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The superconduding phasp is widply bplipvN] to he a kind of Hosp con

densate. Transition temperatllfes t.hat are substantially hi~dlN  than BCS 
Tr. valuf's for a many-fermion system interacting pairwise via thp famil
iar BCS interaction mo<lpl illlh'('<! follow from Bos~Einstl'in  I'ond('nsalioll 
(BEC) in eilhN a pllfe gas of "!losonic" Cooper pairs or in a mixtllfP of 
Ihe latter plus background fNmions wllf'n pair-breaking dfpds are' I'xplic
itly allowNl. Such pfl'N'tS ('an arisp \dwu til<' pairs ('ithN mov(' too fast or 
are thf'rmally exdtro. ('OOpf'f !mirs of definitE' ('enter-of-mass UlOIJ\PIlt.um 
(CMM) hut not dpfinitp [plalivp 1Il0llwntllJll arp "bosonic" ('vpn thongh 

Ihey do not obey t.he 11sual Hose l'Olll1nntation rplations, sill(,(' they I'xhibil 
indplillitp maximum o('{'npal iOIl ill a givpu slal<' alld thus ohe'Y t hI' UOS('
Einstpin dist ribul iOIl. This t raHsii ion OCClITS eveTl in \wak COli pIing, and 
morp si~ni£kantIy ('veTl ill two dimf'Jlsions wherp ordinary HEC is prohih
ited ,-- dne to flU' novel ingrroil'nt of an (almost) IinpaT. as opposed to 

qnallratic. dispE'fsion relation for 11U' Cooper pair hinding {'nNl!;y as fnnc
tion of its ('MM. Nonzero-CMI\I pairs. lIegkdro ill the Hes many-fNmion 
thl'Ory, are indE"('(1 found to he vanishingly small in number, parlielliarly 
for sJllall couplin~  and/or for sllIall J)phye-to-Fermi-tpmperalnrp rat io, bill 
playa crucial roll'. For ('xamplc" BI';(' ill lhe pure "llOsonic" ~as  Ulodel is 
possihle for all space dillwnsions > I. thus allowing all known SllpPf('on
dudors ,_. for quasi-H) organics through quasi-2D organics or cupratE's to 
fully-:ID matPTials to bf' Bose condensates in principle'. 

1. Introduction 

Th(' ph('nolll('noll of SlIpNCOlllhll·t.i\-it\, !las 1I0W 1)('('11 o),s('rn,d ill all f(lIlr broad 

dasses of materials: 111P-tllls (ill 1911. b\' OIlIl('S), spmicondud01's (ill 19tH II]), 
polY1llp.T"s (in 197.') 121) aliI! ('(>m1lli(,s (in 1986 1:11), A [('('ent [('vi('w /11 of some 

Russian (,x»<'Til1l('lIf.al work ill c('ltaill poln\ll'!'s ('n'lI sl1gl~('sts  l!l(, possihilit\, of 

roOIl1-lellll){'[aIIlH' Snp('lTOlldlld ivit,\-, 

It seel\ls to b(' univ('rsall.v hdiev('d Ihat, Ihough not yd prov('(l, SIl!>('[('OlldIlC

t.i vit)' is just anoth<'T example of Bos('-Eillst ('ill cOlld('nsat iOIl, as is superlllliditv in 

liquid helium-4 I.')] or less dire('tly in liqllid helilll\l-~  161. The Ilolion of Sllp('l'Con

ductivity as a Bose-Einslein (HE)-lik(' Iransitioll of an assembly of bosonic ohjects 

is not new, going hack at least to Ogg /71 in the forties and to Ginzburg [81 and 

to Schafrot.h [91 in the fifties. The idea has resurfaced 1101 more recently with the 
discovery l:ll of short-coher('nc~lengt.hcuprate superconductors, An<1('rson [III 
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envisages crystalline electrons (or holes) as pair-clusters of excitations that are 
fermionic, chargeless "spinons" and bosonic, charged "holons" --the latter suscep
tible P2J to a kind of Bose-Einstein condensation (BEC). Schrieffer and co-workers 
1I3J deal with a bosonic "spin-bag" which is shared by two hol<·s. Friedlwrg, Lee 
and Ren /14J achieve fits to the cuprate data of Uemura d al. [151 with a Bf<~

like condensation in 2 + f. dimensions 116] by assuming an effective bosonic pair 
mass in the direction perpendicular to the copper-oxidE' planes approaching t.he 
pronounced uniaxial anisotropy of 105 report.ed experimelltally [171. E'.g .. in TlBa
CaCuO. Indeed, the value of E itself can be dctermiIl<'d analytically ill idealized 
situations [12J, and is est.imated [18J to be about 0.03 in cuprate superconductors--
its small but nonzero value being a measure of the coupling between coppE'r-oxide 
planes. Alexandrov and Mott [19J, as well as Ranninger and co-workers [20], 
concentrate on a bipolaronic picture and note an amazing similarity hdween at. 
least two cuprate superconductors (with Tc ~ 92K and 1071\) alld li<lUid -iHe 
(Tc ~ 2.2K) as regards their empirical specific heat singularities across Te . Fujita 
and co-workers 121-24J have generalized the Bardeen-Cooper-Schrieffer (ReS) for
malism to include hole-hole (as well as particle-particle) Cooper pairs, st.ressing in 
addition that either type of pair (called "pairons") propagate not with a quadratic 
but with a linear dispersion relation, and are bosons which may BE-colldcnse in 
2D as well as in 3D according to very specific, unique Tc formulae which differ 
markedly from the familiar BEC Tc formula associated with quadratk-dispersion
relation bosons. The linear dispersion behavior of Cooper pairs was noted at least 
as early as 1964 in Schrieffer's monograph [251 on superconductivity. 

Indeed, a BE paradigm in superconductivity is suggested by the recent Tc l'S 

TF or THE data extended beyond the cuprates by Uenmra et al. [26] t.o virtually all 
exotic superconductors, whether 1D-like, 2D-like or 3D-like, where 1'[<' is t.he H'rmi 
temperature and the 3D BEC temperature THE == 0.2187'p if all fermions in t.he 
original fermion gas are imagined paired. The exotic superconducting samples 
studied by Uemura et al. [261 have Tc values spanning almost three orders of 
magnitude and reveal an intriguing universal hehavior roughly parallel to hut 
shifted down from the straight line designating TBE in the "Uemura plot" of 'l~  l'S 

TF or THE, thus suggesting a BE mechanism somehow implicit in an appropriately 
generalized BCS formalism. 

