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A study of the analytic behavior of different few-particle scattering amplitudes 
at low energies in two space dimensions is presented. Such a study is of use in 
modeling and understanding different few-particle processes at low energies. A de
tailed discussion of the energy and the momentum dependence of the partial-wave 
on-the-energy-shell and off-the-energy-shell two-particle t matrices is given. These t 
matrix elements tend to zero as the energy and momentum variables tend to zero. 
The multiple scattering series is used to show that the connected three-to-three am
plitudes diverge in the low energy-momentum limit. Unitarity relations are used 
to show that the connected two-to-thtee and one-to-three amplitudes ha.ve specific 
logarithmic singularities a.t the m particle breakup threshold. The s\lbenergy sin
gularity in the two-to-three amplitudes is also stu~, and comments are made on 
some applications of the present study in dift'erent problems of physical interest. 
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I. INTRODUCTION 

Recently, there has been a great deal of activity in the studying and mod
eling of few-particle problems in two space dimensions, both theoreticallyl-6 

and experimentally7-10. Since it is now possible to experimentally study two
dimensional systems such as helium adsorbed on graphite,10 spin-polarized hydrogen 
(H!)I1,7-9 recombining on a helium film, and multiparticle bound states on mono
layers of quantum gases,IO there has been growing interest in the theoretical study 
of the quantum mechanical few-particle problem in two dimensions. 

Also, in the recent past there has been a number of interesting studies on the 
quantum and statistical mechanics of anyons,l1 which are elementary particles in 
two space dimensions having continuous fractional spin and thus interpolating be
tween boson and fermion properties. The possibility of the existence of anyons has 
increased the relevallce of the study of quantum and statistical mechanics in two 
space dimensions. 

In this paper we present a systematic study of the analytic structures of dif
ferent few-particle scattering amplitudes in two space dimensions at low energies, 
considered as functions of center of mass energy and momenta in the initial and 
final states. A knowledge of such analytic properties at low energies has proved to 
be of great relevance in the study of quantum mechanical few-particle problems in 
three space dimensiODS.12 One cannot usually solve multiparticle scattering prob
lems exactly; instead, o~  makes use of simple, tractable models of such processes. 
Nevertheless, the analytic singularity structure of exact multiparticle amplitudes is 
of practical interest. It provides guidance in the construction of models of the actual 
physical processes, because these singularities are often crucial in the reproduction 

- of experimental results. A knowledge of such analytic properties of few-particle scat
tering amplitudes in three space dimensions has revealed the existence of unique and 
strange effects, such as the Thomas and Efimov effectS.12,13 In two space dimensions 
the absence of these dfects follows from a consideration of the above-mentioned 
analytic properties." 

Although the study of such analytic properties at low energies in two space 
dimensions is not expected to directly yield the experimental results, there are im
plications for physically relevant -quantities that one can extract from such study. 
The low-energy behavior of connected few-particle scattering amplitudes can be 
used to find the low-temperature behavior of cluster coefficients in quantum statis
tical mechanics.I4-16 This could provide useful check on recent calculations of cluster 
coefficients for anyons.ll Such studies are also expected to find applications in other 
areas in understanding or modeling physical processes in two space dimensions, an 
important example being surface recombination of spin polarized hydrogen atoms. 

Reasonably complete discussions of these analytic properties at low energies 
30have appeared for few-particle systems in three space dimensions.11- Virtually 

nothing is known about these properties at low energies in two space dimensions 
for the m particle system with m > 2. In the present work, we give a systematic 
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acc:ount at these analytic properiiee in two dimeDaiona for the two- and the three
particle I)'Item aDd proride lOme pneral arSUJDflDtB, wherever poeeible, regardinl 
what to expect for I7ItemI mvolvins mare particles. 

We preeent a dilCUl8ioD of the low-eDel'l7 behavior of the various two-panicle 
partial-wave t matrix elements, both on-the-energy-shell (on-shell) and off-the
energy-shell (of-shell), in two dimensions. In contrast to the three-dimensional 
case, the on-sbe1l partial-wave t matrix elements in two dimensioDl tend to zero as 
the center of ID888 (c.m.) energy tends to zero. We relate the off-shell t matrix 
elements to the on-shell ones and hence predict their low-energy behavior 88 the 
energy ud momentum YBriables tend to zero; a ligni&ant feature is that the two 
particle t matrix baa a logarithmic sinsularity 88 the c.m. energy tends to zero. We 
also present a diaeussion of the effective raD&e expansion for various partial wa~.  

Next, we study the low-energy behavior of the connected three-particle scatter
ing amplitude from a conaideration of ita multiple scattering (MS) series. Simil8l" 
use h88 been made of the MS aeries to study the analytic properties of the few
particle amplitudes iD three dimeasiona.12 Such an analysis does not rely on the 
convergence mthe MS aeries, but only on the Verf plausible assumption that the 
singulBl"ities present in the individual terms of this aeries are also present in the fun 
amplitude. As the C.m. eneJ.V E of the three particle-system tends to zero, we find 
that the connected tbl'ee-tc>-three scattering amplitude h88 the divergent behavior 

- siven by Eq. (46) below. Thia has consequences for the low-temperature behavior 
of the third quantum viria1 coefIicient in two dimensions. 

We also study the low-energy behavior of the hvo-tc>-two and the two-to-three 
scatterins amplitudes of the m particle system, usin« the unitarity relations satisfied 
by these amplitudes. Sum studies have already appeared for the three-dimensional 
case.12 Unlike the connected three-particle scattering amplitude, these amplitudes 
are finite u the c.m. energy E tends to zero, but they do have branm cut sin
gularities u E tends to zero. FOr example, the two-panicle scattering amplitude 
tends to zero at loW eoersies, but it has a logarithmic singularity under these con
ditiona. The two-tc>-two amplitude develops specific logarithmic singularities at the 
m particle threshold. The two-tc>-tliree amplitude is shown to possess an infinite 
number of brandl points at E=O of the form In-~( -E), n = 1,2,3,···. Finally, we 
study the subeDersy sinsu1arity in the two-tc>-three scattering amplitude using the 
subenergy unitarity.12 This is of interest in the study of the breakup spectrum in 
two dimeoaioas. 

