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Abstract. The relations between high—amplitude 6 Scuti
stars and the much more abundant low—amplitude § Sct
variables are not clear. Both groups have similar periods
and seem to have almost the same basic physical prop-
erties, although their light—curve characteristics are very
different. In the last few years much improved observa-
tional data have been published, and improved theoretical
physics — in particular the new OPAL/OP opacities —
now allows much more accurate calculations of theoreti-
cal evolution models including the normal-mode pulsation
frequencies.

We here use new series of stellar envelope models
to give calibrations of the first overtone~to—fundamental
mode and the second—to—first overtone period ratios in
terms of the primary model parameters: metal content and
mass—luminosity relation. Effects of the secondary model
parameters: hydrogen content, position within the insta-
bility strip and assumed efficiency of convection are also
studied in detail, and shown to be small.

These results combined with pulsation analysis of new
stellar evolution models are applied to discuss the avail-
able information for double-mode high-amplitude § Sct
stars. We conclude that observed period ratios and posi-
tions in the HR diagram are in agreement with the as-
sumption that these variables are normal stars following
standard evolution.

Observational data for SX Phoenicis and Al Velorum
are compared with theoretical evolution sequences. It is
shown that the photometry and the observed two periods
of SX Phe constrain the metal content to Z = 0.001, the
mass to 1.0 solar masses and the bolometric magnitude
to about 2.70 mag. The inferred distance of SX Phe gives
a parallax of 0.012 4 0.002 arcsec compared with that of
the HIPPARCOS Input Catalogue of 0.023 £0.008 arcsec.
For Al Vel the available photometry and the two primary
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observed periods do not provide a unique solution. Models
based on OPAL opacities allow Z = 0.01—0.02 with corre-
sponding masses 1.6 —2.0 solar masses. This can be under-
stood by the compensating effects from Z and the mass—-
luminosity relation in the calibration of the period ratio.
It is suggested that the surprisingly narrow interval in the
first overtone—to—fundamental mode period ratio observed
in the double-mode é Sct stars may be due to these com-
pensating effects. Attempting to fit low-amplitude modes
observed in Al Vel in addition to the primary oscillations,
it is concluded that the present models cannot explain
these oscillations in terms of radial modes.

The little understood relations between high— and low—
amplitude & Sct stars are briefly discussed, and the prob-
lem of mode identification is emphasized.

Key words: stars: oscillations — stars: Cepheids: dwarf —
stars: & Sct — stars: individual: SX Phe — stars: individual:
Al Vel

1. Introduction

The § Scuti class of pulsation variable stars contains sev-
eral interesting subgroups each with more or less peculiar
unsolved problems, and the relation between the high—
amplitude 6 Scuti stars (HADS in the following) and
the much more abundant low—amplitude § Sct variables
(LADS in the following) is not clear. Both groups have
similar periods and seem to have almost the same basic
physical properties, although their light—curve character-
istics are very different. HADS typically have amplitudes
of about 0.4 mag in V and oscillate in one or two sta-
ble frequencies, while the “normal” ¢ Sct stars (LADS)
usually have amplitudes smaller than about 0.05 mag and
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oscillate in several frequencies simultaneously, showing a
very complicated oscillation pattern.

We note that the high—amplitude é Sct stars have also
been denoted dwarf Cepheids, Al Velorum stars, and RRs
variables in the literature. In recent years, the important
Population il subgroup of low metallicity has been desig-
nated SX Phoenicis stars, after the prototype, and many
have been found in globular clusters (e.g. Nemec & Ma-
teo 1990). An interesting probiem for these Population II
variables 1s that such stars seem to be much younger and
much heavier than allowed in standard evolution scenar-
ios of the Galaxy. They belong to the “blue stragglers”,
which may be formed as a consequence of mass transfer i
binary systems.

After the review papers by Baglin et al. (1973) and
Breger (1979, 1980) the general consensus has been that
all § Sct stars (probably) are normal stars evolving ac-
cording to standard stellar—evolution theory in the main-
sequence or the immediate post-main-sequence stages.
However, observational proof of the validity of this hy-
pothesis is still missing. The best evidence until now is
the presence of LADS in galactic clusters (e.g. Frandsen
& Kjeldsen 1990) and of SX Phe stars in globular clus-
ters with known distance (e.g. Nemec & Mateo 1990). In
both cases the variables seem to be best explained by the
standard evolution scenario. HIPPARCOS parallaxes will
be important in this context. In particular, HIPPARCOS
is expected to provide an accurate parallax of the field
HADS SX Phe itself. Several attempts to provide more
direct evidence on the nature of HADS, e.g. by determi-
nation of Wesselink—-type radii (e.g. Fernley et al. 1987)
have been made. usually with inconclusive resulés.

The crucial test of the nature of these stars is an inde-
pendent, accurate and reliable mass determination, since
alternative (and more speculative) possibilities proposed
in the literature all predict much lower masses than the
1.0 — 2.5 solar masses obtained in the standard scenario
(e.g. Petersen 1976). The generally accepted mass for an
old evolved star is 0.6 — 0.8 solar masses, and masses of 0.2
— 0.3 solar masses have been suggested in the evolution of
a component of a binary system proposed by Dziembowski
& Kozlowski (1974). Interest in the low—mass possibility
has increased recently due to the observational determi-
nation of several negative period derivatives, which give
difficulties for the high—mass standard evolution scenario
(e.g. Breger 1990; Rodriguez et al. 1995).

Before the OPAL/OP opacities became available (Igle-
sias et al. 1992), theoretical pulsation periods, and in par-
ticular period ratios, could not be relied upon, neither for
classical Cepheids nor for § Sct stars (e.g. Andreasen & Pe-
tersen 1988; Moskalik et al. 1992; Christensen—-Dalsgaard
1993). Christensen—Dalsgaard & Petersen (1993) used the
new opacities for a discussion of double-mode Cepheids
in the Galaxy and the Large Magellanic Cloud. This anal-
ysis indicates that theoretical period ratios are now ac
curate within £0.001, a factor of 10 better than before

1992. In the present paper we use basically the same ap-
proach to discuss the double-mode high—amplitude § Scuti
variables, considering these stars as “dwarf Cepheids”,
thereby obtaining new constraints on the models from the
accurate observed period ratios.