Based on earlier work by Eagles [27] and by Leggett [28], Miyake [29] and later 
Randeria, Duan and Shieh [30] formulated the 2D many-fermion problem at zero 
absolute temperature (T = 0) within a BCS formalism whereby both the gap equa
tion and the number equation are solved self-consistently [31] but without explicit 

reference to the underlying (possibly singular) two-fermion interaction potential 
which is replacell by a scattering t-matrix. The latter in turn is t.hen related, 
at low-scattering energies, to the s-wave "scattering length". This sclf-consistEmt 
formulat ion lealls to thE' IHHlaJ BCS t.h('()ry in the limit of weak eOllpling. and to an 
ideal gas of tightly-bound. well-spparatE'd hosons ill the opposite, st.rong-coupling, 
limit. The so-called "BCS-Bose crossO\'er" [:l2] formulat.ion in 2D has been ex
tE'nded to finite T by \'1111 dE'r Marel I:I:ll. as w<'ll as by Drechsler and Zwer~er  

I:H] who uSE·d all elE'gallt fUlwt.ional illtpgral approach which ill lowest-order gives 
a Ginzburg-Landau theory. Followillg Hef. l:mJ, a g<'lIerali7.e<1 cohen'ncl' length 
(or, more prnciscly, a lOot-m<'·llll·squaH· pair radius) was formulated within t.he 
BeS-Bose crossover picture in 10, 2D anu 3D by Casas t'f al. 1:l5], alJ(1 t.he 2D 
case compared with cuprate superconductor dat.a. Their rE'sult.s suggested that 
thesl'latter materials, among other 3D-like superconductors, might he moderately 
well uE'scribed. at. least ill lowest onkr. as weakly-col/lIled within thE' HeS-Rose 
crossover formalism. 

The 30 BCS-Hose crossover prohlelll was incisively allalyzpd by Nozierns alld 
Schmitt-Rink 136]-in fact. shortly before t.hE' WI'l6 discovery [:l/ of high-Tc cuprat.e 
superconductivity. Its definitive formulation in two t.ransparent papers [:l7,:l81 by 
Haussmann stressed the vital importance of triple self-consistency (lI·iz., in the 
gap, number and single-part.icle-energy equations; cf. also Ref. l:l91). Haussmann 
employs the Thouless criterion 140] wllE'reby t he divergence of the real part of 
the temperat.ure-dependent i-matrix evaluated at zero momentum and zero fre
quency leads to a (mean-field) superfluid transition t.emperature Tc t.hat increases 
monotonically aud smoothly from t.he weak-coupling (RCS) to t.he strong-coupling 
(I3os<.» extreme, the rE'sulting Tc exactly reproducing. at the two limits, respec
tively, t.he l:3CS 'l~ formula (given in terms of the ,9-wave scatterin/.{ length) as 
well as t.he familiar Hose-Eillstein cOlldensat iou tE'mpE'rature formula. Coherence 
IE'lIgt hs in :lD at T 0 ha\'e also bE'E'T1 calculat (ld 11 II owr t iu' E'ntire range of;:C' 

<~ollpling/density  withill thE' RCS-Bost, picture. 
In Ihis. paper we dE'rivE' E'xplicit 'l~.-formulae for BEC in d (> 0) dinlf'nsiolls 

for all ideal gas of ident ielll bOSOIls ha\'ill/.{ a quadrat i<' (Sect iOIl 2) or a linear 
dispersion relatiun (Sedioll 4); Cool)('r-pair dispersion rdat iOlls, ,riz., hindiug
energy liS. cent.er-of-mass-momenta curves are obtained numerically in 2D and in 
3D in Section 3 by assuming Coulomb plus electron-phonon int.eractions mimicked 
via the familiar BCS interaction model; in Section 5 Cooper pairs are dearly 
distinguished from familiar elementary excitations such as zero-sound phonons or 
plasmons; Section 6 elaborates on t.he Davydov interpretat.ion of t.he BeS ground 
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state as an ideal mixture of fermion and boson ideal gases; Section 7 sketches 
a fQur-ftuid statistical model of such a mixture that again leads to substantially 
JUgher critical transition temperatures than the BeS theory; and Section 8 gives 
oonclusions. 

2.� BEC of quadratic-dispersion-relation bosons in any di
mension 

According to Ref. [161 on an ideal quantum gas of permanent (i.e., number
conserving) bosons in d dimensions, there exists a non-zero absolute temperature 
Te below which a macroscopic occupation emerges for a !lingle (of an infinitely 
many) quantum state only if d > 2. (The d = 2 case, in fact, displays the same 
[42!smooth, singularity-free temperature-dependent specific heat for either bosons 
or fermions.) The Bose-Einstein distribution summed over all states yields the 
total number of bosons N B, each of mass m, of which, say N B,O, are in the lowest 
state Ele = 1i2k2/2m (= 0 in the thermodynamic limit). Explicitly, 

1 
N B '"," NB,O t L ('8(£,,-,,) _ 1 (1) 

k>O . 

where fJ == 1/kBT and J1. ~ 0 is the chemical potential. For T > Tel NB,O is 
negligible compared with N B; while for T < Tc , N B,O is a sizeable fraction of 
N B. At precisely T = TCI N B,O ~ 0 and J£ ~ 0, while at T = 0, N B = N B,O (viz., 
absence of any exclusion principle). To find Te , the sum in (1) can be converted to 
an integral over positive k == Ikl, wh're k is a d-dimensionaJ vect.or. The volume 
Vd (R) of a hypersphere of radius R in ~ ~ 0 dimensions is given 14:ll hy 

d 
~ d (R) = 7r d/2 R (2) 

For d=,1, t.his is just 471' R3/3; for d=2 it. is the area 71' R2 of a circle of radius 
R; for d=l it is just the "diameter" 2R of a line of "radius" R; and for d=O it is 
unity. Using (2) for d > 0, the summation in (1) over our d-dimensioual vector k 
becomes, in the thermodynamic limit, 

27Td/2 ] ( L )d d 1� (3)~  -+ [ f(d/2) 271' f dkk 

5 

with the prefact.or in square brackets reducing as it should to 2, 271 and 471 for d 
= 1,2 and 3, respectivelv. Defining the nllmber densily in d dimensions through 
nB == NB/L d, (1) wit.h T -'" 1~, Nn,o ~  0 and Jt ~ 0 bE"('OlIleS an element.ary 
iptegral easily evaluated in t('rllls of Ita' so-call('d Bos(' int.('grals [-1:~1  (with z == 
clJ/('BT the so-called fugacity) 

u 1 00 ,/1 ,r -l'X
Q(1(z) == -- dl----� do ), (4) 
. l'((}) ,0 . .:;-1(;' - J LT,; ~~I 

I I 

where ((17) is the Riemann zC'la fllll('tioll of on IN n. Soh-ing (I) for '1~ tlH'\1 gi\'C's 

2nfi'2 [ n ]2/d
'1;� (ri)

-;;;k n ((d/2) 

This result is formally valid for all d > O. Nole, how£'ver, Ihat for 0 < d ~ 2, 
1'c -::c () since (((J)-:: 00 for n ~ 1, Ill(' cas(' d :' 2 dilll('lIsions givillg Ill<' ('('If'1 >ral ('Ii 
harmonic s('rif's (' (l)~' I I ~ I A I which diverges. Clearly, for d I, til<' s('ri('s 
((1/2) ell ~  I ~ I - di'wrg('s ('H'U more sf'H'rdy, <'Ie. All Ihis is cousis
teut wilh the well-knowu farl Ihal In;(' does not ocrur for <juadral.i<'-disp('rsion
relation hosons for d S 2 dilllPllSiolls. For d :1 diull'llSiolls (!l) 1)('COIII<'S 

271 ,,'2n~:\ 111fi'2n ;J:I 
7~  (fi)

mk ll l((:I/::!)I'2j:', ~ mkIJ 

since ((3/2) ~  2.612. This is t.he familiar '1~-form1l1a  for BEe ill 3D, a phe
nomenon fillallv ohsf'rwd expf'rilJlelllallv [HI ill II1tra-cold alkali-atom gas c10nds 
ouh' re('('Jlll\,. 