The plan of the paper is 88 follows. In Sec. II we study the low-energy behavior 
of the two-particle amplitudes. We present a description of the b88ic equatioDB, 
a parametrization of the panial-waw t matrix uainS phase shifts, a description of 
unitarit)' and the optical theorem, aDd aD account of the effective range expansion 
and the low-energ behavior of the on-shell t matrix. We also study the off-shell t 
matrix in lOIDe detail, again with emphasis on its low-energy behavior. In Sec. III 
we study the behavior of three-partic1e amplitudes, showing that at low energies the 
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c:ounected three-tc>-tbree amplitude diverpe. In Sec. IV IOIDe interesting low-energy 
sinplaritiell in the t~tc>-two  aDd two-tc>-three amplitudes are studied. Finally, in 
See. V we preeent a brief' 1UIIlIIlAr)'. 

n. TWO-PARTICLE AMPLITUDES 

A. Buic eqaatiODI 

We consider the scattering of a particle of mass IJ in two dimensions by a short
range central potential v(r). We use units where 1£'/21J =1, and assume that the 
phase of E is chosen 80 that 1m v'E > O. The two-particle t operator at (complex) 
energy E is defined by the Lippm&DD-Sd:twinger equation 

t(E) = v +vgo(E)t(E), (1) 

where grJ..E) '5 (E - lao + iO)-1 is the free Green's function and lao is the free 
Hamiltonian. In the physical region of interest E is assumed to contam a small 
positive imagiDN'Y part. It is convenient to introduce the wave operator w(E) 
defined by 

t(E) =ow(E), (2) 

which then satisfies 

w(E) =1+9o(E)1M{E). (3) 

We take 88 basis the free-particle momentum eigenatates I , > whose space 
representation is 

~ 1 ~ 

< PI k >= hexp(ik. r'). (4) 

The free-particle Green'8 function is then 

< r' I grJ..E).1 r>= -~~')(1  pi - rl ~),  (5) 

where B~')  is a Hankel function of the first kind. 
We need the following partial-wave expansions:2'." 

< rl k>= 2
1 Ee,i'coe(18)J,(kr)~.  (6) 
1r ,-0 

< PI w(E) I'>= 2
1 Ee,i' cos(18)w,(r,ki E), (7) 
1r ,-0 
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... ... 1 00 

< k' I teE) Ik >= 211" t; E,i' cos(l6)t,(k', k; E), (8) 

< r' Igo(E) I r>= -~  EE,cos(16)J,(vEr<)H,(I)(VEr», (9),=0 
where E, = 2 for I =1= 0 and Eo = 1; 6 is the angle between the two vectors and r< 

, (r» is the smaller (larger) of rand r'. From Eq. (3) we have 

(-110 + E - v)w(E) = E - ho. (10) 

H we take a representation of Eq. (10) between < r I and I k > and expand the 
relevant quantities in partial waves we obtain the following differential equation for 
the partial-wave components w,( r, kj E): 

1 a a (l] 2 
[ ;: a/r ar) - ;:i + E - vCr) w,(r, kj E) = (E - k )J,(kr). (11) 

This equation shows that w,(r, kj E) can be looked upon as an off-shell radial 
wavefunction,17·18 with w,(r, k; k2) just the usual radial wavefunction. From Eq. 
(3) one can also obtain an integral representation for w,(r, k; E): 

w,(r,k;E) = J,(kr)- 1I"i roo r'dr'J,(VEr»Hp)(vEr»t,(r',k;E). (12)
2 10� 

Examining the form of Eq. (12) as r -+ 00, and using the relation� 
oo 

t,(k', kj E) = L r'dr' J,(k'r')t,(r', k; E), (13) 

we obtain 

w,(r, kj E) '" J,(kr) - ~i  H,(I)(VEr )t,(vE, kj E), as r -+ 00. (14) 

H we take the radial wavefunction to have the standard asymptotic forml7,22� 

2 2·s 11" 1�
w,(r, k, k ) '" 1I"kr e' I cos[kr - '2(1 + 2) + 15,], as r -+ 00, (15) 

where 6, == 6,(k) is the phase shift for the Ith partial wave, then Eq. (14) can be used 
to show that the on-shell t matrix element has the following expression in terms of 
the phase shift: 

t,(k, kj k2 
) = _!eiSI sine5,. (16)

11" 
This expression for the partial-wave t matrix satisfies the following on-shell unitarity 
relation 

1m t,(k, kj k2
) = -i1t,(k, kj k2W. (17) 

A complete account of off-shell unitarity relationsfor the partial-wave t matrix and 
the relation of this partial-wave t matrix to the physical scattering amplitude has 
appeared elsewhere.21 
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B. On-shell beha.vior 

We are interested in the low-energy behavior of scattering quantities, and start 
by investigating their on-shell behavior. The basic quantities are the phase shifts 
6,(k), and their form at low energies has been the subject of a number of recent 
investigations.23- 25 A fundamental result, first emphasized by Bolle and Gesztesy,23 
is that the effective range expression 

k2'[(1I"/2)cot6, -Ink] (18) 

has an expansion in powers of k2 which is convergent or asymptotic, depending on 
the potential. The noteworthy feature is the occurrence of the logarithmic term 
in Eq. (18). In three dimensions this logarithmic term is absent and the effective 
range expression is k' cot 6,. In fact, such a logarithmic term is present only for even 
space dimensions (2, 4, ...). In terms of the energy E = k2 , we have21 

cot 6, = A,(E) + (l/lI")InE, (19) 

where ~(E)  contains no logarithmic terms, and possesses an expansion 

A,(E) =Q,E-' + Q,_IE-'+! + .... (20) 