[n Section 2 we describe the construction of evolution
model sequences and envelope model series, and also com-
ment on calculation of pulsation periods and their ac-
curacy. The purpose of Sections 3 and 4 is to provide
an overview of pulsation periods and period ratios of ¢
Sct models. In particular, we discuss in some detail the
II; /Iy (first overtone-to-fundamental mode) and II,/II;
(second-to-first overtone) period ratios, because they are
known with high accuracy for several variable stars. We
analyse the sensitivity of these period ratios to a number
of model parameters. In Section 5 we discuss the unique
field HADS SX Phe itself in relation to the HIPPARCOS
parallax to be released in 1996. AI Vel, which is unique
among the HADS in having five reliably determined os-
cillation frequencies, is discussed by detailed modelling in
Section 6. Other Population I variables are also briefly
considered. Section 7 gives a short discussion emphasizing
the high—amplitude group as a bridge between the classical
Cepheids and “normal” § Sct variables. Finally, Section 8
summarizes our conclusions.

2. Stellar model series and pulsation calculations

In many respects the high—-amplitude é Scuti group can
be considered as an extension of the classical Cepheids
to lower luminosities and smaller pulsation periods, with
pulsation characteristics very similar to those of other
Cepheid-type variables (e.g. Fernie 1992, McNamara
1992). The basic reason for this fact is that the relevant
pulsation properties are determined by the structure of the
stellar envelopes, while the central region plays a minor
role. Thus, at least for low-order radial pulsation modes
it is usually sufficient to use deep envelopes rather than
full stellar models from an evolution sequence for calcula-
tion of pulsation periods.

In calculations of envelope models, the global param-
eters must be specified in terms of, e.g., mass—luminosity
and radius—luminosity relations. In recent investigations of
pulsation properties of classical Cepheids the problem of
the relevant mass—luminosity relation has played a promi-
nent role (e.g. Chiosi et al. 1993; Simon & Kanbur 1994;
Christensen-Dalsgaard & Petersen 1995). The main rea-
son is that the effect of overshooting on the luminosity
in the Cepheid evolution stage is rather uncertain. This
uncertainty can be parametrized by considering different
mass-luminosity relations. We show in the following that
realistic envelope models of § Sct stars can be constructed
as a continuation of standard Cepheid model sequences.
Thus we use precisely the same parametrization as did
Christensen-Dalsgaard & Petersen (1995) in the Cepheid
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case, starting from the the standard BIT-relation (Becker
et al. 1977).

Although envelope models provide a convenient
method for testing the sensitivity of the oscillation prop-
erties to the parameters of the stars, the procedure intro-
duces some arbitrariness in the calculations. In studies of
stars on or just after the central hydrogen-burning main
sequence it might seem more natural to base the work on
evolution sequences, especially when very accurate period
ratios are required. Thus in the following we also consider
results based on full evolution calculations and compare
them with, for example, the BIT relation in the instabil-
ity strip. In particular, evolution models are employed in
Sections 5 and 6 in the discussion of the observations of
SX Phe and Al Vel.

2.1. Mass—luminosity relations of envelope models

Table 1. M — L relations: log M = A+ B log L. See text for
explanation of remarks

Relation A B Remark

ML1 -0.128 0.271 Standard BIT, Population I
ML2 -0.210 0.271  Modified BIT

ML3 -0.145 0.250 Simon & Kanbur, Z = 0.02

ML4 —~0.188 0.250 Simon & Kanbur, Z = 0.01

ML5 -0.240  0.250 Simon & Kanbur, Z ~ 0.001
Our envelope models are characterized by mass—

luminosity relations of the form
(1)

with M and L in solar units. Table 1 summarizes the five
relations used. ML1 is based on the standard BIT mass—
luminosity relation for composition (X, Z) = (0.70, 0.02)
(Becker et al. 1977), while ML2 approximately fits cal-
culations including a moderate amount of overshooting
from convective cores (Chiosi et al. 1993). ML3 and ML4
are the relations suggested by Simon & Kanbur (1994)
for Cepheid models based on OPAL opacities with metal
content Z = 0.02 and 0.01, respectively. ML5 is a similar
relation with higher luminosity—to-mass ratio appropriate
for classical Cepheids of very low metal content. We em-
phasize that in the present envelope model series we con-
sider Z and the M — L relation as completely independent
parameters. These model series are particularly useful for
overview purposes because they allow us to study effects
from changes in Z and in the M — L relation separately,
while in realistic evolution models these effects are neces-
sarily mixed up.

Figure 1 shows the M — L relations together with evo-
lution lines for Population I models (Z = 0.01 and 0.02)
and a Population II model (Z = 0.001). The models

logM = A+ B loglL,
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Fig. 1. Five mass-luminosity relations ML1 — ML5 (cf. Table
1) in the (log M, log L) diagram. Vertical lines are evolution
lines of models for SX Phoenicis and AI Velorum according
to the analysis of Sections 5 and 6 below, with the present
positions (see text) marked by squares. Note that the present
mass—luminosity ratio of Al Vel for Population I metal content,
Z =0.01, 1s close to ML1, while the position of the metal poor
SX Phe is close to ML2 and ML4

marked by squares are realistic models of Al Vel and SX
Phe with the observed periods and period ratios, and are
discussed in more detail later. Here we note that the Al
Vel model of Z = 0.01 actually satisfies ML1. It is also
seen that in the 6 Sct region ML2 and ML4 are virtu-
ally identical and that the SX Phe model approximately
satisfies these relations.

2.2. Radius-luminosity relations

In the HR diagram the envelope model series are, of
course, situated in the Cepheid instability strip. We use
radius—luminosity relations of the form
logR=C+ D loglL, (2)
with R and L in solar units. Except where otherwise noted
the radius—luminosity relation is given by C' = —0.3680,
D = 0.6012. This standard case in shown in Fig. 2 as a
full line roughly in the middle of the instability strip. In
order to check the effects of changes of the parameters C
and D in the R — L relation we calculate additional model
series. The dashed and dotted lines show positions of such
series. The dashed sequence with smaller R has log Teg
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Fig. 2. The HR diagram of our model series. The full iine along
the instability strip shows the position of envelope models with
standard R — L relation. The dotted line has log 7Tes lower than
the standard sequence by —0.04, and is close to the red edge,
while the dashed line has log Tes higher by +0.02 and is close to
the blue edge. For reference ZAMS and two standard evolution
tracks of mass M = 1.6 and 1.7 Mg for metal content given
by Z = 0.01 are shown. Thick lines delimit the region of the
observed & Sct stars as determined by photometry

higher than the standard sequence by +0.02 (for same
log L), and is situated close to the observed biue edge of
the instability strip. The dotted sequence with larger R
has AlogT.g = —0.04, and is positioned close to the red
edge of the strip (e.g. Fernie 1992; Breger 1995).