3.� Cooper-pair dispersion relations 

LeI fermious wilh kindic ('1If'fgi('s '~k == 11'2 k2 /2m· and "'~,  =- 11'2 k''2/21/1' inll'racl 
pairwis(' \"ia llu' IJGS 1IIodd in/i'II/(/ion 

-,. if 1:'F - iu J) < ~ k' ,=-~,  -c F r' I 1i""'J) 
, -~'k'	 (7)

{� o ollu'nds(' 

wit.h ,. > 0 and hWD the maximum energy of a vibratiug-ionic-laUice phonon, 
where l'H" is th£' double Fourier lrausfor1l1s of the illtentd.iou, alld m' Ihe f('rllliou 
effed.ive mass. 
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The total energy (besides t.he rest masses of the constituents) ET eigenvalue 
equation for a (Cooper) pair offermions interacting via the BCS interaction model 
and immersed in a background of N - 2 inert. spectator fennions ill a spherical 
Fermi surface (in k-space) of radius kF is given 1451 by 

I ' \'E'[2ck - (ET -1i2K 2/4111·)t l un 
k 

where TiK= Ti (k l -+- k2) is the center-of-mass momentum of t hp pair, while 
Tik =Ti(k l - k2 ) is it.s rclati\'(~ momentum. TIll' prime 011 Ih(' Sl\1l1ll1<1tioll :-;igll 
denotes the conditions 

1 '> '> I/,' I "., II"
kp < kl == Ik ~ 2K1 < (kF I kD) ., kp < k'2 == Ik - -Kj < (ki-' I Ai») - (~))

2 

where Ti2kb/2m" == hWD the Oebye energy. Setting ET == 2E/-' - ~f{, the pair is 
bound if ~K  > 0 and (8) becomes an eigenvalue equat.ioll for the pair (posit.ive) 
binding energy ~K.  For K = 0 (8) is just 

, iEF+hWD g(t)d(
1 = \'L[2tk- 2Ep t ~orl ,- \' .. , (10) 

k EF 2( - 2Ep I 

from which one immediately obtains for the K = 0 pair binding; energy, exact 
in 2D [as well as in ID or 3D provided that hWD « EF so that the density of 
(fermionic) states per spin g(E) ~ g(EF), a constant that. can he taken out.side 
the integrall, t.he familiar result 

2flWD ---+2hw[]e -'21,\ I~()  (11)(''21'\ -1 '\_1 

where A == g(EF) V is a dimensionless coupling constant. Fillit.e-t.('mperalure BCS 
theory, on the other hand, gives the 1~  formula 

7:.- InE-)n p - l/ ,\ (12) 

where A ~ 1/2. Since en ~ 300K, the critical temperat.ure (12) is at most 
about 46K. This has been dubbed the "phonon barrier". Since actual supercon
ductors are now known to have Tc ~ 164K, the BCS "phonon barrier" of 46K 
has prompted many workers to search for non-phonon mechanisms such as exci
tons, plasmons, magnons, etc., that can substitute sizably larger values for the 
temperature scale 8 D in (12), and thus lead to higher Tc's, Note that since (11) 
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yields only ~o  ~  11K (for A ~ 1/2 and eJ) ~ :300K) compared with the total 
rest mass of t.wo electrons which is ~ 101OK, a Cooper pair is very weakly bound 
indeed when compared, say, with Ihe d(~uteron  for which t.heS(~  two energies are, 
respe<'tivdy, about. 2 MeV and 2,000 Ml'V, or with the pi-meson as made up of a 
down aud all up quark (each assullled 10 have a mass rv :l.r;O Mevjc:2) where tile 
t.wo ell<'rgies are respectively !)60 MeV and 700 ~leV .. 

For l\' ~  0 l.\Ild d . 2, eq. (8) redl1('es t.o 

,1,\ £7f/ :2 11 ~V_1'(2(11.")SiIl24>ll/2_,,(l Iv)I/2m .•" _ '> 'I1
- dd) d~~I~" I 2(1 I V)K· - 2 I 2~·1-1 

II .0 !1-K2(1 I 1,) ••",2tt>11/1 ,,,(I I/'jl/2cosd> 

(13) 
where ,q(Ep) == L:2m 0/211 ,,'2 is the 2» \l<>nsitv of sl at.es; t == k/ kF; I'i. == K /2(k~,-+
Jrb)1/2; AI'( == ~K/EF; I' == hwn/F/-' Jr'b/Jrj,. For small 1\', oue ohtains from 
(I:l) 

2[(1 , v)1/2 I (21,\] , 
~K ----+ ~o  - -- ., hll/.·l\' I 0(1\"2) (14) 

f{-O 7f f··I,\ - I 

which for weak coupling A --> 0 reduces to 

2 .)
~K ---+~o - -'w,..l\" I O(l\"·). (15) 

J(-~O  71 
.l> .0 

Figure 1 compares the linear approximation (14) to t.he exact. dispersion relation 
obtained numerically from (13), for the spccified \'alues of A a.nd v. IndC('d, the 
linear approximation is very good for llIodentt('ly s1IIall A al1\1 " 0\,('1' 11)(' cntire 
range of K values for which ~K  ~  O. 

For d :l, assuming " « 1 a.nd tll«m d<'llsit~'  of st.a.tcs g(Fv) (1,:1/11 '2h;lhjm°:>.Ep /2 

<'<t. (~) hecolll<'s 

7f/:2 111 tv-,,2(ll v) .•in 2et>11/2_,;(11 Vjl/2c,,,.et> 'J - .,., 

:on dU'8ill<p d~~~I~" I 2(1 I ")"". - 2 t 2~~1-1 

o 11._.(1(11/,) .•j,,2~11/2, /,(III/)I12co"<1>1
(16) 

whiclJ for s1llall 1\', using Ihe weak-muplillg ('xpl<>ssioll AI) ~ 2/)(:-:2/,\. gives 

4 ,\ VI - ve-2/'\1(2e-'2I '\t ve-2/,\ + 1)
~K ---+ ~o  - (' I -::-::--:-----------::-;-:--;::==~
 

K-..O r'2I'\v(lnA t 1118) t vln(ALJ) +2c 2/,\v'1 - ve-21>'� 

1 
(€2/'\ I 1 _ .;fTV/IVFh· t 0(11.''2) (17) 
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where A == v'i+V - 1_",,-2/>, and B == 1 + 1_",,-2/". For v << 1, A ...... 0 and 
, JI+ii + 1 - ",,-2/> 1- 1_....- 2/,\ 

~  , K - 0 eq. (17) reduces to the result cited without proof in [251. namely.. r . 

dK --+ do - !nvFlf +0(/\"2),� (18)
K_O 2

"-0 
Results in 3D are qualit.atively similar t.o those iu 21) illustrated iu Fig, I. 