This enables us to find low-energy expansions for the on-shell t matrix elements. 
Rewriting Eq. (16) in the form 

t,(E) == t,(k, kj k2 
) = -(2/1I")(cot 15, - itl 

, (21) 

we have, from Eq. (19), 

t,(E) = -(2/1I")[A,(E) + (l/lI")In(-E)tl 
• (22) 

Since the analytic continuation of t,(E) to real negative energies must be real, this 
relation shows that ~(E)  is a real function of E. 

The low-energy expansion of the t matrix can be found from Eqs. (20) and 
(22). We now investigate this in some detail. There are two points of particular 
interest. First, the expansion is qualitatively different for 1= 0, where the In(-E) 
term dominates, as compared to I ~  1, where E' dominates. Second, the leading 
coefficients in this expansion can be given a physical interpretation, analogous to 
the familiar scattering length and effective range of three-dimensional scattering. 

We first consider the I = 0 (s-wave) case. A possible parametrization is 

11" k 1 1 2 •�

'2 cot 150 - ('Y + In 2") = - ao +2rok +"', (23)� 

with ao the "scattering length" and ro the "effective range". The constant 'Y = 
25.57721... is Euler's constant. We note that other parametrizations are possible23

and in particular that in practical applications there is good reason to introduce 
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a further quantity R so that the logarithmic term becomes In(Rk/2) and ao is 
correspondingly modified.2s Because of the presence of the logarithmic term in Eq. 
(23) the numerical value of the scattering length, Clo, depends on the dimension of 
energy E or of momentum k. In three dimensions this logarithmic term is absent 
and in the usual effective range expansion, 

1 1 k2
kcot6o = -~ + 2ro , (24) 

the numerical value of the scattering length £10 does not depend on the dimension 
of momentum employed. Thus there is an inherent uncertainty in defining the 
scattering length in two dimensions. 

IT we use Eq. (23) in Eq. (21) we obtain the expansion 

2 2b 2b2 
] 

to(E)= [-In(-E) + [In(-E))2 - [In(-E)]3 + ... 

2roE 4broE [E] (25)+ r. , -"" - [In( -E)]3 + 0 In(-E)]4 ' 

where b = 2(-y -In2 -1/£10). As E -+ 0 only the terms in the first bracket, which 
is simply the expansion of -2[In(-E) + b]-I , are important. However, for E not 
too small some of the other terms, which are all of the form Ei /[In( _E)]n with 
i ~  1 and n ~ 2, may be important. Note that to(E) -+ 0 as E -+ OJ this is to be 
~ontrasted with the three-dimensional case where the zero-energy s-wave t matrix 
is proportional to the scattering length. 

For the I = 1 partial wave (p-wave) the phase shift at low energies can be 
parametrized as 

k2 [~cot61  - ('"Y + In ~)] = - ...!... + !rl k2 + ... (26)
2 2 al 2 ' 

where al and rl are the p-wave scattering length and effective range, respectively. 
Equation (26) yields the following low-energy expansion for the p-wave t matrix 

1
tl(E) = alE + 2a~E2In( -E) + a~cE2 + O{~[ln(-E)]2},  (27) 

where c = '"Y -In 2+ ~rl  . For small E these terms are much smaller than the leading 
terms in the expansion of the s-wave amplitude given in Eq. (25). 

For general I ~ 1 the leading term in the expansion of t,(E) will involve E', 
and the first logarithmic term will enter as E2'In( -E)j that is, the form of the 
low-energy expansion is 

t,(E) = P,E' + P'+lE'+l + ... + '"Y2,E2'ln( -E) + .... (28) 

7 

C. Off-shell behavior 

In order to study three- and more-particle effects we may need the two-particle 
t-matrix off the energy shell. In particular, we want the low-energy behavior of the 
fully off-shell t matrix elements t,(k', kj E), where JcI ,k are arbitrary real quantities, 
and, as usual, E is considered to be complex with 1m JE > O. We start by deriving 
a general relation between this quantity and the half-off-shell t matrix, t,(-IE, kj E). 
Similar relations have appeared in the three-dimensional case.15,18 

Let us start by defining the quantity 

w,(r,kjE) = J,(kr) _ ~i Hjl)(JEr)t,(v'E,kjE). (29) 

From Eq. (14) we see that w,(r,kjE) is the asymptotic form of the off-shell wave
function w,(r, kj E). From Eqs. (2) and (3) we have 

teE) = [go(E)tl[w(E) -1]. (30) 

IT we consider the matrix representation of Eq. (30) between the plane-wave states 

< k' I and Ik >, we obtain 

k12< k' I teE) Ik >= (E - ) Jefr < k' Ir> [< rl weE) I k> - < rl k >]. 