2.3. Accuracy of pulsation periods and period ratios

In the following, we use both full stellar models taken from
evolution sequences and standard stellar envelope models.
The stellar—evolution sequences to be used in Sections 5
and 6 for comparisons with individual stars start from
chemically homogeneous static ZAMS models. The basic
computations follow Christensen-Dalsgaard (1982). An
accurate equation of state and OPAL opacities are used in
all models. The initial hydrogen content 1s X = 0.70, ex-
cept when other values are specified. Convection is treated
by the mixing-length theory, with a mixing lengih of «
pressure scale heights, the default being o« = 2.0. The
envelope models use the same basic physics and defaults
for a and the hydrogen abundance. We calculate precise
periods of linear, adiabatic oscillations for the fundamen-

tal mode and the first few overtones of radial oscillations
(e.g. Christensen-Dalsgaard & Berthomieu 1991). Effects
of rotation on the structure and oscillations of the mod-
els are neglected. We note, however, that to second or-
der in the rotation rate even radial modes are perturbed
by rotation: the relative period change can be expressed
as 5H$f°t)/Hn = Zn(Uyor /1, )72, where 11, is the unper-
turbed period of mode n, and Il 1s the rotation period;
the coeflicient Z,, depends on the order of the mode and
the structure of the star but is of order unity. The result-
ing changes in the period ratios were considered by Pérez
Hernandez, Claret & Belmonte (1994).

First we give an overview of the period ratios by means
of series of envelope models. The present models are iden-
tical to those used by Christensen—Dalsgaard & Petersen
(1995). except that we now use deeper model envelopes.
The inner boundary of the models used by Christensen—
Dalsgaard & Petersen had relative radius z = r/R of 0.17
- 0.20, while the present model series typically have z
less than 0.05. For the double mode Cepheids (IIp larger
than about 1 d) discussed in Christensen-Dalsgaard & Pe-
tersen, very small changes in the period ratios result, the
largest one being an increase of 15/ of up to +0.002 at
the shortest periods.

Periods of full-amplitude oscillations of real stars dif-
fer from those given by linear, adiabatic analysis. Nonadi-
abatic corrections 8II/II are of the order of |n/w|?, where
n 1s the stability coefficient and w is the frequency of the
mode. Both nonadiabatic and nonlinear corrections are
known to be very small for short periods (e.g. for § Scuti
models), but increasing for larger periods and larger L/ M
ratios. The uncertainty introduced by these effects in the
period ratios at a typical period of 3 d was estimated by
Petersen (1979) to be of order +0.002.

Kanbur (1995) has kindly calculated a series of enve-
lope models of Z = 0.02 with our standard R — L and
ML1 relations. Kanbur’s models are purely radiative, and
both adiabatic and nonadiabatic periods are available for
each model. In the & Sct region (Ilp < 0.25 d) nonadia-
batic effects on low—order period ratios are smaller than
+£0.0002. It is also interesting to compare our adiabatic
periods in models that take convection into account in
the envelope structure, with the periods of Kanbur’s ra-
diative models, using otherwise the same parameters. In
the & Sct region Kanbur finds period ratios higher than
ours by up to about 0.002 for modes up to the third over-
tone. Very similar differences are obtained if we compute
instead purely radiative models. Thus the agreement is rel-
atively good, compared with the differences in this region
in I, /Ig of up to 0.015 between models based on OPAL
opacities and the older Los Alamos opacities; although
further tests involving independent calculations would be
usetul.

Effects of finite amplitudes on periods and period ra-
tios are known to decrease with period for Cepheid—type
models. For § Sct models we expect very small nonlinear
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Table 2. Information on high-amplitude double-mode 6 Sct stars taken from McNamara (1992), if available there, or from
Andreasen (1983). The data in the last three columns are semi-theoretical, based on the assumption that the stars follow
standard stellar evolution theory

Star logTllo  Ti/Te  Tew  [Fe/H] Moo  M/Mg Age
o [K]  [dex]  [mag] (Gyr]
SX Phe -1.260 0.7782 7850 -1.3 2.8 1.2 1.6

AE UMa -1.065 0.7734 7500 -1 1.9 1.6 1.3

RV Ari -1.031  0.7726 7500 -1 1.7 1.6 1.2

BP Peg -0.960 0.7715 7470 -0.1 1.4 1.7 1.3

Al Vel -0.952  0.7727 7620 -0.2 1.3 1.8 1.0

V703 Sco  -0.824  0.7683 7000 0 1.3 1.9 1.0

VX Hya  -0.652 0.7732 6980 0.1 0.6 2.2 0.6

VZ Cnc*  -0.759 0.8006 7100 0.2 1.0 20 08

effects. However, this problem needs modern systematic
studies.

3. The period ratio IT§ /I

In the following sections we investigate theoretical period
ratio diagrams. In particular, we study the sensitivity of
the important period ratios II; /Ilp and 5 /II; to changes
in a number of model parameters. In order to indicate the
interesting regions of the diagrams, where the observed
stars are located, we plot the known variables in some fig-
ures: the relevant data are collected in Table 2 together
with additional observational quantities. However, we de-
fer a specific discussion of individual stars to Sections 5
and 6.

3.1. Z and M — L relations.: overview

Figure 3 gives a comparison of 7 double-mode é Sct stars
identified as fundamental mode plus first overtone oscilla-
tors with our model series calculated for Z = 0.02, 0.01,
0.005 and 0.001. The M — L relations ML1 and ML2 are
llustrated for Z = 0.02,0.01 and 0.005. For Z = 0.001
we expect a very high L/M ratio. Therefore we here use
ML4 and ML5, although for comparison we also include
the ML1 series with relatively low L.

It is evident that the computed period ratios show a
substantial dependence on both Z and the M — L relation.
For Z = 0.005 — 0.02 and very short periods (Il less
than about 0.07 d) the effect on II;/IIy from the W —
L relation is small, and we find a separation in II; /I,
after Z. However, a change of a factor of 2 in Z only
causes a change in TI; /Ty of about 0.003, and we cannot
exclude L/M ratios outside the ML1 — ML2 interval. For
Z = 0.001 high values of II; /Tp, in the range 0.775 —
0.790, are obtained in the é Sct region. However, there is a
conspicuously large difference between the low-luminosity
ML]1 relation and the high—luminosity relations ML4 and
ML5. Also, we note that the problem of the relevant M —L

0.790 f
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Fig. 3. Calibration of the (logIlo, II:/Ilg) period ratio dia-
gram in terms of the metal content Z = 0.02,0.01,0.005 and
0.001 and four M — L relations (see text for details). Observed
period ratios from Table 2 for 7 double-mode § Sct stars are
shown, SX Phe and Al Vel are marked by squares, the other
stars by diamonds

relation for a certain star is very different for the & Sct
stars and in the Cepheid case. Low—amplitude é Sct stars
are typically main—sequence stars with M — L relations far
below our ML1 sequence, while most high—amplitude é Sct
stars are in the immediate post—-main—sequence stage with
relatively high L /M ratios, corresponding to our envelope
model series.
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Fig. 4. Two standard model sequences with hydrogen content
X = 0.70 are chown together with modified sequences calcu-
lated for X = 0.75 (marked by triangles) and one sequence
of X = 0.60 (marked by squares). Full curves give series with
M — L relation ML1, dashed curves series with ML2

We conclude that a period ratio alone gives little in-
formation on a particular variable star. Figure 3 shows a
systematic increase in II; /Ilg with decreasing Z and de-
creasing L/M ratio. If Z is known, we can use the cali-
bration curves of Fig. 3 to give information on the M — L
relation relevant to the star from II; /Iy, or vice versa.