"01 "0 

0.0� ,, ,,,,
-0.2� , , ,,0 

<j -0,4 ,, ,, 
<j '. 
I -0,6 

~  

""" 1 
-0,8� 1 

I J
-\,0 

0 0,00005 0.0001 0,00015 0,0002 

" .. K/2 ./ (k;';- k 0
2

) 

Figure 1: Exact 2D Cooper-pair dispersion relation calculated numerically from (13) 
Cor ,\ = 0.5 and" .,. 10-2, rnml'nr",1 with it.s Iillt'ar npproximfltioll (14). 

4.� BEe of lineRr-diRperRion-rt~lationhORons ill any dimell
sion 

Fujita and co-workers [24) (d, Ref. [43], p. 211) have shown that BEe is possihle 
in 2D for bosons with a linear, instead of the usual quadratic, dispersion r"lat.ion. 
Photons and phonon8 are examples of such b080ns but, however, are non-number
conserving. Cooper pairs do not obey the standard Bose commutation relations 
and being characterized by definite k 1and k2 have occupation number 0 or 1, 
which is the same occupation number for fermions. Following Ref. [211, we shall 
refer to a poinm as a Cooper pair of definite CMM K only, but we distinguish 

9 

it from an ordinary ('oop('r pair or ddillit.e K and k. Pairons do nol 01)(')' BE 
cOlUlIlutat.ion relatioll~  eithf'r. bllt. do obey the B/~  d'i8f7'ilmtion and ar(' I\('nce 
considered as "quasi-!>osons", A det ailed proof of this is fonnd ill 1211, ehapl er 
9, but is also clear from the following. If n~'l  is Ihe ocellpatioll IIulIl!>('r , 0 or I, 
of a fermion ill st.at.e k l • Ih., oecupatioll numoer for a siugll't ('oop('r pair will 

he 71k"nk21 aud mntilllles to hl' 0 or 1. Alternate"'. a giv(,11 siuglel pair mil he 
characteriz(',1 hy k all(l K,ddill('d hclow (H). insl('a(1 or hv k l and k~.  ill which 
case the oe('llpal iou ntllll"('r i~  say. }/k,K 0 or I. Finally, 11«· O('('upal iou ulllldwr 
or a pairou wi t h ~pel'ifi(' ('~ I fI I K is I h('u t" /I,K == Lk Nk,K 0, I. 2, ., (J I~ j). 

A ('OOp('l" pair is thus a pair or f('rmious hound jusl ontsid(' til<' nlolllcnl.llm
space Fermi surfac(' eudosiug N - 2 ha('kgrolll1d, incrt. spectalor f('rmious or the 

N -f(,l'lniou system, It has partIu'r waH' '·eci.ors k l an,1 k 2 which mayor mil" not. 
add up to a zero center-of-mass waw'numher K == k] I k2' From (I!i) and (18), 
II. pairon ha.s an ('xcit.at.iou ('u('rg" which is linenr 12:,1 iu It' for small If (Ioug 
wavel('uglh limit), uanld.\', 

I . 
£ '" "" do - d" ---. ;Clil.,1i II.� (I!))

I, -·0 2 

which is valid provided Ihe eOllpliug is small. wh('re dl( is t.h(' (posit i,·(') hiuding 
energ~'  of a Coo\,('r p"ir willi 111'1 c('IlI·('r-Or-ll\ilSS ll'lOIIl('lIt,1I111 "!I'. "lid I:", is Ih,' 
""nni velocity ddin('(! by 1':", == "~kf.,/2771· ~771·I.';" 

J\It.llOugh it. has beell t.mdit.iollully argued. ('01'1','('t Iy. in Ih(' Ii"'rat ule sinc(' 1!J:i7 
that l\' ~,  0 Cooper pairs arc o"('rwhchningl~'mor(' t.ightly hound that l\' > 0 pairs 
which are ignored in the ReS t.heory. FlIjit.a and co-workers 1241 conjecture that 
il is pr('ciscly tl)(' laUer pairs Ihal p)'('-('xisl at T > '/;. all(1 that d,.il'P BFX' at 
'j' 'f;, 111<1('('(1. 11)(' IIUlld"'1 "I' (:o"l'('J pairs wil h a spccili<- I, ;~  II is 1'1'01',,11 iOlla) 
to a JJ111nber which is somewhat 1p.88 than (!>('cause or finil('-!.eJJ1).>('rat ure smcaring 
effects at Ihe Fermi surface) the overlap volume ill k-spac(' swept. out bv all possihle 
w('fors k l and k 2 join..(1 head-l.o-l.ailas in Figure 2, wit.h oolh head and t.ail lIrifhin 

t,he energ,r-shellliu.1/). to gi"e a s\JPcific ('1\11-.1 K. This lattN O\'erlap vohllllC' I'I( 

is jlls!. 

1'1( Id 'kO(IK/2 , kl - k/.)fl(lK/2 - kl- k,.,) x 
~ I I I 1 02-ry (20)O(yk'j.. I Ir;) - K/2 I k )O( K/2 - k - yk'j.' I kb) 

The integral is exact, Ihough tedious 1461. and comprises four <list ill('1 regions 

ill t,he int.erval 0 < K < 2Jk~, I k7>' S('(' h('!ow. For If 0 il h('col1l('s th(' vO!11l1le 
or the spherical shell, 1I8nwiv 
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"0 = (471)3)k~l(1t  /I)l - 1] (21) 

The fractional number of pairons with a specific valnf' of h', In Ihose wit.h� 

K = 0, will then be somewhat less than� 

3!K = ~ [I - (1 t /1)-:\/2 t K
Vo I(HlI)~-11  

-(3/2)K(2 ~.  /1)/(1 ~ II)) if 0 < " < (I - 1/1f!V)/2 
2 (1+1/4 13/12/16K(11 /I)~I if (I - 1/1f!V)/2 < "< I/JItV
3[(1+1/) -II 

1~  [-I.t (3/16)/l2 /(KJItV)
[(I+l/) -II 

t-(3/2)KJItV - (1/2)(1 I- /I)~K:\] if I/JItV < /\ < (I I 1/1f!V)/2 

~1I - (3/2)/\ t (1/2)/\:\) if (I I I 1f!V)/2 < t, < I 
[(l+V)~-11  

(22) 
where K and /I are defined just before (1·1). Finally, it is dear from Fig. 2 that 

llK /10 = 0 if K ~ I (2:~ ) 