(31) 

IT we use the partial-wave expansions, Eqs. (6)-(9), in Eq. (31) we immediately 
obtain the following integral representation of the off-shell partial-wave t matrix 

- elements: 
oo 

t,(k', kj E) = (E - k12 ) L rdrJ,(k'r)[w,(r, kj E) - J,(kr)]. (32) 

Using Eq. (29), if we substitute for J,(kr) in terms ofw" Eq. (32) can be rewritten 
as 

t,(k',kjE) =(E - k'2)[ rdrJ,(k'r)[w,(r,kjE) - w,(r,kj E)] 

oo 

k12- (E - ) L rdrJ,(k'r) ~i  H,(I)(v'Er)t,c../E, kj E). (33) 

The second of the integrals in this equation can be evaluated using the following 
standard result: 

1�00 (I) 1�2i (P)'rdrJ,(pr)H, (sr) = ---2--2 - , (34) 
o 1rP-S s 
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· which i~  valid for 1 ~ 0 and Ims > O. Using Eq. (34), Eq. (33) can be rewritten as 

k' )'t,(k', kj E) = ( v'E t,(.fE, kj E) 

00 
+(E - k,2) 1 rdrJ,(k'r)[w,(r, kj E) - w,(r, kj E»). (35) 

This is the required relation between the fully-off-shell and the half-off-shell t matrix 
elements. Using the partial-wave expansions Eqs. (6)-(8) in the fully off-shell matrix 
element of Eq. (2) we obtain the following relation, after some straightforward 
algebra: 

t,(k',ki E) = f rdrv(r)J,(k'r)w,(r,kjE). (36) 

H we put k = -IE in Eq. (35), we obtain the following relation between the half
off-shell t matrix elements and the on-shell t matrix elements: 

k' )'t,(k', VEj E) = ( .fE t,(E) 

00 

+(E - k,2) 1 rdrJ,(k'r )[WI(r, -lEj E) - wI(r, -lEj E»). (37) 

Here, w,(r, -lEi E) is just the usual radial wavefunction with asymptotic form given 
by Eq. (15). 

We now wish to investigate the behavior of t,(k', kj E) as all the quantities k',k 
and E tend to zero. Again, the s-wave case turns out to be somewhat different 
from the 1 ~ 1 cases, and first we treat this case separately. We start by considering 
Eq. (371as E -+ O. It follows from Eqs. (12) and (29) that both wo(r, VEj E) and 
wo( r, y'Ei E) behave like (In E)-I as E -+ O. This leads us to define 

xo = lim [00 rdr In(-E)[Wo(r, -lEi E) - wo(r, VEj E»). (38)
E-+oJo 

Then taking the low-energy-momentum limit of Eq. (37) we obtain 

to(k' , ,fEj E) - to(E) +(E - k'2) 1n(x:.E)' as k', E -+ O. (39) 

Similarly, the low-energy-momentum limit of Eq. (35) yields 

to(k', kj E) - to(VE, kj E) +(E - k'2)1n(~E)'  as k, k', E -+ O. (40) 

From Eqs. (39) and (40) we obtain 

k12, (2E - - k2)xo ,
to(k,kjE)-to(E)+ 1n(-E) ,as k,k,E-+O. (41) 
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The expansion given in Eq. (25) for to(E) then gives 

2 26 2~ ]
to(k',kjE) = [-1n(-E) + [1n(-E»)2 - [In(-E))3 +... 

k12(2E - - k2)Xo 
(42)+ In(-E) +.... 

It is interesting to note that the off-shell parameter Xo occurs before the effective
range parameter ro - the latter only enters with the E/[ln(_E})2 term. The constant 
XO can be calculated given the potential v(r)j for example, for hard discs of diameter 
a it is -a2/2. 

A similar analysis can be performed for 1 ~ 1. In this ease, the appropriate 
off-shell parameter is 

1 [00
X, =lim 2'1! Jo r'+1drk-'[wI(r, kj E) - w,(r, kj E»), as k, E -t O. (43) 

Then, following the exactly same steps used to derive Eq. (42), we obtain for 1= I, 

1 
k12t1(k', kj E) = k'k[al + 2a~EIn( -E) +a~cE  +(2E - - k2 )Xl +...J, (44) 

and for 1 ~ 2, 

k12t,(k', kj E) = (k'k)'(l~, + {J1+1E +(2E - - k2 )X' +., .). (45) 

III. THREE-TO-THREE AMPLITUDES 

In this section we shall discuss the low-energy behavior of the connected three
particle scattering amplitude. Sum a study is important for investigating the low 
temperature behavior of quantum cluster coefficients, as we have emphasized in 
the Introduction. We shall in particular show that as the three-particle center of 
mass energy E tends to zero, the on-shell connected three-particle amplitude T3-+3 

diverges like 

1 ABC ) (46)
T3-+3 - E- (ln2(-E) + ln3( -E) + ln4( -E) +... , 

where A, B, C, ... are constants whim are completely determined by the low-energy 
behavior of the on-shell two-particle s-wave amplitude to(E) which we studied in 
the last section. We present a systematic way of calculating the coefficients of all 
the divergent terms of Eq. (46). 

As in Refs. 12 and 19 we find the divergent parts of the connected three-particle 
amplitude T3-+3 from a study of the lower-order diagrams of the multiple scattering 
(MS) series, as shown in Fig. 1. Although we base our study on the MS series, our 
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conclusion does not rely on the convergence properties of this series. (In fact, at 
low energies this series is usually a divergent one.) There cannot be, in general, a 
cancellation between the various terms and hence the analytic properties obtained 
from the study of a specific term of the MS series will be present in the full physical 
amplitude. 