Of course, stellar evolution models calculated for as-
sumed values of M and Z give the relevant value of L for
each model in an evolution sequence. Normally, pulsation
periods increase with evolution time due to increasing ra-
dius, and an evolution track in all period ratio diagrams
is defined. Combining information from the HR-diagram
with period ratios (or ideally determination of many os-
cillation frequencies), detailed comparisons between ob-
servations and theoretical models can be performed. We
discuss such comparisons in Sections 5 and 6.

In the following subsections we illustrate the influence
of secondary model parameters by comparing our stan-
dard model sequences having the composition X = 0.70,
Z = 0.01, the standard R — L relation and the default
mixing-length parameter o« = 2 0 with several modified
model sequences where these parameters are changed sys-
tematically.

3.2. Hydrogen content X

Standard models of formation and evolution of galaxies
predict that the average helium content Y increases with
increasing Z approximately according to AY ~ 4 AZ (e.g.
Pagel 1995). Comparing stars of standard solar composi-
tion Z = 0.02, X = 0.70 with stars of lower Z, we should
use X = 0.77—0.75 for 6 Sct stars with Z = 0.005 - 0.01.
In order to assess the effects of such a change X we com-
pare in Fig. 4 standard model series with X = 0.70 with
similar sequences with X = 0.75 and 0.60. A change of
AX = +0.05 results in a change in the period ratio of
All; /Tlp = —0.001 to —0.003. The effect of using X = 0.60
is to increase the period ratio by about twice this amount.
as could be expected. According to standard models of
galaxy evolution, stars with X significantly lower than
about 0.65 will not be formed. We can therefore conclude
that for § Sct stars the uncertainty in II; /Il introduced
by a realistic uncertainty in X is less than about £0.002;
this confirms that the hydrogen content is a secondary
model parameter. A precise specification of X is caly re-
quired for very precise comparisons with observed period
ratios.

3.3. R — L relations and effective temperature

Figure 5 compares the ML1 model sequence for 7 =
0.01 and standard radius-luminosity relation with two se-
quences with smaller/larger R (for same L, cf. Fig. 2). The
dashed sequence with smaller R has log Teg higher than
the standard sequence by +0.02, while the dotted sequernce
with larger R has AlogTeg = —0.04. The dashed sequence
gives increased 111 /Ily by up to about +0.0025, whereas
the dotted sequence shows a considerable decrease in the
period ratio (by up to about —0.004). A separate calcu-
lation has shown that rather similar results are obtained
from purely radiative models, although the effect with de-
creasing Teq 1s somewhat larger. Thus the changes in pe-
riod ratios are apparently not related to effects of convec-
tion on the structure of the equilibrium model.

We conclude that for models in the low—T.g part of the
Cepheid instability strip calibration curves may depend
sensitively on the precise position of the model within the
strip. In the high-T.g part of the strip the assumed R— L
relation is a secondary parameter, and at typical § Sct
periods of about 0.1 d this effect is always smali.

3.4. Mizing length o

In order to check effects on the period ratio from changes
in «, we consider two series with mixing—length parameter
« = 1.0 instead of the default o = 2.0, i.e., with smaller ef-
fects from convection. The modified sequences are almost
identical to the standard sequences (see also Fig. 6). This
is true also close to the red edge of the instability strip in
the 6 Sct region. We conclude that for otherwise identical
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Fig. 5. The standard model sequence of Z = 0.01 (full curve)
is given together with sequences calculated for lower R (i.e.,
higher Tes for same L, dashed curve) or higher R (dotted
curve). The higher R results in lower Tes and a considerable
decrease in the period ratio due to effects of changes in the
envelope structure. The ML1 mass-luminosity relation is used
in these series

models the precise value of the mixing—length parameter
has very little influence in the 6 Sct region.

3.5. Sensutivity of 111 /Ug to secondary parameters

In Fig. 6 we plot the changes in the period ratio II;/Ilg
due to the changes in the secondary parameters from our
standard values just described in the subsections above.
Results for two mass—luminosity relations are illustrated:
here and in Figs 7 and 9 the ML1 series are marked by di-
amonds, while the ML2 series are not marked by symbols.

Given that X = 0.60 is an unrealistic value, realistic
uncertainties in X (of £0.05) are seen to result in un-
certainties in the period ratio of less than about +0.002.
We also note that comparison of the curves for X = 0.60
(i.e., a deviation of AX = —0.10 from our standard value
of X = 0.70) and X = 0.75 (AX = +0.05) shows that
ATy /o] (logIlp) for AX = —0.10 is of opposite sign
to and approximately twice the numerical value of the
changes for AX = 40.05.

The effects of changing Teg are illustrated for the ML1
sequence by the short—dashed and dotted curves in Fig. 6.
In the whole period interval, the effect of AlogTeg =
—0.04 is of the opposite sign to and about twice as large as
the effect of AlogTex = 4+0.02. Thus, as for the change in

T

0.005 A

AT, /T,

H-_/_H, i

_0.005L X = 0.75/0.60:

L A logTy = +0.02/-0.04i— = — =/ ooooene

Fig. 6. Changes, at fixed I, in the period ratio II; /Il in-
troduced by the specified changes in the secondary parameters
from our standard values: hydrogen content X = 0.70, stan-
dard R — L relation, and standard mixing-length parameter
a = 2.0. In Figs 6, 7 and 9 ML1 series are marked by dia-
monds, while ML2 series are not marked by symbols

X, we find that the change in II; /Iy varies almost linearly
with the change in the parameter.

We finally find from the differences between o = 1
and 2 (our standard) in Fig. 6 that changes in the mixing
length have negligible effects in § Sct models.

From these results we conclude that the influence of
the secondary model parameters results in uncertainties
Al /o] of less than about £0.002, apart from the effects
of large changes in X or substantial changes in T.g near
the red edge of the instability strip.