These upper bounds are exhibited in Figs. :3 aud 4 for differcnt. vahwl'l of 
/I including the value of /I = 3060 appropriate for the low-currier concentrat.ion 
(~  1015cm-3 ) snperconduding semiconductor SrTi03 dopf'd with hr ['18J. For 
/I == 00 the problem reduces to that of the overlap volume of two solid splwres 
[491, p. 28, namely \'K/Fo = 1 - ~K + ~K\ to which the last cxpressioll of (22) 
reduces when /I >> 1. In general, note the (small but nonzero) fraction of )( > 0 
pairons to K = 0 Cooper pairs, particularly for small /I. Nonetheless, the premise 
of Refs. [22-241is that, withollt abandoning the. phonon mechanisTI/ Inodpled by (7), 
superconductivity is really a BEC in either 2D or .1D, of excited (K > 0) paironl'i 
pre-existing above 1~. At T = 0 all pairolls are at rest (K 0), while a mixI me 
of both kinds (K = 0 and K > 0) is present for 0 < T < '}~, a K () pairon 
being an ordinary Cooper pair. For d dimenl'lions we have Ihe g('npral "('xdtal,ioll 
energy" 

eK == ~o - ~K  ----+ a(d)vphK (24)
K-.O 

11 

Figurp 2: Cross spetion of ovprlap VOllllllp (l'Toss-hat.rhe<!) giving an upppr hound as f'X
plained in text to the numbf'r of COOpPT pairs with a ddinit(' ('entN-or-mass mOIn('ntum 

hK, if Hw pair partners intNart via till' BeS model int.praetion (7). 

when' 1211 a(l) I, 0(2) 2/11 awl 0(:1) 1/2. llsillg (2tl) ills\('ad of ek 

h'2k'2/2m ill (I) awl )wrforming the i\ltPf~ral  illlplif'd hy (:l) giVI'S 1471 (for No ~ n, 
It ~  0) the weak-coupling 1~-fonllllla  iu d spaCE' dilllE'lIsio\ls 

!til]a(d)v!:~  71 2 nB lid 

'1:. (25)
k ll [I'(~!  )((d) 

Siu('e ((2)- 71 2/n ~ l.fi·1,Hn and ((:1) ~  J 20206. Ihis J'('lh)('('s 10 111(' '/~. formulae 

of H,('fs. 122,2:l], for 2D and :m )'('l'llwdiw'ly, lIilludy 1~  1241'lkjjlU1"11~'2  ill 
2D and 7~  1.0()8"kRVF11~:\  in :U> [uoIE' thaI Ihe coefficienl 1.244 in 2D should 
replace th(1 coefficiE'nt 0.977 of Hd. [22] since a(2) equals 2/71 in 2D instead of the 
1/2 mistakenly assuIlwd therE'l. Nol e fro \II (2.1) that 'I:. > 0 for d :> I, a rE'Hlllt that 
might conceivably be relevant ill understanding quasi-I D orgallic su»erconduct.ors 
[.1)01. Organic superronductors comprise (1 +f.)D materials such as the Bechgaard 
saltH, (2 +() 0 materials like the ET salts aud fully-:lD materials such as the alkali
aud alkaline-earth-<1oped fullerenc crystals called "fulleride" supercouductors 1511. 
The (1 +f)D and (2+f)D compounds consist of coupled parallel chains and planes, 
respectively, of atoms. 
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Figurp 5: Full C!lTV" rpfers 1.0 BEC ill ri-dilllf'IISiolls ,,,"cording; to (r»). whil,' dash",l "urV<'Figure 3: Overlap volume (20) to (22) of two spherical shells of Fig. 2 as function of K, 
r"f"rs t.o REC according to (:.!~)  if n(d) I is 115('(1. for Hp/1t·· 10-:" alld "11/" .relative to volume when K = 0, for V8rious valllt'!l of II == 9n/TF == kb/Ir} : /' = 10-3 

tI,,/1.11/ '211/" as ('xplai'J<,1 ill I(·xl. Th.. dol. "I tI :1 rd"rs 10 C',) willt "11/" 1/2applies to conllentional superconductors, 0.03 ~  II ~  0.07 to cuprates; II ,~  3060 to 
und III 2m", lIalnf'ly oil knuiolls pain·d. Li~lIl (11](1 dark ('ro~shilt("hjJlg;s ('IlIIlIHh;('Zr-doped SrTi03 146); and th" limit 11- 00 refC'rs to overlap VOIIlIll(, of two solid sphf'H's 
I !PJrlura plol 1'261 dala for ,·]:oti.. "lid (·01l.1'fll/;O/l.Il/ slIl"·J'(·oIHllIl'lors. rpsl""'l ivdy. 'I'll<'

1491, p. 28. 
t.hin horizontallillp mark",] BCS "phollon IJlHri£'£" "orrpspollds t·o Eq. (I '2) wil h .\ S 1/'2. 

narnply Tc/7[.· S (1.1:Jr-2)H/J/Tf' ~  O.15:JH D /T,.. for 11", "as" AD/T", IO-~.  

VK1Vo The large dot ill Fig. '') Oil I!II' ,k.1 ordinal.l' dpllotes t11f' pn·yjollsly· melliiolled 

0.1� BEe valllp of '1;" ill II11i1s of Ff'. for a :\-dillll'nsiollal ferlllioll gas ill which we imag

ill" (/1IIh(' fC'rIlliolls pajrpd illl.o qlladralil'-disp('rsion-rdatioll hosolls. i.p.. (Ii) wilh 

1IT1 -- 11/2 alld In . 2m". with" Irrf\n2 t!lP :\)) fNll1ioll·nlllJlhN dC'lIsit\'. III d
1.01 (1i1llC'IISioll. IIsillg (:I) for t hI' 1I1111l1w!' of fl'rllliolls N 2 ~k 0 (/;'1,' .- k) 011" oht.aills 

71 . k}/2,1-2 A"/2dl' (d/2). 011 I he 01111'1' halld. III(' IIl1l11her of hosolls IV8.0(0) M'

tuall.Y foru)('d lIudC'r illf.elactioll (7) is .Q(Jo:d/iuJn.• whl:'rp 9(,e) == (1-/2/1 )dddk/".c
0.001 

vEO.OCI� (m'/2Ah2)d/2/,d,ed/2-1/1'(d/2) Thus. illslC'a,1 of til(' maximum possiblC' 7111/1'1 

1/2 used !>eforC'. 01lC' rC'all\ 11ILS 0111\ "11/" ""u)o/·II':!":= dlII « 1/2. whi ..h 

0.0001 I I. I I . I I I I I. r=l� allows n·writ.illg (2')) as 
0.0� 0.2 .0.4 0.6 0.8 1.0 

l/d 
K/2(tc:+ II:,) ,/2� 1~  l 

(plll'f' pairoll gas). (26)2(/(d) [21' (d ;.; (d)]'1'1" 

If 1hI' pairolls arC' hrC'l\kahlc·. i.C' .. 6J( < 0 for all 1\' > "'01 6 o(/(d)" "/,·.il is C'asyFigure 4: Same as Fig. 3 but on a semilog plot. 
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to show from (1) and (24) that for d > 1 