We study the case of three particles with momenta k., k:l' k3 in the c.m. frame 
going to momenta ~,k;,  k~  after elastic scattering. The particles are considered 
to have mass IJ and we use units Ii = 21' = 1 throughout the rest of the paper. 
Though the particles are considered to be of equal mass, we assume that they are 
distinguishable. These restrictions are imposed to simplify the discussion, which 
can easily be extended to other cases. We have for the total c.m. energy 

3 3 

E= Ek~  = Ek':. (47) 
i=l i=l 

Also, our working in the c.m. system implies 

3 3 

Eki =Ekti =o. (48) 
i=l i=l 

It is advantageous to work in terms of dimensionless momentum variables iii and 
y~  defined by 

ki = -lEY-, k'i = ../Ey~, i = 1,2,3. (49) 

We shall assume that at low energies k, P, etc. go to zero linearly with ..;E. 
The lower order diagrams in the MS series, as shown in Fig. 1, will contribute 

to the divergent terms in Eq. (46). The contribution of Fig. 1(80), a typical second 
order rescattering diagram, expressed in terms of y's, is 

< lvE(Yl - Y:l) I tu [E(l - iy~)] I vE(y~  + liJ) > 
E[l - Y'~  - y~  - (y~  +Y3):l] 

X < v'E(iJ + ~y~) I t:l3[E(1 - ~y'~)]  I ~YE(Y~ - Y;) >, (50) 

where < k I tij(f) I P > is the off-shell two-particle t matrix of the pair ij from 
relative momentum k to relative momentum P at c.m. energy f. At low energies 
the off-shell two-particle t matrices tn and t23 tend to zero, as we have seen in the 
last section. But, as the leading low-energy behavior of t12 and t:l3 is of the form 
In-n( -E), n ~ 1, at low energies (E -+ 0) the expression (50) diverges because 

lof its energy denominator. It is easy to see that expression (50) will contribute to 
Iiall the constants A,B,C,"', of Eq. (46). We shall not attempt to calculate the 
lcontribution of Eq. (50) to various coefficients in Eq. (46). But it is interesting 
Ito note that these contributions can be calculated from the on-shell behavior of 
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the two-particle t matrix. The lowest order correction to the off-shell two-particle 
t matrix, as we have found in Sec. II, will not contribute to the divergent terms 
of Eq. (46). We should also remember that we shall have to consider all possible 
permutations of particles in expression (50). Though we shall not explicitly carry 
out such permutations in this paper, they will be implied. 

Next, let us consider the typical third order rescattering diagram of Fig. l(b), 
whose contribution to the connected three-particle amplitude is given by 

_1_ Jd'" t12[E(l- jy~)]t23(E  - jq:l)t12(E(l-ly'~)]
:l q ... :l .... (51)

(211') (E - 2k~ - 2q:l - 2k3· V(E - 21"3 - 2q2 - 2k3. if) 

The momentum levels of the two-particle t matrices in expression (51) are sup
pressed to save space. As it is reasonable to assume that for a well-behaved short
range potential the middle t matrix t:l3 decays sufficiently rapidly to zero for large 
q, the integral (51) is perfectly finite at the upper limit. So in order to find the 
divergent part of integral (51) as E -+ 0 we introduce a cut-off parameter A in q. 
In order to get the most divergent part of integral (51) we employ the lowest order 
terms of the two-particle t matrices, given by Eq. (25), in Eq. (51) and we get as 
E-+O, 

J LA VE
-8 / 1dG xdx ...

(211')2Eln:l( -E) 0 (1 - 2y~ - 2x:l - 2Y3' X) 
1 x - - (52)

(1 - 2y'~ - 2x2 - 2y~ ',X) In[(~x:l - l)E]' 

-where dO represents integrations over angles of i defined by iYE = ij. As E -+ 0 
and x -+ A/..;E, the {In[(~x:l  - l)E]}-l term of (52) tends to zero as A -+ 0, and 
expression (52) diverges like E-1 ln-2

( -E), as the remaining x integral remains 
finite as E -+ O. 

Now, it is easy to realize that if we had kept higher order terms in the low
energy expansion of the two-particle t matrices in expression (51) we would have 
found terms divergent as E-1ln-n 

( -E), n ~ 2 as E -+ 0, which would have con
tributed to the coefficients of different terms in expression (46). It is also clear 
that the higher order terms in the low-energy expansion of the off-shell t matrix 
the terms which are not contained in the first square bracket of Eq. (42) - when 
substituted in expression (51) will not lead to any divergent terms. So the third or
der rescattering diagram of Fig. l(b) contributes to coefficients of all the divergent 
terms of expression (46). 

Next, the contribution of Fig. l(c), a typical fourth order rescattering diagram, 
to the connected three-particle scattering amplitude is 

1 tnt23tut31JJ ......, 
(211')" dqdq (E _ 2k~ - 2q:l - 2k3. V(E - 2q:l - 2q,:l_ 2q. q') 
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1 
x ...., (53)

(E - 2q'2 - 2k'2 - 2q· kD 
where both the energy and momentum variables of the t matrices have again been 
suppressed to save space. As in the case of the third order rescattering diagram, the 
most divergent part of expression (53) can be calculated by considering the lowest 
order terms in the two-particle t matrices in expression (53). As before, both the q 
and q' integrations will be finite at the upper limit and one can introduce a cut-off 
A in qand q' as E -. O. The most divergent part of expression (53) as E -. 0 can 
be obtained by considering the lowest order terms of the two-particle t matrices and 
separating the radial and angular integrals as follows: 

16 I I l z 
=lPA/..fE�

(211')"Eln2( -E) 106 dO,,; 10" dOu 0 x dx y dy� 

1 
x (1 _ 2y~ - 2x2 - 2Ya . £)(1 - 2x2- 2y2 - 2i· YJ 

1 
x (1- 2y2 _ 2y'~  _ 2Y' iDln[(~x2  -1)E]lnl(~y2-1)E)' (54) 

where dOz and dOu represent integrations over the angles of x and y defined by 
iVE = q, iVE = q/, respectively. As before, we shall be concerned with the upper 
limit of x and y integrations as E -. O. Again the logarithmic terms In-1

[( ~X2  -1)E) 
and In-I [(~y2-1)E]  under the integral sign in expression (54) remain finite as E -.0 

and x, y -. A/VE. Hence, in the appropriate limit as E -. 0, the whole integral in 
expression (54) is finite and this expression diverges as E-I ln-2(-E). It is now easy 
to realize that if we had kept higher order terms in the low-energy expansions of 
the two-particle t matrices in expression (53), we would have found terms divergent 
as E-IIn-nC....E), n ;::: 2 as E -. 0 which would have contributed to the coefficients 
of different terms in Eq. (46). As in Eq. (51), if we keep the off-shell terms of 
Eq. (42) in the two middle t matrices of expression (53), we would find that this 
expression does not lead to any divergent term at low energies. 