3.6. Sensitivity funciions

Except in special cases the changes in the models, and
hence in the periods and period ratios, can be approxi-
mated by linear functions of the changes in the parame-
ters, for sufficiently small changes. For any parameter ¢
we can therefore introduce a sensitivity function i for
the period ratio II; /Mg to changes in that parameter, as

R T - (3)

specifically, the derivative is taken at fixed fundamental
period Ilg, corresponding to the observational constraints,
by varying L and hence M and L along the relevant M —L
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Fig. 7. Sensitivity functions giving the sensitivity of the pe-
riod ratio II;/Ilp to changes in the secondary parameters
hydrogen content X (lower panel) and effective temperature
log Tesr (upper panel). Series with (X, Z) = (0.7C. 0.0i) and
mass-luminosity relations ML1 (marked by a diamend) or ML2
(no marks) are modified. Most series are taken over from Fig. 6
with the same coding. Two additional series with very small
parameter changes (AX = 0.01 or AlogZeg = —0.003) are
shown by dot-dashed curves

and R — L relations; all other model parameters are kept
fixed. Given a sequence of models, this can be regarded as
a function ¥¢(log ) of IIy. We note that », is similar to
the k—effect function introduced by Petersen (1992) and
Christensen—Dalsgaard (1993) to describe the response of
the period ratios to changes in the opacity.

In practice, we have estimated the sensitivity functions
as

b = Oy /o)  6(I1 /1lo)
e — 6C — 6C 3

(4)

where 6¢ is a chosen test change and §(II;/Ilg) is the re-
sulting change in the period ratio, the difference being
evaluated at fixed Ilg. By varying 6(, we can evidently
test the assumed linearity. We note, however, that more
systematic calculations of the response of models and fre-
quencies to parameter changes can be based on linearizing
the equations of stellar structure and the variational prin-
ciple for the oscillation frequencies (e.g. Gough & Koso-
vichev 1990; see also Balmforth et al. 1995).

The differences presented in Fig. 6 have beer: used to
obtain the estimates of the sensitivity functions wx and

Ylog Ty to changes in the hydrogen abundance and ef-
fective temperature shown in Fig. 7, with the addition
of two cases using very small parameter changes (dot-
dashed curves). We have already noted that A(II;/Ilo)
scales approximately as AX. In accordance with this, the
estimates of ¥x for the model sequences using ML2 are
largely independent of AX, except for AX = —0.10 and
the longest periods. We conclude that our results provide a
well-defined estimate of ¥ x . It is interesting, however, that
Yx shows considerable dependence on the choice of mass—
luminosity relation, as indicated by the curve marked by
diamonds: for ML1 the sensitivity seems to be substan-
tially larger than for ML2, particularly at very short and
at long periods.

In the case of T, Fig. 7 shows that the assumption of
linearity is very well satisfied; also, the sensitivity function
depends little on the mass—luminosity relation except for
the longest periods, where we find a difference of about
20% between results based on ML1 and ML2. We con-
clude that our model sequences provide reasonably robust
estimates of the sensitivity function.

3.7. Sysiematic parameter estimation

The general problem of constraining stellar model param-
eters from observed quantities was discussed by Brown et
al. (1994). They considered the task of improving a good
guess of the true parameter set, through a linear least-
squares fit of the parameters to a set of observed quanti-
ties. This process requites values oi all partial derivatives
0B; /0P;, where B; is the set of observables and P; is the
set of parameters [see Eq. (3) of Brown et al.]. Here we
consider the accurately known observable II; /Ty, assum-
ing that models are selected with a specific value of the
period I, and base the analysis on envelope models; the
relevant parameters are then Z, the M — L relation, X,
the R — L relation and «. Evidently, more observables,
e.g. independent constraints on the heavy—element abun-
dance and effective temperature, would be required in ac-
tual applications of the fitting procedure. The condition
for the procedure to work properly is that all derivatives
0B;/0P; are well defined. In our case the relevant deriva-
tives are represented by the sensitivity functions, e.g. ¥ x
and Yog 7., Which therefore must have unique values at
each Ilg. In normal. non-singular models this will be the
case.

Figure 7 shows that the relevant sensitivity functions
are indeed comparatively well defined for the § Sct mod-
els; for example, yx is determined to within about 30%
at a fixed period. However, the dependence of ¥ x on the
M — L relation indicates that the parameters cannot be de-
termined independently. We note that the parameter im-
provement process can often work satisfactorily with ap-
proximate values of the partial derivatives, although more
iterations may then be needed.
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Good approximations to the partial derivatives needed
in the iterative parameter improvement can be obtained
by using very small test changes é in the parameters. Ex-
amples are shown in Fig. 7. There is comparatively close
agreement in most of the relevant period interval between
the resulting curves and those obtained with parameter
changes which are substantial fractions of the full param-
eter interval within the instability strip. This fact indicates
that the systematic parameter improvement process can
be used successfully, using a relatively small number of
model envelope series.

4. The period ratio ITy /I

In the following subsections we discuss the period ratio
II5/II; in the same way as we have just discussed I, /M.

4.1. Z and M — L relations: overview
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Fig. 8. Calibration of the (logII;, II;/II1) period ratio dia-
gram in terms of the metal content Z and several M — L re-
lations (see text for details). The observed period ratio of VZ
Cnc from Table 2 is marked by a triangle

Figure 8 gives a comparison of selected model series cal-
culated for Z = 0.02, 0.01, 0.005 and 0.001 with the same
coding as in Fig. 3. The WM — L relations are illustrated
precisely as in Figs 1 and 3. A comparison of Figs 3 and
8 shows that the main properties of these calibration dia-
grams are remarkably similar, and we refer to the discus-
sion of Fig. 3 for details.
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Fig. 9. Changes in the period ratio I, /II; introduced by the
specified changes in the secondary parameters from our stan-
dard values: hydrogen content X = 0.70, standard R — L rela-
tion, and standard mixing-length parameter oo = 2.0

4.2. Sensitwvity of Iy /11, to secondary parameters

We investigate the sensitivity of II5/II; to the secondary
model parameters in precisely the same way as was done
for II, /Iy in Section 3. Details are not given here. We sim-
ply show in Fig. 9 a sensitivity diagram similar to Fig. 6
for II; /Iy. Although the basic features of these two sen-
sitivity diagrams are similar, several details are different.
In particular, we note that the two curves calculated for
model series modified to have X = 0.75, one with the ML1
and the other with the ML2 mass—luminosity relation, are
significantly different. Thus the sensitivity function ¥x
depends rather more strongly on the M — L relation than
for II; /TI;. This suggests that II/II; depends in a compli-
cated way on the model parameters. Note that at typical
6 Sct star periods of about 0.1 d the changes in secondary
parameters studied here result in changes in o /II; of less
than about £ 0.0015.

