. As an olltcome uf the careful treatment uf the fermiunif' degrees uf freedum 

it emerged that for some values of q, the phase transition is not suppressed anymure (11]. 

In the present paper and still in the same svirit, of a variatiunal apvroach. we have included 

an explicit temverature dependence in the fermionif' q-defurmed Lipkin model. in urder tu 

study the interplay between temperature and defurmatiun of the algebra. In this rontext, 

Gilmore and Feng [12] have treated the same problem fur the q = 1 case. 

The Vresent vaver is organized as fulluws. In sedion II we intruduce the temveratllre 

dependence in the q-deformed Lipkin many-fermiun mudel. Throngh the analysis of the free 

energy associated tu this system, using q-defurmed cuherent states, we discllss the existence 

uf vhase transitions at finite temverature and its devendence with the q-defurmat.iun uf the 

Imderlying algebra. In sectiun III we vresent ullr cunclusiuns. 
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II. Q-DEFORMED LIPKIN MODEL WITH TEMPERATURE 

The Lipkin model is a valuable tool to test specific methods to treat fermionic many­

body systems. Besides, due to its su(2) structlue, it has been widely llSed in attempts to 

obtain a physical meaning to the q-deformation concept as applied to many particle systems 

[10,11,13]. In Ref. [11] in contrast with [10,13] a careful treatment of the fermionic mean 

field was performed, which embodies q-deformation effects. There it has been shown that 

the q-deformed fermionic Lipkin Hamiltunian 

II = f:. sinh 2 V (2 ,2
4 sinh (~)  ( ,So) + 2 [N]q 8, + S ) 

written in terms of sUq(2) operators obeying the commutation relations 

[.S'o, S\] = ±S+ 

[8-+,8_] = [2So]q 

where 

e'YX _ e-·'YX 

[:r]q = if - q-:r. 
q-q e'Y - e-''Y ' 

(2.1 ) 

(2.2) 

(2.3) 

(2,4) 

undergoes a second order phase transition, characterizing the spherical symmetry breaking 

in quasi-spin space. q-coherent states were used to define 0 and r.p as collective variables in 

terms of which the phase transition was analyzed through the beha\'ior of the variationally 

obtained ground state energy. As a result of that analysis the phase transitions depend not 

only on the strength of the interaction, \-T, but also on the deformation of the algebra and 

on the nwnber of particles through the product 'Y (N - 1). The q-dependent critical value 

of the strength parameter X characterizing the phase t.ransition is 

X,. = 1 + 2sinh 2 [i (N - 1)] , (2.5) 

meaning t.hat a universal character can no longer be assigned to X as a system-independent 

indicator of the phase transition in a q-deformed system. 
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In many-lJuuy systems underguing lJhase transitiuns, temlJemt1llP lJlays a rule since it. 

can resture the symm('try, The q-defunnation alsu ads as a symmet.ry lesturing lJaram('ter 

[11]. It, is therefure impurt.ant. t.o investigat(' th(' interplay uf uuth effeds in the q-defurmed 

Lipkin modeL 

Let. I1S consid('r again t.he q-defonned LilJkin Hamiltonian in urder to ralntlate the free 

energy and study the lJhase t.mnsitiulls of the moc!('L In this s('nse \\'(' must, alsu select sum(' 

test states su as t.u have a variatiunal eXlJressiun fur the free energy which wiIlIH:' d<>tennined 

by a variat,ional In('t.hud. In this runnectiun w(' willus(' the s('t. uf q-defunll('d ruhf'r('nt. st.at,es 

already disc1lssed in t.h(' lit.Nalllle [l-t,15] and defiMd by 

, -:--) z·.J, I,' .)
).Z = (:1/ .1,-) 

. I 

= t (.2.1 ):) z·(j I m) I j. m }. (2.6) 
j .1 + 111 q 

to write t.he free energy ineqllulity 

,,' s= '1'1' (f),,·") 1 ;1 '.,.,. (fl, .. ln II, .. ) . (2.7) 

where l)lr is the t.rial density up('ratur given uy 

1)1 .. ,- ). I (N,)) \'~J)'  ~;;),.,\~~  I 
(2.8) 