In a similar way one can study the connected nth order (n > 3) three-particle 
rescattering diagrams at low energies. As we increase the order of multiple scattering 
by one, we introduce one integration over an intermediate momentum, one energy 
denominator and a two-particle t matrix, which is clear from expressions (51) and 
(53), when we go from second to third order rescattering. By dimensional argument 
the two-dimensional integration compensates for the energy denominator and no 
new type of divergent term emerges as the new two-particle t matrix does not diverge 
under appropriate limits. Hence each of the nth order three-particle rescattering 
diagrams behaves as E-Iln-n(-E), n ~ 2 as E -. O. 

This rule seems to be true in general. The connected m-particle scattering 
amplitude will also diverge as the m-particle c.m. energy E -. O. From a di
mensional argument it can be realized that the divergent terms will behave as 
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E-(m-2)ln-n(_E), n;::: 2 as E -. O. The coefficients of these divergent terms can 
be calculated, in principle, from the leading low-energy behavior of the on-shell 
two-particle t matrix in two dimensions. 

The divergent behavior of the connected three-particle amplitude was conjec
tured by Gibsonl6 in his study of quantum cluster coefficients in two dimensions. 

We have seen beforel2•19 that in three dimensions also the connected few-particle 
amplitude diverges as the c.m. energy E -. O. This behavior was crucial in pre
dicting the low-temperature behavior of quantum cluster coefficients. There are 
two crucial differences between the low-energy behavior of few-particle scattering 
amplitudes in two and three dimensions. First, in three dimensions the higher order 
rescattering diagrams may lead to new types of divergent terms not contained in 
the lowest order term. Second, in three dimensions there are only a finite number of 
lower order rescatterlng diagrams that diverge at low energies. In two-dimensional 
systems these two properties do not hold. In two dimensions consideration of higher 
order rescattering diagrams does not lead, at low energies, to new types of singular
ities which are not contained in the lowest order diagram. Also, in two dimensions 
all the terms in the m-particle multiple scattering series diverge at low energies for 
m > 2. This latter fact will make any attempt to calculate the coefficients of the 
series (46), for example, practically impossible, though such a calculation is possible 
in principle from a knowledge of the leading low-energy behavior of the two-particle 
amplitude. 

IV. TWO-TO-TWO AND TWO-TO-THREE AMPLITUDES 

A. Introductory remarks 

In view of the recent studiesl - 10 of exact three-particle calculations and of the 
effect of three-particle correlations in surface three-particle recombination in spin 
polarized atomic hydrogen,6 it is interesting to study the singularity structure of 
other multiparticle amplitudes in two dimensions. A knowledge of this singularity 
structure is essential for a correct parametrization of these amplitudes and this is 
important for an approximate treatment of three-particle processes. 

One important question is what is the behavior of a two-to-two amplitude at the 
m-particle breakup threshold in two dimensions. The simplest relevant threshold 
is the three-particle breakup threshold. The process we are addressing is of the 
general type 

i +Uk) -. k +(ij), (55) 

where Uk) represents the bound state of particles j and k, i l' j l' k l' i. Here each 
of i,j, k runs from 1 to 3. At the breakup threshold the "two-particle" amplitude 
described above develops a particular singularity, which we shall study in Sec. IV B. 

Other important amplitudes of interest are the two-to-three and the one-to-three 
amplitudes and their singularity behaviors at the three-particle threshold. Of these, 
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the one-to-three amplitude is of particular interest as it is the time reversed form of 
the three-to-one amplitude which describes the three-particle recombination process 
in spin-polarized atomic hydrogen. Again, these analytic behaviors are important 
for a correct parametrization of these amplitudes. We shall study this singularity 
in Sec. lYe. 

An analysis similar to that of the last section reveals that both the two-to-two 
and the two-to-three amplitudes approach constants in the low-energy limit. In 
order to see this, we consider the lowest-order terms of the MS series, as shown in 
Figs. 2(a) and 2(b), for the two-to-two and the two-to-three scattering amplitudes of 
the three-particle system. Apart from the vertex functions and two-particle t matrix 
elements, both of which tend· to constants 88 E -+ 0, these two terms contain the 
energy denominator 

[E - k2 
- k/~ - (k +kD2t 1 

, (56) 

as in Eq. (50). For the two-to-two scattering amplitude, the energy conservation 
condition is now 

E +a 2 = ~k2 = ~k/2 (57)2 2 l' 

where 0 
2 is the two-particle binding energy, while for the two-to-three scattering 

amplitude we have 

E+a2 = ~k2 (58)
2 ' 

and 

E = k/~ + k/~ + k/~.  (59) 

With these conditions we see that, unlike Eq. (50), the energy denominator above 
does not necessarily vanish as E -+ 0, because k2 tends to a nonvanishing constant 
unless 0 2 is zero. Hence the amplitudes of Fig. 2 do not diverge as E -+ 0, nor do 
the corresponding higher order diagrams. 

Although these amplitudes are finite, they have a branch-cut singularity as 
E -+ 0 arising from the scattering threshold. For example, the two-particle t matrix 
is finite as E -+ 0, but it does have a logarithmic branch-cut at E = O. 