5. SX Phoenicis

Relying on the OPAL opacities we can now use the ac-
curately known period ratio /I, = 0.7782 (I =
0.0550 d) of SX Phe in precise modelling. Determinations
of metal content and other observational quantities of SX
Phe scatter considerably (e.g. Nemec & Mateo, 1990, Ta-
ble 1). The most recent [Fe/H] = —1.3 (cf. Table 2) or
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Fig. 10. Comparison of stzndard evolution tracks in the pe-
riod ratio diagram with SX Phe [O]. Full curves give tracks
calculated for (X, Z) = (0.70. 0.002) of mass 1.1 and 1.2 M,
Dashed curves are for (X, Z) = (0.70, 0.001) and mass 1.0
and 1.1 Mz, and dotted curves for (X, Z) = (0.75, 0.001) and
inass 1 0 and 1.1 Mg. SX Fhe agrees perfectly with two models
both of mass 1.0 Mg

7 ~ 0.001. Figure 3 shows that this value of Z gives the
observed II; /I, for MIL4.

Figures 10 and 11 give comparisons of observations of
SX Phe taken from Table 2 with standard evolution model
sequences in the period-ratio and HR diagrams. Figure 10
shows that the observed II;/Ily agrees with evolution
models of Z = 0.001 within 4 0.001, while Z = 0.002
predicts II; /Iy ~ 0.7755, far below the observed value.
The models that agree perfectly with SX Phe both have
mass 1.0 Mg .

Figure 11 shows an HR diagram containing the same
evolution sequences as Fig. 10 with identical coding, and
the position of SX Phe according to Table 2 marked by
a square. The luminosity (Myo1) in Table 2 is not based
on a directly observed distance. Rather, this value is esti-
mated from the assumption that SX Phe follows standard
evolution. Therefore we cannot check this assumption by
means of Fig. 11. The observational constraints on SX Phe
are given by the vertical lines, which mark the observed
Terr = (7850 £ 200) K.

From Figs 10 and 11 it is seen that only one model of
SX Phe satisfies the observational constraints in both the
period ratio and the HR diagram, namely the model with
X =070, Z = 0.001, M = 1.0 Mg and the observed
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Fig. 11. HR diagram showing a comparison of standard evolu-
tion tracks with SX Phe [O]. The coding giving the parameters
of model sequences is precisely the same as in Fig. 10. Obser-
vations (Tes) constrain the position of SX Phe to be between
the vertical lines. The luminosity is not known directly from
presently available observations

period Ty = 0.0550 d. This model has Tcg = 7684 K,
log L = 0.82 (Myo = 2.68) and age = 4.07 Gyr. We es-
timate somewhat lower luminosity and mass, and conse-
quently larger age, than did McNamara (1992) and Kim
et al. (1993), because they used models with a higher
Z =0.0017. :

Comparing evolution models calculated for Z = 0.0005
with the SX Phe data, we find that this value of Z does
not allow an acceptable solution, although we can obtain
the observed period ratio in models of mass 1.1-1.2 M.
However, models with the observed Iy and a period ratio
close to the observed value have too high T.g and L. Also,
we note that Z = 0.0005 corresponds to an [Fe/H] which
is much lower than the observed value of 1.3 to —1.0.

Using the observed V magnitude of 7.28 mag
(Rodriguez et al. 1994) and a bolometric correction of
BC = —0.02 mag, the above My, gives a distance to
SX Phe of 82 parsec or a parallax of 0.012 arcsec. It is
difficult to estimate an uncertainty is this parallax, both
because we do not know the uncertainties of the OPAL
opacities, and because the observational data on SX Phe
published in the literature scatter considerably. However,
if we rely on the OPAL opacities, require agreement with
the observed period ratio within £0.001, and agreement
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in Teg within £200 K, we can estimate an uncertainty of
the parallax of about +0.002 arcsec. This result

7 =0.012 £ 0.002 arcsec , (5)

gives an interesting prediction of the HIPPARCOS paral-
lax to be published in the Spring of 1996. The HIPPAR-
COS Input Catalogue gives * = 0.023 £ 0.008 arcsec for
SX Phe, and the General Catalogue has 7 = 0.026 +0.007
arcsec (Jenkins 1957).
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Fig. 12. HR diagram showing a comparison of standard evolu-
tion tracks calculated for Z = 0.01 (full curves) and Z = 0.02
(dash-dotted curves) with Al Vel [O] and other stars from Ta-
ble 2 [O]. Masses are 1.6 and 1.7 M7, for Z = 0.01 and 1.8 and
2.0 M, for Z = 0.02. The instability strip is roughly indicated
as in Fig. 2

6. AI Velorum and other Population I stars

Walraven et al. (1992) determined five oscillation frequen-
cies in Al Vel. Those of high amplitude are the well-known
fundamental and first—overtone radial modes given here in
Table 2, and Walraven et al. propose a tentative identifi-
cation of two additional frequencies in terms of the third
and fifth radial overtone. A fifth mode, intermediate in
period between the fundamental and first overtone must
be a nonradial mode. This makes AI Vel a very interesting
object for asteroseismology. Here we start by analysing Al
Vel in the same way as we just considered SX Phe.
According to McNamara (1992, cf. Table 2) [Fe/H] of
AT Vel is —0.2, 1.e., Z ~ 0.01. In Fig. 12 we give an HR
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Fig. 13. Period ratio diagram showing a comparison of stan-
dard evolution tracks calculated for Z = 0.01 and Z = 0.02
with the stars from Table 2. Coding is identical with that of
Fig. 12. Here a model sequence of mass 2.5 M, is also included

diagram comparing standard evolution tracks for Z = 0.01
and 0.02 with data taken from Table 2 for both Al Vel
and other variables. Figure 13 gives the same comparison
in the period-ratio diagram with identical coding.

We first note that Al Vel in Fig. 12 is located precisely
on the 1.7 Mg track for Z = 0.01 in the post-main—
sequence (PMS) evolution stage. However, here again the
luminosity is not a directly empirically determined quan-
tity, so that Fig. 12 gives only a weak constraint on the
model. In Fig. 13 it is seen that Al Vel for Z = 0.01 is
found in the PMS stage between the tracks of mass 1.6
and 1.7 Mz . The best solution is M ~ 1.62M ). This so-
lution is the same as the solutions preferred by McNamara
(1992) and Andreasen (1983). Now we have agreement
with the observed period ratio thanks to the OPAL opac-
ities, in contrast to earlier studies. For a chosen/observed
Z, 1, /Ty allows us to give a very precise solution. Again
we caution that although application of OPAL opacities
clearly gives a significant improvement over older opaci-
ties, we do not know the effects of the remaining uncer-
tainties on the period ratios.

Since the observed metal content is usually rather un-
certain, it is of interest to consider briefly solutions for
other assumed Z-values. Therefore we have included also
tracks of Z = 0.02 in Figs 12 and 13. To some surprise we
find from Fig. 13 that M = 2.0 M, here also gives a good
solution in the PMS stage for the period ratio. Recalling
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that the observations give reliable values of Teg but not
of L, Fig. 12 shows that this solution is also acceptable.