,I ,(),;; I). ':}, 

Y (N, j) is t.he lnult.ilJlicity uf t,he deg('n('rat.(' j-mllltilJl('t 

N! (2j +_n . . 
(2.9)r (N,.1) -- (~+)+'1), (q _ j)! 

which is the same as in t.he standard LilJkin mudel ueranse t.he q-defunnatiun prucedm 

dues not, change the nllTnUer and labelling uf the states /9J. The same rf'asun gnarant.ee 

that the q-defurm('d LilJkin Hamilt.unian is ulurk dia~unal.  ueing each bluck aSf;ocinted wit 

a given j. Using the variatiunal priJJcilJle "'f'lIutain 

I;' (U,O;lli Ij,O,\I) .. " 'I V (1\' .))<. '.," _ mlnJ.tI.~.  .' - I . . ,I n, . .J (2.10
(), 0, dJ. 0, (/J) 
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where
which, by substituting the q-defurmed Lipkin Hamiltunian, Eq, (2.1), gives rise to 

(2.11) C = sinh 2 n(2j --1)], (2.18)Fs:minj,8,,,,«qEq(j,O,cjJ)-/J 'InY(N,j)), 

being the sulution a maximum ur a minimum accurding tu the inequality
where 

f. (2.12) maximum: 2C - xU) + 1 < U 

f.
q= 2 [1/2]q , (2.19) 

minimum: 2C - xU) + 1 > O. 

is a q-dependent single particle spacing, and 
The sulutions to the equatiun 2.17 can oe written as� 

E (J' 0 -I.) _ [2jlq ( cos 0 + X (j) sin
2 
0 cus 2cP-) (2.13)�

.Jq,,'1'-­
2 V h, 0, j) 2 1) h, 0, j) . cus£} = X(~) (1 ± Jl - (;2(--y)) , (2.20)

2(, 

In the abuve expressiun the q-dependent strength parameter now is 
where 

x (j) :=: (ql~l.l [2j - 1}q (2.14) 
(;2(,) = 4C(C + 1) (2.21 )

.,2(j)· 

and 
These solutiuns must still obey the fulluwing cunditiuns 

(2.15)Dh,O,j) = 1+sinh2 [i (2j -l)J sin2 0, (;(r) ::; 
(2.22)

o ::; leosOI s: 1.
Minimization on the parameters 0 and ¢ gives rise tu the extrema, 

The first condit.ion is related to the determinatiun of 1m"" given by the inequality 
¢ = i or :J; 

(2.16) 
( sinhhN) cush(~) -- IFI <S 0, (2.2:1) 

() = 0 or 7r, 

whereas the second one leads tu the det.erminatiun uf critical j, 

New physics appears due to the interplay between the parameters
in the V 2: 0 case.� 

0, " Nand jj the remaining analysis of the behavior of l~q (j, 0, 1) aruund the extrema goes J,' = ~ + 1 Iarcruth (~+ fi - (;2(!}) (2.24)�(;(,) . 

similarly as in Ref. (11]. Huwever, there we were restricted t.u the analysis of the ground 

Once one is given Jr, une can readily ubtain the curresIJunding Xc: oy a direct sHbst.itlltiun 

state behavior, in which case j is fixed to N/2. Due to the temperature dependence of the 

in Eq. (2.14), 
second term of the free energy, j will not be fixed anymure tu the grulIDd state multiplet,� 

sinh b (2),. - 1)]�
being therefore an additiunal parameter in the present extrema analysis. () = 7r is still a 

X,· = G( ')') (2.25) 

maximum, bllt the conditiun at 0 = 0 is now j dependent 
> j,. are the necessary and slIfficient. cunditions to the

To slIDlmarize, 1 < 1m"" and j� 

-1 + X(j)cusO- 2CcusO(cosO- ~sin20) (2.17)�
1 + C sin .. - = U existence uf the extremllm 0." given by, 
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- coth1(j - U(1 - /1- G2b)) ,cosOm - "" (2.26) 

leading to ~I > 0, indicat.ing t.hat Om is a minimlllTl. 
''''''m 

Table I below presents the behavior of the energy extrema with respect to ie. 