T. 2/).)d-1
C d e--;- ~  va(d) (d - 1) - -----+ 00. (27)

1F ( V )'-0 

This is expected since for vanishingly small coupling, K0 1 also vanishes so that all 
the pairos are K = 0 bosons and t.he system remains BE-condensed at all finite 
T, We have plotted (5) in units of 1[.· and (26) [assuming a(d) = 111'.". d ill Fig. 
5 for the special case A 0= 1/2 and v = 0.05. This vallie of II is illterJlwdiat(· to the 
range 0.03 ~  v ~ 0.07 appropriate for cuprates,

1 dFinally, the average separation Ro"-' n'R / betweell pairou ('euters relative to 
that between fermions in the normal state "0 "-' n- I / d , is 

~ = (l1/l1B)l/d =-: (41'F/d8 D)1/d == (4/dl')l/d 
~  6 (in 2D with v ::: 0.05) (28) 
~ 37 (in 3D with v 10-:\) 

where nB/n = d8D/4TF was used. Since Coulomb repulsions betweNI electrons 
(or holes) are screened to zero beyond distances of order 1 A, which is of order 
1'0, interadions betwp.en painms of char"!Jp. 2e aT'e 1H~gbgible. 

5. Zero-sound phonons, plasmons and pairons contrasted 

Pairons are entities distinct from zero-sound phonons or plasmons since the for
mer: a) are bounded in number, and h) carry mass (2m*-!),.o/r2) and fixed charge 
(2e), while phonons or plasll10ns do not share either propert.y. 

Fig.6 compares and contrasts them in the longwavelength limit (h' --> 0). The 
dashed quadratic curve is t.he plasmon dispersion relation 1'19/. p, 180, 

9 - - ') I
WK WI' I1 I - (h / h n't I ... (29)

10 

in the "ring (RPA) approximation" valid for rs == To/ao == (1!Jn p)-1/3 /(11 2/m(2) < < 
1, where TO is an average electron spacing, nF == k}/31l 2 being the eled-roll 
number-density, ao the first Bohr radius 1i2/me2 wit h m t.he electroll mass, while 

the plasmon frequency is Wp == .j4nnFe2/m and the "Thomas-Fermi illverse 

screening length" is KTF == .j6nnFe2/EF with EF == n2k~/2m as hefore. The 

dot-dashro curve is the weak-coupling zero-sound p1l0noll dispE'rsion curve for 
repllisive interactions hetwp.cn fermions at '1' - 0, alld is given h~'  [491 p.18:J, 

2
WK ~  11 I 2e-(:!7f2

1i /ml.·F v(lJ) + '2)] I.'fo' l\ (:)0) 

iqfor 11(0) « l,2/m "p. where II(q) == Jd3re- . r l'(r) and l'(r) the (repulsive) 
interparticle int craction potential. The slop(' of this st rai!!;llt line 1·isf.,o; a.., ('oupling 
is increased, aud asslInws tIl(' form 

WI( ~  II/(O)(lIl:!(n:!/mk/··)r/:!u/.. J( (:J1) 

for 11(0) >> li 2/m "F. Note that (:J 1) cau he f('wrilt{'u as 

, IliQL_/!~,l\'2  

2 '" --') I.) I (:~2 ) 
1,,1)/\ - :~II'2(fI-/IIII\'fo' 

and be<'omes the plasmon ff('qllenc~r  sqllared u.,~  if II (1\') is t akeu as t 11£> Fonri£>r 
int.egral of the Coulomh int.eraction, 4u.2/ /(2. 

011 the ot.her hand, for attractiv(' int('mctiolls \. < 0 lwtw(,(,11 the f('rlllious olle 
has til(> so-called" And£>rson mode" 1.')21. 

1 
WK ~  11- tl,q(E'p)I\'IIJ;ivpl\- (33) 

in t.he weak-coupling limit., which is showll as the dot t.ed curve in Fig. 6. Finally, 
the weak-coupling Cooper pair dispersion relation (19) is represented by the full 
curve, In 21>, t.he Anderson mode (3~~)  carries I!)~I  a fador ~  inst.ead of the 

~  of 3D; il thlls also li('s higher thall th(' pairoll dbpcrsioll relatiol1 (If» since 

1//2>2/11, . 
Using the ('olllpnt('r-alg('hra p(lckag('s 1'.L\TIll';l\l ATIC A and 1'.1 AI'LE, we have 

\'('rified tbat. t.he h' 2 term in hoth 20 (I!») illld 3D (1 H) dillerg(~.s in the w('ak 

coupling limit; ('miously, t.his behavior also occurs for t.ll<' plasmon, since til(> 
quadrat.ic term in (29) can 1)(' wri t t ('11 as Ii h-:! /2MI' ill terms of a "plaslIlon mass" 
!If1'. This maSs 

711:\/2(' 

!If I' '" "h'ff'/WI> '" -1/2 -----+ O. (:l4) 
k t'~o 

f' 

so that it also vanishes in t.he weak-coupling (e -+ 0) limit. 
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Figure 6: Dispersion curves for: the plasmon (29) (dashed); the weak-coupling (repul
sive interaction) zero-sound phonon (30) (dot-dashed); the weak-coupling (attractive 
interaction) Anderson mode (33) (dotted); and the weak-coupling 3D pairon (19) (full 
curve). 

6. BCS ground state a la Davydov 

A surprising property of the BeS theory of the ground (T = 0) state of a many
fermion system interacting via the model potential (7) is that. t.he ('Ut'rgv shift. of 
the superftuid state E s with r('specf, to the normal state EN is, 1m. any COl/pIing 
strength, just the total energy of an ideal gas of point bosonie COOPf'1' pairs. This 
astounding conclusion had not been adequately stressed, to our knowledge, before 
Davydov [54] (see also Ref. [23] as well as Refs. [30]). It foHows dircd.ly from t.he 
well-known result ISS] for the energy shift hetwecn the super('ondllct.illg (S) alld 
normal (N) total many-body energies 

frtWD [ 12c
2 

+Ll
2 

]
Es - EN = 2g(EF) 10 dl" F. - 2 ~ , rlS) 

where 9(EF) is defined as in (11). The BeS gap energy is 6 = nWD/ sinh[1/g(EF)\!]. 
but is dutind from the binding energy (11), both being valid for any coupling. 