Figure 13 shows that in the post—-main—sequence stage
it is possible to cover the same region in the 1I; /Ty dia-
gram with realistic models both of Z = 0.01 and Z = 0.02.
This can be understood from the fact that [T, /Ty depends
both on Z and the M — L relation (Section 3). A change
mn Z from: 0.01 to 0.02 will decrease II; /Il (Fig. 3). How-
ever, for Z = 0.02 the relevant M — L relation is less
iuminous, as illustrated in Fig. 1. According to Fig. 3 this
will again increase II;/Ily. This compensating effect is
probably responsible for the remarkably narrow interval
H3/Ip = 0.771 + 0.002 found among the Population I
high—amplitude é Sct stars.

Our preferred model of AI Vel with Z = 0.01 and
M = 1.62Mc has My, = 1.51. With the observed
V = 6.70 and BC = —0.02, this leads to a predicted
parallax of 0.009 arcsec. The model with Z = 0.02 and
M = 2.0 Mg similarly predicts a parallax of 0.007 arc-
sec. The HIPPARCOS Input Catalogue for Al Vel gives
7 = 0.02840.011 arcsec; thus, as in the case of SX Phe, we
obtain a parallax smaller than the previously determined
trigonometric value.

6.1. Low-ampiitude modes

As mentioned above, Walraven et al. (1992) found three
additional low—amplitude modes excited in AI Vel, of
which one must be nonradial. They proposed identifica-
tion of two modes with the radial third and fifth over-
tones with observed period ratios of I3/Ig = 0.5280 and
O5/Ip = 0.3979. We can compare these values with the-
oretical period ratios in Al Vel models with the observed
fundamental period and period ratio 1I; /Iy, using both
the evolution tracks described above and the envelope
model sequences. In all cases we find that both the the-
oretical II3/1lg and I5/IIy are too small by an amount
of 0.01 — 0.02. This is a large error, considering that we
expect the theoretical period ratios to be accurate within
£0.001. We have also shown that changes in the secondary
model parameters do not improve the situation. We con-
clude that these two low—amplitude modes in AI Vel can-
not be explained as radial modes in our models. Although
we cannot completely rule out substantial effects of ad-
ditional errors in the models, it seems most likely that
the low—amplitude modes are nonradial. This possibility
should be studied in detail, but is outside the scope of the
present investigation.

6.2. The Population I group

Figures 12 and 13 show that the assumption that the
high—amplitude § Sct variables follow standard stellar evo-
lution gives a natural explanation ot the observed HR
and period-ratio diagrams. This is not a new conclusion.
However, the application of OPAL opacities now provides
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an improved check. Stronger constraints on the theoreti-
cal models require more accurate [Fe/H] and directly ob-
served distances. When the HIPPARCOS parallaxes be-
come available, i1t will be interesting to discuss the stars
of the Population I group individually.

7. Discussion

We calculate linear adiabatic oscillation frequencies of
low—order radial normal modes of several series of stellar
envelope models based on the OPAL opacities. The accu-
racy of period ratios is estimated to be about =+ 0.0005
for specified model parameters. Calibrations of the period
ratios I1; /TIg and T2 /II; in terms of model parameters are
discussed in some detail. We show that the primary pa-
rameters of the calibration diagrams are metal content Z
and the M — L relation, as was also found in corresponding
models of classical Cepheids by e.g. Moskalik et al. (1992),
Simon & Kanbur (1994) and Christensen-Dalsgaard &
Petersen (1995). With respect to main pulsation prop-
erties these 6 Sct models simply continue the models of
Christensen—Dalsgaard & Petersen towards lower periods.
In the discussion of the observed double-mode variables
in Sections 5 and 6 we also find that they behave as the
double-mode classical Cepheids. We conclude that the
name “dwarf Cepheids”, sometimes used in the literature,
is a proper name for the high—amplitude group of § Sct
stars. ‘

Analysing period ratios of model series with modified
assumptions for hydrogen content, X, position within the
instability strip given by the R— L relation, and convection
efficiency given by the standard parameter o, we conclude
that these parameters are all secondary in the sense that
reasonable changes in these parameters produce changes
in both II; /Tl and M4 /II; of less than about £0.002. Only
in case of very precise modelling, e.g. when several oscil-
lation frequencies are known in the same star, do we need
detailed investigations of these parameters.

7.1. Modelling SX Phe ana Al Vel

SX Phe is important for several reasons. It is the only
known Population II double-mode high—amplitude field
6 Sct star, and by good luck it is so close that an ac-
curate HIPPARCOS parallax can be expected. With the
OPAL opacities the observed period ratio gives a strong
constraint on the models which, with the accurate paral-
lax expected in 1996, will provide a stringent model test.
Therefore we have studied SX Phe in some detail using
both envelope models and evolution sequences (Section
5). Requiring precise agreement with the available obser-
vations both in HR and period-ratio diagrams, we obtain
one well-defined solution, which has mass M = 1.0 Mg,
and Z = 0.001. This value of Z agrees with recent [Fe/H]
determinations. We note that the evolution model marked
on Fig. 10 has the same period ratios, within +0.001, as
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the envelope model with ML4 mass—luminosity relation,
shown in Fig. 3. This fact shows precise consistency be-
tween our envelope models and full evolution models in
the post-main-sequence evolution stage (at least here).

Using the luminosity of our SX Phe model and accu-
rate observational data we infer the parallax of SX Phe to
be 0.012 arcsec. We estimate the uncertainty in this num-
ber due to both observations and uncertainties in theoret-
ical models to be 1-2 marcsec. If the standard evolution
scenario is correct for SX Phe, the new HIPPARCOS par-
allax must be significantly lower than that of the Input
Catalogue: 0.023 + 0.008 arcsec.

As far as we know Al Vel is the only double-mode é Sct
star which in addition to the two high—amplitude modes
has well established low—amplitude modes. Walraven et al.
(1992) tentatively identified two observed low—amplitude
modes with the radial third and fifth overtones, and sug-
gested the fifth observed mode to be nonradial. Compar-
ing the observed II3/Ily and II5/II; with the theoretical
values from our preferred pulsation models of Al Vel, we
find that the theoretical values are too small by at least
0.01, which is more than 10 times the expected uncertain-
ties. This presents an interesting and acute problem. A
natural solution of this problem could be that all three
low—amplitude modes are nonradial oscillations. Because
the frequency spectrum of nonradial modes in § Sct stars is
so rich and complicated (e.g. Dziembowski & Krélikowska
1990; Breger 1995; Frandsen et al. 1995), it then becomes
much more difficult to give a safe mode identification.
On the other hand, given the fairly well-defined model
and safe identification of the two high-amplitude oscilla-
tions, Al Vel represents an interesting possibility for reli-
able mode identification of low—amplitude modes in é Sct
stars. This issue certainly deserves thorough investigation.