Finally, another singularity of interest in the three-particle breakup process is 
the subenergy singularity. This is the singularity in the two-particle subenergy vari
able in the final state. This singularity is of relevance in the final state interaction of 
the three-particle system and should be considered in breakup processes represented 
schematically as 

i +(jk) -+ 1 +2 +3. (60) 
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It will be treated in Sec. IV D. 
In contrast to Sec. III, where we studied the analytic properties of the few

particle amplitudes from a consideration of the MS series, we base the study of 
analytic properties in this section on a consideration of various unitarity relations. 
Unitarity implies that scattering amplitudes should have singular behavior and an 
associated branch cut in the complex energy plane at various physical thresholds, 
with well-determined discontinuities. A knowledge of these discontinuities often al
lows one to predict the related singularities. Unitarity imposes specific constraints 
in the· analytic behavior of different scattering amplitudes, which should be in
corporated when modeling and parametrizing the scattering amplitudes. These 
constraints have been proved to be of relevance in three dimensions.12•26 

B. Singularity ofthe two-to-two amplitude a.t the m-particle threshold 

A discussion of these singularities in three dimensions has a.ppeared in Refs. 12 
and 20. In general, the unitarity relation yields the contribution of each scattering 
threshold to the imaginary part of the scattering amplitude. We shall follow the 
diagrammatic representation of Refs. 12, 20, and 27 in multiparticle processes 
involving potentials. 

We start this section by studying the beha.vior of two-to-two amplitude of the 
m-particle system as E -+ O. The singularity we are interested in comes from the 
unitarity relation shown schematically in Fig. 3, where the dashed vertical line 
represents on-shell propagation of m particles given by the c5'-function part of the 
propagator, or the free m-particle Green's function, and the star represents complex 
conjugation. As we know that the amplitudes of Fig. 3 are finite as the total m
particle energy E -+ 0, the contribution to the discontinuity of the two-to-two 
amplitude arising from the m particle threshold is given by 

J ...... 2 2 2
Disc T2...2ex dk1dk2•.. dkm 6(E - k1 - k2 - ... - k )m 

x6(k1 +k2 +.. ,+km )!T2...m l2, (61) 

where Disc denotes the discontinuity across the unitarity cut starting at the m
particle threshold, kj is the momentum of particle i in the intermediate state of Fig. 
3 and T2_ m is the t matrix for the two-to-m process. 

The simplest case of Eq. (61) is given by m = 3 in two space dimensions. In 
this case 

DiscT2...2 oc J~kl~k2~k3 6(E - k~ k~- 7'" k:) 

2x6(k1 +k2 +k3 )IT2_ 1• (62)3

We would like to find the total three-particle energy dependence of Disc T2_ 2, from 
which we can find the energy dependence of the singular part of T2_ 2• In order to 
find the energy dependence of expression (62), we define the hypermomentum k by 
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k2 = k: + k~ + k~,  (63) 

in terms of which Eq. (62) can essentially be rewritten as 

DiscT2_ 2 ex: f kadkdo. o(E  k2 )!T2_ aI2 , (64) 

where dO. is the angular integral subject to kl + k2 + ka = O. Remembering that 
at the three-particle threshold given by E = 0, T2_ 3 tends to a constant, we have 
Disc T2.....2 ex: E, which implies a singular part of the type 

SingT2_ 2 "J E In(-E) (65) 

, at the three-particle threshold. The two-to-two amplitude T2_ 2 is finite at the 
three-particle threshold E = 0, but has a branch point there of the form Eln( -E). 

The above idea can essentially be extended to the more complicated case of the 
m-particle threshold. For example, at the four-particle threshold, 

f 2222-O ......

DiscT2.....2 <X dkl dk2dkadk4 o(E - kl - k2 - k3 - k4 ) 

.. .. .... 2 
xc5(kl + k2 + k3 + k4)IT2.....41 , (66) 

where E is now the four-particle c.m. energy. Again, in terms of the hypermomen
tum k defined by P = k~  +~ + k~ + k~,  Eq. (66) can be rewritten as 

2DiscT2_ 2 <X f k5dk do.c5(E - k2 )IT2.....4 1 , (67) 

where dO is the angular integral subject to kl +k2 + ka + k4 = O. Remembering 
that at the four-particle threshold E =0 and T2.....4 tends to a constant, we have 

Disc T2.....2 <X E2
, (68) 

which implies a singular part of the type 

SingT2_ 2 '" E2 ln( - E) (69) 

at the four-particle threshold. The variable E in Eq. (65) is the total three-particle 
energy (E = 0 is the three-particle threshold); in Eq. (69), E = 0 denotes the 
four-particle threshold. The two-to-two amplitude T2.....2 is finite at the four-particle 
threshold E = 0, but has a branch point there of the form E2 ln( -E). 

In general, the singular part of T2_ 2 at the m-particle threshold is given by 

SingT2_ 2 '" Em
- 2 ln( - E). (70) 
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C. Singularity of the one-to-three and two-to-three amplitudes 

A discussion of these singularities in three dimensions has appeared in Refs. 12 
and 28. Again, we shall use relevant unitarity relations to find the discontinuity of 
the scattering amplitudes, from which we shall extract the singular parts. We follow 
the diagrammatic representation of Ref. 12, as we did in Sec IV B. The unitarity 
relation of interest for the two-to-three amplitude is shown diagrammatically in Fig. 
4. The two-to-three amplitude has two types of singularities, given by the last two 
terms on the right hand sides of Fig. 4. The second term on the right-hand-side of 
Fig. 4 involves the connected three-to-three amplitudes and contributes to certain 
singularities. The laSt term of Fig. 4 contributes to a subenergy singularity and 
depends on the momentum of particle i in final states and is summed over i. 