17 

As with Eq. (11), ill arriving at (:Jf» only hw /) « ,,'F haH bcen assmllE'd- nol 

weak coupling. Recall, howcH'r. that in 2D the assumption hWJ) « EF is super
fluous, since then 9(EF) is a conBlant iud('p('nd('ut of 1'7,... The- inlegral (1S) ('an 
be pPrforllled exacUy 1:):'1, <lud rj\'('s 

F.e; - VN q ( V fo'l (h u.J /) ) '2 [I -- JI, (Ll / hu.J /J ) '2 ] (:H» 

1(q "')l'I'2~,,1/ </(/0' J' )\ __ I en)-- . /-' /;1.. /J 

_·i\/Jo(O)Llo -------> - ~1J(/':",)Ll:2,  C~X) 

, A-o()-' 

WhE'H,Ll was ('Iimiuated ill the secolld sl ('p, wlwH' g( [,'F )llu.J /J is pn'cb('I~' the' J\ 0 
poinm 11111111)('1' density N n,o(O) al T O. prO\'idl'd li'-'~f)  « J~'" .. aud IlS(' ,vas Illadr 
of (11) in the last ('qlla-lily. lrollintlly, (:H» alld (37) ar(' found in Hc·f. [.'):)1. bllt 
not the all-important.. r('lwLlkahly simpI<-. alld far-reachillg equalit~,  (:~~)  impl~'ing  

that the BeS groulld sl atE' corresponds J>n'cisE'I~'  10 all idE'al gas of (,()1l1posite 
bosons elllbedded ill all ideal gas of IlIlpair('d fE'rIIlions. for a.ll ('()lIplillg. TII<' filial 
('xpression ill (38) is Ih(' well-know 11 and familiar weak-conplillg P, == g(Hp)l' « 1] 
result, where Ll is agaiu the BCS gap ('u('rgy. Not e t.h(' crucial diff('r('lI('c bel Wef'1I Ll 
alld Llo (whkh iu weak coupling I'<,du('(' to '2Tiu..JD('-I/A aud '2llu.JJ)('-:2/A. r<'spectin'ly) 

that was 1'('qniT'l't1 to arri\'(' at (:l~), and t hat is rathN fn'quI'lIf Iy Iwglecf.('d in the 
original and ill the I.('xtbook litNalurc' on thr suhject.. This slrikillg conclusion 
about t.he ideal pairon-fermioll gas mixlure is not fully s('lf-cousislellt sill(,(, en'lI at 
T c.::: 0 BCS predicts a 8711p.o.n',d ralher Ihan sharp FNllli surface: llOw('\w. it fullt. 
agre('s with a Helf-consistml result l:lO! in 2D for any int.('ract,iou d('scri habl(' hv 
ILn s-wave scall('\'ing 1I'lIght, This ideal pairon·fl'l"ll1ion gas pid 11\(' Sl\ppll'II)('lIls 
the 1II0re common intl'rpr('\ at ion of t II<' BCS e.l:ci'(~d  sl ates as an idl'al gas of 
1p.1711ionic ("bogolon") ('xciI at ions a pid un'. how('\'('f. ndid onl\' in t.lw Iilllit 
of wf'ak coupling. Note that w('ak ('oupling), == q(l':", P' « I is dist iIl('l and 
um('laf('d to the limit. li(v[J « 1:"". 

Besides st.riking, Ihl' (,ollclusion Ihal Ih(' fH'S 1~)'I)lnld-stale  is an id('al (i.e, in

t~mcli()nl('ss)  gas of 1wl7I.t pairons ('lIIh('(l<kd in all ideal gas of (unpair<'d) fl'l'Il1ions 
al all cOllplings. is r('ntarkahle- h('caus(' it holds lI'gunl!('88 of how ,<;ell(~'I'l.ll  the. ('1:

tended pain; actually ove.rlap. At. weak eouplillg pairs will illdividually be huge 
and overlap cOIIsiderahly: for strong coupling pairs are small and well separat.ed. 
Within the BCS-Bose crossover picture 1321 these two extremes are resp('ctively 
known as the BeS and Bose (or HE) limit.s. 
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In essence, therefore, BCS theory is an elegant generalization to two particles 
of the Hartree-Fock (one-particle) theory of a many-particle system, both being 
fundamentally "mean-field" theories. 

7. Four-fluid statistical model in 2D 

In this section we investigate a statistical model [56] of fermion pairing in two 
dimensions partly motivated by the Oa"ydov interpretation of the BCS ground 
state just discussed. This is not a t.rue many-body cakulatioll huI 11('\'('1"1 h<'1ess 
contains some interesting physics. 

The total number of fermions N = [,2k}/271 equals the uumber of Ilupaired 
fermions NI, plus the number of pairable ones N 2 , where N';2= 2g(EdhwD. At 
finite temperature let N20(T) be the number of pairable but (because of thermal 
and momentum-K pair-breaking) unpaired fermions; this is given by 

2 (1J+hWD dEg(c)
N20(1') (39)

JIJ-hWD e{1(E-1J2) + 1 ; 13 == (kBrt I, 

if 112 is the fermion chemical potential of the unpaired but pairable fermion~.  Since 
g(e) is a constant, the int.egral is exact. so that. 

') _ 2g(EF) [1 + e-13(1J-1J2-
hw

DJ]
N 20 (1 -- ---In (40)/j 1 + e-{1(1J-1J2+"-wO . 

The relevant number equation is then 

N2 -- Nzo(T) I 2jNB,oCl') /- N H,I<>o(T)j (11 ) 

where N B,o(T) is the numbpr of pairons with K = 0 at tempera I me 1', while 
N B,K>O(T) the number with K > 0, The lattN in tum is just 

Ko 
N B,K>O(1') = E !e{1{EB./((1'J-2J12 } - lj-I (42) 

K>O 

where 
tB,K(T) == 2/-l - ~K (43) 

is the (thermal) average total energy of a pairon, analogous to the T = 0 equation 
Er = 2EF - ~K introduced just below (9)_ The cutoff Ko in (42) is defined as 
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b. Ko == 0 and is illustrated ill Fig. 1. Using (15) and (19), one can define an 
excitation energy EK =~o - ~K ~  :hvFK allowing one to identify EK - IlB, 

where IlB is the bosonic chemical potential, with the factor multiplying fJ in (42), 
namely EB,K (1') - 2/12 .. , EK - ,tH ce. b.o - b.K - It B so that (43) leads to 

ILIl '2(IL'2 - IL) I ~o (44) 

The BEe transition t.emperaturp 7'.- is then giveu by IlR ~  0 where from (44) 
JL - JL2 in (40) is just ~o/2.  lIell<'(' (·11) leads to the equation 

N'2 N';2o(1~) t 2NB ,K>o('l:·). (45) 

The last quantity in (45) then beconws 

1,2 (KO! dK K 
IV l1.K>O('J;,) (46)

'211 in c{1, ~'It,,..J(  - I 

where Kot = 7l~o/2hllF in the linear approximation (15) since ~KOI  == 0, and 
/jc =l/kB1'c. Since for weak coupling ~o  ~  2hwD('.-2/>. vanisheR, RO does K01, 

allowiug the expoueutial under 1lIE' inl <'I!,ral sign 10 I )(. expanded to fin; I order, 
leaving 

1,'2/1 ~nm' 'l~. 