7.2. High-amplitude versus low—amplitude & Sct stars

Based on our results we may consider the important prob-
lem of the possible basic differences between normal low—
amplitude é Sct stars and the high—-amplitude group.
Figures 12 and 13 indicate that all known double-
mode & Sct stars are situated in the central part of the
instability strip and probably belong to the post-main-
sequence evolution stage. We propose that these con-
ditions are necessary for a star to appear as a high-
amplitude variable. This can explain the much higher
abundance of low—amplitude than of high—amplitude ¢
Sct stars: the duration of the post—main—sequence phase
within the instability strip is only a small fraction of the
main—sequence life-time. As far as we know, only low-
amplitude § Sct stars are known in open clusters. This
may be due to the small number of § Sct stars currently
detected in open clusters. However, as more and more such
6 Sct stars are discovered, 1t seems likely that a cluster will
be found with at least one high—amplitude variable (pos-
sibly in the PMS evolution stage), allowing a more direct

comparison of low— and high—amplitude stars in identical
surroundings.

Very recently, two detailed studies of low—amplitude é
Sct stars using comparisons of theoretical models and ob-
servations in the HR diagram in combination with anal-
ysis of several oscillation frequencies in the same way as
our study of AI Vel, have been published. Frandsen et al.
(1995) identified four modes of amplitude 3 — 6 mmag in
the 6§ Sct star k2 Bootis. They succeeded in construct-
ing a standard model close to the end of the MS evo-
lution stage, which fits everything well, but with an un-
likely combination of modes. They concluded that unique
and safe identification of modes in such stars is proba-
bly not possible without additional constraints provided
by observations of e.g. phase delays. In the HR diagram
their model is situated in the blue part of the instabil-
ity strip precisely on the dashed line of our Fig. 12 with
Teqr about 500 K higher than that of the high—amplitude
variables. Breger et al. (1995) used very extensive data
for FG Virginis to determine frequencies of 10 modes, of
which one had an amplitude of 22.4 mmag and the re-
maining 9 had amplitudes of 1 - 4.4 mmag. They pro-
posed a preliminary identification of these frequencies in
a model with 1.8 M, in the advanced MS stage. However,
they pointed out that both the stellar model adopted and
the mode identification must be regarded as preliminary,
and that alternative identifications should be considered
as well. Their data give a position in the central part of the
HR diagram precisely where the high—amplitude variables
are also located. Christensen—Dalsgaard et al. (1995) dis-
cussed solar-like oscillations in 1 Bootis. Their preferred
models are remarkably similar to our AI Vel model with
respect to evolution stage (PMS) and mass (~ 1.65 M).
They have, however, Z ~ 0.03 and somewhat lower Tog
than 6 Sct stars, which is expected for solar-like oscilla-
tors.

These three examples of low—amplitude oscillators,
which seem to be normal stars in the PMS evolution stage,
appearing in approximately the same region of the HR di-
agram as the high—amplitude § Sct stars, illustrate that
in this group the main difficulty for very precise testing
of the theoretical stellar models is to achieve safe mode
identification. Needless to say, the physical mechanisms
distinguishing between low— and high—-amplitude variables
amongst the 6 Sct stars and selecting the modes that are
excited to observable amplitudes are also of great inter-
est. In studies of the mode—selection mechanism stars like
Al Vel with both high— and low—amplitude modes may be
especially useful.

Pérez Herndndez et al. (1994) presented an analysis of
observed frequencies of the LADS stars BN and BU Can-
cri, with 5 respectively 6 measured frequencies. They iden-
tified the stars as being on the main sequence. As an aid
to mode identification, they considered period ratios for
suitably selected pairs of modes; by comparing with the
relatively stable ratios between periods of radial modes
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they identified those amongst the modes which are likely
to be radial. and furthermore obtained constraints on the
parameters of the stellar model. Given these identifica-
tions, they made tentative identifications of the remaining
frequencies in terms of nonradial modes. They also con-
sidered the effects of rotation which, from observed values
of the projected rotational velocity V sini, is known to
be comparatively rapid for these two stars. This study
clearly emphasized the importance of independent infor-
mation about rotation, particularly in analysis of complex
spectra of potentially nonradial modes

Important information on the nature of the high-—
amplitude group can be expected from analysis of high—
amplitude stars in globular clusters. Since they seem to
have masses considerably larger than masses at the clus-
ter turn—off from the main—sequence, they probably have
been produced by mass—transfer in binary systems or even
by coalescence as blue stragglers (e.g. Stryker 1993). Very
recently, Gilliland et al. (1995) discovered several high-
amplitude § Sct stars in the central region of 47 Tucanae.
They give pulsation periods of a star with Iy = 0.1020
d and II; /Ty = 0.7724, almost identical with those of Al
Vel. Since 47 Tuc is a relatively metal-rich globular clus-
ter. it is perhaps not surprising that this star has a period
ratio as the Population I field stars rather than the much
higher value expected for Population IT SX Phe variables.
When the metal content and other physical properties of
the 47 Tuc sample have been determined. comparisons
with the field variables will be very interesting.

8. Conclusions

Our main conclusions can be summarized:

(1) Calibrations of the period ratios II; /Il and II5/T14
in terims of model parameters, based on series of enve-
lope models give a convenient overview of basic pulsation
properties.

(11) As for the classical Cepheids the primary model
parameters are metal content and mass—luminosity rela-
tion.

(iii) Hydrogen content, radius-luminosity relation and
convection model give secondary parameters, which can
be taken to standard values except when very accurate
modelling is attempted.

(iv) With respect to pulsation properties the name
“dwarf Cepheids”, which is sometimes used in the liter-
ature, is indeed a proper name for the high—amplitude
group of 6 Sct stars.

(v) Using the OPAL opacities, both observed period
ratios and positions in the HR. diagram are in good agree-
ment with the standard assumption that 6 Sct variables
are normal stars following standard evolution.

(vi) Detailed modelling of SX Phoenicis is in agreement
with all observations for a mass of 1.0 Mp), metal content
Z = 0.001 and absolute magnitude My, =~ 2.70 This

gives an inferred parallax of 0.012 arcsec with an estimated

accuracy of 1-2 marcsec, while the HIPPARCOS Input
Catalogue quotes 0.023 £0.008 arcsec. Thus HIPPARCOS
will provide an important test of the present models.

(vii) Detailed modelling of AI Velorum agrees with al-
most all observations for a mass of about 1.6 My and
metal content 7 = 0.01. However a considerable range
in M and Z is possible within the accuracy of available
data. Our models cannot explain as radial modes two low—
amplitude oscillations observed in AI Vel.
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