The first term on the right hand side of Fig. 4 will contribute to the singularity 
in total three-particle c.m. energy E. The discontinuity we are interested in is given 
by 

f .. -0 .. 2 2 .2
DiscT2.....3 ex: dkl dk2dkao(E - kl - k2 -~) 

X o( kl +k2 + ka)T2.....3T;.....a. (71) 

We have seen in Sec. III that as E -+ 0 the amplitude Ta.....3 of Eq. (71) is singular 
and divergent and is given by Eq. (46). The amplitude T2_ a is finite in this limit. 
The phase-space integral of Eq. (71), involving only the c5 functions,will have the 
same behavior as in Eq. (62). Though the t matrices T2_ a and T;_a, which appear 

on the right hand side of Eq. (71), involve the momenta kl , k2, ka, in general, at low 
- energies (E -+ 0), the energy dependent singular part of T3-+a is given by Eq. (46) 

and in the same limit T2.....a tends to a constant. Hence in the E -+ 0 limit the phase
space integral of Eq. (71) can be evaluated treating T2_ aand Ta_a as constants. We 
have seen in our discussion related to (62) that essentially the phase space integral 
of Eq. (71) yields a singular part E In(-E). This singularity, when multiplied by 
the low-energy behavior of Ta.....a as given by Eq. (46), yields the following singular 
parts of T2_ a via Eq. (71): In-n(-E), n = 1,2,3, .. ·. As powers of a logarithm 
yield a new singularity, we have.an infinite number of branch points at E = 0 in 
T2_ 3 , e.g., In-n(-E), n = 1,2,3,· ... By similar arguments, essentially this same 
singularity will appear in the one-to-three amplitude TI _ 3 in two dimensions.12 This 
is of particular interest, as this amplitude is the time reversed form of the three-to
one recombination amplitude Ta_ l studied recently.s The three-to-one amplitude 
Ta.....1 in two dimensions will have the same singularities as Tl _ a. 

D. Subenergy singularity in the two-to-three amplitude 

The singularities in the subenergy variables in the breakup amplitude T2_ a are 
essential for a correct description of final-state interactions. Usually, in breakup 
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·processes, one measures the spectrum of a single particle. Then one requires the 
proper singularity 8U'ucture of this amplitude as a function of the energy of this 
particle in order to make a correct parametrization. The nature of this singularity 
can be obtained from the last term of the unitarity relation in Fig. 4. 

In Fig. 4 it is desirable to introduce the following momenta in the intermediate 
state of the last term. Let the particle labelled i have momentum p wd the other 
two particles have momenta -;/2+i and -;/2 - q. Then it is easy to see that the 
contribution to DiscT,_3 £rom the last term of Fig. 4 is given. by 

Disc~~  - Ejdq6(E - ~2P' - q') ~~3  tj(q'), (72) 
j~'  

where the energy argument of the t~particle  t matrix ti == til" i :/: j :/: k :/: i, is 
explicitly shown. Equation (25) when substituted into Eq. (72) yields the following 

'1 complicated expression for the discontinuity of T'_3 in the branch cut in subenergy: 

Disc T'_3 - [ In(-E ~  3p2/2) + In'(_E2~  3p2/2) - ...J' (73) 

and it is difficult to write an exact form for this singularity. 
The singularity of Eq. (73) lies at the boundary of the physical region because 

the allowed values of p' are £rom 0 to 2E/3. This singularity leads to rapid variations 
in the final-state amplitude and is crucial to the phenomenological treatment of the 
iinal-state interaction. 

V. SUMMAR.Y 

We have presented a discussion of analytic behavior in the complex energy plane 
of the various few-particle scattering amplitudes in two dimensions. A knowledge 
of these analytic behaviors is relevant for a cOmplete understanding of different few
particle processes. We have based our discussioo on distinct methods £Or different 
amplitudes. A consideration of the full set of dynamical equations for the few
particle system1'._ should always reveal these analytic properties. However, this 
approach is not always the most convenient one. Depending on a specific amplitude, 
we have adopted a specific method. 

In.Sec. n we based our diBCU88ion of the low-energy on- and off-shell two-particle 
t matrix on the dynamical equations. We showed that in the low-energy-momentum 
limit both the on- and the off-shell two-particle t matrices tend to zero and have an 
infinite number of logarithmic branch points at E =O. 

In Sec. UI we based our disc:ussion of the low-energy behavior of the connected 
three-particle (three-ta-three) amplitude on a consideration of the MS series. We 
showed that in the low-energy limit this amplitude is divergent and possesses w 
infinite number of logarithmic branch points at E = O. We concluded that the 
connected m-particle amplitude also diverges in this limit and possesses simil8l' 
branch points. 
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In Sec. IV we based our di8CUS8ion of the low-energy behavior of the two-~three  

and the two-~two  amplitudes on a consideration of unitarity. The constraints of 
unitarity impoee specific analytic propertiel on these amplitudes. We showed that, 
unlike the case of the three-~threeamplitude, these amplitudes are finite in this 
limit. However, these amplitudes possess specific logarithmic singularities. 

The work is supported in part by the Conselho Nacional de Desenvolvimento
Cientifico e Tecnol6gico (CNPq) of Brasil. 
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Figure Caption 

1 Typical (a) secondo, (b) third-, and (c) fourth-order MS graphs in the c.m. 
frame. The circles indicate two-particle t matrices. 

2 Typical two-to-two and two-to-three amplitudes of lowest order. 

3 Unitarity relation satisfied by the two-to-two 8IIlplitude of the m-particle sys
tem. The vertical line denotes free on-shell propagation in the intermediate 
state. The summation extends over the index i which represents the number 
of particles in the intermediate state. 

4 Unitarity relation satisfied by the two-to-three amplitude of the three-particle 
system. The summation extends over i which represents the noninteracting 
particle. Again the vertical line denotes free on-shell propagation in the inter
mediate state. 
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