Figure 1 shows the free energy F(f3) as a function of kl' = l/fj. As in the non-deformed 

case, the free energy is given by the lower frontier of the family uf straight lines, the main 

difference lying on the crossing points between the curves, which in the present case are 

shifted towards higher temperatures. The range of allowed values of i is given by -IN/2 

~ i ::; N /2, 88 in the non-deformed case. j 
When jc exists, the crossing of the above mentioned straight lines determines the phase

~ ;1 transition temperature given by 
~ 

I'?: . ~. 

(3; 1 = minll,~  €qEq (ic, (J, ~) - ming,~  f.q~q (je - 1, (J, </J) 
(2.27)

~t~  In Y (N,)e) -In Y (N,Je - 1) 

i~,,;  Upon a substitution of the explicit expression of Eq (j, (J, </J) we get
")1
~:!l 

'~~ (3;1 = €qc~hb(2je  -1)? . (2.28)(?'j, In Y (N, Jc) -In Y (N,Jc - 1)
::'::j; 
i:',~".~\~ Figure 2 shows the behavior of fJ; 1 as a function of q = exp(1) in the same physical situation 
;,~::~j 

as figure 1.
~aii:~. 

D:, 
':~:~ III. CONCLUSIONS 
"'j":;:J 
r;~,i·tJ It has already seen previously [11], that the critical value of the conpling constant X" is 

n,~"s;~] 

number and q-deformation dependent at T = O. With the introduction of the temperature,'. ~·1 

~t~
 88 performed in the present work, we could think that no new effect would appear, since� 
'·,·:,1:;;,., the only temperature dependent contribution to the free energy, (3 lin Y (N,j), does not:\1 

contain any q dependence, being Y (N,j) just a level degeneracy connter. However, the~'::~
 

~:~?~ temperature dependent effects are embodied through ie, the temperature dependent critical� 
rit~ 

".~j i given by Eq.2.24. r,;':jI~~, 

~ ~. 

~t.i
~:':' 

~~;~ 

i~ ..,:'l 
'J;-r 

Similarly, the interplay between temperat.ure and q-deformation has 

9 

alsu appealed in a q- Lusunic desniptiun uf the Buse nmdensation, WIWle the rrit,i 

temperat,1ll'e increases wit.h the defurmat,iun parameter IJ6). 

As shuwn in Fig. 2, the crit.iral temperatnre presents stlUng delJendenrf' UII the defurn 

tion of the algebra. The critical temperatlIfe derreases with increasing of the q-de.furmatiu 

This means t.hat. phase t.ransitiuns uccurring in int.eracting many-fermiun systems desrriL. 

by ''l1l.
q (2)-like mudels are in fact stlUngly influenced Ly the q--defurm<ltiun, indirat.ing t,hl 

any physical cunclllsiuns regarding the phase t.ransit.iun Lella\'iur must Le taken with can 

if the q-deformed cuncept. has indeed any physical meaning, 
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jFIGURE CAPTIONS Minimum ~laxilUnlll 

Figure 1. This figure shows the behavior of a family of straight. lines for j vallies nmning 
.i <.i" 0=0 ()~, ±rr

from j = 6 to j = 0 os a function of {3 1, for N = 12, V = 2, {. = 1 nnd q = 1.116. The free 
energy is the envelope formed by the lower frontier of these straight lines.

,f. j > .i" (1.::= ::I-J)", (I ~_c O.-LiT 

,..'<I,
~ 

Figure 2. The critical temperatllle f3~ 1 is shown as a flmd.ion of q, the deformation 

'1 parameter of the algebra, for N = 12, V = 2, f = 1.�.! TABLE J. Thl' 0 \'ah\l~s at tllf' ('xtrerna of thp (,lll'r~y flllldiollld Hn' 'sho", II Tr; ;iitrpI'I'lIt vahm� 
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