N/J/( (J(T) ~  ---- (<17) 
J, > C >.=0 16r1'2 TF 

Not.e t.hat for quadratic-dispersion-relation bosoUR one has /t-2 instead of A in the 
expoueutial, making the iutegral ill (46) diverge in the lower limit so that Tc == 0 
as expected in 20. Since N2 "'" 2g(EF)hwD, (41) wit.h IL - It'], ~o/2  in the 0.: 

logarithm in (40) expanded ill powers or ~o.  g;ives the 'f;. t.ranscendental equal.ioil 

11'2'1;. 
lauh (eJ)/'2'l~.)  ~~o  4'!'p (48) 

or, a~sllminp;  e [) /2'1~ ~ I, 

J2;e;;r;l ' '" - 8 T (49)
C ~;;:...o '/1 {) F -

the correction term left out tending to reduce 1~. 

Again using nB/n = d8 D/4TF == dv/4 for d=2, (49) becomes 

Tc ~ ~ (flii (hoson-fermion gas) (50)
TF 7r V-:;: 
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· where the oo80ns are now "breakable" [i.e., the integral (46) is cut off at K ot = 
7f Ao/21itlF] in contrast to the "unbreakable" bosons in the pure boson gas result 
(25) following hom the integral (4) in (1) which extends over all K > O. For this 
latter model, (25) for d = 2, 0(2) = 2/7£ and nB/n = v/2 gives 

Tc !:::! (Tfi(2v'6) ~ (pure unbreakable-boson gas) (51)
Tp 7T 7£V-;; 

Thus, even though Tc/TF diverp;es according to (27) for a pure hoson gas of brpak
able pairons, embedding it in a gas of unpaired fennions "t.ames" Ihis infinite 

Te/Ii' down to the fillite result (50). Figure 7 compares I~/IF  from (/18) (exact) 

and (49) (approximate) for the boson-fermion four-fluid model, with (25) for the 
pure unbreakable-boson gas 121], for 20. The shaded rectangle inclndes the lJc

mura et aI, (15] cuprate data for the empirical range of u == en/1'F ,'alnes given 
in Ref. (57], Since in (51) 2.[6/7£ !:::! 1.56, (50) is about 36% lower; Ihis lowering 
is due to the presence of unpa.ired background fermions plus t.he fact that pairons 

break up for K > Ko. 

0.16 
i ,.t· 

e:kId -IPJl'OIt .. .//
0.12 unlftwble bosons •.•.•.•.• 

_ ~  0.08 

f-oU 

0.04 

, , , , " 'I~'I 

Figure 7: Scaled critical temperatures in 2D BEe for the four-8uid modf'1 (48), exact, 
aDd (49) approximate, and for the pure unhreakable boson gas model (51). as function 
of II == 9 D /Tp, 

Afactor Q further reducing Te can be introduced and called a "pairon-formation 
suppression factor" (with respect to the ideal spherical, or circular, Fermi surface), 

and has tllTee possible origiwi: i) ('h'lll('n!'al sup('[condlldors hav(' pari iaIl.'· hypN
boloid Fermi surfac('s wl)('r(' ('1('ctTOIl-e!('ctron or hole-hole 122, 2:J! pairons arc 
foruH'd via acoustic phonons. Sillce these surfacC:'s ar(' ouly slllall parts of t.he 
total l-eTJlli surface, (l is expected to be quite small;. ii) pairous (eit.h('r posit.iwly
or lIPgatively-charged) are formed in equal nllluhE'rs from the physical vaCUllm, 
n)('aning t.hat. the density of st ates for t.he lIoll-predomillant. 122, ~nl f('rmions, e.g. 
"hol~'s"  in Ph, is the re!0\'ant densily-of-states ('nterillg ill (11). Ihlls making n 
eVE'1I smaller; iii) "necks" ill til(' Fermi surface arc more favorahle for pairoll [or

matioll Ihan "inverted dOllbk caps" sillce Ihc' dellsil~'-of-sl ales is larger arOIlIlc! a 
"1I('ck". This feal me appears 10 ('xplain wh~'  face-cellt('red-cu hie Ph has a higher 

1~  t.han face-I'ent.en'c!-cubic AI. For t,}u'se alld possibly 01 her reasolls Ih(' pairoll 
dC'lIsity n B in a.ctual supercollliud ors is small('r thall Ihal asso<'ial ('c1 wi Ih a spher

ical Fermi surface. ()11 Ihe ot.her ham!. if Ihe Fermi sllrfan' is sphf'rical or ev('n 

ellipsoidal hut in t.he firsl Brillouill zon(' as in Na. J\ or ot.Il<'1 alkali metals. Ihell 
n : 0 exacUy: this agrees wil h t.he ohsel'\'E'd fael Ihat alka.li lIIf'lals l'<'IWlill 1I0r
mal down to ahsolute ~ero  lelllperature. If a metal F'prnti surface is kllowll 10 

cont.ain "Ilecks" and "inverl('d douhle caps" (as ill AI. Ph. Be. \Y. PIc.) such a 
mel al has a finite, 1I01l7.('ro It alld h('llc'(' 'I; > O. An itccurat(' del<'rlllillatioll of It 

for it specific suhstallce might cOllceivahlv be has('d on low IC'mperal UTI' specific 
heat comparisolls with id('al H'nni gas "ahu's correspollding 10 spllC'rical Fc'rmi 
surfaces. 

8. Conclusions 

Bos('-Einsldn cOlldellsalion (BEC) 1;-foTIIllllae for all\' posilh-e span' dilllellsion
alil,\' d > 0 are readilv derin·<J for a pure gas of hosons wit.h {·itllC'r it qllauratic 
or lill('ar dispersioll relal iOIl For Ihe [orlller C>l1(' f('cO\'ers Ih(' wdl- kllOWII l'<'SlIlt 

Ihal 1~  > 0 onl\' for d > '2. 011 Ihe 01 hN hawl, for thp lal ter '/~  > 0 for d ;> 1. 
This significant. dilref('II<'(' has a profoulld illlpa<'l in th(' Iheor,' of Slll)('f('Ollllllc
I i\'it~'. Th(' reason is simply thaI sl allclard BCS IIwon' call h<' g('lIc'ralizl'll t.o 
include nOllzeTO-ccllt.er-of·lIIass IIlOIIIC'lItlllll ('oop('r pairs. ('oop('\' pairs wit h Ilefi
Ilite CMM but not. ddillitC' relal in' 1I10lllC'II1um ar(' call('d peunm.'i allli 1II0\,(' with 
a lincar' ellNgy-lllomenlum dispersioll rdat ion. The~'  undergo BEe ItOl onl\- ill 
2)) but also for any dimension greater t.halt unity. As a result., robuslly enhanced 
1~  values are possible with linear (hut nol quadratic) dispersion-relation bosons, 
and the BCS "phonon barrier" of 7~  ::; 46K call be "hTOken" withoul discarding 
phonon-nl('dialed interactions fllld without as!i/l.mi71.,q st7'Onq cOlllll77lq. 
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Not entirely new but scarcely mentioned or understood in Ih(' literature is the 
fact that the ncs ground state describes an ideal gas of bosonic Cooper pllirs for 
all values of the BCS interaction model coupling. This picture motivates a simple 
four-fluid mixture statistical model in 20 which continues to give enhanced Tc 

values even in weak coupling. 
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